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Inherited topological superconductivity in two-dimensional Dirac semimetals
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Under what conditions does a superconductor inherit topologically protected nodes from its parent normal
state? In the context of inter-Fermi-surface pairing in three-dimensional Weyl semimetals with broken time-
reversal symmetry, the pairing order parameter is classified by monopole harmonics and is necessarily nodal
[Li and Haldane, Phys. Rev. Lett. 120, 067003 (2018)]. Here, we show that a similar conclusion could also be
drawn for 2D Dirac semimetals, although the conditions for the existence of nodes are more complex, depending
on the pairing matrix structure in the valley and sublattice space. We analytically and numerically analyze the
Bogoliubov-de Gennes quasiparticle spectra for Dirac systems based on the monolayer as well as twisted bilayer
graphene. We find that in the cases of intravalley intrasublattice and intervalley intersublattice pairings, the point
nodes in the BAG spectra (which are inherited from the Dirac cone in the normal state) are protected by a
1D winding number. The nodal structure of the superconductivity is confirmed numerically using tight-binding
models of monolayer and twisted bilayer graphene. Notably, the BdG spectrum is nodal even with a momentum-
independent “bare” pairing, which, however, acquires a momentum dependence and point nodes upon
projection to the Bloch states on the topologically nontrivial Fermi surface, similar in spirit to the Li-Haldane
monopole superconductor and the Fu-Kane proximity-induced superconductor on the surface of a topological

insulator.

DOLI: 10.1103/PhysRevB.105.104501

I. INTRODUCTION

Since the discovery of topological insulators (TI) more
than a decade ago [1-5], there is a growing body of examples
of symmetry protected topological phases of matter, classified
in the noninteracting limit by the discrete symmetries of the
Hamiltonian [6-8], including crystalline symmetries [9]. In-
cluded in this classification are topological superconductors,
characterized by the particle-hole (charge conjugation) sym-
metry of the Bogoliubov-de Gennes (BdG) Hamiltonian. In
the original, strict sense of the term, topological supercon-
ductivity refers to fully gapped phases, such as (p, + ipy)
superconductor (class A) [10,11] in two dimensions or the
B-phase of *He (class DIII) in three dimensions (3D) [12—15].
In a broader sense, which we shall adopt for the rest of this
paper, topological superconductors also include the gapless
phases, where the nodes of the superconducting gap (or more
precisely, the nodes of the BdG quasiparticle spectrum) are
topologically protected [16]; i.e., the presence of such gap
nodes is not accidental but is necessitated by the underlying
topology of the normal state, even if one considers a fea-
tureless s-wave pairing in the microscopic Hamiltonian. The
nodes appear upon projecting this “bare” pairing onto the
Fermi surface, morally similar to how the momentum depen-
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dence of the pairing develops in the Fu-Kane mechanism of
proximity induced topological p-wave superconductivity [17].
When and how does the superconducting state inherit the nor-
mal state topology? The most general answer to this question
is not presently known, although several examples of concrete
constructions exist in 2D and 3D (doped) semimetals, which
we summarize below.

In a 2D tight-binding Haldane model of graphene with
complex next-nearest neighbor interactions, it was shown by
Murakami and Nagaosa [18] that the nontrivial Chern num-
ber of the normal-state bands results necessarily in a finite
vorticity of the superconducting order parameter A(k), which
has to vanish at least one point in the Brillouin zone (BZ).
We note in passing that the position of this gap node need
not lie on the Fermi surface (which can be tuned by doping
the graphene), such that the BdG spectrum remains generally
gapped everywhere in the BZ.

A similar situation occurs in 3D Weyl semimetals with
broken time-reversal symmetry, where the Weyl points serve
as the sources and sinks of the Berry curvature in the normal
state [19,20]. It was shown by Li and Haldane [21] that a
superconducting state formed out of such a semimetal inherits
the topology of the normal state, manifest in the fact that
the pairing function A(k) cannot be defined continuously in
the entire BZ and instead, it must be expanded in terms of
monopole harmonics. As a direct consequence, A(K) must
vanish at least at one point on the Fermi surface, leading to
nodes in the BdG spectrum. Similar conclusions regarding the

©2022 American Physical Society
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FIG. 1. A schematic illustrating how nodes in the normal-state
band structure can be inherited in the BdG quasiparticle spectrum
of a Weyl or Dirac semimetal. (a) In the normal state 2D (3D) band
structure, there is a nonzero change in the winding number (Chern
number) across a Dirac (Weyl) point. (b) In the BdG quasiparticle
spectrum, there is a nonzero change in the topological invariant
(doubled the value of the normal state case) across a Dirac (Weyl)
point, guaranteeing the existence of node in the BdG spectrum. Red
and blue points denote Dirac (Weyl) points of opposite charges.

gaplessness of BAG spectra in a Weyl superconductor have
also been pointed out in Refs. [22,23].

In this work, we generalize the Li-Haldane result to two
spatial dimensions. We provide another perspective on the
nodes in the BAdG spectrum: these are points of topological
transition of the BAG topological invariant. This is illustrated
in Fig. 1, in which the topological invariant in the normal
state, which protects the Fermi surfaces, can be inherited by
the BdG Hamiltonian and leads to nodal BdG spectrum.

We develop a general tool for analyzing the appearance of
topologically protected nodes in the BdG spectrum, at least
for the cases where the normal state Hamiltonian admits a
Z-valued topological invariant. Applying this tool, we recon-
cile our results with those of Li and Haldane for topological
pairing in 3D [21] and of Murakami and Nagaosa in 2D [18].
We further extend the discussion of topological pairing to 2D
Dirac-type systems, motivated in particular by the supercon-
ductivity observed in the twisted bilayer graphene (TBG) near
the “magic” moiré twist angle [24,25]. To this end, we first
focus on the general setting of Cooper pairing in graphenelike
systems, combining the analytical and numerical calculations

to establish the conditions when the resulting BdG spectrum
inherits nodal structure from the Dirac cones found in the
normal state.

Our main conclusions regarding the inherited topology of
the superconducting state in the twisted bilayer graphene are
as follows. We find that for both intervalley intersublattice
and intravalley intrasublattice pairing, the BdG spectrum has
topologically protected nodes at charge neutrality, just like
that in the effective Dirac continuum model. In addition for
intervalley intersublattice pairing that breaks the C; crys-
talline symmetry (either broken spontaneously or because of
mechanical strain, as observed via scanning tunneling mi-
croscopy [26—28] and transport measurements [29]), the BdG
spectrum is also necessarily nodal for small doping away from
charge neutrality.

The rest of the paper is organized as follows. In Sec. II, we
provide a general theory of how the existence of a topolog-
ical invariant of the normal state protects nodes in the BdG
spectrum of a superconductor, followed by specific examples
of two-dimensional (2D) and three-dimensional (3D) models
in the literature. We then apply this theory to the case of the
2D normal state with a chiral symmetry at charge neutrality in
Sec. III A, and define the notion of the winding number in the
BZ, which is then inherited by the superconductor, resulting
in the topologically protected nodes of the BdG spectrum. In
Sec. III B, we provide a model construction based on Dirac
semimetal and consider various pairing scenarios in the con-
tinuum theory. We support the above analytical results with
the numerical evidence of topologically protected nodes in
the BAG spectrum on two examples: the tight-binding model
of monolayer graphene in Sec. IV A and of twisted bilayer
graphene in Sec. IV B. In both cases, we can understand the
presence/absence of nodes in the BAdG spectrum by projecting
on the vicinity of the Fermi surface in the Dirac limit. We
provide a summary and outlook in Sec. V, focusing in par-
ticular on the consequences of our results for twisted bilayer
graphene.

II. INHERITED TOPOLOGY
A. General setup

To understand the topological origin of point nodes in
the BAG spectrum, let us first consider the problem of a
gapped Bloch Hamiltonian H, characterized by a nontrivial
topological invariant v. Slightly more formally, we let v be
the evaluation map of the topological invariants of Hamil-
tonians in the given symmetry class, i.e., v(H,) denotes the
topological invariant of H,.! For the time being, we do not
need to specify the precise nature of the invariant v: it could be
protected by internal and/or crystalline symmetries; concrete
examples will be provided in the subsequent sections.

Although the system is an insulator and would not have
any natural pairing instability, we can nevertheless insist on

'For symmetry classes without a particle-hole or chiral symmetry,
the invariant of the Hamiltonian is defined as that for the states below
Zero energy.
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adopting a BdG description of the system. We define

H.. A
BdG __ ek K
ch - (A}; _H}T;—x>. (1)

Note that, although we have restricted ourselves to zero-
momentum pairing in the above, we have not fully specified
the relationship between the electron and the hole parts of the
BdG Hamiltonian. For instance, in the case of spin-singlet
pairing, we can take H.., to be describing spin-up electrons,
and Hy, that of the spin-down electrons. Alternatively, in
systems with strong spin-orbit coupling, we could take simply
He;l( - Hh;K - ch-

We assume |A,| to be much smaller than the gap of the
normal state Hamiltonian. In this limit, the BdG Hamiltonian
trivially inherits the energy gap of the Bloch Hamiltonian, but
what about its nontrivial topology? The (formal) introduction
of mean-field superconducting pairing amounts to a symme-
try lowering, since the original particle number conservation
U(1) is reduced to a Z, fermion parity. Other symmetries,
like spin rotation and crystalline symmetries, may also be
broken by the pairing. Whether or not the nontrivial topology
survives will generally depend on the Altland-Zirnbauer (AZ)
symmetry classes involved (both with and without pairing).
For instance, if the nontrivial nature of the original Bloch
Hamiltonian relies crucially on the U(1) charge-conservation
symmetry, then H2%C should be trivialized given that the U(1)
symmetry is broken.

Yet, certain topological invariants are stable against the
introduction of superconducting pairing. We will discuss two
such examples in the following sections. For now, however, let
us simply suppose that both the original normal-state invariant
v and that of the BdG Hamiltonian, vgqg, are Z-valued, and
that in the zero-pairing limit with A, — 0 of Eq. (1) they are
related by

veaG (HE'9) = v(Hey) + v(—H:_,). 2)

For such problems, vgqg is determined by the relationship
between v(He,) and v(—H;’_,), namely, whether the electron
and hole contributions add’ up or cancel. In addition, since
we assumed a gapped system to start with, for weak pairing
strength the value of vpqag is also fixed by that in the zero-
pairing limit.

Next, we consider a smooth family of Bloch Hamil-
tonians {H...(t) : t € [0, 1]} with the property v(H,..(0)) #
V(He (1)), i.e., there is a value ¢, € (0, 1) for which H..,(t,)
is gapless. Correspondingly, we consider another family of
Hamiltonians for the hole part with the same properties. We
are interested in the family of BAG Hamiltonian as defined in
Eq. (1), where the pairing term A,(¢) is a smooth function of
t and has a magnitude which is much smaller than the gaps
at the two limits of # = 0 and 1. Furthermore, we suppose the
symmetry class of the family of BdG Hamiltonian to remain
unchanged, i.e., even if the end points at + = 0, 1 may have
higher symmetries, we only consider those that are present
for all values of 7. In general, a nonzero A,(z,) would lead to a
gapped H29(t,) even if the normal Hamiltonian He (t.) and
Hp.(t,) are gapless. However, if the topological difference
between the normal state Hamiltonians at # =0 and t = 1 is

inherited by the BdG Hamiltonians, i.e., if
V(He;lc(o)) 7é U(HC;K(I)) & V(Hh;lc(o)) 7& U(Hh;lf(l))
= vpac(H'%(0)) # veac (HC (1)), 3

it then follows that there must exist some #, € (0, 1) such
that H29S(¢!) is gapless. Importantly, within our mean-field
assumption and for suitable invariants, vpag(H2(0)) and
vpac(H2G(1)) could be determined by that of the zero-
pairing limit in Eq. (2).

Clearly, the topological invariant in the zero-pairing limit
of a gapped Bloch Hamiltonian depends only on the symmetry
class but not on the details of the pairing (since A, — 0 in this
limit). In other words, the gaplessness of H249(¢!) is largely
independent of the details of the pairing function, and such
gaplessness could arise even if one assumes a momentum-
independent pairing. These are cases for which an apparently
trivial pairing amplitude would nonetheless lead to a nodal
superconductor. We will next study two concrete invariants
for which such a mechanism is tenable: one is the Chern
invariant, relevant to a two-dimensional Fermi surface in three
spatial dimensions; the other is the Z-valued winding number
invariant in 2D, protected by a certain chiral symmetry, which
is the key result of this work.

B. Inherited topology in 3D

Let us first consider the case of the 2D Chern number in
a 3D model. To illustrate the idea, it suffices to consider a
gapped two-band Bloch Hamiltonian H, in the AZ symmetry
class A, which has a Z-valued invariant: the Chern number
C computed on any closed surface of co-dimension 1 in the
BZ. The following argument readily generalizes to the multi-
band case by replacing the single-band Chern number by the
multiband one. We suppose the chemical potential is set such
that one band is filled and the other is empty. Let [ ) be the
+-energy Bloch state of Hy, i.e.,

Helyk) = Ef |yl 4)

Generally speaking, the two bands have opposite Chern num-
bers F¥C, i.e.,

1
" /i(dwfﬁm @dlyE) = ¥C, Q)
T

where the integral is over a two-dimensional closed surface in
the BZ [for concreteness, one could define the integration to
be in the (ki, k», 0) plane]. Using the notations established in
the previous section, we write v(H,) = C.

We are interested in the topological invariant of the asso-
ciated BdG Hamiltonian when we introduce superconducting
pairing. Since the Bloch Hamiltonian is assumed to be in class
A to start with, which does not have any symmetries aside
from the U(1) particle number conservation, it is natural that
the BAG Hamiltonian will be in the AZ symmetry class D. In
two dimensions, class D also has a Z invariant, which could be
identified simply with the Chern number of the £ < 0 states
in the quasiparticle spectrum. In the zero-pairing limit, the
E < 0 states can be identified with those coming from the
electronlike and holelike subblock of the BAG Hamiltonian
Eq. (1), and as such Eq. (2) holds. It then remains to evaluate
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the hole contribution to the BAG Chern number. Since
—H* oY) = (CET) 1Y) (6)

where —E*, < 0 and so [*,)* contributes to the total Chern
number of the BAG Hamiltonian. We simply need to note the

value of

1
Z_/i(deK)*l)/\(deKV)
T

1 *
= _2_</ idiyroD A <dm>>)
J
=C. )

In other words, the electronic and hole contributions to the
total BAG Chern number add up. Schematically, we may write
VBdG = 2v.

This can be intuitively seen by analyzing the chiral edge
modes: the Bloch Hamiltonian itself comes with C chiral
edge modes which are not trivialized by the introduction of
pairing. In the BdG formalism, the quasiparticle chiral modes
correspond to chiral Majorana edge modes. Since a complex
fermion is formed by two Majorana fermions, the Chern in-
variant for the BAG Hamiltonian is doubled.

We can also make connection to the problem of a doped
3D Weyl semimetal studied by Li and Haldane [21]. For
concreteness, consider a simple two-band model described by
the inversion-symmetric Bloch Hamiltonian

2 3
H; = Z sin k;o; + (Z cosk; — m) o3 — nog,  (8)
i=1 i=1
which is a Weyl SM for m = 2. To see why, note that
o3Hyos = H_y, ©)]

meaning inversion is represented by o3. Also, by focusing
on the eight time-reversal invariant momenta, we see that
the lower band has inversion eigenvalue —1 at I', and +1
everywhere else. This distribution of inversion eigenvalues
is known to indicate the existence of Weyl points in the
BZ [30,31]. To verify this claim more explicitly, note that the
energy eigenvalues are

3 2
Ey=p+ |sin’k; +sin®ky + (Zcoski — m) , (10)

i=1

and to see if the gap AEj closes it suffices to focus on
momenta for which sink; = sink, = 0, i.e., for (ki, k) =
0,0), (r,0), (0,7), (w,m). Aside from k; =k, = 0, we
have |cosk; + cosk, —m| > 1 with our choice of m = 2.
This means the only possible gap closing happens along the
line (0, 0, k3), and, in fact, at k3 = +m /2. One can further
check that the dispersion is linear about these two points,
quantifying them as Weyl points.

We may now imagine adding superconductivity to the
problem. First, we notice that the 2D slice of normal Hamil-
tonian Hy, t, 0 has Chern number v(0) = 1, and Hy, , » has
Chern number v(;r) = 0. The last momentum k3 plays the role
of a tuning parameter between the two topologically distinct
limits. Importantly, as shown in Eq. (2), the Chern number of
the BAG Hamiltonian inherits that of the normal Hamiltonian

in the weak-pairing limit, viz. vggg = 2v. As such, Eq. (3)
holds and the BAG spectrum will be necessarily nodal at some
value of k5 € (0, 7), even if a momentum-independent on-site
pairing is assumed. This is consistent with the analysis in
Li-Haldane [21] who argue that the pairing order parameter
should be described by monopole harmonics and vanishes at
isolated points on the Fermi surface.

C. Murakami-Nagaosa

The above argument provides another perspective to
understand the results first obtained by Murakami and Na-
gaosa [18]. Consider the Haldane model with spin singlet
pairing. The original perspective is as follows. Define a Berry
connection A% (k) = —Vy arg A(k), where A(k) is the gap
function for a BCS pairing term A(k)a,taik; the resulting
Chern number v = ﬁ [5,d*kV x A%(k) is nonzero. The
nonzero Chern number for the filled bands carries over to the
gap function A (k) such that A (k) also has a nonzero vorticity,
guaranteeing the existence of a node in A(k) in the 2D BZ.

With our current perspective, we use the chemical potential
M as a tuning parameter that detects nodes in the BAG spec-
trum. First, start with a filled Chern band such that the Chern
number is nonzero: v(u = 0) # 0. Then, allow the chemical
potential & to sweep until all the bands are emptied. In the
process, we assume a p-independent pairing amplitude whose
strength is much less than the gap of the Bloch Hamiltonian.
In the empty limit, the BdG Chern number is clearly zero:
v(u — —o0o) = 0. By the argument in the preceding section,
there must be some ., for which the BAG spectrum is gapless.
In the single-band weak-pairing limit, the nodes of the BdG
spectrum arise from the vanishing of the pairing amplitude
upon projection onto the Fermi surface states. The necessity
of such vanishing points in the pairing amplitude somewhere
in the 2D BZ can be reconciled with the Murakami-Nagaosa
argument.

III. NODAL 2D SUPERCONDUCTOR FROM INHERITED
TOPOLOGY

In the preceding section, we elaborated on how the BdG
Hamiltonian could inherit topology (a nonzero Chern number)
from the normal-state Hamiltonian, and how this could lead to
a topological obstruction in gapping out the BAG quasiparticle
spectrum. In this section, we demonstrate that our discussions
around Egs. (2) and (3) apply equally well to the 2D case
with the one-dimensional winding number playing the role
of a topological invariant protected by the chiral symmetry.
In the following, we discuss how this could lead to nodal
superconductivity starting from the 2D Dirac semimetal.

A. Winding number

Consider a 2D semimetal. Since we are in one dimension
lower compared to the 3D Weyl semimetal analyzed in the
previous section, we should replace the 2D Chern number by a
1D invariant, and the winding number protected by the chiral
symmetry, which corresponds to the Z entry in the tenfold
way for class AIll in 1D, is a possible candidate. To this end,
let us first consider a normal-state Hamiltonian with a chiral
symmetry, i.e., the Bloch Hamiltonian H (k) anticommutes
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with a chiral symmetry I" at ever momentum k. Physically, this
could arise from a sublattice symmetry, which could be a good
approximate symmetry in certain 2D materials, especially in
graphene-based systems near charge neutrality. For now, let
us suppose the superconducting pairing respects the sublattice
symmetry; we will later discuss how a similar argument ap-
plies even when we consider intrasublattice pairing, in which
case the BAG Hamiltonian enjoys a slightly different chiral
symmetry.

More concretely, let us consider a basis for which the chiral
symmetry I" takes the form

1 0
TH.I' = —Hy; F:(O _]1>, (1D

where the 1 and O are understood to be square matrices of
the appropriate dimensions. In this “canonical” basis, Hy is

off-diagonal
0 Qk)
Hy = . 12
k (Qz 0 (12)

We can consider the 1D winding number defined over any
closed loop in the BZ on which Hj remains gapped. Let

us compute the invariant along the loop (k;, —m) — (k, ),
which is given by [32]

i, () = —— / dky Te(Q; ' idh, Ox)- (13)
27 J_,
Let us further suppose we have a 2D analog of the 3D Weyl
semimetal, i.e., v;, = 1 for |k1| < 7 /2, and v, = O for |k;| >
7 /2, which implies a gap closing, generically in the form of a
Dirac point, at k| = 7 /2.

We will apply the same analysis as in Sec. II. First, sup-
pose we pair electrons described by the same Hamiltonian,
H.., = H,,, = H,, say when we consider spin-singlet pairing
in a system with spin-rotation invariance. In such a scenario,
we simply replace Or — —Q*, in going from the electron to
the hole part of the BAG Hamiltonian. In the limit of vanishing
A, it reads

0 O 0 0
g _ (He 0\ _fog 0 0 0
0 -H*, 0 0 0o -0
o o0 -07, 0

(14)

We can then evaluate the corresponding winding number for
the hole block,

T

1
v (—HZp) = E/ dky Tr((Q% )10, 0" )

= 7 ak (o (—io :
= E . 2 r(Q_k(_l IQ)Q—k)
= vy, (Hp). (15)

Next, we show that Eq. (2) holds. Observe that the sublat-
tice symmetry of the BAG Hamiltonian takes the form

1

0
0
F=rer= 0 (16)

o= OO

0
0 -1
0 o0
0 0 -1

To bring [ back to the canonical form, we interchange the
second and third rows and columns. This gives (in the zero-
pairing limit)

0 0 Ok 0
0 0 0o -0
BdG _ —k
H>® = Qlt 0 0 o | a7
0 -0, o0 0
and so we see explicitly
D, (He ") = v, (He) + vy, (), (18)

i.e., the topological index of the BdG Hamiltonian becomes
twice that of the original normal state. This implies the ar-
guments in Sec. II is applicable, so the BAG spectrum is
nodal even when the pairing is turned on. We remark that a
pairing that breaks the chiral symmetry in the normal state
could, generally speaking, trivialize the BdG winding number,
resulting in a gapped BdG spectrum. However, we will show
in Sec. IV B that even with a nonzero chemical potential that
breaks the chiral symmetry, the BdG spectrum could still be
nodal with the nodes originating from the inherited topology
in the chiral-symmetry limit.

In the following section, we will see that the above winding
number analysis applies without modification to one of the
pairing scenarios in the Dirac Hamiltonian: the intervalley
intersublattice pairing. For other forms of pairing, we will
need to change the hole invariant v_g, (Hy) in order to obtain
an analogous equation as in Eq. (18); this is explained in
Appendix B.

B. Dirac continuum model

Here, we discuss a simple continuum model, which for
some pairing scenarios, exhibits nodal BdG spectra protected
by the winding number as analyzed in the previous section.
Motivated by pairing in graphene-based systems, we con-
sider a two-dimensional system with valley degree of freedom
whose low-energy effective theories at the K and K’ valleys
are described by a collection of Dirac electrons:

H,—x(q, ) = poo + v(g_e™oy + gre o), (19

H,_x(q, ¢) = poo + v(g_e™o_ —gre 0y), (20

where ¢ = (g1, ¢»)" is the momentum measured from a
Dirac point, g+ = ¢q; * ig, i is the chemical potential, oy =
%(01 = ioy) are Pauli matrices in the sublattice space, and ¢
denotes an overall twist angle. We introduce ¢ in anticipation
of the two models we will consider in later sections: for mono-
layer graphene (in Sec. IV A), ¢ =0, whereas for twisted
bilayer graphene (in Sec. IV B), ¢ = 1°. The two valleys are
related by time-reversal, which is implemented as complex
conjugation, such that H;_x(q) = H}_x.(—q).

Next, we suppose there is a momentum-independent super-
conducting pairing between the Dirac electrons. The system
can be described within the mean-field framework by the BdG
Hamiltonian

H.(q. %) A

) . e
A _Hr’(_q’ _%)>

Hrt’(qv ¢) = (
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TABLEI. Analytical results of BAG Hamiltonian (up to first order in the twist angle ¢) of a 2D Dirac system with various pairing scenarios.
The four pairing scenarios considered are a combination of an inter/intravalley pairing with an inter/intrasublattice pairing. For the spin degree
of freedom, all pairings scenarios assume a spin singlet pairing, such that the BdG relation, A(k) = —AT (—k), is satisfied after restoring the
spin degree of freedom explicitly. A; and o; denotes Pauli matrices in the Nambu and sublattice space, respectively. ¢ = ¢ + ¢, is the

momentum measured from the Dirac point.

Pairing BdG Hamiltonian

Energy eigenvalues nodal structure

intervalley intersublattice (VS)

intervalley intrasublattice (VS)

intravalley intersublattice (VS)

intravalley intrasublattice (VS)

H = A3(uoo + vq101 + v4202)
+Ao(pvg201 — Pvq102) + A1(Aoy)
H = Asz(noo +vq101 + vg202)
+Ao(Pvg201 — Pvq102) + A1 (Acp)
H = A3(noo + vg202 + pvga01)
+Ao(vgi01 — Ppvq107) + A1 (Aoy)
H = A3(noo + vg202 + $vg201)
+Ao(vg101 — Pvq102) + A1 (Aop)

EI =12 + (vlgh*(1 +¢*) + A
+20/1 4+ ¢/ (1lg]? + (Ago)?

point nodes

E2 = 12 + (vlgD?(1 + ¢?) + A? gapped
£2|glvy/ 13 (1 + ¢2) + A2p?
E? = 1% + (vig)*(1 + ¢?) + A? gapped

£2|qlvy/ (1 + ¢?) + A?

E2 =12 + (vlg)*(1 + ¢*) + A?
£20,/1+ ¢2/(1lg))? + (Agi )2

point nodes

where H; (q) and —H,(—q) are the electron part and the hole
part of the BAG Hamiltonian respectively. Due to the valley
degree of freedom t, the BdG Hamiltonian allows for either
intervalley pairing (a pairing between Dirac cones of opposite
chiralities):

H A

or intravalley pairing (a pairing between Dirac cones of the
same chirality):

H, A

The pairing block matrix A has a matrix structure due
to the sublattice degree of freedom, which allows for ei-
ther intersublattice pairing (implemented as A = Ag;) or
intrasublattice pairing (implemented as A = Aop). We have
implicitly chosen the spin singlet pairing channel in the spin
degree of freedom:

Ass’ = (isy)ss’A (22)

in order to satisfy the BdG consistency relation A(g) =

—AT(—q), where A is the full pairing block matrix with
valley, spin, and sublattice degree of freedom.

The valley and sublattice degree of freedoms give rise to
four pairing scenarios: intervalley intersublattice (VS), inter-
valley intrasublattice (VS), intravalley intersublattice (VS),
and intravalley intrasublattice (VS) pairing. From now on, we
will refer to the VS and VS pairing as the diagonal cases,
and the VS and VS as the off-diagonal cases. This grouping is
motivated by the similarity in behaviors within each of these
two groups, which will be shown below.

We provide the analytic form of the BdG Hamiltonians,
their eigenvalues, and nodal structures for all four cases (up
to first order in the twist angle ¢) in Table I; an analytical
technique for obtaining the eigenvalues is presented in Ap-
pendix A. In terms of the nodal structure, the diagonal cases
exhibits zeros in the eigenvalues, whereas the off-diagonal
cases are fully gapped. It is interesting to note that the energy
eigenvalues are very similar within the diagonal cases. Within

the off-diagonal cases, the origin of the gap is different be-
tween the VS pairing and the VS pairing. For the VS pairing,
the BdG spectrum is fully gapped even at ¢ = 0. In compari-
son, the VS pairing actually exhibits a ring node at ¢ = 0, and
a nonzero ¢ is required to fully gap out the BdG spectrum.

To corroborate the above analytical results, we have also
computed the BAG quasiparticle spectra numerically (to all
orders in ¢), with the results shown in Fig. 2. The most
important feature is that the BdG quasiparticle spectrum is
nodal (two mini-Dirac cones near the K point) for the di-
agonal cases, whereas the spectrum is fully gapped for the
off-diagonal cases, fully consistent with the analytical results
at first order of ¢.

Next, we analyze how the momentum-independent pairing
acquires a nontrivial pairing symmetry after the projection
onto the Fermi surface, focusing on the case of VS pairing.

Inter-valley Intra-valley

Inter-sublattice

E (au.)

\
/

MO
e

K

FIG. 2. BdG quasiparticle spectra of a 2D Dirac Hamiltonian
with various pairing scenarios at pairing parameter A = 0.7, chem-
ical potential u =0, and twist angle ¢ = 10°. The four pairing
scenarios considered are a combination of an inter/intravalley pair-
ing with an inter/intrasublattice pairing. The pairing scenarios in the
diagonal cases have nodal BdG spectra, with two mini Dirac cones
near the K point. The off-diagonal cases are fully gapped.
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Assuming the weak-coupling scenario A < u, we Taylor
expand one of the energy eigenvalues (at ¢ = 0) to first order
in A/u to obtain

E*=~ (vlg| — pn)* + A2<1 _ vl sin29>, (23)
"

where 6 is the azimuthal angle of ¢ with respect to the &,
axis. On the Fermi surface, i.e., when v|q| = u, Eq. (23)
reduces to £ = Acos6, so we obtain an effective p-wave
superconductor, with two nodes at @ = + /2. The same anal-
ysis can be applied to the VS pairing to obtain basically
the same result of a cos # angular dependence in the pairing
near the Fermi surface. This is reminiscent of the Fu-Kane
proximity-induced superconductivity in topological insulator,
where even a featureless s-wave superconductor results in
an effective p, + ip, superconductor after projection onto
the topologically nontrivial surface states of the topological
insulator [17].

The connection with Fu-Kane can be made exact through a
complementary perspective, that is by expressing the pairing
in the basis of states on the Fermi surface. This is usually
referred to as the projected pairing onto the Fermi surface,
although it is a bit of a misnomer since there is no projection
operator involved; instead, it is just a unitary transformation
to the eigenbasis of the normal state Hamiltonian at the Fermi
surface. The resulting projected gap function A, for VS pair-
ing is

(24)

—iAsin 0

A — Acosf iAsinf
L —Acosf ]’

To first order, the nodal structure of the projected pairing is
controlled by the intraband terms (the diagonal entries), which
shows a cos @ dependence, consistent with the Taylor series
analysis above. For VS pairing, the projected gap function is
essentially the same as above (up to an overall phase of ¢
and negative signs in some of the entries).

For the off-diagonal (VS and VS) cases, using the VS
pairing as an example, the projected gap function A, is

—Ae? 0
Ap=< o Aeie), (25)

from which it immediately follows that the projected pairing
is fully gapped. This is formally exactly the same as the Fu-
Kane p, + ip, superconductor, with the same property that
the projected Hamiltonian respects time reversal symmetry,
unlike the conventional spinless p, + ip, superconductor.

As noted before, the winding number analysis in Sec. [II A
applies without modification to the intervalley intersublattice
(VS) pairing, providing a topological reason for the existence
of the point nodes in the BAG spectrum. The details of how the
winding number analysis is applied to the other three pairing
scenarios (VS, VS, and VS) can be found in Appendix B.
The winding number provides a unifying perspective to under-
stand the four pairing scenarios considered: the BdG spectrum
is nodal or fully gapped, respectively, based on whether the
electron and hole winding number (each nonzero from the chi-
rality of the Dirac cone) sums or cancel each other in the BAG
Hamiltonian. If the electron and hole winding numbers sum
to give a nonzero BdG winding number (the diagonal cases),

the BAG spectrum is necessarily nodal, at least in the limit
of small pairing strength close to charge neutrality. On the
other hand, if the electron and hole winding number cancel
each other out (the off-diagonal cases), the BdG spectrum is
gapped.

Although we have started with a momentum-independent
pairing term, the resulting BdG quasiparticle spectrum is
nodal for certain combinations of chiralities and the matrix
structure of the pairing. This can be understood by projecting
the pairing onto the Fermi surface, at which point the explicit
momentum dependence of the superconducting gap becomes
apparent, as shown in Egs. (23)—(25). The point nodes ob-
served in the diagonal cases are inherited from the normal
state, i.e., they are necessitated by the topological properties
of the normal-state Dirac cones.

In addition to the above analytical analysis, valid strictly
speaking only in the vicinity of the K and K’ points (i.e., in
the Dirac limit), we have also computed the BdG quasiparti-
cle spectra for various forms of pairing in the tight-binding
(TB) models of the monolayer and twisted bilayer graphene.
We now turn to the discussion of these results, which fully
corroborate the above conclusions.

IV. 2D DIRAC SEMIMETALS

Motivated in part by the superconductivity observed in
the TBG near the “magic” moiré twist angle [24,25], we
study whether a superconducting state of TBG may inherit
the topology of its normal-state. While the microscopic ori-
gin of pairing in TBG is not clear at present, the fact that
superconductivity is found near the integer filling fractions,
where the “resets” of the Dirac-like linear density of states
are observed [33,34], motivates us to study superconductiv-
ity as arising from a Dirac semimetal. To this end, we will
first consider a “toy” model of s-wave pairing in a mono-
layer graphene. In order to make a more realistic analysis,
we will then substantiate these conclusions by studying the
spin-singlet (s-wave or d-wave) pairing in the tight-binding
treatment of TBG.

As discussed in the previous section, the appearance of
the topologically inherited nodes in the BdG spectrum is
protected by the 1D winding number, which requires a chiral
symmetry in order to be defined rigorously. We note however
that the sublattice symmetry used in our preceding analysis in
Sec. III A is not exact in either monolayer or twisted bilayer
graphene. Nevertheless, it is a good approximate symme-
try when we restrict our attention to the states close to the
normal-state Dirac points, i.e., for small doping from charge
neutrality [35]. Indeed, we will demonstrate in the following
sections that the signature of topological nodal superconduc-
tors persists with the more complex models of monolayer
graphene and twisted bilayer graphene.

A. Monolayer graphene

_ We use the nearest-neighbor tight-binding Hamiltonian
h of monolayer graphene for the normal state. We then
add mean-field superconductivity by constructing the BdG
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A=0, p=0

kx

kx

FIG. 3. BdG quasiparticle spectra of monolayer graphene with various pairing scenarios: [(a) and (b)] no pairing, [(c) and (d)] onsite
pairing, [(e) and (f)] mirror-symmetric intersublattice pairing, and [(g) and (h)] C5-symmetric intersublattice pairing. The pairing parameter
A and chemical potential p are: (a) A =0 and u = 0; (b) A = 0.5 and = 0.8; [(¢), (e), and (g)] A = 0.5 and u = 0; and [(d), (f), and (h)]
A = 0.5 and u = 0.8. The normal-state is the textbook nearest-neighbor hopping tight-binding model of monolayer graphene. The figures to
the right of the 3D plots are contour plots of the lower band over the extended Brillouin zone; red region in the contour plot indicates when the
lower band reaches zero energy, i.e., when there is a node. The purple dotted line in the left contour plot of (a) maps the boundary of the region
plotted in all the 3D plots. The blacked dotted line in the left contour plot of (e) indicates the movement of the mini-Dirac cones of opposite

chiralities as u increases, until they meet and gap out the spectrum.

Hamiltonian:

HPG — (Zlfr A ) (26)

e
_h_K

Above, each component is a 2 x 2 block matrix from the
sublattice degree of freedom. By construction, we are pairing
the states near Dirac cones of opposite chiralities: one at K
valley (upper left block matrix) with another at —K = K’
valley (lower right block matrix). Therefore the scope of the
monolayer graphene numerical model considered in this sec-
tion is restricted to intervalley pairing. We therefore do not
consider the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states
with a finite momentum of the Cooper pairs, and such states
have been studied in the context of spin-triplet pairing in
graphene [36] and in 3D Weyl semimetals [37]. In addition,
for all the cases considered below, the spin pairing channel is
always spin singlet is;.

For the pairing block matrix A, we consider the follow-
ing four pairing cases: (1) no pairing (just with a redundant
BdG degeneracy), (2) intrasublattice (in particular, the pairing
is onsite with a matrix structure of is; ® og), (3) mirror-
symmetric intersublattice (with a matrix structure of is, ®
o1), and (4) Cs-symmetric intersublattice. For simplicity, we
restrict the mirror-symmetric pairing to be only within the
same unit cell. Note that we do not require A, to have any
momentum dependence for the onsite and mirror-symmetric
intersublattice pairings.

Numerically, we implement the tight binding model using
the PYTHTB package [38], and obtain the BdG quasiparticle
spectra for the above pairing cases. The nodal structures are
consistent with the analytical results for the Dirac Hamiltoni-
ans with intervalley pairing in Sec. III B.

Without any pairing, the BdG spectrum [Fig. 3(a)] is just
two identical copies of the normal-state band structure at zero
chemical potential. At finite chemical potential, the electron
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part and the hole band of the BdG Hamiltonian shift in the
opposite directions, forming nodal lines, as shown in Fig. 3(b).

Onsite (intrasublattice, VS) pairing. For onsite pairing, any
nonzero value of A immediately gaps out the BdG spectrum
[Fig. 3(c)], and adding a nonzero chemical potential does not
close the gap [Fig. 3(d)].

Mirror-symmetric intersublattice (VS) pairing. In this case,
for small value of A at zero chemical potential, the BdG spec-
trum exhibits point nodes; each Dirac cone from the normal
state splits into two mini-Dirac cones [Fig. 3(e)]. A large A
(relative to the hopping parameter) is required to bring these
mini-Dirac cones of opposite chirality together to gap out the
spectrum.

Comparing Fig. 3(f) with Fig. 3(b), we see that a nonzero
A lifts most of the degeneracy of the nodal lines except at a
few points. A nonzero value of u breaks the sublattice chiral
symmetry, which protects the global existence of point nodes
in BdG spectrum according to our winding number analysis in
Sec. IIT A. Nevertheless, we find that the point nodes persist
up to some small but finite value of p [Fig. 3(f)]. As noted
above, this is a manifestation of the fact that the sublattice
chiral symmetry, albeit not exact, holds approximately when
projected onto the Fermi surface (provided p is not too large).
In addition, the point nodes in the normal state are protected
locally by the C,T symmetry of the monolayer graphene,
therefore at a small value of w, before the nodes move and
annihilate each other, there are still point nodes in the BAG
spectrum inherited from the normal state. At sufficiently large
value of u (i.e., far from charge neutrality), these point nodes
disappear and the BdG spectrum becomes fully gapped.

Cs-symmetric intersublattice (VS) pairing. In this case, the
BdG spectrum is nodal for finite A and © = 0, as seen from
Figs. 3(g) and 3(h). The location of the point node is pinned
at the K and K’ points because of the additional C; crystalline
symmetry.

Unlike the above mirror-symmetric case, adding any
nonzero value of u to the C3-symmetric VS pairing immedi-
ately gaps out the BAG spectrum. The reason for this behavior
can be understood as follows: in the normal state, the Dirac
cone is protected by a Z, invariant from the C;T symmetry.
With just C,T symmetry, the two Dirac cones (regardless of
chirality) may merge and gap out the spectrum. When p = 0,
the presence of the additional chiral symmetry enhances the
topological invariant to a Z-valued winding number; there-
fore, two Dirac cones can be localized at the same k point
(due to C3 symmetry) in the BZ without gapping out each
other. However, with nonzero chemical potential u # 0, the
chiral symmetry is now broken, and the Dirac cones again
become Z, valued and annihilate each other, resulting in a
gapped BdG spectrum.

B. Twisted bilayer graphene (TBG)

Compared to the monolayer graphene model, the magic-
angle TBG model has the added ingredients of an explicit
valley degeneracy, originating from the microscopic K and
K’ valleys from the two layers. For monolayer graphene, the
Dirac cones at K and K’ points of the BZ have opposite
chirality, whereas for TBG, the Dirac cones at Kj; and K},
points of the moiré BZ have the same chirality [40—42]. De-

Opposite-chirality
Inter-valley

Same-chirality
Intra-valley

K K
MLG
K K
K
.
TBG K

ES:
K
K

K J

FIG. 4. Correspondence between monolayer graphene (MLG)
and twisted bilayer graphene (TBG) pairing scenarios. The opposite-
chirality pairing in MLG corresponds to intervalley pairing in TBG;
similarly, the same-chirality pairing in MLG corresponds to intraval-
ley pairing in TBG. K and K’ denote the momenta in the microscopic
Brillouin zone (before the band folding), and K and K;, denote
momenta in the moiré Brillouin zone.

spite these differences, there is still a close correspondence
between the pairing scenarios in the monolayer and in TBG,
as illustrated in Fig. 4. The intervalley (i.e. opposite chiral-
ity) pairing in the monolayer graphene is achieved simply
by a zero-momentum pairing between K and K’ points; for
TBG, we need to pair the Dirac cones from different mi-
croscopic valleys: one Dirac cone in a moiré BZ inherited
from the microscopic K point with another Dirac cone in-
herited from the microscopic K’ point. By the same token,
the intravalley (i.e., same chirality) pairing must necessarily
be momentum-dependent in monolayer graphene, however in
TBG, the pairing can be moiré-momentum independent,’ so
the model for same-chirality pairing in TBG can be imple-
mented numerically without requiring a momentum cutoff as
one would for a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)
state numerical model.

There is another nontrivial feature in the TBG model: the
normal state of TBG is known to possess a “fragile topology,”’
manifested in the fact that the set of valley-projected active
bands near charge neutrality does not admit a Wannier repre-
sentation, i.e., cannot be captured by a lattice tight-binding
model restricted to localized Wannier orbitals [43]. Instead
one must include higher-lying trivial bands into the lattice
tight-binding model [44]. Therefore we adopt the effective
five-band (per valley and per spin) tight-binding model for
TBG developed in Ref. [39] as the normal-state Hamiltonian.

2We note that for intravalley pairing, the Cooper pairs will trans-
form nontrivially under the microscopic translation. Yet, in the moiré
problem, the microscopic translation becomes an internal valley-
U(1) symmetry, which is broken by the intravalley pairing.
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FIG. 5. BdG quasiparticle spectra of TBG model at A = 1 meV and . = 0 meV. The normal-state band structure is taken from the five-
band model of Ref. [39]. The four pairing scenarios considered are the same as that for the Dirac Hamiltonians in Sec. III B: either of
inter/intravalley pairing with either of inter/intrasublattice pairing; all pairings are spin singlet, C3-symmetric, and across moiré unit cell.
Red region in the contour plot indicates the presence of node. The diagonal cases exhibit point nodes at the K and K’ points, whereas the

off-diagonal cases are completely gapped.

Using the normal-state Hamiltonian at a single valley h
from Ref. [39], we include valley degree of freedom by
h & h*, where h* is the time-reversal copy of 4 at the opposite
microscopic valley. We then construct the BAG matrix and
impose various momentum-independent pairing scenarios, in-
cluding both the intervalley and intravalley pairing.

There is a subtlety with regard to the implementation of
pairing in the TBG model that is not present in the previous
section’s monolayer graphene implementation; the details of
which is presented in Appendix C. The main takeaway is
that moiré-onsite or moiré-intra-unit-cell pairing cannot be C3
symmetric. In order to obtain a C3-symmetric pairing (regard-
less of whether it is intersublattice or intrasublattice), one need
to pair across different unit cells, i.e., the pairing has to have a
moiré momentum dependence. And there is a nontrivial phase
winding in the pairing order parameter A for the diagonal
cases due to the p, and p_ orbital characters of TBG flat
bands.

We numerically solve for the BAG quasiparticle spec-
tra of four inter/intravalley and inter/intrasublattice pair-
ing scenarios (all spin singlet and Cs;-symmetric) at A =
1 meV and £ =0 meV (Fig. 5). At a small value of A =
1 meV and © = 0 meV, we observe the same nodal structure
as that in the Dirac Hamiltonian reported in Sec. IIIB: the
diagonal cases contains point nodes near the moiré K and
K’ points, whereas the off-diagonal cases are gapped by any
value of A (Fig. 5), consistent with the Dirac numerical and
analytical results. The point nodes have fourfold degeneracy
from the spin and valley degeneracy.

Next we consider the effect of adding a nonzero chemi-
cal potential and having a Cs-breaking pairing. Physically, a
C;-breaking pairing may originate from either spontaneously

broken C; symmetry in a nematic superconductor, or from an
external perturbation such as strain, both of which are relevant
to the experimental measurements on TBG [26-29]. We con-
sider both C3-symmetric pairing and mirror-symmetric pairing
(Fig. 6) at A =1 meV and p = 1.5 meV. For simplicity, we
restrict the mirror-symmetric pairing to only pair within each
moiré unit cell.

VS pairing. In the intervalley pairing between the two
sublattices, the nodal structure is qualitatively different be-
tween the C3-symmetric [Fig. 6(a)] and the mirror-symmetric
counterpart [Fig. 6(b)]: any nonzero value of u fully gaps
out the BAG spectrum for Cs;-symmetric pairing, whereas
point node (which splits into four distinct nodes near each
K and K’ point) remains up to some finite value of u
for mirror-symmetric pairing. This qualitative distinction be-
tween the C;-symmetric and mirror-symmetric intervalley
pairings matches that observed and explained in the mono-
layer graphene in Sec. IV A.

VS pairing. In the case of intravalley intrasublattice pairing,
both the Cs;-symmetric [Fig. 6(c)] and the mirror-symmetric
counterpart [Fig. 6(d)] exhibit nodal structure. For the Cs-
symmetric case, there remains some 1D ring nodes in the
middle of the I'M line. For the mirror-symmetric case, a pair
of point nodes for very small value of p “grows” into a pair
of ring nodes as one increases p. The origin of these 1D ring
nodes is not topological; they are distinct from the OD point
nodes we analyzed in Sec. III B; we explain in further details
the analysis of these ring nodes for VS pairing in Appendix D.

“Off-diagonal” VS and VS pairings. The BdG spectra
remain fully gapped in these cases, as shown in Fig. 5, in full
analogy with the pairing in the monolayer graphene discussed
in Sec. IV A.
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FIG. 6. BdG quasiparticle spectra of TBG model at A = 1 meV, u = 1.5 meV. The pairing scenarios considered are: (a) C3-symmetric
VS, (b) mirror-symmetric VS, (c) C3-symmetric VS, and (d) mirror-symmetric VS pairing. Red region in the contour plot indicates the presence
of node. Within the Dirac limit (i.e., for small value of A and w), the point nodes near the K and K’ points for the mirror-symmetric cases
(b) and (d) survives up to some small value of u, whereas point nodes for the C;-symmetric cases (a) and (c) are gapped for any nonzero .
The ring nodes in the intravalley cases (c) and (d) have a different origin than the point node near K and K’ points, as explained in Appendix D.

To conclude the numerical results of the tight-binding mod-
els with various pairing scenarios, the topological-protected
nodes is inherited robustly in the BAG spectra, up to some fi-
nite chemical potential, provided that the pairing is “diagonal”
(VS and VS pairings) and breaks C; symmetry.

While the arguments presented above are topological in
nature and thus insensitive to the details of the pairing
mechanism, we remark that if one consider in-plane phonon-
mediated pairing, the VS and VS pairings are mediated by the
E, phonon mode, whereas the A; phonon mode mediates the
VS and VS pairing scenarios. For further details, please refer
to Appendix E.

V. CONCLUSION

In this work, we have analyzed how nodal superconduc-
tivity could be inherited from a parent 2D Dirac semimetal,
similar to the case of a doped 3D Weyl semimetal [21]. Unlike
the more conventional cases in which nodal superconductivity
arises from finite angular momentum pairing (e.g., p or d
waves), our mean-field results apply even when the pairing
amplitude is momentum-independent. The presence of nodes
in the BdG quasiparticles spectrum depends on the chiralities
of the paired Dirac points and whether the pairing is intra- or
intersublattice; for nodal cases, the existence of point nodes
is explained by the inheritance of the normal-state topology—
the winding number that protects the point nodes in the parent
nodal semimetal.

We have analyzed the BdG quasiparticle spectra of the
Dirac Hamiltonian analytically and confirmed the nodal struc-
tures numerically with tight-binding calculations for the
monolayer and twisted bilayer graphene. We have considered
four pairing scenarios: the “diagonal” cases (VS and VS pair-
ings) and the “off-diagonal” cases (VS and VS pairing). We
find that the BdG spectrum is nodal for the diagonal cases

and fully gapped for the off-diagonal cases, provided that
the system is sufficiently close to charge neutrality, such that
the chiral symmetry (which allows one to define the winding
number protecting the point nodes) is a good approximate
symmetry.

We should caution that our numerical results should be
interpreted only as a demonstration of the presence of topo-
logical nodes and their robustness in the BAG quasiparticle
spectrum, rather than the definitive proof of their existence in
TBG. While we have based our analysis on the topological
properties of the underlying normal-state band structure, no
energetic considerations have been invoked. We thus leave
a more substantiated discussion on the applicability of our
results to the superconductivity in TBG as an open problem.

Nevertheless, it is natural to contemplate on the extent to
which our results could be applied to TBG. First of all, al-
though we have restricted our attention to spin-singlet pairing
for simplicity, we expect our results to be applicable even to
spin-triplet pairing as the analysis relies only on the topolog-
ical properties of the underlying band structure. However, we
also note that our distinction between intra- and intervalley
pairings, motivated by the topological perspective, is different
from the more systematic analysis of the pairing symmetries
based on the crystallographic point groups. For instance, the
C3-breaking pairing we considered would be part of a non-
trivial two-component irreducible representation, assuming
C; symmetry is present in the normal state.> This perspec-
tive is particularly pertinent when the underlying mechanisms
for superconductivity are considered, say in the analysis of
phonon-mediated pairing. On the other hand, one could also

3We note, though, that strain is known to be significant in typical
samples of twisted bilayer graphene, so there could also be extrinsic
C; breaking.
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quite reasonably argue that the superconductivity in TBG may
come from a strong-coupling mechanism and as such our
mean-field analysis does not necessarily apply.

We should note that at first glance, the range of electron
densities for which superconductivity emerges in experiments
on TBG appears to be far from charge neutrality where one
expects the Dirac regime to be applicable. Yet, the recent ex-
perimental results on the “cascades” (also known as “resets”)
of Dirac cones [33,34] indicate that the Dirac starting point
could be applicable around most, if not all, of the integer
fillings.

In summary, the present work establishes a set of crite-
ria for when the superconductor can inherit the normal-state
topology in a two-dimensional Dirac semimetal, similar in
spirit to how the 3D monopole superconductivity follows from
the topological properties of the Weyl points in the normal
state [21]. Our central result, that the Bogoliubov-de Gennes
spectrum is forced to have topologically protected nodes
for certain “diagonal” combinations of valley and sublattice
pairing in the limit of exact chiral symmetry, regardless of
microscopic pairing mechanism. In addition, even when chiral
symmetry is broken by a finite chemical potential, the nodal
nature of the quasiparticle spectrum may still survive. As such
our results could be applicable to suitable 2D Dirac semimet-
als, including possibly twisted bilayer graphene. Crucially,
we show that the topological nodes in the gap appear even
when the “bare” pairing is a momentum-independent s wave,
extending the range of applicability of the present work to
quasi-2D Dirac systems with proximitized s-wave pairing.
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APPENDIX A: DIRAC BDG HAMILTONIAN
DIAGONALIZATION

Here, we present analytical techniques for diagonalizing
the BAG Hamiltonian for Dirac systems with intervalley pair-
ing. Note that this is for the case ¢ = 0, where there is no
relative twist angle between the layers that contribute to the
electron and hole part of the BdG Hamiltonian.

1. Onsite pairing

We first present the technique to diagonalize the BdG
Hamiltonian for a Dirac Hamiltonian with intervalley, onsite
pairing:

H = A3 ® (vq -0 + og) + A1 ® (Aoy), (A1)

where ¢ = q1X + q,¥.

We square the Hamiltonian (which gets rid of cross terms
with Nambu matrices A; # Ag) and obtain

H? = A ® [(V*Ig)* + 1* + A)oo + 2vpu(g - 0)].

Since we have two (upper left and lower right) identical
block matrix, we only need to diagonalize one of them. The
remaining diagonalization of the 2 x 2 matrix is straightfor-
ward and the energy eigenvalues are

E* = (V*|g)* + 1 + |A1D) £ 2vulgl = (vigl £ ) + A?,
(A2)

which are always positive for any nonzero pairing parameter
A, i.e. the BdG quasiparticle spectrum is always gapped.

2. Intersublattice pairing

Here, we diagonalize the BAG Hamiltonian with interval-

ley intersublattice pairing:
H=A;® (vq -0+ uop) + A1 ® (A - 0), (A3)

where A = AX. Using the following identity of Pauli ma-

trices:
(@a-o)b-o)=(a-b)+ilaxhb) o (A4)

and the anticommutation of Pauli matrices, we square the
Hamiltonian to obtain

H? = Ay ® [(VIg]* + > + A%)og + 2vuq - o]
— A ®[2u(g x A) - o).

We note that the Hamiltonian is now simultaneously diag-
onalizable with A;, so we can use eigenstate of A, to block
diagonalize H?:

H: = (VIg + 117 + Aoy + 20[ug F (g x A)] - o,

with the =+ sign corresponding to the upper and lower block
matrix respectively. Then, directly diagonalize the remaining

2 x 2 block matrix,
E*= (Vg + >+ AP £20|ug F (g x A).  (AS5)

Now we can apply this to the special case A = Aoy consid-
ered in the main text:

E? = (0°lq]* + 1* + A7) £ 20/ (ulg]? + (Ag2 ).
At g = ¢, the energy eigenvalues are
E*= (vzq% +u’+ Az) + 2vq2\/m
= (vg2 £ V12 + A2

Therefore, for any nonzero value of A, the bdG quasiparticle
spectrum is always nodal, with two nodes at (¢ =0, g» =

TV U2 + A2)v).

3. General intervalley pairing

(A6)

Given a general BdG Hamiltonian with intervalley pairing

H=(vq -0+ noyo) ® A3+ (Ag-0) @ A1 — (A7 - 0) ® As,

(A7)
where ¢ = ¢1% + ¢»9, and Ag, A, each has three components.
The analytical diagonalization of the above Hamiltonian is
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a nontrivial task. However, with the additional condition
that ¢, Ag, A, are co-planar, one can analytically diagonalize
the Hamiltonian using a “quadratic trick” which we present
below.

We follow the same strategy as the previous sections by
first squaring the Hamiltonian to obtain

H? = [(V’|g)* + 1* + |A[))oo + 2vpg - 01 ® Ao
—20(g X Ay)-0 @Ay —2v(g X Ag) -0 Q@ A,
+2U(AR X A[) 0® A3,

where |A|> = |Ag|> + |A;|?>. However, this Hamiltonian is
still not readily diagonalizable analytically.

To simplify notation, we let £ = v?|8k|*> + u”> + |A|? and
absorb the factor 2vg — g such that H> becomes

H? =[£0q + uk - 6] ® Ao + (cross terms of H?),
where
(cross terms 0fH2) =—(@x Ay -0Q A
—(gxAg) -0 QA
+(Ag X Ap) -0 ® Aj.

To begin simplifying the Hamiltonian, we need to add
another layer of complexity paradoxically. We square the
BdG Hamiltonian again, where we use the condition that
q, Ag, and A, are co-planar, such that the fourth power of
the BAG Hamiltonian takes on the special form

H* = &+ 1°1ql” + (g x Ay
+ (g x Ap)* + (Ar x A7)]oo ® Ao
+ 2¢ x (cross terms of H?).

We observe that the following linear combination between
H* and H? cancels out the cross terms of H>:

H* — 26H? = [noy — 2£1(g - 0)] ® Ao,

where we let

(A8)

n=—&+u’lg)* + (g x Ap)?
+ (g x Ap)* + (Ag x A})

to further simplify notation. As the first sign of success, we
have successfully block-diagonalized the BAG Hamiltonian at
the level of the A Pauli matrices, so we can focus on just one
of the block matrices. The eigenvalues within the 2 x 2 block
matrix are

X+ = n +25ulql. (A9)

Note that H* and H? are both simultaneously diagonalized by
these eigenvalues.

Importantly, we have found a quadratic equation for which
the Hamiltonian (and hence its eigenvalues) satisfies

E* —26E? — . =0, (A10)
which allows us to directly solve for the eigenvalues
28 +.,/462+4
o 25 X ex et (AlD

completing the diagonalization.

TABLEII. Winding numbers of BAG Hamiltonians of a 2D Dirac
system with various pairing scenarios. v, and v, denotes the winding
number of the electron block and hole block of the BAG Hamilto-
nian, respectively, and vg4s denote the winding number of the full
BdG Hamiltonian. All pairing scenarios exhibit a chiral symmetry at
zero chemical potential  (in additional to a chiral symmetry from
the combination of time-reversal and BdG particle-hole symmetry).
A;, o; denotes Pauli matrices in the Nambu and sublattice space,
respectively. ¢ = ¢1X + ¢,¥ is the momentum measured from the
Dirac point.

Pairing Chiral symmetry Ve vy VBdG
VS Ay ® 03 +1 +1 +2
\_/S A3 ® o3 +1 —1 0
VS AO ® 03 +l -1 0
VS A3 @ o3 +1 +1 +2

APPENDIX B: VARIATIONS OF WINDING NUMBER
ANALYSIS

In Sec. IIT A, we show how the winding number from the
normal-state Hamiltonian is inherited by the BdG Hamilto-
nian for the intervalley intersublattice (VS) pairing at zero
chemical potential. Here, we show that similar arguments
apply to the other three pairing scenarios (VS, VS, and VS
pairings). The winding numbers are summarized in Table II.

1. Intervalley intrasublattice VS pairing

In the limit of vanishing A, the BdG Hamiltonian with Vs
is the same as that of the VS pairing, which we reproduce
below:

0 O 0 0

HBdGZ(Hk 0*>: Q 0 0 0
0 —H*, 0 0 oT -0*,

o o -07, 0

(B

However, the BAG Hamiltonian manifests a different chiral
symmetry

I 0 0 0

[0 -1 0 o

=10 o -1 o (B2)
0o 0 0 1

Importantly, the chiral symmetry in the hole block has an
extra negative sign, compared to the VS pairing case. There-
fore, prior to interchanging the second and third rows and
columns, we need to first interchange the third and fourth rows
and columns.* The resultant BAG Hamiltonian is

0 0 O O
0 0 0o -0,
)i 0 0 O
0 -0t O 0

HBdG _

(B3)

4This is different from just interchanging the second and the fourth
rows and columns, since the order of group operations matters.
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We note that the electron part QO is same as the VS case,
hence the winding number vi(H, ) is also the same. On the
other hand, the hole part —sz has an additional adjoint
operation, resulting in an additional negative sign in the hole
winding number vi(Hjy._¢). Therefore the full BdG winding
number is

b, (HEUC) = i, (Hi) — |v_i, (H)| = 0, (B4)

since v, (Hx) and v_g, (Hy) have opposite signs. The zero
winding number is consistent with the gapped BdG spectrum
demonstrated by numerical model in Sec. IV B.

2. Intravalley intrasublattice (VS) pairing

The chiral symmetry of VS pairing is the same as that given
for the case of the VS pairing given in Eq. (B2). Nonethe-
less, the hole Hamiltonian differs by an additional complex
conjugate (when compared to the VS pairing), which gives
rise to an additional negative sign in the hole winding number
that cancel with the negative sign from the chiral symmetry as
explained in the previous section. Ultimately, this makes the
hole winding number to be positive, therefore the full BAdG
winding number is

Uy, (HI?dG) = v, (Hy) + vy, (Hx) = 2, (BS)

where both vy, (Hg) and v_g, (Hi) are of the same sign. The
nonzero winding number is consistent with the nodal BdG
spectrum demonstrated by numerical model in Sec. IV B.

3. Intravalley intersublattice VS pairing

The argument from the nodal VS pairing to the gapped VS
pairing is in the same vein as that in Appendix B 1, which
is from the nodal VS pairing to the gapped VS pairing. The
key point is that in both nodal cases, the winding numbers
of the electron-block and the hole-block are the same. Then,
proceeding to the gapped cases, the hole-block winding num-
ber incurs an additional negative sign, thereby trivializing the
BdG winding number.

APPENDIX C: IMPLEMENTATION OF TBG PAIRINGS

The implementation of TBG intersublattice pairing con-
tains subtleties not present in the implementation of mono-
layer graphene model considered in Sec. IV A.

First, with respect to the normal state, the five-band model
consists of two flat bands and three atomic bands, which
are needed due to the fragile topological nature of the TBG
band structure [43,44]. We use the same convention as that in
Ref. [39]: in the up valley, the Ist band has orbital character
P+, and the second band has orbital character p_. The orbital
character is reversed in the down valley, where the first band
has orbital character p_, and the second band has orbital char-
acter p,. All flat band orbitals are exponentially localized at
the AA sites the moir€ lattice; we restrict our attention to only
pairing between the flat bands. The simplest intersublattice
term on TBG is a moiré onsite term, pairing the p, to the
p— orbital at the same AA site. And due to the nontrivial
winding of the py orbital characters, the moiré onsite term
is counter-intuitively not C3 symmetric.

b ©

‘a €2 €11

FIG. 7. Schematic of the various implementation of pairings in
the TBG model: (a) moiré-onsite pairing, (b) C3-symmetric VS pair-
ing with a phase winding in the pairing A, and (c) C;-symmetric VS
pairing. ¢ 4 denotes the 1st flat band with mostly p, orbital char-
acter in the up valley, and correspondingly for the other subscripts.
a; and a; are the two primitive lattice vectors of the triangular lattice
formed by the AA sites.

There is a qualitative difference between moiré-onsite and
Cs-symmetric pairing (across moiré unit cell). Let a@; and a;
denotes the lattice basis vectors for the triangular lattice
formed by AA sites, where the flat band orbitals are located, as
illustrated in Fig. 7. Moiré-onsite pairing [Fig. 7(a)] consists
of just one pairing term: for example, for VS pairing, the
moiré-onsite pairing term is

i i
Acm,ocz,w +H.c.,

where the subscript 1 and 2 denotes the first and second flat
bands, respectively, the subscript 1, | denotes up and down
valley respectively, and both orbitals are in the home unit
cell. Recalling the aforementioned convention for orbital char-
acters, both c; and c;’ , has the orbital character of p,.
Therefore, under a 27 /3 rotation, both creation operator in-
curs a phase of ¢*™/3, so the onsite pairing term is not C3
symmetric. If we insist on making it C; symmetric, then the
pairing term vanishes as the coefficient of the pairing term
would be the sum of roots of unity 1+ e**/3 4 ¢*7/3 = 0.
Therefore, in order to obtain a C3-symmetric pairing, the pair-
ing has to be across moiré unit cell. There are two possible
scenarios. Case 1: for VS pairing, the pairing terms are

P R
AC1,¢,0"2,¢,a¢1 + Ae €1,1,02,},-a,+a;

+ AeS”/ScI’Tioc;lﬁaﬁaz + H.c.
Since the Ac] , yc} |, term incurs an overall phase of ¢*7/3
under a 27 /3 rotation, the second and third terms have a phase
factor of e*"/3 and %7/3, respectively. Therefore the pairing
has a phase winding, as shown in Fig. 7(b). Similar argument
applies to VS pairing, which also has a phase winding in its
pairing.
Case 2: for VS pairing, the pairing term is of the form

i il
ACl,T,Ocl,i,al + H.c.
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Under a 277 /3 rotation, c; 100 which has a p, orbital character,
incurs a phase of ¢2™/3, whereas CI’ \.a» Which has a p_ orbital
character, incurs an opposite phase of e=27/3. Therefore the
pairing term as a whole does not incur an overall phase, so
the pairing parameter A is uniform [Fig. 7(c)]. Similar argu-
ment applies to VS pairing, which also has a uniform pairing
parameter.

APPENDIX D: RING NODES IN TBG MODEL WITH
INTRAVALLEY INTRASUBLATTICE (VS) PAIRING

For VS pairing (both C3-symmetric and mirror-symmetric
cases) in the TBG model, the BdG spectrum exhibits ring
nodes in the region between the I' and M points (hereafter
referred as the I'-M midpoints). This is outside of the scope
of the Dirac regime, which only applies to small value of
momenta ¢ from the K and K’ points. In short, the presence
of the ring nodes is not protected by topology; instead, it is
due to the band dispersion of the flat bands and the decoupling
between the K and K’ valleys.

Consider the BdG Hamiltonian for intravalley intrasublat-
tice pairing,

h A

HBdG = A _h* k] (Dl)

A —h

where A again denotes the single-valley Hamiltonian adapted
from Ref. [39]. In the above BAG Hamiltonian, only the
Nambu and valley degree of freedom is shown explicitly; A
encapsulates matrix structure for the spin and sublattice de-
gree of freedom. We note that the BAG Hamiltonian decouples
into two subblock matrix, one for each valley:

h A A

where H; and H denotes the subblock matrix correspond-
ing to the up and down valleys, respectively. Since the BAG
Hamiltonian decouples into block matrices in the valley space,
bands from opposite valleys can cross each other without any
hybridization/avoided-crossing behaviors that would gap out
the spectrum.

The flat bands of the normal state TBG near the I'-M
midpoint is very close to zero energy. Adding a nonzero A or
u can push the band across the zero energy and results in the
ring nodes. In Fig. 8, the line cut BAG spectrum is plotted with
bands from the two valleys illustrated in different colors: when
increasing chemical potential from p© = 1.5 meV [Fig. 8(a)]
to u =3 meV [Fig. 8(b)], the bands from the two valleys
cross over each other (near the I'-M midpoint) without any
avoided-crossing, which matches our understanding that the
two valleys are decoupled.

We will now explain why ring node only occurs for in-
travalley pairings, but not for intervalley pairings. There is a
BdG chiral symmetry by composing the time-reversal sym-
metry with the BdG particle-hole symmetry/redundancy. As
illustrated in Fig. 9, an essential difference between interval-
ley and intravalley pairings is that the BdG chiral symmetry
acts across (within) the valley block structure for intravalley

A =1meV A =1meV
(a) u=15meV (b) u=3meV
\\Y = J

: ) SsSae)
o Lo 50 “Q .
“ “gﬂ ﬂ -8 Q Q Q O O{ -8

-10 -10
/. = N O sk N
kx kx
10.0 10.0
75 75
5.0 5.0
25 25
S S
g 00 g 00
54} [84]
-25 25
-5.0 =5.0
-15 -75
-10.0 -10.0
r M K r r M K r

FIG. 8. BdG quasiparticle spectra of Cs;-symmetric intraval-
ley intrasublattice (VS) pairing in the TBG model at (a) A =
1 meVand u = 1.5 meV and (b) A = 1 meV and u = 3 meV. The
upper panels are the contour plots of the lower band closest to zero
energy, with red region indicating the presence of ring nodes. The
lower panels are the line cuts across the BAG spectra at the high sym-
metry momenta I', M, K, and I'. Blue and red lines corresponds to
bands from the up and down valleys, respectively.

(intervalley) pairings. Therefore, with a nonzero chemical
potential p, BAG chiral symmetry pins the Dirac cones to
E =0 in intervalley pairings, whereas a Dirac cone in an
intravalley pairing is not necessarily pinned at £ = 0, and may
shift up or down (which gives a ring node) as long as its chiral
counterpart shifts in the opposite direction.

p=0

\/
/\

Vo AL
/N YX

FIG. 9. Schematic illustrating the different generic structure of
the BdG quasiparticle spectrum between the intravalley and interval-
ley pairing. Orange arrows denotes the BAG chiral symmetry, which
relates across (within) valleys for intravalley (intervalley) pairing.

Intra-valley
pairing

Inter-valley
pairing
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TABLE III. All possible pairing scenarios mediated by the E,
and A, in-plane phonon modes.

Pairing E, Ay
intervalley intersublattice (VS) No Yes
intervalley intrasublattice (VS) Yes Yes
intravalley intersublattice (VS) Yes No
intravalley intrasublattice (VS) No No

APPENDIX E: PHONON-MEDIATED MECHANISMS

The discussion in the main part of the paper remains delib-
erately agnostic as to the nature of the Cooper pairing. Indeed,
the arguments provided are topological in nature and should
not depend on the details of the pairing mechanism (as long as
it is spin singlet—the only case considered in this work). With
that said, it is reasonable to ask whether/how the different
types of pairing (VS, VS, VS, and VS) can be realized if one
assumes the electron-phonon coupling to be the microscopic
mechanism, and the purpose of this Appendix is to address
this question.

We base our analysis on Ref. [45], where superconductivity
mediated by in-plane phonon is described by the following
interaction Hamiltonian:

H=- / d’r{ge, (VT r3009) + (Y 1001 9)*]
+ ga [ t1019)* + (Y ro1 )1}, (E1)

where gg, and g4, are the attractive interaction strength me-
diated by the E, and A; phonon modes, respectively, and

Y = (Yya, Yun, W_a, ¥_p)T is a spinor in the valley (labeled
by +, —) and sublattice (labeled by A and B) space.

The intervalley pairing is energetically more favorable than
the intravalley pairing; therefore, intravalley pairing are not
considered in Ref. [45]. After expanding in terms of the valley
and sublattice degree of freedom, and consider only Bardeen-
Cooper-Schrieffer (BCS) pairing in the intervalley channel,
the Hamiltonian presented in Ref. [45] is

H=—4 / Prige Vb s Pas + Hel

+ g4, [‘ﬁiAslf;jAy Vipy V_ps + Heel
+ e, WV g Vias Vg + (A< B}, (E2)

where we can identify the Ist term, &iAslffj AS,I&_BS/IZ}_;,_BS,
as VS pairing mediated by the E, phonon mode; one may
also view it as a pair hopping term. The second term,
‘&lAsl/}TAv Y5y W_ps is also VS pairing, but it is mediated by
the A; phonon mode; one may also v1ew 1t as an intersublattice
hopping term. The third term, 1//+AY1// By Aiay W ps, is VS
pairing mediated by the A; phonon mode.

On the other hand, we are interested in the question of what
are all the possible pairing scenarios generated by various in-
plane phonon modes, regardless of energetics. The interactive
Hamiltonian given in Eq. (E1) turns out to also give rise to
intravalley pairing term of the form

ge W W pYiais + Hel, (E3)

which is a VS pairing mediated by the E> phonon mode. The
A phonon mode does not mediate any intravalley pairing. In
addition, neither the E, or A; phonon mediate a VS pairing.
The full phonon-mediated pairing scenarios are summarized
in Table III.
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