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Antiferromagnetic spin Seebeck effect across the spin-flop transition:
A stochastic Ginzburg-Landau simulation
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We investigate the antiferromagnetic spin Seebeck effect across the spin-flop transition in a numerical
simulation based on the time-dependent Ginzburg-Landau equation for a bilayer of a uniaxial insulating
antiferromagnet and an adjacent metal. By directly simulating the rate of change of the conduction-electron spin
density s in the adjacent metal layer, we demonstrate that a sign reversal of the antiferromagnetic spin Seebeck
effect across the spin-flop transition occurs when the interfacial coupling of s to the staggered magnetization
n of the antiferromagnet dominates, whereas no sign reversal appears when the interfacial coupling of s to
the magnetization m dominates. Moreover, we show that the sign reversal is influenced by the degree of spin
dephasing in the metal layer. Our result indicates that the sign reversal is not a generic property of a simple
uniaxial antiferromagnet, but controlled by microscopic details of the exchange coupling at the interface and the

spin dephasing in the metal layer.

DOLI: 10.1103/PhysRevB.105.104417

I. INTRODUCTION

Although an antiferromagnet violates the rotational sym-
metry in spin space [1], it does not show net magnetization
under zero magnetic field [2]. Because of this magnetically
silent feature on a macroscopic scale, in comparison to fer-
romagnets, antiferromagnets had not been a major player in
practical applications of magnets [3]. However, the advent of
spintronic technology put a new twist on this practice because
manipulation of spins on the subatomic scale allows us to har-
ness the staggered moments in antiferromagnets. Indeed, the
discovery of the exchange bias effect has opened up industrial
applications of antiferromagnets [3]. Since then, especially
over the last 10 years, substantial progress has been made in
antiferromagnetic (AF) spintronics [4-6], as exemplified by
an extraordinarily good spin transport property [7—11] and an
electrical manipulation of the Néel ordered parameter [12,13].
Therefore, it is of significant importance to investigate the spin
current physics in antiferromagnets.

For the investigation of spin current physics, one choice
is to use the spin Seebeck effect (SSE) as it is a simple and
versatile means for generating the spin current from a tem-
perature bias [14,15]. Since discovered in a ferromagnet [16],
the SSE has been extensively studied in a series of insulating
ferrimagnets [15,17,18]. The SSE has recently been extended
to insulating antiferromagnets such as Cr,O3 [19], MnF, [20],
NiO [21,22], @-Cu,yV,07 [23], and FeF, [24]. This AF SSE
offers a nice playground to investigate the interplay of spin
current and antiferromagnetism [25-28].

Recently, the AF SSE was observed in Cr,O3; with a si-
multaneous measurement of the AF spin pumping [29]. This
material is a uniaxial antiferromagnet, and under a magnetic
field parallel to the anisotropy field the system exhibits a
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spin-flop (SF) transition, i.e., a spin structural transition from
parallel to perpendicular configurations with respect to the AF
easy axis [3]. A surprising feature of the result is that the
sign of the SSE signal is reversed across the SF transition.
Subsequently, a similar behavior is reported in «-Fe, O3 [30].

Experimentally, in previous AF SSE measurements such
a sign reversal was not observed either in Cr,O3 [19] or in
MnF, [20]. On the theoretical side, the sign of the AF SSE
below the SF transition was argued to be the same as the
ferromagnetic SSE in Ref. [31] using the Holstein-Primakoff
magnons valid at low temperatures (see supplemental material
therein). The same conclusion was derived in Ref. [32] using
the Ginzburg-Landau model valid near the Néel temperature.
By contrast, it was argued quite recently [33] that the sign
of the AF SSE below the SF transition is opposite to that
of the ferromagnetic SSE. Given these conflicting results,
clarification of whether or not the sign reversal of the SSE
is a generic property of a simple uniaxial antiferromagnet is
an urgent issue.

In this paper, we present a numerical investigation of
the AF SSE across the SF transition. We simulate the
time-dependent Ginzburg-Landau (TDGL) equation for an
insulating uniaxial antiferromagnet with thermal noise. In
thermal equilibrium, the Ginzburg-Landau model is well
known to describe the SF transition near the Néel tempera-
ture (see Sec. 48 of Ref. [34]). The TDGL equation which
we employ here [32,35,36] is an appropriate dynamical gen-
eralization of the equilibrium Ginzburg-Landau model. By
simulating the spin current pumped into the adjacent para-
magnetic (PM) metal that acts as a spin-Hall electrode, we
examine temperature and magnetic field dependences of the
AF SSE across the SF transition. Then we show that the
sign of the AF SSE across the SF transition is determined by
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the microscopic details of the interfacial exchange coupling
between the antiferromagnet and the spin-Hall electrode.
Namely, when the conduction-electron spin density s of the
spin-Hall electrode dominantly couples to the staggered mag-
netization n of the antiferromagnet (we term this interaction
“Néel coupling,” which is allowed for interfaces as exempli-
fied by the exchange bias effect), the AF SSE reverses its
sign across the SF transition. By contrast, when s dominantly
couples to the magnetization m (we term this interaction
“magnetic coupling”), no sign reversal appears. Moreover, the
appearance of the sign reversal also requires the condition that
the spin dephasing of s is not too strong (for a quantitative
discussion, see Sec. V). Based on these results, we propose a
possible mechanism for the sign reversal. That is, the presence
of the sign reversal in recent experiments for Cr,O3 [29] and
«-Fe, 03 [30] may be understood as a result of the sizable
Néel coupling at the interface, whereas its absence in previous
experiments for Cr,O3 [19] and MnF, [20] may be due to the
dominant role of the magnetic coupling.

The rest of this paper is organized as follows. In Sec. II, we
describe our model, i.e., the TDGL for a uniaxial antiferro-
magnet that exhibits the SF transition. In Sec. III, we calculate
the equilibrium phase diagram of the system and perform
a numerical simulation of the antiferromagnetic resonance
(AFMR), in order to check if our model can appropriately
describe known physical properties of a uniaxial antiferro-
magnet. In Sec. IV, we perform a numerical simulation of the
AF SSE to investigate the sign-reversal phenomenon across
the SF transition. The results are discussed in Sec. V and a
conclusion is given in Sec. VI.

II. MODEL

In this section, we describe the TDGL model used in this
paper. We consider a bilayer composed of an antiferromag-
netic insulator (AFI) with its temperature 7 and a metal (M)
playing the role of spin-Hall electrode with its temperature
T + AT, as shown in Fig. 1.

First, we focus on the AFI layer. For AFI, we use the
Ginzburg-Landau free energy of the following form [32,34]:

K
FAFI = 601)0{%"2 + %(”2)2 + 70(11 X 2)2
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where m and n are, respectively, the total magnetization and
staggered magnetization which are coarse grained within an
effective cell volume vy. Here, €, is the magnetic energy den-
sity, and by = €gvo/(y i) is the unit of the magnetic field with
y and 7 being the gyromagnetic ratio and Planck constant,
respectively. The distance from the Néel temperature Ty is
measured by u, = (T — Tn)/1n, ug4 is the quartic coefficient,
and Ky (K)) is the uniaxial (in-plane) anisotropy [37]. The
dimensionless coefficient ;' = A/(T + ©) with two param-
eters A and ® gives the PM susceptibility in the PM phase, and
terms proportional to D and D’ describe the coupling between
m and n. Here and hereafter, we only consider a spatially uni-

AF phase

SF phase

FIG. 1. Schematic illustration considered in this paper for the AF
SSE. AFI and M refer to an antiferromagnetic insulator and a metal,
respectively, and the interfacial exchange interaction is denoted as
Jsa, which corresponds to either Jgg = J,, (magnetic coupling) or J,
(Néel coupling).

form magnetization dynamics [32,38]. The external magnetic
field H is given by

Hex:H0+ham (2)

where Hy = HyZ is a static magnetic field and h,. is an ac
magnetic field, the latter of which is needed to discuss the
AFMR modes in the next section.

Next, we focus on the interaction between the AFI and M at
the interface. In this work, we examine two types of the inter-
facial exchange coupling. The first is the coupling between the
magnetization m in the AFI and the conduction-electron spin
density s in the M, which we term “magnetic coupling.” The
second is the coupling between the staggered magnetization
n in the AFI and the conduction-electron spin density s in the
M, which we term “Néel coupling.” Therefore, the interaction
between the AFI and M at the interface is described by a free
energy,

—Jus - m
—J.s-n

for magnetic coupling

Faprm = { for Néel coupling,

(3a)
(3b)

where J,, (J,,) is the magnetic (Néel) coupling constant at the
AFI/M interface. Note that the above form of the exchange
interaction at the AFI/M interface is invoked from the knowl-
edge of the exchange bias effect; see Eq. (28) of Ref. [39]. To
the best of our knowledge, no quantitative estimate of these
coupling constants has been reported so far, which is left for
future research.

We now discuss the magnetization dynamics in this bilayer
(Fig. 1). The dynamics of m and n in AFI is described by the
TDGL equation [32,35,36],

d
om= yH, xm+yH, xn+T,H,/b+§& (4

0

Py yH, xm+yH, xn+T,H,/bo+1n, (5)
where I',, and I';; are damping coefficients for m and n, re-
spectively, and the effective fields H,, and H,, are defined by

1 0
H,, = —— — (Fam1 + Farim) (6)
yh om
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and

1 0
H, = —— —(Far + Farrm). @)
yh on

The two fields & and 7 in Egs. (4) and (5) represent thermal
noises for m and n, taking the form of Gaussian white noises
with zero means and variances,

Do, 2ksTT,, )
'O () = ———6;;6t —1') ®)
€0V

and

. . 2kgTT,
') = =

=88 — 1), ©))

where i, j denotes x, y, z, and the noise fields satisfy
E@m' @) =0, (10)

meaning that & and 7 are statistically independent.
Turning to the M layer, the dynamics of s is described by
the following TDGL equation:

XMVh

0
—s=yH; xs+

H; 11
Py + ¢, an
where s is the conduction—electron spin density in the M,
1 o
H;=—— —(Fu + Farim) (12)
yh os
is the effective field for s, and
1
Fy=—s> (13)
2xm

is the free energy for the M, with xy and ty being the spin
susceptibility and spin-flip relaxation time in the M, respec-
tively. The last term on the right-hand side of Eq. (11) is the
thermal noise field in the M layer, which is represented by a
Gaussian white noise with zero mean and variance

. . 2kg(T + AT
i@y = 22T EADMG sy (4

™

Note that the TDGL equation (11) coincides with the stochas-
tic Bloch equation used to describe the M layer in Ref. [32],
where the AF SSE below the SF transition was investigated.

In our numerical simulation, we use Ty as the unit of time,
Tx as the unit of temperature, hy as the unit of magnetic
field, and €pvy as the unit of energy. Then, we introduce the
following rescaling:

t/tm —>t, T/INn—>T, He/bo—> He.  (15)

With these dimensionless quantities, the TDGL equations for
m and n [Egs. (4) and (5)] read

9 _ _ ~ ~
gm:a)Omem—f—a)()HnX’l"‘FmHm"'E’ (16)

0 ~ ~ ~ ~

En =wH, xm+wyH,, xn+T,H,+7, (7)
where T, =Tntm, T, = ,tm, and @&y = yhotm. In these
equations, & and 7 are the dimensionless noise fields with the
correlators
E0E ) =

2T, kpTh
SBNTS 8 — 1), (18)
€

~i NSy ZFnkBTN ’
m@n' @) = ———T8;;6(t —1). (19)
€0V

In a similar manner, the TDGL equation for s [Eq. (11)]
becomes

0 - - ~
5s=w0sts+XMHs+C’ (20)
where XM = xme€ovo, and the dimensionless noise field Z sat-
isfies

Gwdiay = 25 g Ay 56 -1). @)
In these equations, the dimensionless interfacial exchange
coupling parameter, J,, = J,,tm/ A or J, = J,tm/h, implicitly
appears.

To numerically simulate the dimensionless version of
the coupled TDGL equations [Eqgs. (16), (17), and (20)],
we discretize the dimensionless time as 1, = pAt
(p=1,2,...) [40]. The resultant discretized version
of Egs. (16), (17), and (20) is integrated by using the
Heun method [41], where the noises are discretized as
£i1,) = S PUE@dE /AL () = f’f’*' W(t)dt//At, and
z(t,,)— ft;”“ (t)dt/«/_t. Then, the average value of a

physical quantity O is obtained by a long-time average over
successive measurements from the simulation,

Nslcp
> o), (22)
p=1

0) =
( ) Nstep

where Nep is the number of total time steps.

III. PHASE DIAGRAM AND ANTIFERROMAGNETIC
RESONANCE MODES

In this section, we show the equilibrium phase diagram
and AFMR modes calculated from our TDGL model in
order to check if the model appropriately describes the
known physical properties of uniaxial antiferromagnets. The
Ginzburg-Landau approach to the phase diagram including
the SF transition can be found in a textbook [34], while the
AFMR modes and the AF spin pumping phenomenon have
been investigated in recent experiments [29,42]. As we argue
below, the consistency between our result and the properties
known in the literature ensures that our numerical calculation
correctly captures the low-energy physics of uniaxial antifer-
romagnets that is relevant to the AF SSE.

A. Phase diagram and equilibrium quantities

Here we discuss the phase diagram and equilibrium quanti-
ties of the AFI. Analytical expressions for phase boundaries in
the (T, Hp) phase diagram of the AFI modeled by Eq. (1) are
derived in Appendix A. The SF field Hgp, i.e., the first-order
phase transition line between the AF phase and the SF phase,

is given by
D+ D
Ko ). 23
D 0>:| (23)

Ko D+ 2D
Hep = .| —|rg — ———
SF D [Vo 2 (uz +

In addition, a second-order phase transition line Har/pm Sepa-
rating the AF phase and the PM phase is given by

—
H = e ——— 24
ABPM = 10\ 5= (24)
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FIG. 2. (a) Phase diagram drawn by Egs. (23)-(25). (b) Mag-
netic field dependence of the magnetization at several temperatures.
(c) Temperature dependence of the spin susceptibility in the AF
phase. (d) Magnetic field dependence of the staggered magneti-
zation at 7 = 0.8. (e) Temperature dependence of the staggered
magnetization in the AF phase. (f) Temperature dependence of the
staggered magnetization in the SF phase. In all figures, uy = 0.1,
Ky=0.1,K; =001,D=04,D =0.07,0/Ty = 1.0,and A /Ty =
1.43 are used. In (b)—~(), & = 0.04,T,, = 8x10~4, T, = 1.6x 1073,
ks Ty /€ovo = 1.4x107*, At = 0.1, and Ny, = 3x 10 are used. The
data in (b)—(f) are normalized by the maximum value in each figure.

whereas another second-order phase transition line Hsg/pm
separating the SF phase and the PM phase is given by

| —(uz + Ko)
Hsg/pm = 10 %. (25)

Figure 2(a) shows the (7', Hy) phase diagram of the AFI
drawn by Egs. (23)-(25). The overall behavior is consis-
tent with the experimental phase diagram for MnF, [43],
FeF, [44], and thin films of these materials [45]. Here, we
follow the terminology of Ref. [43] for each phase (see Fig. 3
therein). Note that although the PM phase under magnetic
fields possesses a field-induced magnetization, such a forced-
ferromagnetic phase is the same as the PM phase in that it does
not exhibit any magnetic long-range order (see, also, Sec. 48
of Ref. [34]).
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FIG. 3. (a) Absolute value of the AFMR frequencies [Eqgs. (26)—
(28)] in the AF and the SF phases as a function of external magnetic
field Hy. Here the frequency is renormalized by the zero-field reso-
nance frequency wapvr [Eq. (29)]. The dashed black line denotes the
PM resonance frequency woHy, and the hand symbol signifies the
handedness of each mode. (b) Schematic illustration of the AFMR
in the AF phase (upper) and the SF phase (lower). The magnon
resonates with the RH/LH ac field in the former, whereas it resonates
with the RH/linearly polarized ac field in the latter. (c) Power ab-
sorption in the AF phase (orange) and SF phase (green) at 7 = 0.8,
obtained in our TDGL simulation for a circularly polarized ac mag-
netic field [Eq. (30)]. The power absorption is normalized by the
maximum value. (d) Magnified view of the power absorption in the
SF phase for a linearly polarized ac magnetic field [Eq. (32)]. The
normalization of the vertical axis is the same as (c). For details, see
the main text. Here, uy = 0.1, Ky = 0.1, K;, =0.01, D =0.4, D' =
0.07, ©/Txw = 1.0, A/T = 1.43, &y = 0.04, T, = 8x107%, T, =
1.6x1073, At = 0.1, T = 0.8, hye = 1073, kgTy /eovp = 1.4x 1074,
Z,, = f;, =0, and Nyep = 5% 10 are used.

In order to check if our TDGL simulation is consistent with
the analytical phase diagram shown in Fig. 2(a), we perform
a numerical sampling of the magnetization and staggered
magnetization. We first discuss the magnetization. Figure 2(b)
shows the magnetic field dependence of (m,) at several dif-
ferent temperatures. At temperatures 7 = 0.7 and 0.8, we
can clearly see that the magnetization abruptly jumps at Hsg,
signifying the first-order nature of the phase transition at Hgp.
By contrast, at T = 0.9, the abrupt jump of (m;) disappears
and changes to a smooth variation at Happy, reflecting the
second-order transition nature of Hagpy. The positions of the
phase transitions in Fig. 2(b) are in line with Fig. 2(a), and
the behaviors of the magnetization are consistent with the
experimental results of Refs. [19] and [20].

Figure 2(c) shows the temperature dependence of the par-
allel spin susceptibility x; = (m.)/H, under a field Hy = 0.2
parallel to the easy AF axis (i.e., Hy || Z). In addition, in order
to calculate the perpendicular susceptibility X, = (m.)/Hy,
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we reorient the external magnetic field to a direction perpen-
dicular to the easy axis (i.e., H || X; this field configuration
is only used here). In the figure, we see a clear deviation of
these two susceptibilities below the AF ordering temperature,
which reproduces the well-known result for a uniaxial antifer-
romagnet [46].

We next discuss the order parameter of AFI, i.e., the stag-
gered magnetization (r). In Fig. 2(d), we show the magnetic
field dependence of the staggered magnetization at 7 = 0.8.
Since the thermal energy has a sizable weight in comparison
to the anisotropy energy and hence an over-barrier transition
making changes of the sign of (n) occurs in our simulation
(see Fig. 6 of [47] and Fig. 2 of [48]), we plot the absolute
value of the staggered magnetization. At lower fields (i.e.,
the AF phase), the staggered magnetization exhibits (n,) =
(ny) = 0 because (n) is oriented along the easy AF axis, i.e.,
(n) || Z. However, upon increasing the magnetic field, (n,)
abruptly disappears at Hgg, followed by a sudden growth of
(ny) (i.e., the system enters the SF phase). The y component
is selected because the x axis is the hard axis due to the
in-plane anisotropy constant K;. Upon further increasing the
magnetic field, (n,) disappears at Hsgpm. These results for
(n) confirm the consistency of our numerical simulation with
the analytic phase diagram [Fig. 2(a)] along a line AF —
SF — PM at T = 0.8. We have also confirmed that along
other constant-temperature lines, our numerical simulation is
always consistent with the phase diagram given in Fig. 2(a).
The discontinuous change of the direction of (n) at Hgp signi-
fies that it is the first-order phase transition.

Next, in Fig. 2(e), we show the temperature dependence of
the staggered magnetization across the AF/PM phase bound-
ary at Hy = 0.2. In the figure we clearly see that the staggered
magnetization is ordered along the easy AF axis in the AF
phase, and it vanishes at Happy. Similarly, in Fig. 2(f), we
show the temperature dependence of (n) across the SF/PM
phase at Hy = 1.2. In this case, the staggered magnetization is
ordered perpendicularly to the easy axis ({n) L Z), and it dis-
appears at Hsppm. In both cases, the staggered magnetization
continuously vanishes at Happm and Hsgpwm, such that these
boundaries signify the second-order phase transition.

From these results, we can confirm that our numerical
simulation is consistent with the analytic phase diagram given
in Fig. 2(a).

B. Antiferromagnetic resonance modes

Next, we discuss the AFMR modes of the AFI. Analytical
expressions for the AFMR modes of the AFI modeled by
Eq. (1) are derived in Appendix B.

In the AF phase, the resonance modes are given by

o) + Kol
+ 5[ @oHo)* { X1 [D(m2y — n2) — K0]+1}

+4(@oneg Ko (X" + Dm2 )], (26)

wy = %a)oHo[l + Z“{D(ng — m2

where X = [ro+ (D + D))" and X1 = (ro+ D'ng)~"

are the parallel and perpendicular spin susceptibilities in the
AF phase. Following the terminology of Ref. [29], we call
the + branch the “right-handed” (RH) mode, whereas the —

branch is the “left-handed” (LH) mode. Note that we define
the frequency of the LH mode so as to have the negative sign
because, with this definition, it is easier to distinguish the LH
mode from the RH one, whereas the conventional definition
gives a positive sign for both modes [29,42].

In the SF phase, on the other hand, one resonance fre-
quency is given by

worr =/ @oH) P — @oneg)?Ko/Tse.  (27)

where Xsp = (ro + D/ngq)’1 is the spin susceptibility in the
SF phase. Hereafter, this mode is called the “quasiferromag-
netic resonance” (QFMR) mode [29,42] in this paper. Another
resonance frequency in the SF phase is given by

ona = [ Kind, [}/ Tsr + 2@oHo Zsr 2w — 2D)). - (28)

which is hereafter called the “flat mode.”

In Fig. 3(a), the AFMR frequencies calculated from
Egs. (26)—(28) are plotted as a function of the magnetic field
Hy, where the frequency is normalized by the zero-field reso-
nance frequency

WAFMR = CT)O"qu Ko/ %1 (29

Let us now turn to the TDGL simulation of the AFMR
modes. As schematically depicted in Fig. 3(b), we use the
following circularly polarized ac magnetic field to resonate
the AFI system:

hoc(t) = hac(COS wyct, sinwyct, 0), (30)

where we define the positive sign of w,. so as to give the right-
handed helicity. In the AFMR, the AFI system establishes a
steady state by absorbing and releasing the same amount of
energy. The mean power absorbed to the system per unit time
can be evaluated by the following formula [49]:

dh,(t)
dr |’

0= —[<m>~ 31)

where [-]7,, = fo “ dt(-) denotes the time average over one
period of the ac magnetic field, T,. = |27 /w,.|. We numer-
ically sample the power absorption [Eq. (31)] by simulating
Egs. (4) and (5).

Figure 3(c) shows the result of our TDGL simulation for
the power absorption plotted as a function of w,. for a constant
magnetic field and 7 = 0.8. In the AF phase [orange line in
Fig. 3(c)], we observe two peaks at w,./wapmr ~ —0.5, 1.5,
which can be inferred from Fig. 3(a) by sweeping w,. at
Hy = 0.4 and finding a cross point with the LH mode (RH
mode) at |wac|/@warMR X 0.5 (|wacl/@warpmr = 1.5). In the SF
phase [green line in Fig. 3(c)], on the other hand, we observe
one peak at w,./wapmr & 1.8, which can also be inferred
from Fig. 3(a) by sweeping w,. at Hy = 1.0 and finding a
cross point with the QFMR mode. Therefore, the resonance
positions in our TDGL simulation are in good agreement with
the analytical calculation of the AFMR frequency shown in
Fig. 3(a) for the RH, LH, and QFMR modes.

By contrast, confirmation of the flat mode wgy requires
some care since it has a linear polarization along the z
axis [33]. Therefore, instead of the circularly polarized field
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given by Eq. (30), we apply the following linearly polarized
field:

hae = hac(0, 0, cOS wyct). (32)

Figure 3(d) shows the power absorption numerically simu-
lated for an external ac magnetic field given by Eq. (32).
Here, we see a very tiny peak around |w,.|/wapmr =~ 0.2. The
reason for this weak resonance could be due to the extremely
low frequency of the flat mode, which is proportional to
the square root of the weak in-plane anisotropy constant K;
[see Eq. (28)].

The results in this section demonstrate that our TDGL
simulation correctly captures the dynamics of two magnon
modes in the AF phase (the RH and LH modes) with opposite
helicities, the QFMR mode in the SF phase with the helicity
the same as the RH mode, and the flat mode with linear
polarization. Therefore, we can confirm that the low-energy
excitations needed to describe the AF SSE are well repro-
duced in our TDGL simulation.

IV. ANTIFERROMAGNETIC SPIN SEEBECK EFFECT

We are now in a position to discuss the AF SSE. In this
section, we perform a TDGL simulation of the AF SSE to
investigate the sign-reversal phenomenon across the SF tran-
sition. In our simulation, not only the TDGL equations for
the AFI layer [Eqgs. (4) and (5)], but also the TDGL equa-
tion for the M layer [Eq. (11)], are numerically solved with the
Heun method [41] because these stochastic equations are cou-
pled through the interfacial exchange interaction [Eqs. (3a)
and (3b)]. This point, that we directly evaluate the spin current
injected into the M layer by tracking the time evolution of
s, distinguishes our approach from the previous works rely-
ing on the spin-mixing conductance phenomenology [33,50].
Note that the numerical cost in our approach becomes more
expensive due to the increase in the dynamical variables. The
advantage of our approach is that a more microscopic origin
of the sign reversal of the AF SSE can be identified.

The spin current injected into the M layer is defined as the
rate of change of the spin density, i.e.,

Iy = (9;5:(7)). (33)

The right-hand side of this equation can be transformed using
the z component of the Bloch equation (20). Then, when we
discuss the magnetic coupling [Eq. (3a)], the spin current is
given by

I, = Zn <mxsy - sxmy>v (34)

whereas when we discuss the Néel coupling [Eq. (3b)], it
becomes

Iy = Ty (nesy — seny). (35)

In addition to the interfacial exchange coupling parameters
Jn and J, characterizing two types of the interfacial exchange
interaction, another important parameter is the dimensionless
parameter,

o = yhotm, (36)

which leads to two different behaviors in our simulation.
Physically, this parameter measures the strength of the spin
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FIG. 4. Spin current obtained for the (a),(c) magnetic coupling
and (b),(d) Néel coupling using @y = 0.5. In (a) and (b), the spin
current at 7 = 0.7 is plotted as a function of temperature bias AT
for several values of H,, where the black solid line shows a linear-
regression fit. In (c) and (d), the magnetic field dependence of the
spin current is plotted for several temperatures. In (a) and (b), the
data are normalized by the maximum value in (a) in order to enable
the comparison of (a) and (b), whereas in (c) and (d), the data are
normalized by the maximum value in (d). Here, we use Fm =0.01,
F,, = 0.02, J~m = 0.01 (magnetic coupling), .7;, =0.01 (Néel cou-
pling), and kpTy/€ovy = 1.4x107*. Nyep = 1x10' in (a) and (c),
while 1x10'" in (b) and (d). Other parameters characterizing the
equilibrium properties are the same as in Fig. 2, i.e., uy = 0.1, Ky =
0.1,K; =0.01,D=04,D' =0.07,®/Ty = 1.0,and A/ Ty = 1.43.

dephasing in the M layer. Below, we present results of our
simulations for two different values of @y = 0.5 and @y =
0.04.

Figure 4 shows the spin current obtained by a TDGL
simulation for @y = 0.5. In Figs. 4(a) and 4(b), the spin cur-
rent is plotted as a function of temperature bias AT for the
magnetic coupling [Fig. 4(a)] and Néel coupling [Fig. 4(b)],
respectively. The simulations are done for both the AF phase
and the SF phase [see Fig. 2(a) for the phase diagram]. As
we can see, in both phases the spin current is proportional
to the temperature bias with zero intercept, demonstrating
that our simulation is within the linear response regime as in
experiments [51]. Note that the sign of the spin current for the
magnetic coupling [Fig. 4(a)] is always positive, whereas its
sign for the Néel coupling [Fig. 4(b)] becomes negative in the
AF phase. In Figs. 4(c) and 4(d), the magnetic field depen-
dence of the spin current is plotted for the magnetic coupling
[Fig. 4(c)] and Néel coupling [Fig. 4(d)], respectively. In the
case of the magnetic coupling [Fig. 4(c)], for T = 0.7 and
0.8, the SSE signal grows with positive sign at lower Hy, and
there is an abrupt jump in the SSE signal with no sign reversal
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Wo = 0.04
Magnetic coupling Néel coupling
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FIG. 5. Same as Fig. 4, but usmg @y = 0.04. Here, we use

=8.0x10" ~4 T, =1.6x1073, J,, = 8.0x10~* (magnetic cou-
phng), J = 8.0><10 4 (Néel couphng) and kg Ty /eqvo = 1.4x 107,
(@),(c) Nyep = 3x10'°, (b) 810", and (d) 210",

across the SF transition. By contrast, in the case of the Néel
coupling [Fig. 4(d)], for T = 0.7 and 0.8, the SSE signal starts
from a negative sign at lower Hy, and it suddenly reverses
its sign across the SF transition. Finally, turning to the spin
current in the PM region, the SSE signal is always positive
and there is no singular behavior in the signal. Our result
shown in Fig. 4(c) is consistent with the experiments reported
in Refs. [19] and [20], whereas the one shown in Fig. 4(d)
reproduces the experimental result of Refs. [29] and [30].
Next, we demonstrate that the sign reversal of the AF SSE
across the SF transition [Fig. 4(d)] disappears for a too strong
spin dephasing in the M layer (i.e., for smaller @y). Figure 5
shows the spin current simulated for @y = 0.04. In Figs. 5(a)
and 5(b), the spin current is plotted as a function of tempera-
ture bias AT for the magnetic coupling [Fig. 5(a)] and Néel
coupling [Fig. 5(b)], respectively. As in Figs. 4(a) and 4(b), the
TDGL simulation results belong to the linear response regime.
In Figs. 5(c) and 5(d), the magnetic field dependence of the
spin current is plotted for the magnetic coupling [Fig. 5(c)]
and Néel coupling [Fig. 5(d)], respectively. A crucial differ-
ence from Figs. 4(c) and 4(d) is that no sign reversal can be
found in Figs. 5(c) and 5(d). Since @y is the only the parameter
changed from Fig. 4, the result shows that the stronger spin
dephasing (smaller wy) makes the sign reversal vanish.
Finally, we examine the temperature dependence of the
AF SSE. Figure 6 shows the spin current as a function of
temperature at Hy = 0.1 for @y = 0.5 [Fig. 6(a)] and @y =
0.04 [Fig. 6(b)]. As concluded in Ref. [32], we see that there
appears a cusp at T = Ty in the signal, reflecting that the AF
SSE is proportional to the spin susceptibility which possesses
the cusp structure at the Néel temperature. We also see that

(a) (b)

wo = 0.5 wo = 0.04
1.00 A 1.0
0.75 1
0.50 1 0.81
2 0251 ™~
<
E. 0001 £,0
~ ~
~_ i ~
- 0.25 0.4
—0.501
—0.75- Hy =0.1 (AF/PM) 0.2 H, = 0.1 (AF/PM)
: @ Magnetic coupling @ Magnetic coupling
—1.001 . Neel couplmg @ Néel coupling

07 0809 10 11 12 13 070809 10 11 12 13
T

FIG. 6. Temperature dependence of the spin current for (a) @y =
0.5 and (b) @y = 0.04. The temperature bias is fixed at AT = 0.3.
In (a), we use Nyep = 1x 10'° for the magnetic coupling and Nyiep =
3x 10" for the Néel coupling, and the other parameters are the same
as Fig. 4. In (b), we use Ny, = 3x10'! for the magnetic coupling,
and Nyep = 2x 10" for the Néel coupling. The other parameters are
the same as Fig. 5. The data are normalized by the maximum value
of [I™*)] in each figure.

in the case of the Néel coupling, the AF SSE reverses its
sign below the Néel temperature for @y = 0.5, but this sign
reversal disappears for wy = 0.04.

The result of our TDGL simulation in this section demon-
strates that the presence of a sizable Néel coupling is the origin
of the sign reversal in the AF SSE across the SF transition.
Moreover, it also demonstrates that the sign reversal disap-
pears for a too strong spin dephasing in the M layer.

V. DISCUSSION OF THE RESULTS

In this section, we discuss the results obtained in the
preceding section by focusing on the condition for the sign
reversal of the AF SSE across the SF transition. We first
derive an analytical expression for the AF SSE in the AF
phase by extending the calculation of our previous work [32],
and then discuss the condition for the sign reversal. For this
purpose, we use the dimensionful form of the TDGL equa-
tions (4), (5), and (11), instead of their dimensionless versions
[Egs. (16), (17), and (20)].

We first note that in Fig. 4(d), a negative sign of the AF
SSE signal is obtained in the AF phase, where an analytical
calculation of the AF SSE is possible along the line of calcu-
lation in Ref. [32]. Here, we extend that calculation [32] to the
one including higher-order terms with respect to w. Ty, where
w4 is the RH/LH mode frequency defined by Eq. (26). Then,
in the case of the magnetic coupling, the spin current driven
by the AF SSE is given by (see Appendix C for details)

2 ~
— oy o[ty Kox|

= J2KAT 37
e ey ML
whereas in the case of the Néel coupling, it becomes
_ 2 K5 —1
I, = 22K aT eI Koxy) (38)

(1+w+TM)(1+w )
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where JC = 2kg xmMtieqTm/ K is a positive coefficient, and
meq = X Ho/bo is the field-induced magnetization in the AFI
under a magnetic field HyZ along the anisotropy axis. Note
that in the limit of |w4 |t < 1, the above results reduce to
the result of Ref. [32]. Note also that as emphasized below
Eq. (26), the LH mode w_ has a negative sign in our definition.
In discussing the above two Eqgs. (37) and (38), it is impor-
tant to recall that the factor Ko X is small in realistic situations,
i.e., KoX| < 1, and that a condition |w w_ |t < 1 holds in
order for the M layer to act as a good spin sink. With these
conditions, we see that the AF SSE that emerges from the
magnetic coupling [Eq. (37)] is always positive for AT >
0 [32] (note that the definition of positive AT is opposite to
Ref. [32]). By contrast, the AF SSE that emerges from the
Néel coupling [Eq. (38)] can be negative when the condition

lwro_|ty 2 KoX) (39)

is satisfied, which, in the dimensionless form used in the
numerical simulation, is transformed into

|, @_|@5 Z KoX)» (40)

where we introduced @+ = w+/yho. In Eq. (40), the only
parameter that depends on a material choice for the M layer is
@y. Therefore, a larger @ allows Eq. (40) to be satisfied. This
is indeed seen in Fig. 6, where the sign reversal of the Néel
spin current occurs for a larger wy = 0.5 [Fig. 6(a)], whereas
such a sign reversal does not happen for a smaller @y = 0.04
[Fig. 6(b)].

Before proceeding, it is informative to describe the dif-
ference between the present formalism using the interfacial
exchange coupling [32] and the one using the spin-mixing
conductance [33]. According to the spin-mixing conductance
formalism [33], the spin pumping current is given by

' = gy - (m x o,m) (4D)
in the case of the magnetic coupling, and
"™ = g3 (n x 3n) 42)

in the case of the Néel coupling, where g,, and g, are the
corresponding spin-mixing conductances. Then, the AF SSE
signal can be expressed as

Is — ISump _ lloack’ (43)

where 1" is the backflow current. Note that the back-
flow current is related to the pumping current by Isbad‘(T) =
IP""P(T + AT) due to the fluctuation-dissipation rela-
tion [52]. As discussed in Appendix C, these spin-mixing
conductances are obtained within our formalism as g, =
J2 xmtm/B and g, = J2xmtm/fi, where this correspondence
holds only in the |w+ |t — O limit. Therefore, the difference
between the two formalisms is that our formalism can take
into account the dynamical information of the M layer as well
as the AFI layer, but the spin-mixing conductance formalism
deals only with the dynamics of the AFI layer.

A physical interpretation of Eqgs. (37) and (38) regarding
the sign of the AF SSE is as follows. First, it is important
to note that the RH mode has a positive helicity with higher
frequencies, whereas the LH mode has a negative helicity with
lower frequencies [see Fig. 3(a)]. Second, a higher frequency

of the RH magnon results in a smaller magnon population
~T /w, but at the same time it results in a larger pumping cur-
rent since the latter is proportional to the magnon frequency,
ie, I o« wi - (m,xm?) for the magnetic coupling, and
I o« wZ - (n,xn) for the Néel coupling. Then, within the
present TDGL approach to the AF SSE valid at kgT > ho,
the former disadvantage of the RH magnon with a smaller
population is overwhelmed by the latter advantage with a
larger pumping current. Namely, in both cases of the magnetic
and Néel couplings, the first term in the numerator of Egs. (37)
and (38) is determined by the RH mode magnons, thereby
giving the positive sign of the AF SSE. The difference be-
tween the magnetic and Néel couplings appears in the second
term in the numerator of Eqs. (37) and (38). Because this term
is higher order with respect to |wjw_|tg that involves the
timescale of the M, its effect is considered to come from the
backflow current 7% that produces a negative contribution.
In the case of the magnetic coupling, the correction to the
backflow current is so small, of the order of (KyX|) < 1, and
therefore no sign reversal happens. By contrast, in the case
of the Néel coupling, the correction to the backflow current
is huge, of the order of (KoX)~' > 1. This brings about a
sign reversal of the AF SSE when the condition of Eq. (39) is
satisfied.

To summarize this section, the sign reversal of the AF SSE
across the SF transition requires the following two conditions:
(i) the presence of a sizable Néel coupling J, [Eq. (38)] and
(i1) moderate strength of the spin dephasing IIJI' in the M layer
[Eq. (39)].

VI. CONCLUSION

The main result of this paper is that under certain con-
ditions, the sign of the AF SSE is reversed across the SF
transition, but the sign reversal is not the generic property of
a simple uniaxial antiferromagnet. Indeed, the sign reversal
requires the following two conditions: (i) there exists a sizable
Néel coupling J,, at the AFI/M interface that produces the Néel
spin current given by Eq. (38), and (ii) the spin dephasing rﬁl
of the M layer is not too strong so that it satisfies the inequality
given by Eq. (39).

Although the sign reversal of the AF SSE across the SF
transition has been discussed by Reitz et al. [33] theoretically,
our approach has several advantages over their phenomeno-
logical one [33]. First, the present approach has identified
that the Néel current [Eq. (38)] producing the sign rever-
sal originates microscopically from the Néel coupling given
by Eq. (3b). A possible way of experimentally realizing the
Néel coupling is to prepare an atomically sharp uncompen-
sated interface [53]. Also, since the Néel coupling has the
same symmetry as the exchange bias effect in a ferromag-
net/antiferromagnet bilayer [3] under the sublattice exchange
transformation, we expect that the tendency for an antiferro-
magnet to exhibit the exchange bias effect is the key parameter
controlling the sign reversal. Second, we provide a possible
scenario for the absence of the sign reversal in previous exper-
iments for Cr,O3 [19] and MnF, [20], as well as its presence
in recent experiments for Cr,O3 [29] and «-Fe, O3 [30], once
we are allowed to assume that the details of the interfacial
exchange coupling depend on material choices and sample
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fabrication conditions. Needless to say, the validity of our
scenario should be examined by future experiments. Third, the
present approach allows us to calculate the temperature de-
pendence of the AF SSE. In particular, our result may account
for the disappearance of the sign reversal as a function of
temperature in a Cr,O3/Pt bilayer [29] [see Fig. 4(d) therein],
as such a disappearance is indeed demonstrated in Fig. 6(a).

To conclude, we have demonstrated with the stochastic
TDGL simulation that a sign reversal of the AF SSE appears
across the SF transition (see Fig. 6). Moreover, we have
shown, with an analytical calculation of the AF SSE in the
AF phase, that the sign reversal requires the following two
conditions: (i) there exists a sizable Néel coupling J,, at the
AFI/M interface that produces the Néel spin current given by
Eq. (38), and (ii) the spin dephasing tl\jll of the M layer is
not too strong and satisfies the inequality given by Eq. (39).
Our result indicates that the sign reversal of the AF SSE
across the SF transition is not a generic property in a simple
uniaxial antiferromagnet. We also argued that the existence of
a sizable Néel coupling at the interface, which may manifest
itself as a tendency to exhibit the exchange bias effect, is the
key parameter for observing the sign reversal. These findings
have identified important key parameters for the sign-reversal
problem in the AF SSE. We hope the present results contribute
to further development of the AF spintronics.
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APPENDIX A: CALCULATION OF THE PHASE DIAGRAM

In this Appendix, we analytically examine the phase dia-
gram of the AFI modeled by Eq. (1).

1. AF/SF boundary

The phase diagram of the AFI is obtained by minimizing
the free energy given in Eq. (1). By introducing the relative
angle 6 (angle ¢) between m and n (n and X) to represent
n as n = n(sin 6 cos ¢, sin 6 sin ¢, cos ), the free energy is
rewritten in the dimensionless form as

1
Fapr = %nz + %n“ + 5D +D)m'n’

1
+ E(Ko + K; cos® ¢ — Dm?)n® sin® 0

’
+ E()mz — Hym,

(AD)
where we set m = mZ. Minimization of the free energy with
respect to m, n, cos ¢, and sin 6 gives their equilibrium values.
Because of the in-plane anisotropy K;, we see that cos¢ = 0
(i.e., ¢ = m/2) minimizes the free energy with respect to ¢.
From the term proportional to sin’# in the above free
energy under the condition cos ¢ = 0, we find that the sign
of Ky — Dm? determines the boundary between the AF phase
(6 = 0) and the SF phase (¢ = 7 /2). To determine the critical

field, we minimize the free energy with respect to m and n by
calculating 0 Fapr/0m = 0 and 0 Fap/0n = 0, and we obtain

m = {ro + (D cos> 6 + D'n*} "' Hy, (A2)

ur + ugn® + (Ky — Dm*)sin>0 + (D + D)m> = 0. (A3)

We first determine the boundary by approaching from the
AF phase (8 = 0), where we have a condition Ky — Dm? =
0, at the boundary. By solving Dm? = K, with respect to n,
we obtain

5 1 D
n- = —Ho—r() .
D+D'\\ K,

At the same time, substituting m? =K, /D into Eq. (A3), we
have

(A4)

2 + D'
Uy + ugn” +

Ky =0. (AS)

By substituting Eq. (A4) into Eq. (A5) and solving for Hy, the
critical field is calculated to be
K D+D D+D
) 0
Hy = ) [r() — " <u2 + D K())i| (A6)
Next, we apply the same procedure to the SF phase (6 =
/2), where we have a condition Ky — Dm? = 0_ at the
boundary. For Dm? = K, with respect to n, we obtain

, 1({|D
n = — —H() —To]-
D'\\ K,

At the same time, substituting m*> = K, /D into (A3), we have

(A7)

D/
u + Ko + ugn® + BKO =0. (A8)

Substituting Eq. (A7) into Eq. (A8), and solving for Hy, the
critical field from the SF phase is given by

Ky D’ D+ D
Hs(é)z\/g[ro—z(uz+ D Ko )|

In our numerical study, the position of the AF/SF boundary is
well described by the average of Hs(i:) and HS(}Z:), i.e., Eq. (23)
in the main text. We have numerically confirmed that Eq. (23)
reproduces the boundary obtained by free-energy minimiza-
tion.

(A9)

2. AF/PM and SF/PM boundaries

We turn to the boundary between the AF phase and the PM
phase. In the AF phase (0 = 0), we first substitute Eq. (A2)
into Eq. (Al) to eliminate m, and then perform a Landau
expansion with respect to n, obtaining

1 D+ D
Fapr = —|:M2Vo + ki H§i|n2
21’0 ro
1 D+ D\
+ —[Wo — 2( + ) Hg}n“ +---. (A10)
4)"() ro

Since the coefficient of the quartic term is positive in the re-
gion in question, the AF phase and the PM phase are separated
by a second-order transition. The boundary is determined
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by the coefficient of the quadratic term, i.e., uzrg + (D +
D’ )HO2 = 0, which gives the critical field given by Eq. (24)
in the main text.

In a similar manner, we can also calculate the SF/PM
phase boundary. In the SF phase (6 = m/2), we first substitute
Eq. (A2) into Eq. (A1) to eliminate m, and then perform a
Landau expansion with respect to n, obtaining

2)’0

! D'\’ o] 4
+—|uwgro—2\ — ) Hy |n" +---
4}"0 ro

Since the coefficient of the quartic term is positive in the re-
gion in question, the SF phase and the PM phase are separated
by a second-order transition. The boundary is determined
by the coefficient of the quadratic term, i.e., (u, + Ko)rg +
D/HO2 = 0, which gives the critical field given by Eq. (25) in
the main text.

1 D’ 2]
Fapr = — | (w2 + Ko)ro + r_HO n
0

(Al1)

APPENDIX B: CALCULATION OF THE
ANTIFERROMAGNETIC RESONANCE MODES

In this Appendix, we analytically examine the AFMR
modes in the AFI modeled by Eq. (1).

1. AF phase

Here, we focus on the AF phase (6 = 0) and calculate two
AF magnon modes. In the AF phase, we can safely disregard
the in-plane anisotropy K as its effect on the magnons is neg-
ligibly small. We introduce ém = m — meq and én = n — neg,
where mcq and nq are the equilibrium values of m and n. We
first substitute these decompositions into Egs. (4) and (5), and
then linearize the equations with respect to ém and én. Intro-
ducing Fourier transformation 80(t) = [~ 4250(w)e™ ™",

—00 21
we obtain the following eigenvalue equation:

A dm~(w)\ _ (0
where we have introduced rotating coordinate representation

80* =50, + i80, for a vector O. The matrix flAF in the
above equation is given by

Anp = <aAF7 bAF)’ (B2)

CAF, dAF
where each matrix component is defined as

axr = woHy,  bar = @oneqKo,

CAF = @lleq ()?Il + Dmgq),
dAF = CT)()H())?H [K() — D(mgq — I’lgq)], (B3)

where the imaginary part of the coefficient describing the
relaxation is neglected, and ¥, and X, are defined below
Eq. (26).

The equilibrium magnetization and staggered magnetiza-
tion, meq and neq, are calculated from Egs. (A2) and (A3)
by setting & = 0. From the condition that the determinant
of Eq. (B1) is equal to zero, we can obtain the two magnon
frequencies w4 given in Eq. (26).

2. SF phase

Here we focus on the SF phase (¢ = 7 /2) and calculate the
eigenmodes. Following the same procedure as above, we can
write a 6x6 matrix equation for (§m, §n)T, but one notices
that this matrix equation reduces to the following two matrix
equations composed of 3 x 3 matrix:

A S () 0
(0 — Agemr) | dmy(@) | = | 0 (B4)
on,(w) 0
and

A dmy(w) 0
(0 — Apad) | Snx(@) | = |0}, (B5)
dny(w) 0

where the matrix leFMR and Aﬂat are, respectively, given by

0, asp, bsr

Agevr = [ ese, 0, 0 (B6)
dsp, O, 0
and
. O, €SF, 0
Aga = | fsr» 0,  gsr . (B7)
0, hsgp, O

The matrix components of these matrices are defined by

asp = —iwoHy, bsp = —iwoneKo, csp = iwoHy,

dsp = —iBonegXsp » €Sk = —idoneqKi,

fsp = i@oneq (Xgr — 2D’m§q), 8SF = 2i50n§qmeq(D/ — uy),
l’lsp = l.(:l)()mqul, (B8)

where we again neglect the relaxation term for simplicity. The
equilibrium magnetization and staggered magnetization, meq
and ngq, are calculated from Eqs. (A2) and (A3) by setting
0 = /2, where Xsg = (ro +D'n3)~" is the spin suscepti-
bility in the SF phase. The conditions for the determinant
of Eq. (B4) and Eq. (BS5) to become zero, respectively, give
wormr [Eq. (27)] and wpa [Eq. (28)].

APPENDIX C: DERIVATION OF Egs. (37) and (38)

In this Appendix, we present the derivation of Eqs. (37)
and (38). As stated in the main text, here we use the dimen-
sionful form of the TDGL equations (4), (5), and (11). Since
we are concerned with a low magnetic field region Hy < Hsp
in this calculation, we set D = 0 in Eq. (4).

1. Derivation of Eq. (37)

We begin with the derivation of Eq. (37). This equation had
already been calculated in the limit of wity < 1 [32], and
the calculation here is basically the same as Ref. [32]. The
additional aspect here is that we take into account the higher-
order terms with respect to w1 Ty.

The spin current injected into the M layer is defined by
Eq. (33). By using the z component of Bloch equation (11) as
well as introducing the rotating coordinate representation of
the magnetization fluctuation §m* [see Eq. (B1) above], the
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spin current mediated by the magnetic coupling [Eq. (3a)] is
given by
* dw

[ =2 —Im((Sm}, 85T ,)),

Cl
Fz oo 2T €D

where the Fourier transformation introduced above Eq. (B1)
is used, and ((8m;,8s*,)) is defined by (m,8s7,) = 278(w +
' ){(8m 85T ).

The fluctuations §m;, and 8s*, can be obtained after lin-
earizing the TDGL equations (4), (5), and (11) with respect to
Sm, snt, and 8st:

m= ot I Lol
it _ (7 (0) T e F 5 (4
Chale )(8n ) - <ini(a))> +< ijg’neqy %%
(C2)

J
(a) n —>8s XM s+ ig (C3)
™ ™
where the above equations are also expanded up to the linear
order with respect to J,,. The matrix A% is given by

w-(e i) ©
where the matrix component is defined by
ax = +yHy — iluX; ", (C5)
by = FyhoKoreqg, (Co)
cx = EyhoX| e, (€7
d+ = £y bhoKomeq — il', K. (C8)

By operating the propagator §* = (v — A*)~! to Eq. (C2)
from the left-hand side, we obtain the dynamic fluctuations
of §m®*, §n*, and 8s*. Substituting §m*, én*, and 8s* thus
obtained into Eq. (C1), we obtain

4kBATXM]3’ ,Cm,

I, =
€0U0hTM

(&)

where we used the expression for the correlator of
thermal noises ((§, &7 )) = 4kgT T,/ (€0v0), ((n,nt,)) =
4kpTT,/(eovo), and ((¢;¢7,)) = 4kp(T + AT)xmty'- In
Eq. (C9), L,, is defined by

* d
L, = / ﬁ[rmm;(wnz + G, (0)*lwlg(@)?, (C10)
where
_ . w—d_
) = o=’ b
_ b_
O ) 1
and g(w) = (w +i/Ty) "

We evaluate the frequency integral in Eq. (C10) with the
residue theorem. By picking up two magnon poles at * and
o* in the upper-half plane, with the asterisk denoting the

complex conjugate, Eq. (C10) becomes

le + t1\7[2Nm2

;Cn == )
CDVZ (0} ) (0 + 1)

(C13)

where N1, Ny2, and D are defined by
Nt = {Tu(@} — d)(@}, — d*) + T,b%)
X 0 (XY + T VZ5)w*?

+ {Fm(w* - d—)(w* - d*) + Fnbz_}

X 0" (=XY + T v/ZH)wt?, (C14)

Nmz = {Fm(wi - d—)(wj_ - dt) + Fnbz_}
X 0 (XY + T Z%)

+{Cp(0* —d_)(w* —d*)+ b}

x 0" (=XY + T NZ"), (C15)

=[] -YHX*+ 1), (C16)

and we introduced the notation TI'y =TI,Ko=+T,.7X X||

and w+ —w_ = \/_ =X +1iY. Using the relation
X2 — (a —d_ Y +4b_c_ = (yHo)*(1 — ;Ko)* +
4(yho) ”ean 'Ko, XY =~ (a_ —d_)I'_ = yHy(l —
XK, oy +o_=a_+d_,and o,w_ =a_d_ —b_c_,
Egs. (C14)—~(C16) are calculated to be

le = %wia)fv Z*yhomquO)’Z||Ds (C17)
— 1VZybome,D (C18)
where we used
D = 4{T, %} ' TKo(y Ho) (1 — %) Ko?
+ Fi(VhO”eq)zi[]KO} (C19)

to simplify the result. Substituting Eqgs. (C17) and (C18) into
Eq. (C13), the integral £,, now becomes

wro_KoX| + 'L’I\7[2
o2 +1y’) (02 +1y°)

where we have used w} ~ w, and w* ~ w_ since Re[w] >
Im[w,] and Re[w_] > Im[w_]. From Eq. (C9) and Eq. (C20),
with the use of a relation €yvy = yhly, we finally obtain
Eq. (37).

In passing, we shall discuss the formal relationship be-
tween the present approach and the other approach relying on
the spin-mixing conductance phenomenology [33]. According
to Ref. [33], the spin pumping current is given by Eq. (41),
where g,, is the corresponding spin-mixing conductance. By
comparing the spectral representation of /; in our approach
[Eq. (C9)] with Eq. (41), we identify g,, = J2 xmtm/h. Note
that this correspondence holds only in the |w4 |ty — 0 limit.

1
Ly, = Eyhomeq( (C20)

2. Derivation of Eq. (38)

We next present the derivation of Eq. (38). In the case of
the Néel coupling, the spin current injected into the M layer is
given by

= —/ —Im (6n8sT ), (C21)
where the spin current is mediated by the Néel coupling
[Eq. (3b)]. The fluctuations §m, and 8s*, can be obtained

w
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in a manner similar to obtaining Eqs. (C2) and (C3), by taking
notice of the replacement of J,, with J,, and resultant changes,

pe (0me\ _ (iE5 () P eq .
(w_Ai)( w> = (. + + I A 5Sw,
snE in~(w) £ eq + i
(C22)

(C23)

. 7,
(a) + L)Ssj = iﬂSni +icE.
™ ™

By substituting Sm*, Sn*, and 8sT obtained from
Egs. (C22) and (C23) into Eq. (C21), we have

I 4kp AT xmJ?

L, (C24)
€oVohTm

where L, is defined by

> d
L, = / SO lE @) + TlE, @)Polg@)P.

0o 2T
(C25)
in which we defined
c_
F ()= (C26)
(@ — o) — o)
and
Friw)= ———© (€27)

(@— o) —w)

We evaluate the frequency integral in Eq. (C25) with the
residue theorem. By picking up two magnon poles o} and w*
in the upper-half plane, we have

Twc? 4 Th(wh — a_) (% — a*)
" - DX ITOVZ (03 + 1)
[, + D0 —a ) (w* —a*)
(T4 + V)X = iTOVZH (072 + 1)
N + IIJIZJ\/nz

= , C28
DV ) v )

*
w,

where
Not = (T + Ty} — a_) (@’ —a*)}
x ot (XY + I NZ5)w*?
A+ + Th(@* —a_)(w* —a*))

X 0 (=XY + Ty VZHw'?, (C29)

Nz = {Tc? + T} — a_ )@} —a*)}
X @ (XY + T4/Z%)
+{Tpc? + Th(w* —a_)w* —a*)}
X o (=XY + T Z5),

and D is defined in Eq. (C16). Again using the relation
X? Y =~ (a_—d ) +4b_c_ = (yHy)*(1 — X Ko)* +
4y ho)’niy 3y Ko, XY ~(a- —d )l = yHo(l -
XK, oy +o_=a_+d_,and w,w_ =a_d_ —b_c_,
Egs. (C14) and (C15) become

(C30)

Nt = Yot * VZryhomeg(KoX))™'D,  (C31)
Nz = 53/Z*ybomegD. (C32)

Note that N, in Eq. (C32) becomes equal to N, in
Eq. (C18). Substituting Egs. (C31) and (C32) into Eq. (C28),
we now have

wro_(KoX) Y+ 1'1\7[2
02 +1y’) (02 + 5y°)

where we have again used w} ~ w; and w* ~ w_. Using
Egs. (C24) and (C33), and a relation €yvy = y fi)y, we finally
obtain Eq. (38).

As in the previous section, we discuss the formal relation-
ship between the present approach and the other approach
relying on the spin-mixing conductance phenomenology [33].
According to Ref. [33], the spin pumping current is given
by Eq. (42), where g, is the corresponding spin-mixing con-
ductance. By comparing the spectral representation of I in
our approach [Eq. (C24)] with Eq. (42), we identify g, =
J,f xm™v/ k. Note that this correspondence holds only in the
|wi|‘L’M — 0 limit.

; (C33)

1
Ly, = Eyhomeq(
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