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Coupled cluster theory for the ground and excited states of two-dimensional quantum dots
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We present a study of the two-dimensional circular quantum dot model Hamiltonian using a range of quantum
chemical ab initio methods. Ground and excited state energies are computed on different levels of perturbation
theories, including the coupled cluster method. We outline a scheme to compute the required Coulomb integrals
in real space and utilize a semianalytic solution to the integral over the Coulomb kernel in the vicinity of
the singularity. Furthermore, we show that the remaining basis set incompleteness error for two-dimensional
quantum dots scales with the inverse number of virtual orbitals, allowing us to extrapolate to the complete basis
set limit energy. By varying the harmonic potential parameter we tune the correlation strength and investigate
the predicted ground and excited state energies.
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I. INTRODUCTION

A quantum dot (QD) is a semiconducting nanocrystal typ-
ically embedded in a host semiconductor with a larger band
gap such that the excitons of the QD have a de Broglie wave-
length comparable to the size of the crystal. The typical size of
such a nanocrystal is 2–100 nm and it is made out of roughly a
million atoms. In this context, virtually all electrons are tightly
bound to the nuclei of the material such that the number of
free electrons in a QD ranges typically from 1 to 100. As
described by the quantum mechanical theory of solids, the
electrons do not get trapped in the real nuclei of the material
but instead simply sense a potential well of the QD, thus
forming discrete energy levels. These electrons behave as free
electrons with a renormalized mass. For example, electrons
in the semiconductor GaAs appear to carry a mass of only
7% of the mass of free electrons. QDs are often referred to
as artificial atoms because they exhibit similar properties as
atoms (level spacing, ionization energy, magnetic moments)
albeit on different energy scales.

Due to their tunable optical and electronic properties, QDs
are widely used in many practical applications including
solar cells, light-emitting diodes, laser technology, as well
as biological and biomedical applications [1–7]. The use
of QDs as cosmetic hair dyes is the oldest known appli-
cation, dating back more than 2000 years, when PbS QDs
were synthesized using naturally occurring materials like
Ca(OH)2, PbO, and water [8]. Over the past few decades,
several ways to synthesize and investigate dynamical prop-
erties of QDs with extraordinary high precision have been
developed [9]. Consequently, experimental and theoretical re-
search on these nanoparticles has harnessed much attention
and insight [6,7,10–33].

The simplest model used in theoretical studies of QDs,
which has proven to be adequate, is the harmonic oscilla-
tor [34]. In this model, the interaction of the electrons with the
surrounding semiconductor material is approximated through
the material-specific effective mass of the electrons and a

material-specific relative dielectric constant that screens the
Coulomb interaction. In passing we note that a more realistic
nanoscale model of QDs can be obtained by an empirical
pseudopotential based approach [35,36]. In contrast to other
many-body systems, in QDs, the coupling strength of the two-
body operator relative to the one-body operator can be freely
varied over a wide range of values, thus giving rise to various
regimes of interelectronic correlation. The simple expression
of the QD model Hamiltonian allows for a straightforward ap-
plication of many-electron methods that have historically been
developed for atoms and crystals. Density functional theory
(DFT) using using approximate density functionals is compu-
tationally extremely efficient and able to account for a large
part of the electron correlation. However, its general applica-
bility is often hindered by uncontrolled approximations used
for constructing the approximate exchange-correlation func-
tional. Notwithstanding its drawbacks, one-electron theories
such as DFT in the Kohn-Sham framework of approximate
exchange and correlation (XC) energy functionals [37–40]
and the Hartree-Fock (HF) [15,41–50] approximation often
achieve a qualitatively correct agreement with experiment. In
contrast to DFT calculations, full configuration interaction
(FCI) investigations of QDs yield exact results for a given
basis set and have been applied to QDs in a number of stud-
ies [4,49,51–65]. FCI employs excited Slater determinants to
span a many-body wave function space and through exact
diagonalization finds a superposition of Slater determinants
with the lowest energy. However, since the size of this space
grows combinatorially fast with respect to the number of parti-
cles and basis functions, FCI is prohibitively computationally
expensive. Alternatively, a technique that has been used for
QDs thoroughly is quantum Monte Carlo (QMC) [64,66–
74]. Here the computational cost grows relatively modestly
with the number of electrons and it provides highly accurate
ground state energies. Moreover, there is the possibility to
use the nodal structure of the ground state trial wave function
to impose restrictions on the solutions. In this way, excited
states can be calculated as well even if calculations on general
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excited states are not straightforward. Coupled cluster (CC)
theory combines accuracy with feasibility, being numerically
less expensive than FCI while having size consistency by
construction and providing ground state and excited state
energies with an accuracy that is comparable to quantum
QMC calculations [75,76]. Second-order Møller-Plesset per-
turbation theory (MP2) and coupled cluster singles doubles
(CCSD) have been shown to be useful approaches to cal-
culate atomic, molecular, and solid-state properties [77–82].
They have also been used to study QD Hamiltonians in a
number of studies [75,76,83–85]. Via the equation of motion
(EOM) formalism, CC theory can also be applied to excited
states [86], and was already applied to atoms, molecules,
and recently even solids [77,87–89] and quantum plasmons
and excitons [90]. Here we seek to apply equation of mo-
tion CCSD (EE-EOM-CCSD) theory to study excited states
in two-dimensional QDs [91,92]. To this end we employ an
implementation of EE-EOM-CCSD that was recently used to
investigate defects in solids employing ab initio Hamiltoni-
ans [89].

This paper is organized as follows. In Secs. II A and II B
we introduce the Hamiltonian of the QD and its solutions
for the single particle case. In Sec. II D we present a way
to calculate the Coulomb matrix elements needed for the
many-electron Hamiltonian by employing analytical solutions
for the integral over the Coulomb kernel near the singular-
ity in a 4D hypercube. Further in Sec. II C we provide an
overview of the CCSD and EE-EOM-CCSD approaches used
to calculate the ground state and excited state energies. In
Secs. III A and III B we present the results of the CCSD and
EE-EOM-CCSD calculations for the ground state and excited
states energies of QDs in different confinement regimes for 2,
6, and 12 electrons and compare them to other findings from
the literature.

II. THEORY AND METHODS

A. One-body Hamiltonian

Following the description in Ref. [34], a QD can be mod-
eled as fermionic particles confined to two dimensions in a
parabolic potential. The corresponding one-body Hamiltonian
in such a potential is given in atomic units by

Ĥ (x, y) = p2
x + p2

y

2
+ 1

2
ω2(x2 + y2). (1)

Here ω is a measure of the confinement strength of the
electron in the parabolic potential well. Consequently, the
Schrödinger equation can be separated into x and y co-
ordinates, resulting in the differential equation for the 1D
harmonic oscillator(

−1

2

∂2

∂x2
+ ω2x2

2

)
ψ (x) = Eψ (x), (2)

admitting the well-known solutions

ψn(x) = 1√
2nn!

(ω

π

)1/4
e− ωx2

2 Hn(
√

ωx),

En = ω

(
n + 1

2

)
,

Hn(x) = (−1)nex2 dn

dxn
(e−x2

),

where n ∈ N. The corresponding solutions to the noninteract-
ing 2D problem are

ψnm(x, y) = ψn(x)ψm(y), (3)

Enm = En + Em = ω(n + m + 1). (4)

We note that the ground state is given by the solution with
m = 0 and n = 0 and is nondegenerate. The first excited state
is given by the solutions with (n = 1, m = 0) and (n = 0, m =
1) and has a degeneracy of 2. The second excited state is given
by (n = 2, m = 0), (n = 0, m = 2), and (n = 1, m = 1) and
has a degeneracy of 3, and so forth.

B. Two-body Hamiltonian

The electronic structure of the 2D QD is strongly affected
by electronic correlation effects caused by interelectronic
interactions. To describe the true many-body nature of the
2D QD with N electrons, we have to include the two-body
Coulomb interaction and consider the following two-body
Hamiltonian:

Ĥ =
N∑

i=1

Ĥ (xi, yi ) + 1

2

N∑
i �= j

1√
(xi − x j )2 + (yi − y j )2

, (5)

where Ĥ (xi, yi ) is the one-body operator defined by Eq. (1).
Herein we employ the bare Coulomb interaction. We note,
however, that many model Hamiltonians for QDs account
for screening effects by including various approximations to
the permittivity in the interelectronic interaction. Given the
fermionic character of the particles, the form and relative
strength of the one-particle and two-particle operators of the
above Hamiltonian, it is reasonable to assume that conven-
tional quantum chemical many-electron wave function based
methods yield reliable solutions for its ground and excited
states. In this hierarchy of quantum chemical wave function
based methods, the HF theory, employing a self-consistent
field approximation, is a well-established starting point.

C. HF and post-HF theory

The HF method is one of the simplest wave function based
ab initio approaches used in electronic structure theory calcu-
lations. It serves not only as a useful approximation in its own
right but as the starting point of other more accurate models
such as CC. In unrestricted HF (UHF) theory the many-body
wave function is approximated by a single Slater determinant
and the energy is optimized with respect to variations of the
spin orbitals used to construct the Slater determinant. The
Slater determinant formed from these spin orbitals is the UHF
ground state wave function |0〉 and can be interpreted as a
new vacuum from where particle-hole pairs are created and
annihilated in the context of quantum field theory.

One way to improve the HF result is Møller-Plesset pertur-
bation theory [93]. It adds electron-electron correlation effects
by means of Rayleigh-Schödinger pertubation theory, usually
to second order, commonly referred to as MP2.
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Building on one-body theories such as UHF, coupled clus-
ter theory employs an exponential ansatz acting on a single
Slater determinant. Using |0〉 the ansatz reads

|�CC〉 = eT̂ |0〉 , (6)

T̂ =
∑
i,a

ta
i â†

aâi + 1

4

∑
i, j,a,b

tab
i j â†

aâ†
bâ j âi + · · · , (7)

where indices a, b, . . . and i, j, . . . denote virtual or particle
and occupied or hole orbitals, respectively. â† and â are the
second quantization creation and annihilation operators, cre-
ating excited Slater determinants when acting on the reference
determinant. The cluster operator T̂ includes in principle all
excitations up to the number of electrons in the system. Using
this exponential form for the wave function ansatz in the
stationary Schrödinger equation gives

Ĥ |�CC〉 = ECC |�CC〉 ,

which is equivalent to

H̄ |0〉 = ECC |0〉 , (8)

where we have implicitly defined the similarity transformed
Hamiltonian H̄ = e−T̂ ĤeT̂ . In coupled cluster singles and
doubles theory, the cluster operator T̂ is truncated such that
it includes only singles and doubles excitations. In order to
solve Eq. (8) for CCSD theory, one has to find the coeffi-
cients t a

i and t ab
i j . Working equations are commonly obtained

by projecting the HF, singles and doubles manifold basis
{|0〉 , â†

aâi |0〉 , â†
aâ†

bâ j âi |0〉} of the Slater determinant space
onto Eq. (8):

ECC = 〈0| H̄ |0〉 , (9)

0 = 〈0| â†
i âaH̄ |0〉 , (10)

0 = 〈0| â†
i â†

j âbâaH̄ |0〉 . (11)

Equation (9) gives an expression for the CC energy and is
valid also for nontruncated cluster operators T̂ . Equations (10)
and (11) form a set of coupled nonlinear equations and can be
solved for t a

i and t ab
i j using iterative methods [77,94].

It is worth noting that in the case of 2 electrons CCSD
theory is exact and equivalent to FCI.

A successful method of obtaining excited states from CC
theory is to diagonalize the Hamiltonian H̄ in a suitable
subspace of the Hilbert space. This is the main approach
followed in the equation of motion coupled cluster (EOM-CC)
method. In this work we use the charge-neutral variant of this
methodology, the electron excitation EOM-CC (EE-EOM-
CC) theory [86,87]. The theory is based on a linear ansatz for
the excitation operators R̂ as in FCI, thus the main working
equations read

Ĥ R̂ |�CC〉 = ERR̂ |�CC〉 , (12)

R̂ = r0 +
∑
i,a

ra
i â†

aâi + 1

4

∑
i, j,a,b

rab
i j â†

aâ†
bâ j âi + · · · . (13)

The scalars {r0, ra
i , rab

i j , . . .} define the excitation operator R̂
and are to be determined, whereas ER is its excitation energy.

Equation (12) is equivalent to a commutator equation only in-
volving H̄ and the excitation energy difference �ER between
ER and ECC:

[H̄ , R̂] |0〉 = (ER − ECC)R̂ |0〉 . (14)

Note that in the commutator on the left-hand side only con-
nected diagrams need to be considered in the CI expansion.
In this work we use the spin-flip version of EOM-CC [87,95],
whereby no spin-conserving restrictions are imposed to the
ra

i , rab
i j , . . . amplitudes. Moreover, all excited state calcula-

tions are performed employing the EE-EOM-CCSD approach,
where only up to two-body excitation operators are consid-
ered. Analogously to CCSD, EE-EOM-CCSD is exact for 2
electrons.

D. Matrix elements

In order to apply CCSD theory to find approximate solu-
tions for the ground state of the 2D QD model Hamiltonian
represented in a given orbital basis, one has to compute the
Coulomb integrals

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
dx1dx2dy1dy2

× ψ∗
nm(x1, y1)ψ∗

op(x2, y2)ψqr (x1, y1)ψst (x2, y2)√
(x1 − x2)2 + (y1 − y2)2

, (15)

where ψnm are the two-dimensional orbitals introduced in
Eq. (3). For Gaussian based basis sets and their derivatives,
methods for analytical computation of such integrals exist,
which are commonly based on recursive relations and can
be implemented on a computer using code generation facil-
ities [96–98].

In this work we present a numerical approach for Coulomb
integrals evaluation that is computationally less efficient but
can be applied to arbitrary orbitals. This can potentially be
useful for model Hamiltonians represented in a set of basis
functions that are difficult to expand using Gaussian functions
or their derivatives but can be well represented on a suffi-
ciently dense spatial grid.

The main idea of our approach is to assume that the sin-
gular Coulomb kernel exhibits a more rapid spatial variation
than the orbitals and that the employed real space grid is
dense enough to approximate the orbitals by a constant in-
side any volume/area sampled by the grid. Based on this
premise, we discretize the wave function and integrate over
discretized hypercubic volume elements with an edge length
of �x. The way in which this was done is described in detail
in Appendix A. The resulting numerical expression for the
Coulomb integral (15) can be rewritten as a sum:
∑
i jkl

ψ∗
nm(xi, y j )ψ

∗
op(xk, yl )ψqr (xi, y j )ψst (xk, yl )ai−k, j−l�x3,

(16)

where ai j is a system independent matrix that does not depend
on �x. {i, j, k, l} are here discretization indices and are not to
be confused with hole indices. Note that the factor �x3 im-
plies that ai j is dimensionless. Additionally, we reiterate that
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TABLE I. Summary of the convergence of CCSD energies for
the N = 2 electron system with ω = 1.0 as a function of the number
of grid points Ng used to represent the wave function. The CCSD
energies have been computed for a finite basis set corresponding to 6
oscillator shells or 21 orbitals. All energies are in Hartree.

�x (a.u.) Ng CCSD

0.1025 100 × 100 3.013673
0.0513 200 × 200 3.013621
0.0342 300 × 300 3.013613
0.0256 400 × 400 3.013610
0.0205 500 × 500 3.013612
0.0171 600 × 600 3.013613

although this approach is computationally significantly less
efficient than the recursive scheme, the computational bot-
tleneck in the present study remains in the EE-EOM-CCSD
calculations.

III. RESULTS

We study QDs for a range of electron numbers and ω ∈
{1.0, 0.5, 0.28}. ω characterizes the correlation strength in the
system relative to the potential energy. Large ω correspond
to weakly correlated systems, whereas small ω correspond to
stronger correlated systems [75].

Throughout this section all quantities are presented in
atomic units (a.u.). In particular, all energy values are there-
fore given in Hartree.

A. Ground state energies

We first discuss the numerical reliability of our approach.
Let us note that our approach employs a single computational
parameter �x, which defines the grid spacing used for the
real space representation of all orbitals and the numerical
integration. Table I shows the computed CCSD energies of
the two electron system with ω = 1.0 for a range of �x. Our
findings show that 300 × 300 grid points suffice to achieve
sub-mHa precision. For all further Coulomb integral calcu-
lations, we have therefore discretized the wave function into
squares of edge length �x = 0.0342 a.u., in a range where
|ψ (x, y)|2 > 10−10. However, we note that a careful compari-
son between results summarized in our work and Refs. [75,90]
reveals that the published CCSD ground state energies do not
always agree to within mHa. We attribute these discrepancies
to different choices of basis sets in the CCSD and Hartree-
Fock calculations, which can result in a different convergence
behavior of the energies to the complete basis set limit. Our
basis set extrapolation approach will be discussed in the fol-
lowing paragraphs.

Having assessed the reliability of our numerical approach,
we now turn to the discussion of the ground state results
obtained on the level of HF, MP2, and CCSD theories. We
stress that it is necessary to converge all post-HF correlation
energies with respect to the employed orbital basis set. For
three-dimensional ab initio systems and the uniform electron
gas [99], it is known from second-order perturbation theory
that the basis set error scales as 1/Nv, where Nv refers to
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FIG. 1. CCSD and MP2 correlation energies and their CBS
extrapolations for N ∈ {2, 6, 12} electron systems with ω ∈
{1.0, 0.5, 0.28} as a function of the inverse number of virtual orbitals.
All energies are presented in Hartree and ω is given in atomic units.

the number of virtual orbitals. The complete basis set limit
is obtained by extrapolating Nv → ∞.

For the studied system, the two-dimensional QD, we ex-
pect a similar behavior for the correlation energies. In order
to motivate the validity of this assumption, we have shown
analytically that the asymptotic relation holds for the second-
order perturbation theory correlation energy. Details regarding
the derivation can be found in Appendix B.

Numerical results for the correlation energies retrieved as
a function of 1/Nv are depicted in Fig. 1 and confirm this
behavior for both MP2 and CCSD. From these numerical find-
ings we conclude that the correlation energies can be linearly
fitted using the following formula: E (Nv) = ECBS + A

Nv
with

parameters (ECBS, A).
Throughout this work ECBS refers to extrapolated complete

basis set limit energies that have been obtained by fitting the
latter function using energies obtained with 65 and 77 orbitals.

It is worth noting that in the specific case of ω = 1.0 for
the 2 electron quantum dot the exact energy E = 3.0 is avail-
able from the literature [75,100] also a variationally achieved
energy as a function of ω that agrees to 5 decimal places with
the analytic solution is available [91]. Comparing our CBS
energy with the analytic solution E = 3.0 leaves a discrep-
ancy that we attribute to the extrapolation scheme. The 1/Nv

extrapolation captures the leading order finite basis set errors.
However, as evident from the convergence in Table II, other
terms also contribute to the basis set error and sufficiently
large Nv have to be used in order for the 1/Nv extrapolation
to obtain reliable results. Our analysis shows that including
higher order terms in the extrapolation scheme brings us even
closer to the exact energy. However, technically it is simpler
and more robust to use only the leading term. Furthermore,
increasing the basis set size also brings us closer to the exact
CBS limit, summarized in Table III. But at this point we
cannot afford larger basis set sizes.
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TABLE II. Summary of CBS limit CCSD ground state energy
for the 2 electron system with ω = 1.0, with different functions used
for the extrapolation. All energies are in Hartree.

Extrapolation function ECBS

ECBS + a
Nv

3.00217
ECBS + a

Nv
+ b

N
3
2

v

3.00147

ECBS + a
Nv

+ b

N
3
2

v

+ c
N2

v
3.00083

Table IV summarizes the HF, MP2, and CCSD correlation
energies together with the CBS limit for ω ∈ {1.0, 0.5, 0.28}
for the 2 electron system. Compared to the HF energy, the
MP2 correlation energy changes only slightly with ω. How-
ever, on a relative scale the importance of the correlation
energy contribution to the ground state energy increases from
5.3% to 11.7% (ratio of MP2/CCSD correlation energy and
the ground state energy for N = 2, ω = 1.0 and 0.28 a.u.).
Low-order perturbation theories like MP2 become less reli-
able in the regime of strong correlation. CCSD, being a more
accurate theory in the sense that it contains all contributions
from MP3 theory and beyond, is expected to yield more accu-
rate results than MP2 for small ω. We can see that the relative
CCSD and MP2 contributions to the ground state energy differ
more as ω decreases.

The linear scaling of the correlation energies with ω and
the basis set convergence shown in Fig. 1 is found to be quali-
tatively independent of the number of electrons. All calculated
CBS ground state energies are summarized in Table V for
further reference. Our findings demonstrate that small electron
numbers already serve as a good approximation to the behav-
ior of ground state energies with the investigated parameters.

B. Excitation energies

Having established a procedure to converge the ground
state energies with the basis set, we now seek to discuss the ex-
cited state properties. To this end we employ EE-EOM-CCSD
theory and the same Hamiltonian employed in the previous
section. We have calculated the first three excitation energies,
where the first excited state in EE-EOM-CCSD theory cor-
responds to a triplet state while the second and third excited
states are singlet states.

Analogously to the ground state, we need to converge the
excitation energies carefully with the basis set. Figures 2–4
give evidence that the EE-EOM-CCSD excitation energies
converge in a similar manner to the complete basis set limit.
However, the slope is significantly less steep, resulting in exci-

TABLE III. Summary of CBS limit CCSD ground state energy
for the 2 electron system with ω = 1.0, with different basis set sizes
used for the extrapolation. All energies are in Hartree.

Nv ECBS

44–54 3.00259
54–65 3.00238
65–77 3.00217

TABLE IV. HF energy and correlation energy contributions on
the level of MP2 and CCSD theory in Hartree for 2 electrons. Nv

denotes the number of virtual orbitals, with its value at ∞ being
the extrapolated value. Our results show that as ω increases, the HF
ground state energies increases linearly with ω. HF is a good approx-
imation in the limit of large ω where the interelectronic interaction is
small compared to the one-body interaction.

ω (a.u.) Nv HF MP2 CCSD

1.0 9 3.1626 −0.1182 −0.1374
14 3.1618 −0.1284 −0.1442
20 3.1618 −0.1347 −0.1482
27 3.1618 −0.1395 −0.1508
35 3.1618 −0.1431 −0.1526
44 3.1618 −0.146 −0.1539
54 3.1618 −0.1483 −0.1548
65 3.1618 −0.1501 −0.1556
77 3.1618 −0.1517 −0.1562
∞ 3.1618 −0.1602 −0.1596

0.5 9 1.7998 −0.107 −0.1259
14 1.7997 −0.1149 −0.1302
20 1.7997 −0.1202 −0.1324
27 1.7997 −0.1242 −0.1339
35 1.7997 −0.1272 −0.1348
44 1.7997 −0.1296 −0.1356
54 1.7997 −0.1315 −0.1361
65 1.7997 −0.1331 −0.1365
77 1.7997 −0.1345 −0.1369
∞ 1.7997 −0.1418 −0.1387

0.28 9 1.1417 −0.0962 −0.1129
14 1.1417 −0.102 −0.1151
20 1.1417 −0.1065 −0.1162
27 1.1417 −0.1098 −0.1169
35 1.1417 −0.1123 −0.1174
44 1.1417 −0.1144 −0.1178
54 1.1417 −0.1161 −0.1181
65 1.1417 −0.1174 −0.1183
77 1.1417 −0.1186 −0.1185
∞ 1.1417 −0.1249 −0.1194

tation energies with relatively small basis set incompleteness
errors when employing Nv = 77. Note that in the case of
N = 12 and ω = 0.28 we use Nv = 114 for the extrapolation.

TABLE V. Summary of CBS limit CCSD energies for N ∈
{2, 6, 12} electron systems with ω ∈ {1.0, 0.5, 0.28}. All energies are
in Hartree.

ω (a.u.) Electrons ECBS

1.0 2 3.0022
6 20.1839
12 65.7644

0.5 2 1.6609
6 11.8118
12 39.2343

0.28 2 1.0222
6 7.6292
12 25.7190
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FIG. 2. First EE-EOM-CCSD excitation energy for
N ∈ {2, 6, 12} electron systems with ω ∈ {1.0, 0.5, 0.28} retrieved
as a function of the inverse number of virtual orbitals N−1

v . All
energies are in Hartree.

We estimate the CBS limit of the excitation energies using an
identical extrapolation procedure as outlined in the previous
section. In the case of excited states, as seen in Figs. 2–4, the
slope of the extrapolation function is less steep, resulting in a
more reliable result.

Figure 5 shows the first excitation energy (singlet-triplet
gap) for N = 2 as a function of ω. EE-EOM-CCSD cal-
culations predict an excitation energy that decreases with
decreasing ω. Approximating the singlet-triplet gap on the
level of UHF theory yields an intersystem crossing at ω =
0.3926 a.u. However, UHF energies neglect correlation ef-
fects, which are expected to be larger in magnitude for the
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singlet state than for the triplet state. It has already been
discussed that the singlet-triplet crossing predicted by UHF
results from the neglect of the electron-electron correla-
tion [45]. Indeed, we find that UMP2 and EOM-CC theory
predict no singlet-triplet crossing. Details on how the UMP2
and UHF singlet-triplet gap was calculated can be found in
Appendix C.

Finally, Table VI summarizes the CBS excitation ener-
gies from Figs. 2–4. It shows that the linear scaling of the
excitation energies with ω is qualitatively unchanged when
comparing N = 2, N = 6, and N = 12 electron systems.

Our findings show that all excitation energies scale linearly
with ω.

For the 2 electron quantum dot the singlet-singlet exci-
tations (in our work the second and third excitation) are
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FIG. 5. Singlet-triplet gap calculated with UHF, UMP2, and EE-
EOM-CCSD as a function of ω in Hartree. All calculations are done
with Nv = 10.
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TABLE VI. CBS limit excitation energies for N ∈ {2, 6, 12}
electron systems with ω ∈ {1.0, 0.5, 0.28}. All quantities are ex-
pressed in atomic units.

ω First Second Third
(a.u.) Electrons excitation excitation excitation

1.0 2 0.5943 0.9999 1.4571
6 0.5218 0.5532 0.7028
12 0.4752 0.4834 0.5138

0.5 2 0.2530 0.4999 0.6609
6 0.2136 0.2271 0.3152
12 0.1913 0.1951 0.2063

0.28 2 0.1212 0.2800 0.3361
6 0.0991 0.1018 0.1589
12 0.0883 0.0897 0.0897

variationally available [91]. We have compared our singlet-
singlet excitation energies to values from Ref. [91] and they
are in excellent agreement as summarized in Table VII. The
remaining differences of the excitation energies can be at-
tributed to the CBS extrapolation procedure and also to the
numerical procedures regarding the Coulomb integrals and the
wave function, as described in the previous section.

IV. CONCLUSION AND SUMMARY

In this paper we have investigated a model Hamiltonian for
two-dimensional QDs using quantum chemical many-electron
theories including HF, MP2, and CCSD. For the study of
excited states we have employed the equation-of-motion for-
malism of CCSD theory (EOM-CCSD). We have outlined
a numerical method to compute the Coulomb integrals for
arbitrary orbitals represented on a discrete numerical grid.
Although this method is computationally less efficient than
recursive schemes for orbitals that correspond to Gaussians or
their derivatives, we note that it can become potentially use-
ful for different model Hamiltonians that include a one-body
part and corresponding eigenfunctions which are difficult to
expand using Gaussians or their derivatives.

We have investigated the convergence of the computed
correlation energies for ground and excited states with respect
to the number of virtual orbitals numerically, finding a conver-
gence behavior for two-dimensional QDs which is identical to
the basis set convergence of the second-order correlation en-
ergy in perturbation theory of the three-dimensional electron
gas. Furthermore, we have performed an analytic derivation
for the two-dimensional QD on the level of second-order
perturbation theory that supports this convergence behavior.

TABLE VII. CBS limit ground state and excitation energies for
the 2 electron system with ω ∈ {1.0, 0.5} compared to the variation-
ally optimized energies from Ref. [91] on the right. All quantities are
expressed in atomic units.

ω (a.u.) Ground state Second excitation Third excitation

1.0 3.002/3.000 1.000/1.000 1.457/1.459
0.5 1.661/1.660 0.500/0.500 0.661/0.662

Based on this analysis, we have extrapolated all computed cor-
relation energies for ground and excited states to the complete
basis set limit assuming a 1/Nv convergence of the remaining
finite basis set errors and compared them partly to analytic and
variationally achieved semianalytic results.

The computed ground state energies in a range of ω = 0.28
a.u., which corresponds to a strongly correlated regime, to
ω = 1.0 a.u., has revealed that the HF energy scales linearly
with respect to ω and that the relative contribution of the MP2
and CCSD correlation energies to the ground state energy
increases with decreasing ω. Furthermore, we have observed
that with decreasing ω the relative difference between the
MP2 and CCSD correlation energy is increasing, outlining
that CCSD captures higher order correlation effects than MP2.

Using the EE-EOM-CCSD formalism, we have calculated
the first three excitation energies of the QD and partly com-
pared them to values from the literature. Our findings show
that the excitation energies scale linearly with ω and for
N = 12 and ω = 0.28 the second and third excitation become
numerically degenerate.

Finally, our work also demonstrates that two-dimensional
QD model Hamiltonians serves not only as a suitable tool
for experimental QDs but can also be used as efficient and
well-controlled testing ground of approximate many-electron
theories to study ground and excited state properties. Using
a single parameter to tune the confinement via the harmonic
potential, the Hamiltonian can be modified to switch between
different regimes of correlation strengths and investigate the
accuracy of finite-order perturbation theories. However, we
find that EOM-CCSD performs qualitatively correctly for the
investigated parameter ranges and that the remaining errors
are expected to be only of quantitative interest. In future work
we seek to investigate different levels of EOM theories and
compare to other widely used electronic structure theories that
treat ground and excited state phenomena.
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APPENDIX A: ANALYTIC SOLUTION OF THE INTEGRAL
OVER THE 2D COULOMB KERNEL

To perform the integration in Eq. (15) we discretize the
integration domain into hypercubes with an edge length of �x
centered at xi, x j , yk , yl :

∑
i jkl

∫ xi+ �x
2

xi− �x
2

∫ x j+ �x
2

x j− �x
2

∫ yk+ �x
2

yk− �x
2

∫ yl + �x
2

yl − �x
2

× ψmnopqrst (x1, y1, x2, y2)√
(x1 − x2)2 + (y1 − y2)2

dx1dx2dy1dy2. (A1)
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SALIHBEGOVIĆ, GALLO, AND GRÜNEIS PHYSICAL REVIEW B 105, 115111 (2022)

With i, j, k, l ∈ Z, xi = i�x, x j = j�x, yk = k�x, yl = l�x,
and

ψmnopqrst = ψ∗
mnψ

∗
opψqrψst . (A2)

Employing simple quadrature, we approximate the wave func-
tion from (A1) to be constant within each integration block:
∑
i jkl

ψmnopqrst (xi, y j, xk, yl )
∫∫∫∫

dx1dx2dy1dy2√
(x1 − x2)2 + (y1 − y2)2

.

(A3)
This leaves us with the integral over the Coulomb kernel,
which cannot be treated in the same manner due to points with
xi = x j and yk = yl , where the Coulomb kernel becomes sin-

gular. We solve this problem using the Laplace transformation
of the Coulomb kernel, leading to a simplified expression. We
start with
∫ xi+ �x

2

xi− �x
2

∫ x j+ �x
2

x j− �x
2

∫ yk+ �x
2

yk− �x
2

∫ yl + �x
2

yl − �x
2

dx1dx2dy1dy2√
(x1 − x2)2 + (y1 − y2)2

.

(A4)

Applying the Laplace transformation

1

| 
r1 − 
r2| = 2√
π

∫ ∞

0
dte−t2(| 
r1− 
r2|)2

(A5)

yields

2√
π

∫ ∞

0
dt

∫ �x
2

− �x
2

∫ �i�x+ �x
2

�i�x− �x
2

dx1dx2 e−t2(x1−x2 )2
∫ �x

2

− �x
2

∫ � j�x+ �x
2

� j�x− �x
2

dy1dy2 e−t2(y1−y2 )2
, (A6)

with �i = i − k and � j = j − l . The integration over x1 and x2:
∫ �x

2

− �x
2

∫ �i�x+ �x
2

�i�x− �x
2

dx1dx2 e−t2(x1−x2 )2
(A7)

can be done analytically using the error function, analogously for y1 and y2. The result is

F (�i, t ) = 1

2t2
(e−�x2(�i−1)2t2 − 2e−�x2�i2t2 + e−�x2(�i+1)2t2

+ �x
√

πt{−2�ierf (�x�it ) + (�i + 1)erf[�x(�i + 1)t] − (�i − 1)erf[�x(−�i + 1)t]}).

And this leaves us with a 1D integral over the variable t for every �i and � j,

a(�i,� j) = 2√
π

∫ ∞

0
dtF (�i, t )F (� j, t ). (A8)

As it can be seen in Fig. 6 the integrand F (�i, t )F (� j, t ) is well behaved and can be integrated numerically without much
computational cost. In some special cases, for example �i = � j = 0, the analytic solution is available:

∫ �x
2

− �x
2

∫ �x
2

− �x
2

∫ �x
2

− �x
2

∫ �x
2

− �x
2

dx1dx2dy1dy2√
(x1 − x2)2 + (y1 − y2)2

= −4

3
(
√

2 − 1 − 3asinh(1))�x3. (A9)

But for the general case �i �= � j we have to solve the integral
numerically.

The functional form of the integral is not dependent on the
domain of integration. Therefore the integral will always be
proportional to �x3 times a constant a(�i,� j). Note that the
constants a(�i,� j) are not dependent on �x. Equation (A1)
can be rewritten as

∑
i jkl

ψmnopqrst (xi, y j, xk, yl )a(�i,� j)�x3. (A10)

We now evaluate the Coulomb integrals in real space nu-
merically. Note that the constants a(�i,� j) only need to be
computed once and can be used for every �x. �i and � j
define the distance of the integration region from the singu-
larity in steps of �x. Approximating the Coulomb kernel by a
constant in the region of integration becomes more accurate
with increasing distance from the singularity. So a cutoff
has to be chosen where the distance to the singularity is big
enough such that we can use the constant approximation. With
�i = 25 and � j = 0 Eq. (A4) with the constant approxima-

tion gives 0.04�x3, while evaluated with our scheme it gives
0.0400054�x3. Thus we have chosen �i = 25 as cutoff.

Note that this evaluation scheme for the Coulomb integrals
can be generalized to three-dimensional systems straightfor-
wardly.

APPENDIX B: ASYMPTOTIC BEHAVIOR OF THE
CORRELATION ENERGY

In order to extrapolate to the complete basis set limit of the
correlation energy, we need to derive an expression that yields
that basis set truncation error as a function of the number
of virtual orbitals. The correlation energy in second-order
perturbation theory is given by

Ecorr =
∑

k

| 〈0| gi j |k〉 |2
Ek − E0

. (B1)

Where |0〉 denotes the ground state, k is a excited state of the
unperturbed Hamiltonian, and E0 and Ek are the correspond-
ing energies. In theory, the summation goes over all excited
states but in practice we have to truncate the summation at
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FIG. 6. F (1, t )2, F (0, t )F (1, t ), F (0, t )2 from left to right. See
main text for more details.

some cutoff kcut. To replace the cutoff energy with the number
of virtual orbitals in the above equation, we have to employ
Eqs. (3) and (4). We are only interested in the asymptotic
behavior of the cutoff error, which is defined by

Eerr = lim
Nv→∞

∞∑
kcut

| 〈0| 1
ri j

|k〉 |2
Ek − E0

. (B2)

Furthermore, we can use the formula

lim
n→∞ e− x2

2 Hn(x) ∼ 2n

√
π

�

(
n + 1

2

)
cos

(
x
√

2n − nπ

2

)
(B3)

to approximate our excited states with a simple cos function.
Now the Coulomb integral can be calculated analytically,
which leaves us with the result

lim
R→∞

〈(00), (00)| 1

ri j
|(RR), (RR)〉 = 4R�

(
1+R

2

)4

π4(R!)2
, (B4)

where R denotes the shell of the orbital. Inserting this result
into Eq. (B2) and using the approximation for the gamma
function

lim
x→∞ �(x + 1) ∼

√
2πx

(x

e

)x
(B5)

gives us

Eerr =
∞∑
R

4(R − 1)2

π6R5
. (B6)

In the above equation, the sum can be replaced by an integra-
tion, yielding

Eerr = 4

π6

(
− 1

2R2
+ 2

3R3
− 1

4R4

)
. (B7)

As the final step we have to convert the shell R to the number
of orbitals Nv. By assuming filled shells we can write

R = 1 + √
8Nv + 1

2
, (B8)

which gives us the final result for the basis set error of second-
order perturbation theory correlation energies computed using
a truncated basis in the limit of Nv → ∞:

lim
Nv→∞

Eerr ∼ 1

Nv
. (B9)

APPENDIX C: SINGLET TRIPLET GAP CALCULATION

In order to calculate the singlet and triplet ground state
energy of the 2 electron QD with HF and MP2 theory the
following Slater determinants have been used:

|�singlet〉 = |(00,↑)(00,↓)〉 ,

|�triplet〉 = |(00,↑)(01,↑)〉 .

The HF ground state energy for the 2 electron QD is given by

EHF = 〈�gs| Ĥ |�gs〉 + 〈�gs| V̂ |�gs〉 ,

where Ĥ is the single-body part of the Hamiltonian and V̂ is
the Coulomb repulsion between the electrons. Inserting the
ansatz for the wave functions of singlet and triplet states and
applying the Slater-Condon rules gives

Es = ω + 〈0000|0000〉 ,

Et = 2ω + 〈0001|0001〉 − 〈0000|0101〉 .

The MP2 ground state energy is

EMP2 = E (0) + E (1) + E (2),

E (0) = 〈�gs| Ĥ |�gs〉 ,

E (1) = 〈�gs| V̂ |�gs〉 ,

E (2) =
∑

k �=�gs

| 〈k| V̂ |�gs〉 |2
Ek − Egs

.

Applying the Slater-Condon rules and using the same singlet
and triplet wave functions as for HF yields a additional con-
tribution to the HF energy

EMP2,s = Es +
∑
abcd

| 〈0000|abcd〉 − 〈00ab|00cd〉 |2
ω(−a − b − c − d )

,

EMP2,t = Et +
∑
abcd

| 〈0001|abcd〉 − 〈00ab|01cd〉 |2
ω(1 − a − b − c − d )

.
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