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We give a bulk-hinge correspondence for higher-order topological phases protected by rotoinversion C4I
symmetry in magnetic systems. Our approach allows us to show the emergence of the chiral hinge modes only
from the information of the C4I eigenvalues at the high-symmetry points in the Brillouin zone. In addition,
based on the bulk-hinge correspondence, we propose a class of higher-order Weyl semimetals (HOWSMs)
being Weyl semimetals with hinge modes and Fermi-arc surface states. The HOWSM is characterized by
topological invariants for three-dimensional higher-order topological insulators, and the topological invariants
are determined by the C4I-symmetry eigenvalues at the high-symmetry points. This HOWSM has chiral hinge
modes as a direct consequence of the three-dimensional higher-order topology in the bulk.
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I. INTRODUCTION

Higher-order topological insulators (HOTIs) have invoked
paradigm shifts in condensed matter physics [1–8]. Two-
dimensional (2D) HOTIs have corner modes localized at the
corners of the systems, and three-dimensional (3D) HOTIs
have corner modes or hinge modes localized at the inter-
sections between the surfaces. Conventional n-dimensional
topological insulators [9,10] have (n − 1)-dimensional gap-
less states; namely, the gapless modes have codimension dc =
1. In this case, the topological phases are classified as first-
order topological phases. On the other hand, n-dimensional
HOTIs have (n − 2)- or (n − 3)-dimensional gapless states.
The former has codimension dc = 2, and the latter has codi-
mension dc = 3, and therefore the former and the latter are
second-order and third-order topological phases, respectively.
Moreover, the coexistence of boundary modes with dc = m −
1 and those with dc = m has been studied in recent years and
is referred to as hybrid-order topological phase [11–14].

Weyl semimetals (WSMs) [15–19] and Dirac semimet-
als [20–22] are topological phases with topologically pro-
tected gapless points in the bulk. WSMs have topological
Fermi-arc surface states [23–26], and those with the bound-
ary modes with codimension dc = 1 are classified as the
first-order topological phases. Recently, the concept of the
higher-order topological phase (HOTP) was generalized to
higher-order Dirac semimetals [27–33] and higher-order Weyl
semimetals (HOWSMs) [34–41]. The HOWSM has both
Fermi-arc surface states and hinge modes, and therefore it is
classified as the hybrid-order topological phase.

Among various classes of HOTPs [42–58], some classes of
3D HOTIs have chiral hinge modes [1,2,4,7] akin to the edge
modes of the 2D quantum Hall effect [59]. In addition, the
HOTIs with chiral hinge modes protected by spatial symme-
tries are characterized by symmetry-based indicators [60–65].

For example, HOTIs with chiral hinge modes protected by
inversion (I) symmetry [66–69] can be characterized by a
Z4 index in terms of the parity eigenvalues at high-symmetry
points in the Brillouin zone (BZ) [65,70–72]. According to
the classification of topological phases (key space groups) in
Ref. [65], the chiral hinge modes detected by symmetry-based
indicators are essentially limited to those protected by I sym-
metry and those protected by rotoinversion C4I symmetry,
where C4 is a fourfold rotation symmetry. The chiral hinge
modes protected by I symmetry have been explored in detail
in Refs. [65–67,69,71,72], and the bulk-hinge correspondence
for the HOTPs has been shown in Refs. [71,72]. Similarly,
C4I-symmetric HOTPs have been studied in Refs. [7,73,74].
Nevertheless, they are based on k · p surface theory or the
Wannier approach, and these approaches cannot be applied
to some systems, as we discuss in Appendix A. Furthermore,
the conventional discussions are insufficient in the following
two points. First, the indicator does not explicitly appear in
the discussions, and the role of the indicator is not clear in
the bulk-hinge correspondence. Second, the discussions so far
make use of certain properties of the models other than the
indicator. Since the topological phase is characterized only
by the indicator, its bulk-hinge correspondence should be
explained by the indicator alone in principle. Thus, a general
proof of the bulk-hinge correspondence characterized by the
indicator has not been given.

In this paper, we show the bulk-hinge correspondence for
HOTPs protected by C4I symmetry. Our approach in this pa-
per allows us to show the emergence of the chiral hinge modes
only from the information of the C4I symmetry eigenvalues at
the high-symmetry points. In addition, we propose a class of
the HOWSMs having chiral hinge modes protected by C4I
symmetry based on our theory of bulk-hinge correspondence.
This HOWSM as a direct consequence of the 3D higher-order
topology in the bulk is regarded as a generalization of the
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FIG. 1. Schematic drawings of HOTIs and HOWSMs. (a) 3D
HOTIs protected by the rotoinversion symmetry. (b) HOWSMs with
the chiral hinge modes originating from the 3D higher-order topol-
ogy protected by the rotoinversion symmetry. Red and blue points
represent monopoles and antimonopoles of Berry curvature, respec-
tively. In this paper, we focus on this HOWSM with the hinge
modes characterized by the topological invariants for 3D HOTIs.
(c) 3D HOTIs constructed by stacking 2D HOTIs with corner modes.
(d) HOWSMs studied in the previous works, where the hinge modes
are not chiral.

3D HOTIs protected by C4I symmetry [Figs. 1(a) and 1(b)].
Unlike the HOWSMs in the previous works [35,36], which
are characterized by topological invariants for the 2D HOTI
[Figs. 1(c) and 1(d)], the HOWSM in this paper has chiral
hinge modes characterized by the topological invariants for
3D HOTIs. Because our HOWSM has Fermi-arc surface states
and chiral hinge modes, it can be an ideal platform to study the
interplay between first-order and second-order topology as the
hybrid-order topological phase.

This paper is organized as follows. In Sec. II, we propose
the HOWSM with the chiral hinge modes protected by C4I
symmetry in terms of a tight-binding model. In Sec. III, we
show that the emergence of chiral hinge modes in insulators
and WSMs with C4I symmetry can be determined by the
information of the C4I symmetry eigenvalues. It is a proof of
bulk-hinge correspondence for the HOTPs protected by C4I
symmetry. Conclusion and discussion are given in Sec. IV.

II. HIGHER-ORDER WEYL SEMIMETALS WITH CHIRAL
HINGE MODES PROTECTED BY ROTOINVERSION

SYMMETRY

In this section, we propose the concept of HOWSMs pro-
tected by C4I symmetry based on a tight-binding model and
demonstrate the bulk-hinge correspondence by numerical cal-
culations. The proof of the bulk-hinge correspondence is given
in Sec. III.

A. HOWSM protected by C4zI symmetry

1. Topological invariants

Here, we discuss topological invariants for the HOTPs
protected by C4zI, where C4z is a fourfold rotational

break
time-reversal 

symmetry

k

Dirac semimetal

z

rotation axis

kx

ky
k

HOWSM

z

kx

ky

exp(iπ/4)

exp(-iπ/4)

exp(-iπ/4)
exp(iπ/4)

exp(i3π/4)
exp(-i3π/4)

exp(iπ/4)
exp(-iπ/4)

ky

kz

kx

(c)

Γ

M

Z

A

X

R

ky

kz

kx

Γ

M

Z

A

X

R
(a) (b)

+

+

π

π

π

π

π

π

exp(iπ/4)

exp(-iπ/4)

exp(-iπ/4)
exp(iπ/4)

exp(-i3π/4)
exp(-iπ/4)

exp(iπ/4)
exp(-iπ/4)

Dirac points Weyl points

FIG. 2. (a, b) One-eighth of the BZ and examples of the
C4zI-symmetry eigenvalues at the high-symmetry points. These
C4zI-symmetry eigenvalues at the high-symmetry points satisfy
(a) χ

(+)
C4zI = χ

(−)
C4zI = 1 and (b) χ

(+)
C4zI = 1, χ

(−)
C4zI = 0. (c) Phase tran-

sition from a C4-symmetric Dirac semimetal to a HOWSM with
χ

(+)
C4zI = χ

(−)
C4zI = 1. The HOWSM with C4zI symmetry is obtained

by adding a perturbation breaking T symmetry to the 3D Dirac
semimetal. Because of C4zI symmetry, the two Dirac points split to
become the two pairs of the Weyl points on the rotation axis.

symmetry about the z axis. The operation C4zI changes wave
vectors as (kx, ky, kz ) → (ky,−kx,−kz ). Therefore, this sys-
tem has four C4zI-invariant points in the k-space: K4 = {� =
(0, 0, 0), M = (π, π, 0), Z = (0, 0, π ), A = (π, π, π )}.
Figure 2(a) shows 1/8 of the 3D BZ and the high-symmetry
points. To capture the HOTPs protected by C4zI symmetry,
let us introduce the following indices in terms of the numbers
of occupied states with symmetry eigenvalues at K4:

χ
(±)
C4zI ≡ 1

2

[
n± π

4
(Z ) − n∓ 3π

4
(Z ) + n± π

4
(A)

− n∓ 3π
4

(A) − n± π
4
(�) + n∓ 3π

4
(�)

− n± π
4
(M ) + n∓ 3π

4
(M )

]
mod 2, (1)

where n+ π
4
(k), n− π

4
(k), n+ 3π

4
(k), and n− 3π

4
(k) are the numbers

of occupied states with C4zI eigenvalues e+i π
4 , e−i π

4 , e+i 3π
4 ,

and e−i 3π
4 at the C4zI-invariant wave vector k, respectively.

Here we assume that the Chern numbers at kz = 0 and kz =
π are zero. This ensures that χ

(±)
C4zI are integers. When the

Chern numbers are nonzero, the hinge modes will be hidden
by chiral surface states due to a nonzero Chern number. In
this paper, to study the hinge modes, we restrict ourselves to
systems with the Chern numbers at kz = 0 and kz = π being
zero. The topological invariants χ

(±)
C4zI can be defined both for

insulators and for WSMs when the bulk and the surfaces of
the WSMs are gapped at kz = 0 and kz = π . Figures 2(a)
and 2(b) show two examples of the C4zI-symmetry eigenval-
ues at the high-symmetry points satisfying χ

(+)
C4zI = χ

(−)
C4zI = 1

and χ
(+)
C4zI = 1, χ

(−)
C4zI = 0, respectively. In Sec. III, we will
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show that when χ
(+)
C4zI ≡ χ

(−)
C4zI ≡ 1 mod 2, chiral hinge modes

appear in insulators or WSMs.

2. Phase transition for the HOWSM

Now we discuss how to construct a HOWSM protected
by C4zI symmetry. The HOWSM can be realized by adding
a perturbation breaking time-reversal (T ) symmetry to a 3D
nonmagnetic Dirac semimetal with C4z symmetry. We start
with a 3D Dirac semimetal with two fourfold-degenerate
points (Dirac points) on the rotation axis [Fig. 2(c)]. Then, we
perturb it to split each Dirac point into a pair of Weyl points on
the rotation axis while preserving C4zI symmetry. The topo-
logical phase transition for the HOWSM can be induced by
magnetic doping or an external magnetic field [20,75] without
breaking C4zI symmetry in the Dirac semimetals.

3. Tight-binding model of the HOWSM

According to the above discussion, we introduce a spin-
ful tight-binding model of a HOWSM with χ

(+)
C4zI ≡ 1 and

χ
(−)
C4zI ≡ 1 mod 2. This tight-binding model is defined on the

simple tetragonal lattice, and each site has four orbitals. In the
following, we set the lattice constants to 1. The Hamiltonian
is given by

H(k) =HDSM(k) + HC4zI (k) + Hz(k), (2)

with

HDSM(k) ≡
(

−m + c
∑

j=x,y,z

cos k j

)
σ0τz

− v

( ∑
j=x,y

sin k jσ j

)
τx, (3)

HC4zI (k) ≡ vs(cos kx − cos ky)σ0τx + vt (cos kx − cos ky)σ0τy,

(4)

Hz(k) ≡vz sin kzσzτx + Bzσzτ0, (5)

where σ j , τ j ( j = x, y, z) are the Pauli matrices corresponding
to the spin and the orbital degrees of freedom, respectively,
and σ0, τ0 are the 2 × 2 identity matrices. HDSM(k) is a model
for a 3D Dirac semimetal with T symmetry, where T can
be expressed as T = −iσyτ0K with K being the complex
conjugation. On the other hand, the second term of HC4zI (k)
breaks T symmetry. In addition, Hz(k) makes the Dirac points
of HDSM(k) split into Weyl points.

The overall Hamiltonian has C4zI symmetry,

C4zIH(kx, ky, kz )(C4zI )−1 = H(ky,−kx,−kz ), (6)

where C4zI = e−i π
4 σzτz. This Hamiltonian does not have C4zT

symmetry because the first term of HC4zI (k) breaks it. There-
fore, the topological phases of this Hamiltonian cannot be
characterized by a topological invariant protected by C4zT
symmetry [7]. Instead, we need to use the topological in-
variant χ

(±)
C4zI to analyze the topological phases in this model.

In the following, we set the parameters as m = 4, c = 2,
v = 1, vz = 0.2, vs = 0.4, vt = 1, and Bz = 1, and we set
the Fermi energy to be zero. In this model with these pa-
rameters, the C4zI eigenvalues of occupied states at the
high-symmetry points are shown in Fig. 2(a), and therefore the

(b)

(c) (d)

(f)

Fermi-arc 
surface states

Fermi-arc 
surface states

(a) Bulk

Slab Slab

Hinge modes

Fermi-arc 
surface states

Rod(e)

FIG. 3. (a) Bulk band structure of the tight-binding model of
Eq. (2). (b–e) The band structures with the system size being Lx ×
Ly = 50 × 50 in the x and ydirections. The band structures with
(b) the periodic boundary conditions in the x and y directions, (c) the
open boundary condition in the x direction and the periodic boundary
condition in the y direction, (d) the periodic boundary condition in
the x direction and the open boundary condition in the y direction,
and (e) the open boundary conditions in the x and y directions. (f)
The real-space distribution of zero-energy modes of (e).

numbers of C4zI eigenvalues at high-symmetry points satisfy
χ

(+)
C4zI = χ

(−)
C4zI = 1. In the following, we perform calculations

of the tight-binding model using the PYTHTB package [76].
Figure 3(a) shows a bulk band structure of the tight-binding
model [Eq. (2)]. In Fig. 3(a), Weyl points appear between �

and Z in the k-space.
Next, to see behaviors of the hinge modes and the surface

states of our model, we calculate band structures in the bulk,
in the slab, and in the rod geometries, and compare them.
Figures 3(b)–3(e) show the band structures with these dif-
ferent geometries. The system has surfaces in both Fig. 3(c)
and Fig. 3(d), and the Fermi-arc surface states appear in these
cases. In Fig. 3(e), the system has surfaces and hinges, result-
ing in the emergence of the hinge modes. While the Fermi-arc
surface states exist here, the surface states have a minigap in
Fig. 3(e) because of the finite-size effects.

From the model calculations, we have found several fea-
tures of the HOWSM protected by C4zI symmetry. The
Fermi-arc surface states appear when the system has the open
boundary condition in one direction, and the chiral hinge
modes appear only when the system has the open boundary
conditions in the two directions. The chiral hinge modes of
the HOWSM are localized at the four corners in the real space
[see Fig. 3(f)] because of C4zI symmetry.

As a comparison with this C4zI-symmetric HOWSM,
we calculate a tight-binding model of a HOWSM pro-
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tected by I symmetry in Appendix B. The calculations in
Appendix B show that the chiral hinge modes of the I-
symmetric HOWSM appear at two corners facing in opposite
directions in the real space. Therefore, the localizations of
the hinge modes at the four corners are the characteristic of
the C4zI-symmetric HOWSM. As we discuss in Appendix C,
the chiral hinge modes are limited to I-symmetric ones and
C4zI-symmetric ones in type-I magnetic space groups. Thus,
we exhaust all possible phases of HOWSMs with chiral hinge
modes in type-I magnetic space groups.

B. Topological invariants for insulators with C4zI symmetry

So far we mainly discussed HOWSMs with C4zI symme-
try. In this section, we discuss the topological invariants for
insulators with C4zI symmetry. For insulators, we can greatly
simplify our indices χ

(±)
C4zI and connect them to the symmetry-

based indicators in insulators [60–63,65,77] by considering
the twofold rotation (C2z) symmetry about the z axis because

C2z = (C4zI )2. Let n
(+ π

2 )
C2z

(k) and n
(− π

2 )
C2z

(k) denote the number
of occupied states with the +i and −i eigenvalues of the C2z

symmetry at high-symmetry points, respectively. C2z symme-
try is preserved on the high-symmetry lines �-Z and M-A, and
therefore in insulators, the numbers of occupied bands with
the +i and −i eigenvalues of the C2z symmetry do not change
along these lines:

n
(+ π

2 )
C2z

(�) = n
(+ π

2 )
C2z

(Z ), n
(− π

2 )
C2z

(�) = n
(− π

2 )
C2z

(Z ), (7)

n
(+ π

2 )
C2z

(M ) = n
(+ π

2 )
C2z

(A), n
(− π

2 )
C2z

(M ) = n
(− π

2 )
C2z

(A). (8)

Such restrictions for the numbers of occupied states with the
symmetry eigenvalues at high-symmetry points are referred to
as compatibility relations. The compatibility relations hold in
any band insulators.

The states with the ei π
4 and e−i 3π

4 eigenvalues of C4zI sym-
metry have the +i eigenvalue of C2z symmetry. Thus, Eq. (7)
and Eq. (8) can be expressed as

n+ π
4
(Z ) + n− 3π

4
(Z ) = n+ π

4
(�) + n− 3π

4
(�), (9)

n+ π
4
(A) + n− 3π

4
(A) = n+ π

4
(M ) + n− 3π

4
(M ). (10)

By combining Eqs. (1), (9), and (10), we can rewrite our index
χ

(+)
C4zI as

χ
(+)
C4zI ≡ n+ π

4
(Z ) − n+ π

4
(�) + n+ π

4
(A) − n+ π

4
(M )

≡
∑
�i∈K4

n+ π
4
(�i ) mod 2. (11)

Similarly, the compatibility relations for the −i eigenvalue of
C2z symmetry allow us to rewrite our index χ

(−)
C4zI as

χ
(−)
C4zI ≡

∑
�i∈K4

n− π
4
(�i) mod 2. (12)

In addition, as we show in Appendix D, the difference be-
tween the Chern numbers on kz = 0 and kz = π is given by

Ch|kz=0 − Ch|kz=π ≡ 2(χ (+)
C4zI + χ

(−)
C4zI ) mod 4. (13)

Therefore, when one of our indices χ
(±)
C4zI is an odd number

and the other is an even number, the value of Eq. (13) is equal
to 2 mod 4, and the system has a nontrivial Chern number on
kz = 0 or kz = π .

The space group generated by C4zI is No. 81 (P4̄). Because
we do not assume T symmetry, it is the type-I magnetic
space group No. 81.33 generated by C4zI. Its symmetry-based
indicators are given by Z2 × Z2 × Z4 [63]. The Z4 index
corresponds to a weak index being equal to the Chern num-
ber Ch|kz=0 mod 4. The first Z2 index is a strong index to
detect whether the number of Weyl points in 0 � kz � π is
4n or 4n + 2 (n = integer). It is equal to the difference of
the Chern numbers between kz = 0 and kz = π [65,77,78].
Therefore, this Z2 index is equal to the parity of χ

(+)
C4zI + χ

(−)
C4zI

from Eq. (13). In this paper, we focus on the system with
the Chern numbers on kz = 0 and kz = π being zero. This
assumption leads to χ

(+)
C4zI + χ

(−)
C4zI ≡ 0 mod 2. This allows

two possibilities: χ
(+)
C4zI ≡ χ

(−)
C4zI ≡ 0 or 1 mod 2. They are

distinguished in terms of the second Z2 index. Namely, when
χ

(+)
C4zI ≡ χ

(−)
C4zI ≡ 1 mod 2, the second Z2 is equal to Z2 = 1,

and it is the HOTPs protected by C4zI symmetry. In this way,
our indices match with the symmetry-based indicators in the
previous works.

In the previous work [65,78], a quantity μ4 defined by

μ4 = 1√
2

∑
�i∈K4

∑
α

eiαnα (�i ) (14)

is proposed as a symmetry-based indicator in the mag-
netic space group No. 81.33, where α runs over α =
±π/4,±3π/4. According to Refs. [65,78], μ4 = 2 or μ4 =
2i correspond to nontrivial phases. Furthermore, in the previ-
ous work [77], the symmetry-based indicator is given by

z2 ≡ 1

2

∑
�i∈K4

(
n− π

4
(�i) − n+ 3π

4
(�i )

)
mod 2 (15)

in the magnetic space group No. 81.33. According to
Ref. [77], z2 = 1 corresponds to nontrivial phases. When the
Chern numbers at kz = 0 and π are zero, both μ4 = 2, 2i and
z2 = 1 are equivalent to χ

(+)
C4zI ≡ χ

(−)
C4zI ≡ 1 mod 2. While the

indices χ
(±)
C4zI detect the same HOTP as the symmetry-based

indicators μ4 and z2, we propose the indices χ
(±)
C4zI in this paper

to be the useful indices to detect the HOTP protected by C4zI
symmetry from the discussions of spectral flows in Sec. III. In
contrast, the formula of the symmetry-based indicator μ4 and
z2 may not have a direct physical interpretation.

III. BULK-HINGE CORRESPONDENCE FOR
HIGHER-ORDER TOPOLOGICAL PHASES

In this section, we show the bulk-hinge correspondence for
HOTPs in insulators and WSMs with C4zI symmetry only
from the C4zI eigenvalues at the high-symmetry points in the
BZ. From this bulk-hinge correspondence, we can confirm
that the chiral hinge modes of our model in the previous sec-
tion originate from the nontrivial indices χ

(±)
C4zI introduced in

the previous section. In the following discussion, we show that
when our indices χ

(±)
C4zI [see Eq. (1)] satisfy χ

(+)
C4zI ≡ χ

(−)
C4zI ≡ 1

mod 2, the chiral hinge modes appear.
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FIG. 4. Cutting procedures and boundary conditions. (a) Geom-
etry of the system with boundary conditions controlled by a cutting
parameter λ with the finite system size Lx × Ly in the x and y di-
rections. (b) Possible wave vectors (kx, ky ) with λ = 1. Black dots
represent the possible wave vectors. λ = 1 leads to the periodic
boundary conditions in the x and y directions and the the wave vec-
tors ki = 2π

Li
mi (−M � mi � M) (i = x, y). (c) Possible wave vectors

(kx, ky ) with λ = −1. λ = −1 leads to the antiperiodic boundary con-
ditions in the x and y directions and the wave vectors ki = 2π

Li
mi + π

Li
(−M � mi � M) (i = x, y).

A. Setup of the problem

Here, we consider a general 3D spinful electronic system
with C4zI symmetry. In addition, we assume that the system
is an insulator and a WSM with the bulk being gapped at
kz = 0 and kz = π . We do not assume T symmetry. In the
following discussion, we assume that the surfaces are gapped
at kz = 0 and kz = π in the system with finite sizes in the x
and y directions. Here, we consider a large but finite system in
the x and y directions with the system size Lx × Ly = (2M +
1) × (2M + 1) (where M is an integer), where the length of
the system is measured in the unit of the lattice constant.
The lattice sites (x, y) with x, y ∈ Z satisfy −M � x � M and
−M � y � M. Furthermore, we set the system size Lz along
the z direction as Lz → ∞ and electronic states are labeled by
the wave number kz along the z direction.

Next, we introduce hoppings between sites x = −M and
x = M in the similar way as in the bulk but all the hopping am-
plitudes between x = −M and x = M are multiplied by a real
parameter λ. Similarly, we introduce the hoppings between
the sites y = −M and y = M multiplied by λ. For example,
when the bulk Hamiltonian has a hopping parameter t in the
x (y) direction, the hoppings between x = −M and x = M
(y = −M and y = M) are given by λt [Fig. 4(a)]. The system
has two parameters, kz and λ, and we write the Hamiltonian
of the system as H(kz, λ). The Hamiltonian H(kz, λ) has
periodic boundary conditions in the x and y directions when
λ = 1, while it has open boundary conditions in the x and y
directions when λ = 0.

The Hamiltonian H(kz, λ) has C2z symmetry because
(C4zI )2 = C2z:

C2zH(kz, λ)C−1
2z = H(kz, λ). (16)

Therefore, under an appropriate unitary transformation U ,
H(kz, λ) can be transformed into the following direct sum of
(+) and (−) sectors labeled by the +i and −i eigenvalues of
C2z, respectively:

UH(kz, λ)U † = H̃(kz, λ) =
(
H(+)(kz, λ) 0

0 H(−)(kz, λ)

)
.

(17)

Then we define the total numbers of occupied states with
C4zI eigenvalues ei π

4 , e−i π
4 , ei 3π

4 , and e−i 3π
4 as N+ π

4
(kz, λ),

N− π
4
(kz, λ), N+ 3π

4
(kz, λ), and N− 3π

4
(kz, λ), respectively. In

addition, for the following discussions, we introduce the fol-
lowing integers from the numbers of occupied states with C4zI
eigenvalues:

N (±)
C4zI (kz )|λ ≡ N± π

4
(kz, λ) − N∓ 3π

4
(kz, λ). (18)

The square of ei π
4 and the square of e−i 3π

4 are +i, and the
square of e−i π

4 and the square of ei 3π
4 are −i. Thus, (±) labels

of N (±)
C4zI (kz )|λ correspond to the (±) sectors of the Hamilto-

nian H(+)(kz, λ) and H(−)(kz, λ).

B. Cutting procedures and spectral flows

Here, we show the bulk-hinge correspondence with C4zI
symmetry by considering changes in the energy spectra
through changing the cutting parameter. When the cutting
parameter is λ = 1, the wave vectors in the x and y directions
are ki = 2π

Li
mi (−M � mi � M ) (i = x, y) because of the

periodic boundary condition in the x and y directions. On
the other hand, in the case with λ = −1, the wave vectors
are given by ki = 2π

Li
mi + π

Li
(−M � mi � M ) (i = x, y)

because of the antiperiodic boundary condition. The proof
of this is given in Appendix E 1. We note that here kx and
ky are well defined only for λ = ±1 because of the periodic
boundary conditions (λ = 1) and the antiperiodic boundary
conditions (λ = −1) [see Figs. 4(b) and 4(c)]. For both the
cases with λ = 1 and λ = −1, each wave function ψm at
non-C4zI-symmetric momenta k with kz = 0 or π can always
be mixed with the wave functions at Ĉ4zÎk, (Ĉ4zÎ )2k, and
(Ĉ4zÎ )3k to construct four eigenstates of C4zI:

|φα〉 ≡ |ψm(k)〉 + e−iαĈ4zÎ |ψm(k)〉
+ e−2iα (Ĉ4zÎ )2 |ψm(k)〉 + e−3iα (Ĉ4zÎ )3 |ψm(k)〉 ,

(19)

Ĉ4zÎ |φα〉 = eiα |φα〉 , (20)

where α = ±π
4 ,± 3π

4 . Therefore, states at non-C4zI-
symmetric points do not contribute to N (±)

C4zI .
On the other hand, the states at C4zI-symmetric mo-

menta contribute to N (±)
C4zI (kz )|λ. When λ = 1, the wave vector

(kx, ky) can take a value (0,0), but not (π, π ) [Fig. 4(b)].
When λ = −1, the wave vector (kx, ky) can take a value
(π, π ), but not (0,0) [Fig. 4(c)]. Therefore, N (±)

C4zI (kz )|λ=±1 is
determined by the number of occupied states with the C4zI
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FIG. 5. Spectral flows in the band gaps and the emergence of
hinge modes. The spectral flows in the sectors labeled by the (+)
and (−) eigenvalues of C2z are red and blue lines, respectively.
(a) The changes of the energy spectra in changing λ from λ = −1
to λ = 1 with kz = 0 or π . (b) Spectral flows of the tight-binding
model of Eq. (2) in the process of changing λ from λ = −1 to λ = 1.
(c) Emergence of chiral hinge modes between kz = 0 and kz = π in
insulators. The numbers of occupied bands in the (±) sectors labeled
by the C2z eigenvalues satisfy ν (±)(kz = 0) = N (±)

occ. − 1 and ν (±)(kz =
π ) = N (±)

occ. . (d) Emergence of chiral hinge modes between kz = 0 and
kz = π in WSMs with χ

(+)
C4zI ≡ χ

(−)
C4zI ≡ 1 mod 2. (e) Emergence of

Fermi-arc surface states in WSMs with χ
(+)
C4zI ≡ χ

(−)
C4zI ≡ 1 mod 2.

(f) Emergence of Fermi-arc surface states with χ
(+)
C4zI ≡ 1 mod 2 and

χ
(−)
C4zI ≡ 0 mod 2.

eigenvalues at k:

N (±)
C4zI

(0)|λ=1 = n± π
4
(�) − n∓ 3π

4
(�),

N (±)
C4zI

(0)|λ=−1 = n± π
4
(M ) − n∓ 3π

4
(M ),

N (±)
C4zI

(π )|λ=1 = n± π
4
(Z ) − n∓ 3π

4
(Z ),

N (±)
C4zI

(π )|λ=−1 = n± π
4
(A) − n∓ 3π

4
(A), (21)

where �, M, Z , and A are the high-symmetry points in the BZ
defined in Sec. II A [see Fig. 2(a)].

Next, we discuss changes of the band structures while con-
tinuously changing the parameter λ from λ = −1 to λ = 1.
We call these changes of the band energy in this process
“spectral flows.” When the bulk and the surfaces are gapped
at kz = 0 and π and M is sufficiently large, the spectral flows
in the band gap have the following important properties:

(i) The spectral flows in the band gap are symmetric under
λ ↔ −λ, namely, E (kz, λ) = E (kz,−λ) [Fig. 5(a)].

(ii) When a state with the energy E (kz, λ) has the eiα

eigenvalue of C4zI (α = ±π/4, ±3π/4), a state with the
energy E (kz,−λ) has the −eiα eigenvalue [Fig. 5(a)].

The proofs of these properties (i) and (ii) of the spec-
tral flows are given in Appendices E 2 and E 3, respectively.
From properties (i) and (ii), we find that when N+ π

4
(kz, λ)

decreases by an integer N in changing λ from λ = −1 to λ =
0, N− 3π

4
(kz, λ) increases by N in changing λ from λ = 0 to

λ = 1. Similarly, when N− π
4
(kz, λ) decreases by N in chang-

ing λ from λ = −1 to λ = 0, N+ 3π
4

(kz, λ) increases by N in
changing λ from λ = 0 to λ = 1. In this way, properties (i) and
(ii) restrict changes of N+ π

4
(kz, λ), N− π

4
(kz, λ), N+ 3π

4
(kz, λ),

and N− 3π
4

(kz, λ) through the cutting procedure. Therefore, the

changes of N (±)
C4zI (kz )|λ from λ = −1 to λ = 0 are equal to the

changes of N (±)
C4zI (kz )|λ from λ = 0 to λ = 1:

N (±)
C4zI (kz )|λ=1 − N (±)

C4zI (kz )|λ=0

= N (±)
C4zI (kz )|λ=0 − N (±)

C4zI (kz )|λ=−1. (22)

By combining Eqs. (21) and (22), we obtain the following
equations:

N (±)
C4zI (0)|λ=0 = 1

2

(
n± π

4
(�) − n∓ 3π

4
(�)

)
+ 1

2

(
n± π

4
(M ) − n∓ 3π

4
(M )

)
, (23)

N (±)
C4zI (π )|λ=0 = 1

2

(
n± π

4
(Z ) − n∓ 3π

4
(Z )

)
+ 1

2

(
n± π

4
(A) − n∓ 3π

4
(A)

)
. (24)

In addition, to confirm that our theory is consistent with
the previous section, we calculate the spectral flows of our
model [Eq. (2)] in the cutting procedure with Lx × Ly = 15 ×
15, and the periodic boundary condition in the z direction.
Figure 5(b) shows the spectral flows through changing the
cutting parameter λ from λ = −1 to λ = 1 with kz = 0. In
changing λ from λ = −1 to λ = 1, occupied states with the
eigenvalues ei π

4 and e−i π
4 move to conduction bands, while

unoccupied states with the eigenvalues ei 3π
4 and e−i 3π

4 move
to valence bands, which perfectly agrees with the above
discussion [Fig. 5(a)].

To see behaviors of hinge modes, we introduce ν (±)(kz )
as the total numbers of occupied states of H(±)(kz, λ) with
λ = 0, where (±) refers to the sectors with C2z = ±i. They
can be expressed as

ν (±)(kz ) = N± π
4
(kz, λ = 0) + N∓ 3π

4
(kz, λ = 0)

≡ N (±)
C4zI (kz )|λ=0 mod 2, (25)

with kz = 0 or π . Therefore, the differences between the total
numbers of occupied states with kz = 0 and that with kz = π

are given by

ν (±)(π ) − ν (±)(0) ≡ N (±)
C4zI (π )|λ=0 − N (±)

C4zI (0)|λ=0

≡ χ
(±)
C4zI mod 2. (26)

This equation means that the parity of the difference between
ν±(π ) and ν±(0) is determined by the numbers of occupied
states with C4zI eigenvalues at high-symmetry points. There-
fore, when χ

(+)
C4zI ≡ 1 mod 2, gapless states of H(+)(kz, λ = 0)

appear, and the number of times the gapless states cross the
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Fermi level between kz = 0 and kz = π is odd. Similarly,
when χ

(−)
C4zI ≡ 1 mod 2, this holds in the C2z = −i sector.

Figure 5(c) shows an example when χ
(+)
C4zI ≡ χ

(−)
C4zI ≡ 1

mod 2. In Fig. 5(c), the numbers of occupied bands satisfy
ν (±)(0) = N (±)

occ. − 1 and ν (±)(π ) = N (±)
occ., where N (±)

occ. is an
integer. Therefore, the states in the C2z = +i sector cross the
Fermi level an odd number of times and so do the states in
the C2z = −i sector. As mentioned at the beginning of this
section, we assume that the surfaces are gapped at kz = 0
and kz = π . Therefore, these states crossing the Fermi level
are localized at the hinges in the real space, namely, these
gapless states are hinge modes. Therefore, the hinge modes
always appear in insulators with C4zI symmetry when χ

(+)
C4zI ≡

χ
(−)
C4zI ≡ 1 mod 2.

Under the condition that the bulk and the surfaces are
gapped at kz = 0 and kz = π , this scenario can be applied not
only to insulators but also to WSMs [Fig. 5(d)]. In Fig. 5(d),
the chiral hinge modes contribute to ν (±)(π ) − ν (±)(0), but the
Fermi-arc surface states do not contribute to that. The model
of the HOWSM in Sec. II corresponds to this case. On the
other hand, another case of HOWSM is possible, where the
Fermi-arc surface states account for the nonzero ν (±)(π ) −
ν (±)(0), and the chiral hinge modes do not appear [Fig. 5(e)].
When χ

(+)
C4zI ≡ 1 mod 2 and χ

(−)
C4zI ≡ 0 mod 2, it leads to

ν (+)(π ) − ν (+)(0) ≡ 1 mod 2 and ν (−)(π ) − ν (−)(0) ≡ 0 mod
2 [Fig. 5(f)]. The nonzero value of ν (+)(π ) − ν (+)(0) means
that there should be gapless modes. Nonetheless, in this case,
ν (+)(π ) − ν (+)(0) and ν (−)(π ) − ν (−)(0) are not equal. There-
fore, these gapless modes are not hinge modes because a hinge
mode at a given kz ( 
= 0, π ) lying at two hinges related by
C2z symmetry leads to two modes, one with C2z = +i and
the other with C2z = −i. In this way, from Eq. (26), we can
determine whether the gapless modes cross the Fermi level
an odd number of times or an even number of times although
whether the gapless modes are the hinge modes or the Fermi-
arc surface states is not determined only by Eq. (26).

IV. CONCLUSION AND DISCUSSION

In summary, we show that when the topological invari-
ants χ

(±)
C4zI are nontrivial, the chiral hinge modes appear,

and thereby show general bulk-hinge correspondence for
HOTPs. Our approach gives direct evidence to show the bulk-
hinge correspondence only from the information of symmetry
eigenvalues without relying on Dirac surface theory or on
Wannier representations used in the previous works. In ad-
dition, we proposed a class of HOWSMs having the chiral
hinge modes protected by rotoinversion C4I symmetry in this
paper. Unlike the HOWSMs in the previous works, which
are characterized by topological invariants for the 2D HOTI
and are realized by stacking the 2D HOTIs, the HOWSM in
this paper has the chiral hinge modes characterized by the
topological invariants for 3D HOTIs.

Finally, we discuss the possibilities of the material realiza-
tions of our HOWSMs with chiral hinge modes. Our model
HDSM(k) has similar energy spectra to a Dirac semimetal
Cd3As2 [79–81] (see Appendix F). By adding perturbations
to this model, we construct both the model of the HOWSMs
protected by C4I symmetry in Sec. II and the model pro-

tected by I symmetry in Appendix B. In addition, a recent
experiment shows that Cd3As2 has hinge modes [31]. In
terms of this experimental result and our theoretical results,
we propose that our HOWSMs may be realized by adding
perturbations such as magnetic doping or an external magnetic
field to Cd3As2 [79,82] without breaking C4I symmetry or I
symmetry.
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APPENDIX A: COMPARISON TO THE PREVIOUS WORKS

Here, we discuss the relationship between this work and the
previous works. Although C4zI-symmetric bulk-hinge corre-
spondence has been studied in previous works [7,73,74], they
are merely indirect evidences to show that this bulk-hinge
correspondence is reasonable. Discussions on the bulk-hinge
correspondence with C4zI symmetry in the previous works
are classified into the following two types: (i) k · p surface
theory [7] and (ii) the Wannier approach [74]. In approach
(i), one starts from the surface Dirac Hamiltonian with a
Dirac mass term, and shows that the Dirac mass term has
a different sign between the two surfaces sharing the same
hinge, resulting in the emergence of the chiral hinge modes.
In approach (ii), one calculates the Wannier centers for two
pseudo-2D systems corresponding to two subspaces at kz = 0
and kz = π . When excess corner charges obtained from the
Wannier centers in the two subspaces are different, chiral
hinge modes appear as a pumping of the corner charges. How-
ever, both of these approaches study only the special cases
of C4zI-symmetric systems. Whether they hold in general re-
mains unclear, except in cases that are adiabatically connected
to those cases. Approach (i) cannot be applied to cases where
the surface cannot be represented by a Dirac Hamiltonian.
Approach (ii) is based on Wannier representations and as-
sumes that electronic states are described in terms of localized
Wannier functions. However, some electronic states, such as
those with fragile topology [83], cannot be described in terms
of localized Wannier states. On the other hand, our approach
allows us to show emergence of the chiral hinge modes only
from the C4zI-symmetry eigenvalues without relying on the
Dirac surface Hamiltonian or on Wannier representations.

Next, we discuss the relationship between our topological
invariants χ

(±)
C4zI and a topological invariant νc in Ref. [7].

In the previous work [7], the authors restrict themselves to
systems with IT symmetry in order to define νc. Because
[Ĉ4zÎ, ÎT̂ ] = 0 in IT -symmetric systems and ÎT̂ is antiu-
nitary, the eigenvalues of C4zI at the high-symmetry points
can be obtained by pairs {ei π

4 ξn,k, e−i π
4 ξn,k}, where ξn,k = ±1,

n = 1, . . . , N/2, and N is the number of occupied bands. The
topological invariant νc [7] is given by

(−1)νc =
N/2∏
n=1

∏
k∈K4

ξn,k. (A1)
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FIG. 6. (a) 3D HOTIs with the chiral hinge modes protected by I
symmetry. (b) HOWSMs with the chiral hinge modes protected by I
symmetry. They are characterized by the same topological invariants
as that of the I-symmetric HOTIs.

This topological invariant is well defined only in systems with
both C4zI symmetry and IT symmetry. On the other hand,
our topological invariants χ

(±)
C4zI can be applied to general

C4zI-symmetric systems.
In the following, we show that when a given system has

IT symmetry, the topologically nontrivial case in our theory,
χ

(+)
C4zI ≡ χ

(−)
C4zI ≡ 1 mod 2 is equivalent to the case with νc ≡ 1

mod 2. The topological invariant νc can be rewritten as

νc ≡ 1

2

∑
k∈K4

nξk,−(k) mod 2, (A2)

where nξk,−(k) is the number of occupied states with ξn,k =
−1, and nξk,−(k) is an even number because the eigenvalues
of C4zI at k ∈ K4 are given by a pair {ei π

4 ξn,k, e−i π
4 ξn,k}. Now

that we are considering an insulator, our topological invariants
χ

(±)
C4zI are given by Eqs. (11) and (12). In addition, the pair

{ei π
4 ξn,k, e−i π

4 ξn,k} leads to n+ π
4
(k) = n− π

4
(k), and therefore

we obtain

νc ≡ 1

2

∑
k∈K4

(
n+ 3π

4
(k) + n− 3π

4
(k)

)

= 1

2

∑
k∈K4

(
ν − n+ π

4
(k) − n− π

4
(k)

)

= 1

2

∑
k∈K4

(
ν − 2n+ π

4
(k)

)

≡ χ
(+)
C4zI mod 2, (A3)

where ν is the number of occupied bands in the bulk. Further-
more, by using n+ π

4
(k) = n− π

4
(k), we get

χ
(+)
C4zI ≡ χ

(−)
C4zI mod 2. (A4)

By combining Eqs. (A3) and (A4), we find that χ
(+)
C4zI ≡

χ
(−)
C4zI ≡ 1 mod 2 is equivalent to νc ≡ 1 mod 2.

APPENDIX B: HIGHER-ORDER WEYL SEMIMETALS
PROTECTED BY INVERSION SYMMETRY

In the main text, we discussed a HOWSM protected by
C4zI symmetry. For comparison, in this Appendix, we dis-
cuss a HOWSM with chiral hinge modes protected by I
symmetry in class A, one of the Altland-Zirnbauer symmetry
classes [84]. This HOWSM is regarded as a generalization of
the 3D HOTIs protected by I symmetry [Figs. 6(a) and 6(b)].

(a) (b)

(c) (d)

(e) (f)

Hinge modes

Fermi-arc 
surface states

Fermi-arc 
surface states

Bulk

Slab Slab

Rod

Fermi-arc 
surface states

FIG. 7. HOWSM with chiral hinge modes protected by I sym-
metry. (a) Bulk band structure of the tight-binding model of Eq. (B2)
along the high-symmetry lines. (b) The band structure with the peri-
odic boundary conditions in the x and y directions and with various
values of kx and ky. (c) The band structure with the open boundary
condition in the x direction and the periodic boundary condition
in the y direction and with various values of ky, where the system
size is Lx = 200 in the x direction. (d) The band structure with the
open boundary condition in the y direction and the periodic boundary
condition in the x direction and with various values of kx , where the
system size is Ly = 200 in the y direction. (e) The band structure with
the open boundary conditions in the x and the y directions, where the
system size is Lx × Ly = 50 × 50. (f) The real-space distribution of
zero-energy modes of (e).

Similarly to the HOWSM protected by C4zI symmetry in
Sec. II, we start from Eq. (3) of the Hamiltonian for a 3D Dirac
semimetal. This model is defined on a primitive orthorhombic
lattice. In the following, we set the lattice constants to 1. We
add perturbations

HI =
( ∑

j=x,y,z

B jσ j

)
τ0 + v f sin kzσxτy (B1)

to this Dirac semimetal. These perturbations preserve I sym-
metry, and the overall Hamiltonian can be expressed as

H′(k) = HDSM(k) + HI . (B2)

In the following, we set the parameters of the model H′(k)
as m = 4, c = 2, v = 1, v f = 0.05, Bx = By = 0.3, and Bz =
0.5, and we set the Fermi level to be zero. The high-symmetry
points in the Brillouin zone are given by � = (0, 0, 0), X =
(π, 0, 0), V = (π, π, 0), Z = (0, 0, π ), T = (0, π, π ), and
R = (π, π, π ). Figure 7(a) shows band structures of the bulk
Hamiltonian H′(k) along the high-symmetry lines.

115119-8



ROTOINVERSION-SYMMETRIC BULK-HINGE … PHYSICAL REVIEW B 105, 115119 (2022)

This model has I symmetry,

IH′(k)I−1 = H′(−k), (B3)

and therefore the parity eigenvalues of occupied states are well
defined at the I-symmetric momenta in the k-space. These I-
symmetric momenta can be written as � j=(nx,ny,nz ) = (nxbx +
nyby + nzbz )/2 with three integers nl = 0, 1 defined modulo 2,
where bl represents primitive reciprocal lattice vectors. Here
we consider the space group No. 2 (P1̄) generated by I.
Because we do not assume T symmetry, it is the type-I mag-
netic space group No. 2.4 generated by I. Its symmetry-based
indicators are given by XBS = Z2 × Z2 × Z2 × Z4 [63]. The
three Z2 factors are weak topological indices and can be
written as

νa ≡
∑

� j∧na=1

n−(� j ) mod 2 (a = x, y, z), (B4)

where n−(�i ) denotes the numbers of odd-parity occupied
states at � j , and the summation is taken over the I-symmetric
momenta on the plane na = 1. These weak indices νx, νy, and
νz correspond to Chern numbers on the kx = 0, ky = 0, and
kz = 0 planes, respectively. When these indices are nontrivial,
the gapless surface states appear and mask possible hinge
modes. Therefore, we assume these indices are trivial. On the
other hand, the Z4 index of XBS is given by an integer μ1 [65]
written as

μ1 ≡1

2

∑
� j

(n+(� j ) − n−(� j )) mod 4, (B5)

where n+(� j ) is the number of even-parity occupied states at
the I-symmetric momenta � j . In the previous work [71], the
authors showed that when μ1 = 2 and νa = 0 (a = x, y, z),
hinge modes always appear in systems with I symmetry.
Although this bulk-hinge correspondence for HOTPs focuses
on insulators, this theory can be also applied to WSMs when
Fermi-arc surface states do not cover the hinge modes. The
parity eigenvalues of occupied states at the I-symmetric mo-
menta in our model satisfy νx = νy = νz = 0 and μ1 = 2.

To see behaviors of the hinge modes and the surface
states of our model, we calculate band structures in the bulk,
in the slab, and in the rod geometries, and compare them.
Figures 7(b)–7(e) show the band structures with these dif-
ferent geometries. These model calculations were performed
using the PYTHTB package [76]. The system has surfaces in
both Fig. 7(c) and Fig. 7(d), and the Fermi-arc surface states
appear in these cases. In Fig. 7(e), the system has surfaces
and hinges, resulting in the emergence of the hinge modes.
The zero-energy modes are localized at the corners in the real
space [Fig. 7(f)], and here the surface states have a minigap
because of the finite-size effects. The hinge modes are local-
ized at the two corners facing in opposite directions in the real
space, unlike the C4zI-symmetric HOWSM where the hinge
modes appear at four corners in Sec. II.

APPENDIX C: CLASSIFICATION OF TOPOLOGICAL
PHASES BASED ON SYMMETRY-BASED INDICATORS

In this Appendix, we review the classifications of topologi-
cal phases in type-I magnetic space groups based on Ref. [65]
to see which magnetic space groups allow HOTPs with chiral

hinge modes. According to Ref. [65], it is sufficient to dis-
cuss the following seven key space groups, P1̄, Pn, Pn/m,
P4̄, Pmmm (spinful), P4/mmm (spinful), and Pcc2 (spinless),
where the strong indices of the symmetry-based indicators are
given by μ1 (P1̄), a mirror Chern number (Pn/m), Chern num-
ber (P4̄), μ4 (P4̄), κ1 (Pmmm), � = κ1 − 2κ4 (P4/mmm),
and μ2 (Pcc2). κ1 is the indicator to detect HOTPs with
helical hinge modes. A mirror Chern number and � are the
indicators to detect topological crystalline insulator phases
protected by mirror symmetries leading to gapless surface
states on mirror-invariant surfaces. Similarly, μ2 is the indi-
cator for a topological crystalline insulator protected by glide
symmetries leading to gapless surface states on glide-invariant
surfaces. Thus, only μ1 and μ4 can capture HOTPs with chiral
hinge modes, and therefore the chiral hinge modes are limited
to ones protected by I symmetry and ones protected by C4I
symmetry.

APPENDIX D: SYMMETRY-BASED INDICATORS AND
THE DIFFERENCE BETWEEN THE CHERN NUMBERS ON

THE kz = 0 AND kz = π PLANES

In this Appendix, we show Eq. (13) in Sec. II. Here we
consider a general spinful 3D insulator with C4zI symmetry,
and the high-symmetry points in the k-space are given by
� = (0, 0, 0), M = (π, π, 0), Z = (0, 0, π ), A = (π, π, π ),
X = (0, π, 0), and R = (0, π, π ) [see Fig. 2(c)]. On the kz =
0 and kz = π planes, the C4zI operation changes the wave vec-
tors as (kx, ky, kz ) → (ky,−kx, kz ). Similar to the formula of
the Chern number expressed in terms of rotation eigenvalues
in Ref. [85], we can easily derive the formula of the Chern
number in terms of the C4zI- and C2z-symmetry eigenvalues
as

iCh|kz=0 =
∏

n:occ.

−ξn(�)ξn(M )ζn(Y ), (D1)

iCh|kz=π =
∏

n:occ.

−ξn(Z )ξn(A)ζn(R), (D2)

where ξn(k) and ζn(k) are eigenvalues of C4zI and C2z at
C4zI-invariant momenta k, respectively. Here, the following
equations hold: ∏

n:occ.

ξn(k) =
∏
α

exp[iαnα (k)], (D3)

∏
n:occ.

ζn(k) =
∏
β

exp
[
iβn(β )

C2z
(k)

]
, (D4)

where α runs over α = ±π/4, ±3π/4, and β runs over β =
±π/2, and nα (k) denotes the numbers of occupied states with
the C4zI eigenvalues eiα . Similarly, n(β )

C2z
(k) is the number of

occupied states with the C2z eigenvalues eiβ . By combining
Eqs. (D1) and (D2), we obtain the following equation:

i(Ch|kz=π −Ch|kz=0 )

=
∏
α

exp[iα(nα (Z ) + nα (A) − nα (�) − nα (M ))]

×
∏
β

exp[iβ(n(β )
C2z

(R) − n(β )
C2z

(X ))]. (D5)
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By using a compatibility relation of C2z symmetry along the high-symmetry line X -R,

n(β )
C2z

(X ) = n(β )
C2z

(R), (D6)

we rewrite Eq. (D5) as

i(Ch|kz=π−Ch|kz=0 ) =
∏
α

exp[iα(nα (Z ) + nα (A) − nα (�) − nα (M ))]

= exp

[
i
π

4

∑
k∈Z,A

(
n+ π

4
(k) + 3n+ 3π

4
(k) − n− π

4
(k) − 3n− 3π

4
(k)

)

−i
π

4

∑
k∈�,M

(
n+ π

4
(k) + 3n+ 3π

4
(k) − n− π

4
(k) − 3n− 3π

4
(k)

)]

= exp

[
i
π

4

∑
k∈Z,A

(
n+ π

4
(k) + n− 3π

4
(k) − n+ 3π

4
(k) − n− π

4
(k)

)

−i
π

4

∑
k∈�,M

(
n+ π

4
(k) + n− 3π

4
(k) − n+ 3π

4
(k) − n− π

4
(k)

)]

× exp

[
iπ

∑
k∈Z,A

(
n+ 3π

4
(k) − n− 3π

4
(k)

) − iπ
∑

k∈�,M

(
n+ 3π

4
(k) − n− 3π

4
(k)

)]

= exp

[
iπ

∑
k∈Z,A

(
n+ 3π

4
(k) − n− 3π

4
(k)

) − iπ
∑

k∈�,M

(
n+ 3π

4
(k) − n− 3π

4
(k)

)]
, (D7)

where the last equality follows from the compatibility
relations of the C2z-symmetry eigenvalues along the high-
symmetry lines �-Z and M-A:

n+ π
4
(�) + n− 3π

4
(�) = n+ π

4
(Z ) + n− 3π

4
(Z ),

n− π
4
(�) + n+ 3π

4
(�) = n− π

4
(Z ) + n+ 3π

4
(Z ),

n+ π
4
(M ) + n− 3π

4
(M ) = n+ π

4
(A) + n− 3π

4
(A),

n− π
4
(M ) + n+ 3π

4
(M ) = n− π

4
(A) + n+ 3π

4
(A).

Noting that exp[−i2π (n+ 3π
4

(k) − n− 3π
4

(k))] = 1, we obtain
the following equation:

i(Ch|kz=π −Ch|kz=0 ) = exp[iπ�′], (D8)

with

�′ ≡
∑
k∈K4

(
n+ 3π

4
(k) − n− 3π

4
(k)

)
mod 2, (D9)

where K4 are the C4zI-symmetric momenta K4 = {�, M, Z ,
A}. Furthermore, �′ can be expressed as

�′ ≡
∑
k∈K4

(
ν − n+ π

4
(k) − n− π

4
(k)

)

≡
∑
k∈K4

(
n+ π

4
(k) + n− π

4
(k)

)
mod 2, (D10)

where ν is a number of occupied bands in the bulk. Therefore,
by using the topological indices χ

(+)
C4I and χ

(+)
C4I [see Eq. (11),

and Eq. (12) in Sec. II], we can rewrite �′ as

�′ ≡ χ
(+)
C4I + χ

(−)
C4I mod 2. (D11)

By combining Eqs. (D8) and (D11), we get Eq. (13).

APPENDIX E: PROPERTIES OF SPECTRAL FLOWS WITH
ROTOINVERSION EIGENVALUES

In this Appendix, we show the following three properties
of the spectral flows in the cutting procedures that we use in
Sec. III B:

(i) When the cutting parameter is λ = −1, the wave vec-
tors in the x and y directions are ki = 2π

Li
mi + π

Li
(−M � mi �

M) (i = x, y).
(ii) The spectral flows in the band gap are symmetric under

λ ↔ −λ, namely, E (kz, λ) = E (kz,−λ).
(iii) When a state with the energy E (kz, λ) has the eiα

eigenvalue, a state with the energy E (kz,−λ) has the −eiα

eigenvalue (α= π/4, −π/4, 3π/4, and −3π/4).
We assume M to be sufficiently large.
The Hamiltonian considered in Sec. III B can be expressed

as

H(kz, λ) =
M∑

x=−M

M∑
y=−M

H0(kz ) ⊗ |x, y〉 〈x, y|

+
M−1∑

x=−M

M∑
y=−M

[Hx(kz ) ⊗ |x + 1, y〉 〈x, y| + H.c.]

+
M∑

y=−M

[λHx(kz ) ⊗ |−M, y〉 〈M, y| + H.c.]

+
M∑

x=−M

M−1∑
y=−M

[Hy(kz ) ⊗ |x, y + 1〉 〈x, y| + H.c.]

+
M∑

x=−M

[λHy(kz ) ⊗ |x,−M〉 〈x, M| + H.c.],

(E1)
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where H0(kz ), Hx(kz ), and Hy(kz ) are n × n matrices, with n
being the number of internal degrees of freedom per site. For
simplicity, we consider a case where the hopping is limited up
to the nearest-neighbor unit cells. The following discussions
can be easily extended to the case with mth-nearest-neighbor
hoppings as long as m � M.

1. Proof of ki = (2mi + 1)π/Li when λ = −1

Here, we show that by changing the cutting parameter
from λ = 1 to λ = −1, the wave vectors are shifted as ki =
2miπ/Li → (2mi + 1)π/Li. In fact, this is obvious from the
fact that λ = 1 and λ = −1 correspond to periodic and an-
tiperiodic boundary conditions, respectively. Here, we show
this explicitly for the purpose of using the results to prove
other properties in the following sections. Here, the translation
operators Tx and Ty are defined as

Tx ≡
M−1∑

x=−M

M∑
y=−M

[|x + 1, y〉 〈x, y|] +
M∑

y=−M

[|−M, y〉 〈M, y|],

Ty ≡
M∑

x=−M

M−1∑
y=−M

[|x, y + 1〉 〈x, y|] +
M∑

x=−M

[|x,−M〉 〈x, M|].

(E2)

Therefore, when λ = 1, the Hamiltonian can be expressed as

H(kz, λ = 1) =
M∑

x=−M

M∑
y=−M

H0(kz ) ⊗ |x, y〉 〈x, y|

+ [Hx ⊗ Tx + Hy ⊗ Ty + H.c.]. (E3)

In addition, we introduce two unitary transformations

Ux = exp
(

i
π

Lx
x̂
)
, Uy = exp

(
i
π

Ly
ŷ

)
. (E4)

By using these unitary transformations, we can obtain the
following equation:

UxUyH(kz, λ)(UxUy)−1

=
M∑

x=−M

M∑
y=−M

H0(kz ) ⊗ |x, y〉 〈x, y|

+
M−1∑

x=−M

M∑
y=−M

[
ei π

Lx Hx ⊗ |x + 1, y〉 〈x, y| + H.c.
]

+
M∑

y=−M

[ − λei π
Lx Hx ⊗ |−M, y〉 〈M, y| + H.c.

]

+
M∑

x=−M

M−1∑
y=−M

[
ei π

Ly Hy ⊗ |x, y + 1〉 〈x, y| + H.c.
]

+
M∑

x=−M

[ − λei π
Lx Hy ⊗ |x,−M〉 〈x, M| + H.c.

]
. (E5)

When λ = −1, this equation can be expressed as

UxUyH(kz, λ = −1)(UxUy)−1

=
M∑

x=−M

M∑
y=−M

H0(kz ) ⊗ |x, y〉 〈x, y|

+ [Hx ⊗ T̃x + Hy ⊗ T̃y + H.c.], (E6)

where T̃x ≡ ei π
Lx Tx and T̃y ≡ ei π

Ly Ty. The eigenvalues of Ti and
T̃i (i = x, y) are defined by eiki and eik̃i , respectively, and these
wave vectors are given by

ki = 2π

Li
mi (−M � mi � M ), (E7)

k̃i = 2π

Li
mi + π

Li
(−M � mi � M ), (E8)

with i = x, y. From this, we conclude that UxUyH(kz, λ =
−1)(UxUy)−1 is unitary equivalent to H(kz, λ = 1) with the
wave vector being shifted as ki → ki + π

Li
. In other words,

by changing λ from −1 to 1, the wave vectors are shifted as
ki = 2miπ/Li → (2mi + 1)π/Li.

2. Proof of E(kz, λ) = E(kz,−λ) for spectral flows

Here, we show that the spectral flows in the band gap
are symmetric under λ ↔ −λ when Lx (= Ly) is sufficiently

large. By approximating ei π
Lx ≈ 1 and ei π

Ly ≈ 1, from Eq. (E5),
we obtain the following equation:

UxUyH(kz, λ)(UxUy)−1 ≈ H(kz,−λ), (E9)

where Lx and Ly are sufficiently large. Therefore, under the
unitary transformations Ux and Uy, H(kz, λ) can be trans-
formed into H(kz,−λ), and these two Hamiltonians have
the same energy: E (kz, λ) = E (kz,−λ). In other words, the
spectral flows are symmetric under λ ↔ −λ when Lx and Ly

are sufficiently large.

3. Spectral flows with the opposite rotoinversion eigenvalues

Next, we give a proof that when a state with the energy
E (kz, λ) has an eiα eigenvalue of C4zI (α = ±π/4, ±3π/4), a
state with the energy E (kz,−λ) has the −eiα eigenvalue. In the
previous section, we showed that UxUyH(kz, λ)(UxUy)−1 ≈
H(kz,−λ) when Lx and Ly are sufficiently large. Therefore,
the following equation holds:

H(kz,−λ)UxUy |ψα (kz, λ)〉 = EUxUy |ψα (kz, λ)〉 , (E10)

when H(kz, λ) has an eigenstate |ψα (kz, λ)〉 with the eiα

eigenvalue (α = ±π/4, ±3π/4) of C4zI. From this, we obtain
the following equation:

C4zIUxUy |ψα (kz, λ)〉 = UyU
†
x C4zI |ψα (kz, λ)〉

= (U †
x )2UxUyeiα |ψα (kz, λ)〉

= ei 2π
Lx

x̂UxUyeiα |ψα (kz, λ)〉
� −eiαUxUy |ψα (kz, λ)〉 , (E11)

where x � ±M. Therefore, the localized states |ψα (kz, λ)〉
and UxUy |ψα (kz, λ)〉 at the boundary x � ±M have opposite
eigenvalues, eiα and −eiα , respectively.
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APPENDIX F: RELATIONSHIP BETWEEN HDSM(�k) AND
AN EFFECTIVE HAMILTONIAN FOR Cd3As2

In this Appendix, we show that our model HDSM(k)
for a Dirac semimetal [Eq. (3)] has similar energy spectra
to an effective k · p model for Cd3As2 known as a Dirac
semimetal [79–81]. Cd3As2 respects space groups No. 137
(P42/nmc1′) and No. 142 (I41/acd1′) at room temperature
and high temperature, respectively [79,81]. When Cd3As2

has such centrosymmetric structures, the effective Hamilto-
nian [79] around the � point is given by

H� (k) = ε0(k) +

⎛
⎜⎝

M(k) Ak+ 0 0
Ak− −M(k) 0 0

0 0 M(k) −Ak−
0 0 −Ak+ −M(k)

⎞
⎟⎠

+ O(k2), (F1)

in terms of the four bases |SJ= 1
2
, Jz = 1

2 〉, |PJ= 3
2
, Jz = 3

2 〉,
|SJ= 1

2
, Jz = − 1

2 〉, and |PJ= 3
2
, Jz = − 3

2 〉, where ε0(k) =
C0 + C1k2

z + C2(k2
x + k2

y ), k± = kx ± iky, and M(k) =
M0 − M1k2

z − M2(k2
x + k2

y ) with parameters M0 < 0, M1 < 0,

and M2 < 0. We can rewrite this Hamiltonian as

H� (k) = ε0(k) + A(kxσzτx − kyσ0τy) + M(k)σ0τz + O(k2),
(F2)

where σi and τi (i = x, y, z) are the Pauli matrices correspond-
ing to Jz = ±J and J = 3

2 , 1
2 , respectively. By using a unitary

matrix

UD = σx
τx − iτy

2
+ σz

τx + iτy

2
, (F3)

we can obtain the following equation:

H′
� (k) ≡ UDH� (k)U †

D

= ε0(k) + A(kxσxτx + kyσyτx ) − M(k)σ0τz + O(k2).
(F4)

The energy dispersion of H′
� (k) is given by E (k) = ε0(k) ±√

M(k) + A2k+k−, resulting in a pair of Dirac points at

(kx, ky, kz ) = (0, 0,±
√

M0
M1

). If we set ε0(k) to be zero, H′
� (k)

is identical to the expansion of HDSM(k) [Eq. (3)] to the
second order k2 around the � point.
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[29] D. Călugăru, V. Juričić, and B. Roy, Higher-order topological
phases: A general principle of construction, Phys. Rev. B 99,
041301(R) (2019).

[30] B. J. Wieder, Z. Wang, J. Cano, X. Dai, L. M. Schoop, B.
Bradlyn, and B. A. Bernevig, Strong and fragile topological
Dirac semimetals with higher-order Fermi arcs, Nat. Commun.
11, 627 (2020).

[31] C.-Z. Li, A.-Q. Wang, C. Li, W.-Z. Zheng, A. Brinkman, D.-P.
Yu, and Z.-M. Liao, Reducing Electronic Transport Dimension
to Topological Hinge States by Increasing Geometry Size of
Dirac Semimetal Josephson Junctions, Phys. Rev. Lett. 124,
156601 (2020).

[32] Q.-B. Zeng, Y.-B. Yang, and Y. Xu, Higher-order topological
insulators and semimetals in generalized Aubry-André-Harper
models, Phys. Rev. B 101, 241104(R) (2020).

[33] A. L. Szabó and B. Roy, Dirty higher-order Dirac semimetal:
Quantum criticality and bulk-boundary correspondence, Phys.
Rev. Research 2, 043197 (2020).

[34] B. Roy, Antiunitary symmetry protected higher-order topologi-
cal phases, Phys. Rev. Research 1, 032048(R) (2019).

[35] S. A. A. Ghorashi, T. Li, and T. L. Hughes, Higher-Order Weyl
Semimetals, Phys. Rev. Lett. 125, 266804 (2020).

[36] H.-X. Wang, Z.-K. Lin, B. Jiang, G.-Y. Guo, and J.-H. Jiang,
Higher-Order Weyl Semimetals, Phys. Rev. Lett. 125, 146401
(2020).

[37] R. Fleury, The sound of Weyl hinges, Nat. Mater. 20, 716
(2021).

[38] L. Luo, H.-X. Wang, Z.-K. Lin, B. Jiang, Y. Wu, F. Li, and J.-H.
Jiang, Observation of a phononic higher-order Weyl semimetal,
Nat. Mater. 20, 794 (2021).

[39] Q. Wei, X. Zhang, W. Deng, J. Lu, X. Huang, M. Yan, G.
Chen, Z. Liu, and S. Jia, Higher-order topological semimetal
in acoustic crystals, Nat. Mater. 20, 812 (2021).

[40] Z.-Q. Zhang, B.-L. Wu, C.-Z. Chen, and H. Jiang, Global phase
diagram of disordered higher-order Weyl semimetals, Phys.
Rev. B 104, 014203 (2021).

[41] W. B. Rui, S.-B. Zhang, M. M. Hirschmann, Z. Zheng, A. P.
Schnyder, B. Trauzettel, and Z. D. Wang, Higher-order Weyl su-
perconductors with anisotropic Weyl-point connectivity, Phys.
Rev. B 103, 184510 (2021).

[42] M. Geier, L. Trifunovic, M. Hoskam, and P. W. Brouwer,
Second-order topological insulators and superconductors with

an order-two crystalline symmetry, Phys. Rev. B 97, 205135
(2018).

[43] F. K. Kunst, G. van Miert, and E. J. Bergholtz, Lattice models
with exactly solvable topological hinge and corner states, Phys.
Rev. B 97, 241405(R) (2018).

[44] F. Schindler, Z. Wang, M. G. Vergniory, A. M. Cook, A.
Murani, S. Sengupta, A. Y. Kasumov, R. Deblock, S. Jeon, I.
Drozdov, H. Bouchiat, S. Guéron, A. Yazdani, B. A. Bernevig,
and T. Neupert, Higher-order topology in bismuth, Nat. Phys.
14, 918 (2018).

[45] B.-Y. Xie, H.-F. Wang, H.-X. Wang, X.-Y. Zhu, J.-H. Jiang,
M.-H. Lu, and Y.-F. Chen, Second-order photonic topolog-
ical insulator with corner states, Phys. Rev. B 98, 205147
(2018).

[46] M. Serra-Garcia, V. Peri, R. Süsstrunk, O. R. Bilal, T. Larsen,
L. G. Villanueva, and S. D. Huber, Observation of a phononic
quadrupole topological insulator, Nature (London) 555, 342
(2018).

[47] C. W. Peterson, W. A. Benalcazar, T. L. Hughes, and G. Bahl,
A quantized microwave quadrupole insulator with topologically
protected corner states, Nature (London) 555, 346 (2018).

[48] S. Imhof, C. Berger, F. Bayer, J. Brehm, L. W. Molenkamp,
T. Kiessling, F. Schindler, C. H. Lee, M. Greiter, T. Neupert,
and R. Thomale, Topolectrical-circuit realization of topological
corner modes, Nat. Phys. 14, 925 (2018).

[49] Y. Peng and G. Refael, Floquet Second-Order Topological In-
sulators from Nonsymmorphic Space-Time Symmetries, Phys.
Rev. Lett. 123, 016806 (2019).

[50] Z. Wang, B. J. Wieder, J. Li, B. Yan, and B. A. Bernevig,
Higher-Order Topology, Monopole Nodal Lines, and the Origin
of Large Fermi Arcs in Transition Metal Dichalcogenides XTe2

(X = Mo, W), Phys. Rev. Lett. 123, 186401 (2019).
[51] X.-L. Sheng, C. Chen, H. Liu, Z. Chen, Z.-M. Yu, Y. X. Zhao,

and S. A. Yang, Two-Dimensional Second-Order Topological
Insulator in Graphdiyne, Phys. Rev. Lett. 123, 256402 (2019).
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