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Epitaxial semiconductor-superconductor (SM-SC) hybrid nanowires are potential candidates for implement-
ing Majorana qubits. Recent experimental and theoretical works show that charged impurities in SM remain a
major problem in all existing hybrid nanowires, in which the SM is either InAs or InSb while the SC is mainly
Al. Here, we theoretically validate the recently proposed PbTe-Pb hybrid nanowire as a potential candidate for
Majorana devices. By studying the electrostatic and electronic properties of PbTe nanowires, we demonstrate
that the huge dielectric constant of PbTe endows itself a high tolerance of charged impurity, which is a potential
advantage over InAs and InSb nanowires. Moreover, we find that the effective axial Landé g factor and Rashba
spin-orbit coupling strength of PbTe nanowires are comparable to those of InAs nanowires. The conceivable
merits of using Pb as the SC are (i) Pb has a larger superconducting gap, higher critical temperature, and higher
parallel critical magnetic field than those of Al; (ii) a superconducting gap comparable with those of InAs-Al
and InSb-Al can be induced in PbTe-Pb even by a weak coupling between Pb and PbTe, which simultaneously
relieves the adverse renormalization and induced disorder effects on SM from SC; and (iii) Pb film can be grown
on PbTe with a thin buffer CdTe layer in between, solving the lattice mismatch problem as an important source
of disorder. In the presence of a parallel magnetic field, we show that the typical BdG energy spectrum and
tunneling spectroscopy of PbTe-Pb resemble those of InAs and InSb based hybrid nanowires exposed to a tilting
magnetic field, as a result of the highly anisotropic Landé g factors of PbTe nanowires. The calculated topological
phase diagrams of PbTe-Pb indicate that the multivalley character of PbTe makes it easier than InAs and InSb to
access topological superconducting phases. Our results could facilitate the experimental realization of PbTe-Pb
hybrid nanowires and inspire further theoretical works.
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I. INTRODUCTION

In the last decade, Majorana zero modes (MZMs) [1,2]
(see Refs. [3-8] for review) have attracted tremendous interest
due to their exotic non-Abelian braiding statistics [9—11] and
potential applications to fault-tolerant topological quantum
computation [11-16]. Theoretically, MZMs can be engineered
in laboratories by contacting a semiconductor (SM) nanowire
with strong spin-orbit coupling (SOC) to a conventional s-
wave superconductor (SC) with the aid of electrostatic gates
and a magnetic field [17,18]. Many experiments based on
this idea reported zero-bias conductance peaks in tunneling
spectroscopy of InAs and InSb nanowires [19-36], possibly
connected with MZMs. Most of the peaks are much lower
than the predicted quantized value 2¢?/h resulting from MZM
mediated resonant Andreev reflections [37-40]. Recently,
large zero-bias conductance peaks approaching to 2¢%/h have
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been observed [27,41,42], however, perfect MZM quantiza-
tion with peak height robustly sticking to 2¢?/h by varying
both magnetic field and all relevant gate voltages is still
lacking.

Recently, a theoretical work [43] explains that most of the
experimental zero-bias conductance peaks in InAs and InSb
nanowire devices are likely induced by strong disorder in the
chemical potential, proximity-induced superconducting gap,
or effective Land€ g factor, according to thorough numerical
simulations. The level of disorder (strong versus weak) de-
pends on the variation amplitude of corresponding physical
quantity relative to its average. For the widely explored epi-
taxially grown SM-SC hybrid nanowires [44,45], the interface
between the SM and the SC has been confirmed to be pris-
tine by material characterization and the observation of hard
induced superconducting gaps at zero magnetic field [46].
However, recent numerical simulations [47] reproduced the
tunneling spectroscopy in Ref. [41], implying that the state-
of-the-art InSb-Al hybrid nanowire remains disorder-limited.
In realistic devices, disorder may arise from the surface oxi-
dation of the SC, the imperfect substrates and gates, and more
seriously, from the unintentional charged impurities [48], the
randomly distributed twin defects [49], and the stacking faults

©2022 American Physical Society
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TABLE I. Parameters of SCs: Al, Sn, and Pb. The supercon-
ducting gap A and critical temperature 7;. of bulk superconductors
are adapted from Ref. [84], while the critical parallel magnetic field
B, of superconducting thin shells are adapted from SM-SC hybrid
nanowire experiments.

Al Sn Pb
A (meV) 0.34 1.15 2.73
T. (K) 1.14 372 7.19

B (T) ~2[24,30,41] ~4 [76] ~8.5[77]

[50] in SM nanowires. Thus far, for a comprehensive under-
standing of Majorana nanowire systems, various long- and
short-range disorder effects [51-70] have been explored, most
of which provide alternative interpretations on experimental
results that can be attributed to MZMs. Even though the Majo-
rana filter scheme [71-73] could provide a solution to exclude
many non-Majorana states due to disorder and enhance the
Majorana signals, those disorder contamination can signifi-
cantly destroy their power for testing non-Abelian braiding
statistics and quantum information processing [11].

The next step towards engineering and detecting MZMs
in SM-SC hybrid nanowires has three parallel directions in
material aspect. (i) Optimizing the current InAs-Al and InSb-
Al hybrid nanowires to reduce possible disorder [74,75]. (ii)
Replacing Al with other SC materials, e.g., Sn [76] and Pb
[77,78], as possible better candidates. As compared in Table I,
Pb and Sn have larger superconducting gaps, higher critical
temperatures, and higher critical parallel magnetic fields than
those of Al (iii) Searching potentially better SM materials,
e.g., PbTe, which has been briefly mentioned for the realiza-
tion of MZMs but not systematically investigated yet [79-81].
Recently, preliminary experimental efforts on exploring the
combination of PbTe and Pb as SM-SC hybrid nanowires are
ongoing [82,83]. A few merits of PbTe-Pb was pointed out
[80]: (i) PbTe is predicted to have a Landé g factor higher
than both InAs and InSb; (ii) PbTe nanowires are expected to
show stronger SOC than those in InAs and InSb nanowires;
and(iii) Pb shell on PbTe nanowire has less lattice mismatch
than InAs-Al and InSb-Al. For the last point, we expect that
the lattice mismatch problem could be solved by buffering a
thin CdTe layer between PbTe and Pb, as CdTe and PbTe share
almost the same lattice constant, while PbTe still maintains the
induced superconductivity from Pb.

In fact, one can anticipate more outstanding merits of
PbTe-Pb hybrid nanowires. Firstly, epitaxially grown PbTe
has a high tolerance of charged impurity, high electron
mobility, and high crystalline quality. Specifically, in submi-
cron constrictions lithographically patterned in PbTe quantum
wells, sequential quantized conductance steps were observed
despite of a significant concentration of charged defects near
the constrictions [85-88]. Such encouraging results are at-
tributed to that PbTe is a paraelectric material with a huge
static dielectric constant being 1350 at 4.2 K, almost two
orders of magnitude larger than the value (~15) of InAs
and InSb. Consequently, charged impurity scattering is ef-
fectively screened and very high electron mobilities about
10% cm? V=!'s™! can be achieved [89,90]. Moreover, a high

resolution transmission electron microscopy revealed that the
epitaxially grown PbTe nanowires are free of stacking fault
[91]. Secondly, by virtue of the sizable parent gap A of Pb
(see Table I), a superconducting gap comparable with those
of InAs-Al and InSb-Al can be induced in PbTe-Pb even by
a weak coupling between Pb and PbTe, where the effective
g factor and SOC in PbTe do not get reduced much by the
renormalization effects on SM from SC [92-95]. Meanwhile,
at weak SM-SC couplings, the induced superconductivity in
the SM is immune to any nonmagnetic disorder in the SC
[60,62,64]. Last but not least, the heavy element Pb has a
strong intrinsic atomic SOC which may render additional
SOC [96,97] in PbTe by proximity effect. A theoretical work
[98] suggested that the interplay of the atomic SOC and the
s-p orbital hybridization of the Cooper pairs in superconduc-
tor Pb would give rise to an effective p-wave pairing in SMs
coupled to Pb.

In this work, we present a quantitative study to examine
the main anticipations discussed above on PbTe-Pb hybrid
nanowires, and furthermore, to reveal discernible differences
of PbTe-Pb from InAs and InSb based hybrid nanowires.
Within the framework of k - p theory, we derive an effec-
tive conduction band Hamiltonian of PbTe nanowires with
both Zeeman and SOC fields. As PbTe bulk has a highly
anisotropic band structure and a fourfold valley degeneracy,
we explore PbTe nanowires with nine different orientations
that are preferred in experiments. By calculating the elec-
trostatic and electronic properties of PbTe nanowires, we
demonstrate that the huge dielectric constant of PbTe endows
itself an advantage over InAs and InSb nanowires: a high
tolerance of charged impurity as expected above. By contrast
to the anticipation, we find that the effective axial Landé g
factor and SOC strength are valley-dependent and anticorre-
lated, inconsistent with the expected coexistence of a large g
factor and a strong SOC. Nevertheless, the relevant parameters
of PbTe nanowires are found to be comparable with those
of InAs nanowires. Our numerical calculations show that the
accessible maximum SOC strength of all valleys increases
with decreasing the side length / of squared PbTe nanowires.
And they exceed 30 meV nm at / = 30 nm for valleys with
the smallest axial effective electron mass (0.024 m,). This
strong SOC would benefit the realization of topological super-
conductivity. A symmetry analysis and numerical simulations
indicate that PbTe nanowires with two of the nine orienta-
tions cannot be used for engineering MZMs, as they would
never have a nondegenerate valley in any device geometries.
In the presence of a parallel magnetic field, we study the
topological superconductivity of PbTe-Pb hybrid nanowires
in the weak SM-SC coupling regime. We obtain the phase
transition conditions associated to topological trivial and non-
trivial superconducting phases as well as the metallic phase.
We show that the typical BdG energy spectrum and tunneling
spectroscopy resemble those of InAs and InSb based hybrid
nanowires exposed to a tilting magnetic field, which is a result
of the highly anisotropic Landé g factors of PbTe nanowires.
Moreover, the topological phase diagrams of PbTe-Pb in the
parameter space of back-gate voltage and parallel magnetic
field are calculated. It turns out that the multiple valleys of
PbTe make it easier than InAs and InSb to access topologi-
cal superconducting phases. For comparisons, we summarize
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TABLE II. Comparison of the relevant parameters: relative di-
electric constant ¢,, zero temperature band gap E,, axial effective
electron mass m}, axial effective Landé€ factor g7, and number of
valley of bare InSb, InAs, and PbTe nanowires.

InSb [32] InAs [99] PbTe
& ~15 ~15 ~1350
E, (eV) 0.237 0.418 0.190
m}/m, 0.0139 0.023 0.024—0.240
g 40.0 14.9 15.0-59.0
No. of valley 1 1 4

in Tables II and III the relevant properties of bare InSb,
InAs, PbTe nanowires, and their corresponding SM-SC hybrid
nanowires. Our results shed valuable light on using PbTe-Pb
hybrid nanowires for engineering and detecting MZMs.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the device, the model, and the ap-
proaches. The results and discussion are presented in Sec. III.
In Sec. IIT A, we show the gate tunability, dispersions, and
impurity sensitivity of PbTe nanowires. In Sec. IIIB, we
study the amplitude and direction of the Rashba SOC field in
PbTe nanowires with nine different orientations. In Sec. III C,
the results pertinent to the topological superconductivity of
PbTe-Pb hybrid nanowires are presented. Finally, we give a
summary and outlook in Sec. IV.

II. MODEL AND APPROACH

We consider a typical device schematically shown in
Fig. 1(a), in which an epitaxially grown PbTe-Pb hybrid
nanowire with a squared cross section is placed on a HfO,
dielectric layer attached to a back gate with voltage V;,. A
laboratory coordinate system x-y-z is indicated at the center of
the cross section of the PbTe nanowire. The transverse profile
of the device is shown in Fig. 1(b). In Sec. IT A, we derive
an effective conduction band Hamiltonian for each valley of
a bare PbTe nanowire in the laboratory coordinate system. In

TABLE III. Comparison of the major factors in InSb-Al,
InAs-Al, and PbTe-Pb hybrid nanowires for realizing topological
superconductivity, such as the degree of lattice mismatch (DOM)
(asm — asc)/asm With agyysc the lattice constant, the gate induced
maximum Rashba SOC strength asoc (for nanowires with diameters
~100 nm), the angle 0 between the SOC and Zeeman fields under a
parallel magnetic field, the hole screening on electrostatic gates, and
the adverse renormalization effects on SM from SC [92-95] when
inducing a superconducting gap A j,q ~ 0.2 meV in the SM.

InSb-Al[32] InAs-Al[99] PbTe-Pb
DOM 0.38 0.33 0.24
asoc (meVnm) ~60 ~10 ~10
0 90° 90° 83.1° —90°
hole screening on
electrostatic gates strong strong negligible
renormalization
effects on SM for strong strong weak
Aing ~ 0.2 meV

(a)
I PbTe

(b)

| HfO2

FIG. 1. (a) Schematic view of a squared PbTe-Pb hybrid
nanowire placed on a HfO, dielectric layer, together with a labora-
tory coordinate system whose z axis is along the wire’s axial direction
and the x and y axes are perpendicular to the wire’s side facets. The
device is gated from below by a back-gate voltage Vj,. (b) Transverse
profile of the device enclosed by a large enough squared box. The rel-
evant length scales are indicated with double arrows. (c) Longitudinal
axes (colored solid lines) of the four L valleys of a particular PbTe
nanowire grown along [100] direction. The orientation of a valley is
defined by azimuth angles (c, 8). (d) The k - p Hamiltonian (1)—(4)
for a valley, e.g., [111], of PbTe is established in a local coordinate
system x’-y’-z whose 7’ axis is along the longitudinal axis of the
valley. The anisotropic effective electron masses of PbTe manifest
as an ellipsoid constant energy surface (in gray) around the L point.

Sec. II B, we outline the approach solving the electrostatics
of the device. In Sec. II C, we present an effective 1D model
describing the PbTe-Pb hybrid nanowire and the associated
conditions for realizing topological superconducting phases
supporting MZMs.

A. Effective conduction band Hamiltonian of PbTe nanowires

PbTe is a IV-VI SM, dramatically different from the I1I-V
SMs such as InAs and InSb. The band extrema of III-V SMs
are in the center of the Brillouin zone (I" point), around which
the Fermi surface is isotropic. On the contrary, PbTe is a nar-
row direct band-gap SM with eight equivalent band extrema
at the L points of the Brillouin zone, known as the fourfold
valley degeneracy [79]. The corresponding Fermi surfaces are
highly anisotropic, i.e., four elongated ellipsoids of revolu-
tion around the axes [111], [111], [111], and [111] shown in
Fig. 1(c), characterized by longitudinal (/) and transverse (¢)
effective masses m;; and Landé factors g;,. Considering the
four valleys of PbTe being independent of each other, each
valley can be modeled by the Dimmock k - p Hamiltonian
[100] established in the local coordinate system x'-y’-z’ whose
7/ axis is along the longitudinal axis of the ellipsoidal valley, as
shown in Fig. 1(d). Applying a folding-down procedure to the
Dimmock model, an effective conduction band Hamiltonian
can be derived as [101-103]

elli _ pyelli lli
H™" = Hy, + Hsocs (1)
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which consists of the kinetic energy and Rashba SOC
HEY = Py (¢ ke + kyy (£)ky ]
+ Py (ks + E(), @)
HEb = il Plkyy (ks — koy (2)kyloy
+iP, Py (ko — koy (X))o
+iP ey 0k — kyy (Fkeloy, ()

where k, and o, (u=x',y,7) are the momentum and
spin-1/2 Pauli operators, respectively, r' = (x',),7),
y(d) =1/[E — E,(r)], E.(r')=—ep(r’) and E,(r')=
—E, — e¢p(r’) are the conduction and valence band edges,
respectively, modified by a nonuniform electrostatic potential
¢(r'), E, is the SM band-gap, P =h(Eg/2mf(l))1/2 is
the longitudinal (transverse) conduction-to-valence band
coupling with myj,, being the effective electron mass. The
conduction band edge in the absence of ¢(r’) has been
chosen as the reference energy. We note that PbTe bulk
has a rocksalt crystalline structure which presents inversion
symmetry such that the SOC is purely Rashba [102,104].
In the presence of an applied magnetic field B, one should
make the fundamental substitution k — 7 = k + eA/k, with
V x A = B, and meanwhile add a Zeeman term [103]

. 1
H" = S H(&Buoe + gByoy + giBoz), 4

where pp is the Bohr magneton. In calculations, we use the
low-temperature empirical parameters [101,103] g; = —24.3,
g =—11.4, E, =190 meV, m; = 0.24 m,, m; = 0.024 m,,
mf’ = 0.31m,, and mth = 0.022 m,, with m, being the free
electron mass.

To facilitate studying low-dimensional multivalley SMs,
it is convenient to transform the Hamiltonian of each valley
to a common laboratory coordinate system [105], i.e., the
x-y-z in Fig. 1(d), with the z axis along the axial direction of
the nanowire. In a previous work [106], such a Hamiltonian
of PbTe nanowire is presented but without incorporating the
crucial SOC and Zeeman terms. To fill in the gap, we derive
an effective conduction band Hamiltonian for each valley of
a translational invariant PbTe nanowire exposed to a parallel
magnetic field B, as (see derivation in Appendix)

Hwire Hl:;/rllre +H§N01rg _{_H%Nire, (5)
with
, h2k2
HWIIE _ — MU A E
=20 7 t o TE@Y.©
U, v=x,y
Hioe = Z(Qmﬁx + Quyty + Quek:)ou, @)
. 1
ngre = EMBBZ Zg?uau, (8)
where
* thg P2 P2 P2 2 2 9
mz_—ZPlthz[l_(l_ t)cos o COS ,3], )
4meNy.xy
=8t ——5——, 10
8 8z thg (10)

g = —(g1 — &) sina cos a cos? B,
8z = (81 — &) cosasin B cos B,
8z = & + (&1 — &) cos’ & cos’ B, (11)
eEy(x,y)
qu == yE‘—ZNu;yx’
g
eE.(x,y)
Quy = TNu;xy,
g
eE(x, y) MM,y — M M.,
e = E? Nigzz + M2 — MM, "
eEV(-x1 y)[ M M M sz
- wyz + Nuye |, (12)
E? ¢ M2, — MM,
M, = P} + (P} — P})sin® a cos® B,

— P?)sin’ B,

M,, = P} + (P} — P?) cos” a cos’ B,
M,, = M,, = —(P} — P?) sina sin 8 cos S,
sz = sz = _(P[2

M, =M, = (Pz2 — Pf) cos a sin B cos B, (13)

— P,z) sin & cos o cos> B,

Ny = PP, — P.(P, — P,)sin* a cos’ B,

Nyex = PP, — P(P, — P)sin’ B,

Ny =PP, — PP —P) cos® o cos® B,

Nywy = =Ny = P(P — P,)sina cos o cos” B,

Ny.y: = =Ny = Pi(Pp — Py) sina sin  cos B,

N...c = —Nyyx = —FP,(P, — P,)cosasin fcos f.  (14)

In Eq. (12), Ex)(x,y) = —0x)@(x,y) is the electric field in
the x (y) direction inside the PbTe nanowire. The remaining
elements of tensor N, not shown in Eq. (14), satisfy the rela-
tion Ny.w = —Ny:yu. This Hamiltonian is directly related to
the anisotropic effective masses mj, and Landé factors g,
of PbTe. Indeed, the above Hamiltonian would reduce to the
one describing InAs and InSb nanowires [32,99] if m] = m;
(i.e., P, = P,) and g; = g;. This effective Hamiltonian is also
applicable to other IV-VI semiconductors such as PbSe and
PbS nanowires with corresponding Kk - p parameters. Note that
we neglect the inter-valley coupling mediated by the surface
of nanowire [107,108], which was predicted to induce appre-
ciable valley splitting for extremely thin nanowires, e.g., for
PbSe nanowires with diameters being smaller than 7 nm [109].
For PbTe-Pb hybrid nanowires, the Pb mediated intervalley
coupling can also be neglected provided the tunnel coupling
between PbTe and Pb is weak, as discussed in Sec. II C.

In experiments, PbTe nanowires along low-index crystal
direction are preferred as they can be grown with high crys-
talline quality on a lattice matched CdTe substrate [83]. In
Fig. 2, we show the laboratory coordinate system x-y-z of nine
representative low-index PbTe nanowires together with the
longitudinal axes of their four valleys. The primary concern
is whether the fourfold valley degeneracy of bulk PbTe can be
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[111] —[111] |

x[210]

z[100]

(IV)  y[110]

2z[112]

FIG. 2. View of the longitudinal axes (colored solid lines) of
the four valleys in the laboratory coordinate system x-y-z of PbTe
nanowires with nine different growth orientations. The dashed lines
are shown to aid the 3D visualization. By molecular beam epitaxy
technique, wires (I)-(III) can be grown on CdTe (001) substrate,
wires (IV)-(VII) on CdTe (110) substrate, and wires (VIII)-(IX) on
CdTe (111) substrate.

lifted, at least partly, in these nanowires. This is because that
the topological superconducting phase requires odd subband
occupation [92,110,111], therefore, nondegenerate valleys.
Our answer is affirmative for most of the nanowire growth
directions except for the case I and IV, based on a symmetry
analysis and numerical simulations presented in Sec. III A. In
Table IV, the model parameters of the nine PbTe nanowires
are calculated according to Egs. (9)—(11), meanwhile, for each
nanowire the degenerate valleys are highlighted by the same
color for clarity. For all valleys, one can see that the axial
Landé factor g = (g5 + g% + gi7)"/? is positively correlated
to the axial effective electron mass m, with the maximum
g =159.0 and minimum g} = 15.0 corresponding to m} =
0.240m, and m} = 0.024 m,, respectively. Interestingly, this
minimum g7 and m} are almost identical to those of InAs
nanowires, i.e., g& = 14.9 and m} = 0.023m, [112]. Gener-
ally, SM nanowires with a smaller m} have a larger carrier
mobility [113], which facilitates the detection on MZMs by
electron transports.

B. Electrostatic potential

In Sec. IT A, both the band edges and Rashba SOC fields
are dependent on the electrostatic potential ¢(x,y). For a
translational invariant SM-SC hybrid nanowire schematically
shown in Fig. 1(a), ¢(x, y) is determined by the 2D Poisson
equation

V - (g0&-(x, y)VP(x,))
= —[p.(x,y) + pn(x, ¥) + Pimp(x, ¥)], (15)

where gy is the vacuum dielectric constant, &,(x,y) is the
relative dielectric constant taking different values inside each
material, i.e., sbee = 1350, sflfOZ = 7.5, peny(x, y) represents
the mobile electron (hole) density in the conduction (valence)

band of the nanowire, and pimp(x, y) denotes the charge den-
sity carried by the intrinsic impurities in the SM. Besides,
positive surface charge [114,115] has recently been taken into
account to study its impacts on the electronic properties of
InAs and InSb based hybrid nanowires [99,116-120]. Here,
we neglect possible surface charge in PbTe nanowires as it
does not qualitatively affect the results in this work.

As shown in Fig. 1(b), Poisson equation (15) is solved
within a large enough 2D squared box enclosing the nanowire
and its surrounding regions. We set the box size as w = 300
nm and the thicknesses of the Pb shell and the dielectric
layer as & =7 nm and d = 20 nm, respectively. Neumann
boundary conditions are imposed on the left, right, and top
sides of the squared box [119]. Dirichlet boundary condition
¢ = Vj, is imposed on the bottom of the dielectric layer while
¢ = —W/e on the surface of Pb shell, with W being the work
function difference between PbTe and Pb. A positive W is cru-
cial for realizing the superconducting proximity effect, as in
this case the conduction band edge near the SM-SC interface
bends downward to form a potential well confining electrons
[121,122]. In fact, the exact value of W of a SM-SC hybrid
nanowire is unknown as it depends on the device details. We
use a conservative estimation of W = 80 meV, according to
that the electron affinity of bulk PbTe is 4.6 eV [123] and the
work function of bulk Pb is 4.25 eV [124].

We use the Thomas-Fermi approximation for a 3D elec-
tron gas to determine p.(x,y) and p,(x,y) inside the PbTe
nanowire

—4e{2m4[—E.(x, y)O[—E.(x, »)1}*/*

Pel(x,y) = 37253 . (16)
de(2mE, (x, y)OLE, (x, )1}
on(x,y) = 2 32 ' a7

where e is the modulus of the electron charge, mf/ h

(mf/ "B m™)2/3 s the density-of-states effective mass of
SMs having ellipsoidal energy surfaces [125], E.(x,y) =
—e¢(x,y) and E,(x,y) = E.(x,y) — E, are the conduction
and valence band edge, respectively, of the PbTe nanowire,
and ® denotes the Heaviside step function corresponding to
the Fermi-Dirac distribution at zero temperature. The prefac-
tor 4 takes into account the fourfold valley degeneracy of bulk
PbTe. Substituting Eqgs. (16) and (17) into Eq. (15) the electro-
static potential ¢(x, y) can be solved using the finite element
method. We note that the ¢(x, y) obtained with the Thomas-
Fermi approximation is independent of the nanowire’s growth
direction. This approximation has been used and justified in
studying the electrostatics of InAs and InSb based SM-SC
hybrid nanowires [99,116-118,120,121].

C. 1D effective model of PbTe-Pb hybrid nanowires

Transport experiments have demonstrated the supercon-
ducting proximity effect in SM-SC hybrid structures com-
prising IV-VI SMs and s-wave SCs, such as PbTe-In contact
[126] and Pby 5Ing s-PbS-Pby 5sIng 5 Josephson junction [127].
We infer that the proximity induced s-wave superconducting
pairing in IV-VI SMs occurs in intravalley rather than in-
tervalley carriers, as only the former ones possess opposite
spin and momentum, e.g., carriers at two opposite L points of
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TABLE IV. Model parameters in Hamiltonian (5) for the four valleys of PbTe nanowire with nine different growth directions shown in
Fig. 2. For each nanowire with a nonuniform electrostatic potential ¢ (x, y), valleys highlighted by the same background color are degenerate

at zero magnetic field.

wire yaxis xaxis zaxis valley sin o coso sin 8 cos B & &y g g m}/m,
[111] 1//2 1//2 1/v/3  2//3 =147 147 296 362  0.096
I [001]  [010] [100] = [I11] 1/v/2 —1//2 1//3  V2//3 147 —147 296 362  0.096
(111] =VN/2; —1//2 1/v/3 V2//3  —147 —147 296 362  0.096
[111]  —1//2 1/v2 /3 N2/3 0 147 147 296 362  0.09
[111] 1 0 1/V3  V2/V3 0 0 150 150 0.024
Il [001] [T10] [110] = [I11] 0 —il 1/v3  V2/V3 0 —20.8 443 490 0.168
(111] -1 0 1/V3  V2/V3 0 0 150 150  0.024
[111] 0 1 1/v/3 2/43 0 208 443 490 0.168
nil 3/Y/10  —1/Y/10  1/V/3 V243 88 —6.6 179 210 0.038
11 [001] [210] [120] [I11] —1/4/10 —3/4/10 1/v/3  2//3  —88 =197 414 467  0.154
[i11;  -3/4/10 1/4/10 1/3  V2/3 8.8 6.6 179 210 0.038
[111] 1/4/10 3/4/10 1/v/3  V2//3  —8.38 197 414 467  0.154
[111]  —v2//3 1/3/3 0 1 20.8 0 29.6 362  0.096
v [110] [1T0] [001] = [I11] 0 —1 V2/3 0 143 0 —20.8 296 362 0.096
(1111 2/V3 1/v/3 0 1 —20.8 0 206 362  0.096
[111] 0 1 V2/3 0 143 0 208 296 362 0.096
[111] 1/3/3 V2//3 0 1 —20.8 0 443 490  0.168
\Y [110] [001] [110] [I11] —1 0 V2/V3 13 0 0 150 150 0.024
(111] 1//3 —V2/V3 0 1 20.8 0 443 490 0.168
[111] 1 0 V2/V3 13 0 0 150 150 0.024
[111] 0 1 0 1 0 0 59.0 59.0  0.240
VI (110 [112] (1111 (1111  —=v2/vV3  =1/4/3  V2/V3 143 —6.9 —12.0 199 242  0.048
111 24/2/3 —-1/3 0 1 13.9 0 199 242 0.048
[111]  ~2//3 1/V/3 V2/3 00 13 —6.9 120 199 242  0.048
[111] —-1/3 24/2/3 0 1 13.9 0 541 559 0216
VII [110] [111] [112] [111] —1//3  =V2/V3 V23 143 —-6.9 —17.0 247 308 0.072
111 1 0 0 1 0 0 150 150  0.024
[111] 1//3 V2/V3 0 V230 143 —6.9 170 247 308 0.072
[111] 1/2 V3/2 1/3 242/3 =170 120 443 490 0.168
VII  [111]  [112] [110]  [I11] -1 0 1/3 2/2/3 0 0 150 150  0.024
[111] 1/2 —V3/2 1/3 24/2/3 170  —12.0 443 490 0.168
[111] 0 1 1 0 0 0 150 150  0.024
[111] V32 -1/2 1/3 2V2/3 17.0 -7.0 247 308 0.072
IX (1111 (1101 [112] (111 0 1 1/3 22/3 0 139 541 559 0216
(111] —V3/2 —1/2 1/3 242/3  —170 =7.0 247 308 0.072
[111] 0 1 1 0 0 0 150 150  0.024

the Brillouin zone. Inter-valley couplings mediated by Pb are
allowed for high-energy electrons outside the superconducting
gap Apy, of Pb, however, they could be safely neglected when
the induced superconducting gap Ajyq is far smaller than Apy,
as Majorana physics is associated to the low-energy electrons
inside Ajyq.

Essentially, the magnitude of Aj,q depends on both the
parent gap A of the SC and the SM-SC coupling strength I".
Based on the ratio I'/A one can define the strong (I'/A >
1), intermediate (I'/A ~ 1), and weak (I'/A < 1) coupling
regimes. In principle, with the molecular beam epitaxy tech-
nique the coupling strength I' can be tailored by growing a
buffer layer with a specified thickness between the SM and
SC. In InAs-Al and InSb-Al hybrid nanowires, without a thin
buffer layer in between, the induced gap Aj,q at zero magnetic
field can reach about 0.2-0.3 meV, see, e.g., Refs. [24,30,41],
which is comparable to the parent gap of Al and is considered

as a result of a strong SM-SC coupling. However, theories
suggest that a strong SM-SC coupling reduces the SOC and
the effective Landé g factors of the SM nanowires by the
renormalization effects from the SC [92-95]. Moreover, a
strong SM-SC coupling can also lead to trivial zero energy
modes due to the induced disorder effect in SM by the in-
trinsic disorder in SC [60,62,64]. This conundrum would be
circumvented by using Pb as the SC. Because of the sizable
parent gap Ap, = 2.73 meV, a weak coupling is sufficient to
maintain a Aj,q ~ 0.2 meV without the unwanted side effects.
For this reason and to neglect the intervalley couplings medi-
ated by Pb mentioned above, we focus on the weak coupling
regime.

Another relevant issue worth mentioning in SM-SC hy-
brid nanowires is the orbital effects induced by the magnetic
field [99,128,129]. It was found that the orbital effects break
the chiral symmetry and prevent the appearance of MZMs
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whenever the magnetic field is not aligned with the wire axis,
and moreover, orbital effects suppress the topological gap
and increase the coherence length [128]. For the topological
properties of PbTe-Pb, we focus on thin nanowires with a
side length of / =40 nm, available in a recent experiment
[81], applied by a large negative V,,;, which depletes electrons
from the gate side, such that the size of the effective cross
section is about 10 nm corresponding to the magnetic length
of a 6.5 T parallel magnetic field. In this situation, the orbital
effects can be neglected and the strong confinement effect
makes the energy separations between neighboring subbands,
if not occasionally degenerate, much lager than I' such that
the decoupled-band approximation [94,130] is applicable. As
a result, the BdG Hamiltonian describing a PbTe-Pb hybrid
nanowire reads Hpag = Y, Hy, With

R k2
H, = <2m*Z — Un + Z au,naukz> T
z,n w

1
2

+ 1B ) €5,0u+ AinanT, (18)

u

where H,, is the projected 1D effective Hamiltonian associated
to the nth transverse subband of the PbTe nanowire with
[116,130]

172 12
Qup = de Ay, Ce, MY (x, IE, (19)

12 12
12
L, = A/ dy|ya(=1/2,y)I, (20)
-2
Aind.n = Ld r 1)
ind,n — Fn—‘rA ns

where u, = —E,, E, and ¥, (x,y) are the nth eigenenergy
and eigen wave function, respectively, of the 2D Hamilto-
nian H%'" [see Eq. (5)] with k, =0 and B, = 0. Q,.(x,y)
is defined in Eq. (12) and A = vrltsm.sc|? is a constant that
depends on the surface density of states vy of the SC in
the normal state and the transparency fsym.sc of the SM-SC
interface. In numerical calculations, we set A = 100 meV such
that the Ajyq, of PbTe-Pb hybrid nanowires can reach about
0.3 meV at a sufficiently negative Vy,.

Whether there exists topological trivial or nontrivial zero-
energy solutions to H, at a given B, can be answered by
analyzing the characteristic polynomial p,(k;, E) = det(H, —
E)atE =01[17,131],

h2k2 2 2
pn(st 0) = |:<2n’l*Z - Mn) - a;zkzz + A% - E§:|
zn

+4a; (A — E; cos’ 6,)kZ, (22)

where Ez = giupB;/2, o, = (ain + 0‘)2;,,1 + otin)l/z, and
cos 0, = (auc&hy + anygjy + o287 )/ angs, with 6, being the
angle between the vectors of the SOC and Zeeman fields. We
find that Eq. (22) is identical to the one of the Lutchyn-Oreg
model with isotropic Landé factors and a tilting magnetic
field [131]. Indeed, our Zeeman term in Hamiltonian (18)
can be mapped to the latter’s form %gj UB Zu B,o, with

B, = B.g},/g:. According to Ref. [131], there are two critical
magnetic fields for H, as

Aiznd,n + u’%
Beyp=——-—, (23)
gsip/2
A; n en
Bc2,n — ind, /| COos | (24)
Siks/2

Specifically, if B.1,, < B.2.n, as B; increases the bulk super-
conducting gap closes and reopens at B, = B, , accompanied
by the emergence of a pair of MZMs. Upon further increas-
ing B;, the MZMs persist till B, = B, ,, at which the bulk
superconducting gap eventually closes completely, signaling
the entrance to the metallic phase. In the opposite case of
B.1.n > By, the topological superconducting phase is inac-
cessible by increasing B, .

For a uniform PbTe-Pb nanowire with a finite length, we
discretize Hamiltonian (18) onto a 1D lattice with a spacing
of 0.5 nm that is sufficiently smaller than the relevant Fermi
wavelength. Using the Kwant package [132] we can calculate
both the BdG energy spectrum and the tunneling spectroscopy
as a function of B, and V.. A deltalike potential barrier with
a width of 1 nm and a height of 1000 meV is added to
the left end of the hybrid nanowire for calculating tunneling
conductance.

Under the decoupled-band approximation, the BdG en-
ergy spectrum, tunneling spectroscopy, and phase diagram
of a hybrid PbTe-Pb nanowire can be constructed by taking
into account the contributions from all independent subbands
of the four valleys. Particularly, at a given V), the hybrid
nanowire is in the metallic phase if B, > min{B,; ,} and other-
wise is in the superconducting phase. The latter can be divided
into topological trivial and nontrivial superconducting phases
according to an integer N characterizing the number of MZM
pairs. An odd (even) N indicates a topological nontrivial
(trivial) superconducting phase [92]. With the decoupled-band
approximation, the integer N can be obtained by simply count-
ing the number of subbands fulfilling the condition B, , <
B, < B>, under which a pair of MZMs are hosted by the
nth subband as mentioned above. Consequently, for a PbTe-Pb
hybrid nanowire at B, < min{B. ,},

N(B.) =) O(B.— B1,). (25)

In numerical calculations, we truncate n by considering only
subbands with w, > —7 meV, as the other subbands well
above the Fermi level are empty and thus irrelevant.

Before closing this section, we remark that Pb element has
a strong intrinsic atomic SOC that may induce additional SOC
in the SMs coupled to Pb by proximity effect [96,97]. More-
over, a theoretical work [98] suggested that the interplay of the
atomic SOC and the s-p orbital hybridization of the Cooper
pairs in superconductor Pb would give rise to an effective
p-wave pairing in the SMs coupled to Pb. For simplicity, these
effects are not taken into account in this work.
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FIG. 3. (a) Conduction band edge E.(x,y) of a squared PbTe
nanowire with side length / = 100 nm at back-gate voltage V,, =
—8 V. [(b) and (c)] Horizontal line cuts of conduction (E.) and
valence (E,) band edges, respectively, along the dotted line in (a) at
different V,, that are uniformly varied. The dashed lines mark the
Fermi level. [(d) and (f)] Results calculated with the same parameters
as those of (a)—(c) except that the dielectric constant of the nanowire
is changed to 15 that is realistic for InAs and InSb. The associated
values of Vj,, are indicated in each figure.

III. NUMERICAL RESULTS AND DISCUSSION

A. Gate tunability, dispersions, and impurity sensitivity of PbTe
nanowires

For the device shown in Fig. 1(a), the back gate is used
to tune the electrostatic potential ¢(x, y) and hence the con-
duction and valence band edges E.(x,y), E,(x,y) of the
nanowire. In Fig. 3, we show the gate tunability of PbTe
nanowires (side length / = 100 nm) with a huge dielectric
constant &, = 1350 (left panel) and with an assumed ¢, = 15
(right panel) that is realistic for InAs and InSb nanowires.
The striking contrast between the two panels indicates that
the band edge profiles and their responses to the back-gate
voltage V;, strongly depend on the dielectric constant of the
nanowire. Typical contour maps of E.(x, y) at negative V,,, are
shown in Figs. 3(a) and 3(d). In both figures, at the PbTe-Pb
interface (x = —50 nm) E.(x, y) is pined at —80 meV due
to the work function difference W = 80 meV between PbTe
and Pb. Away from the PbTe-Pb interface E.(x, y) increases
to above the Fermi level due to the negative V,,, applied to
the dielectric layer. Consequently, near the PbTe-Pb interface
a triangle-like potential well is created, which is wider and
smoother for ¢, = 1350 than for ¢, = 15. In Figs. 3(b) and

3(e), we show the horizontal line cuts of E.(x, y) along the
dotted lines in Figs. 3(a) and 3(d), respectively, at different
Vi that are uniformly varied. As V;, decreases, E.(x) is pro-
gressively tuned and the potential well becomes narrower and
steeper for ¢, = 1350. On the contrary, E.(x) tends to saturate
and so is the potential well for ¢, = 15. Such a difference is
attributed to the different strengths of screening on the back
gate arising from the holes populated in the valence band. To
show this effect, the corresponding responses of the valence
band edges E,(x) to Vp, are shown in Figs. 3(c) and 3(f).
They have identical profiles as E.(x) but differs from the
latter by the value of the band-gap E, = 190 meV of PbTe.
In Fig. 3(f), Vj,, hardly tunes the E, (x) once part of it slightly
exceeds the Fermi level to populate holes, which screen the
gate very effectively due to ¢, = 15. Whereas, in Fig. 3(c),
the screening from holes is negligible as a result of the huge
dielectric constant &, = 1350 of PbTe. We note that holes are
detrimental as they are localized far away from the PbTe-Pb
interface therefore experience no superconducting proximity
effect [119]. Thus, in PbTe based hybrid nanowire experi-
ments, the V,,, should not be too negative, otherwise a soft gap
can be induced by conductive holes. Comparing Figs. 3(b) and
3(e), the conduction band edge in PbTe being smoother than
that in InAs and InSb nanowires implies that the electrons in
the former are less efficiently depleted than the latter. In order
to reach the single or fewer subband occupation regime that
is preferred for engineering MZMs [119], one can reduce the
diameter of PbTe nanowires to less than 40 nm, which has
been reported in a recent experiment [81].

Substituting the E.(x,y) shown in Fig. 3(a) and the rel-
evant parameters listed in Tab. IV into Hamiltonian (5), the
dispersions corresponding to the nine PbTe nanowire orienta-
tions shown in Fig. 2 are calculated at B, = 0, as shown in
Fig. 4. Because of the Rashba SOC, the dispersions of all
subbands behave as shifted parabolas as those of InAs and
InSb nanowires. In each figure, subbands in different colors
belong to independent valleys as indicated at the top. For
valleys with larger axial effective electron mass m}, which are
listed in Tab. IV, the associated subbands have larger curva-
ture radiuses at the band bottoms and generally larger subband
separations. Remarkably, the valleys in Figs. 4(a) and 4(d) are
doubly degenerate, whereas, the valley degeneracy is partially
lifted in Figs. 4(b), 4(e), and 4(h) and is completely lifted
in Figs. 4(c), 4(f), 4(g), and 4(i). The valley degeneracy can
be promptly identified by inspecting the valley orientations
shown in Fig. 2. To be specific, two valleys are degenerate if
the projections of their longitudinal axes onto the x-y plane
are identical. This can be understood by a symmetry analysis
of Hamiltonian (5). For a general nonuniform E.(x,y), the
Hamiltonian is invariant under the replacement « — 7 — «,
k., - —k;, oy - —oy, 0, — —o,, which implies that a pair
of valleys that are mirror symmetric about the x-y plane are
degenerate. Furthermore, in a special case where E,(x, y) is
uniform or E.(x,y) = E.(—x, y), Hamiltonian (5) is invari-
ant under the replacement o« — 27 — o, x — —x, 0, = —0y,
0, — —o, which implies that a pair of valleys that are mir-
ror symmetric about the y-z plane are also degenerate. This
symmetry is intentionally broken in the device shown in
Fig. 1(a) as E.(x,y) # E.(—x,y) (see Fig. 3(a)). Basically,
all the nondegenerate valleys of a particular PbTe nanowire
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FIG. 4. Dispersions of the nine PbTe nanowires shown in Fig. 2
with side length / = 100 nm at V,, = —8 V and B, = 0. Valleys in
(a) and (d) are doubly degenerate due to a symmetry protection.
Whereas, valley degeneracy is partly lifted in (b), (e), and (h) and
is completely lifted in the remaining figures.

can be exploited to engineer MZMs. Therefore the multi-
valley character of PbTe probably makes it easier than InAs
and InSb based hybrid nanowires to enter into a topological
superconducting phase when gating subbands successively
across the Fermi level. This conjecture is substantiated by the
topological phase diagrams shown in Sec. III C.

Figures 5 and 6 validate the anticipation that PbTe
nanowires have a higher tolerance of charged impurity
than InAs and InSb nanowires. For a translational invariant
nanowire, we consider an infinitely long cylinder charged
impurity with a radius of 2 nm. The charge density is assumed
uniform and set as pimp = 10" e/cm?. This value is of the
same order of the electron density near the PbTe-Pb interface,
which is estimated to be —0.5 x 10" ¢/cm?® according to
Eq. (16), comparable to the ones of InAs nanowires [99].
In Fig. 5, the left and right panels show the changes of the
conduction band edge §E.(x, y) with respect to those shown
in Figs. 3(a) and 3(d), respectively, induced by the charged
impurity centered at three different positions (Ximp, Yimp) =
(=40, 0) nm, (ximp’ yimp) = (=20, 0) nm, and (ximp, yimp) =
(0,0) nm. Clearly, around the impurity a potential deep is
created, such that negatively charged electrons would be

e, = 1350 e, =15 OE. (meV)
(@) 50 (d) 50 0
E) g
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-50 -50 -100
-50 0 -50 0 50
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FIG. 5. The left and right panels show the changes of the con-
duction band edge SE.(x,y) with respect to Figs. 3(a) and 3(d),
respectively, induced by a uniform and infinitely long cylinder
charged impurity with charge density of pim, = 10" e/cm® and
radius of 2 nm centered at different position (Ximp, Yimp)- [(2) and (d)]
(ximp, yimp) = (—40, O) nm, [(b) and (e)] (ximpa yimp) = (_207 O) nm,
and [(c) and (f)] (Ximp, Yimp) = (0, 0) nm. Notably, §E, in the left
panel are about 50 times smaller than those in the right, indicating
that the huge dielectric constant of PbTe nanowire makes it less
sensitive to charged impurity compared to InAs and InSb nanowires.

populated there to screen the positively charged impurity.
Moreover, the impurity closer to the PbTe-Pb interface has
a weaker impact on the conduction band edge, since it is
screened by its surrounding electrons confined in the potential
well. The comparison between the two panels shows that
8E, for &, = 1350 are about 50 times smaller than those for
&, = 15. Note that in Figs. 5(a)-5(c), E, is multiplied by 30
for clarity. Consequently, as shown in Fig. 6, the changes of
the dispersion at k, = 0 of wire II for ¢, = 1350 are on the
order of 0.4 meV, which are substantially smaller than those
for &, = 15 by an order of magnitude. By reducing the charge
density to lower than 10" e/cm? the changes of dispersions
are expected to be decreased to below 0.1 meV, which is
smaller than the proximity induced superconducting gap. For
point-like charged impurities randomly distributed in a SM
nanowire, the effective chemical potential of a 1D subband
fluctuates along the nanowire [133], which can lead to trivial
zero-energy bound states mimicking MZMs [43,47]. Due to
the high tolerance of charged impurity in PbTe nanowires,
we speculate that PbTe nanowires are superior than InAs and
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FIG. 6. Changes of the dispersion at k, = 0 of wire case II, which
result from the changes of the conduction band edge shown in Fig. 5.
Different symbols denote the subbands belonging to the four valleys
indicated in (a). Results of valley [111] and [111] coincide as these
two valleys are degenerate.

InSb nanowires to possess approximately uniform chemical
potentials desired for engineering MZMs.

In Fig. 6, subband separations can be inferred from the
differences between the abscissas of neighboring scatters in
the same color. Evidently, subband separations in the right
panel are larger than the left panel, due to that the potential
well in Fig. 3(d) is steeper than that in Fig. 3(a). The subbands
with wave functions having large weights near the impurity
are mostly affected. To be specific, the wave functions of
subbands with low-lying E,(0) are mostly localized to the
PbTe-Pb interface, thus they are dramatically affected by im-
purities near the interface [Figs. 6(a) and 6(d)] but are weakly
affected by impurities far away from the interface [Figs. 6(b),
6(c), 6(e), and 6(f)].

B. SOCs of PbTe nanowires

To realize topological superconductivity in SM-SC hybrid
nanowires a strong Rashba SOC field perpendicular to the
Zeeman field is desired. Due to the high anisotropy of the band
structure of bulk PbTe, the SOCs of the four valleys of the
nine wire orientations shown in Fig. 2 are presumably quite
different. A natural question is which wire orientation and
valley has the optimal SOC. As defined in Sec. II C, Rashba
SOC a,, = (a, + a, + ;.)'/? and its components a,, (u =
X, y, z) of the nth subband of a PbTe nanowire depend on the
electric fields E,(x,y), E,(x, y) in the x and y directions. To
gain generic insights on the SOC of PbTe nanowires irrelevant
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FIG. 7. Dependence of the SOC strength « of the four valleys of
PbTe nanowires grown along the nine different orientations shown in
Fig. 2 on the ratio of uniform electric fields E, and E, with the mod-
ulus E = (E] + E})'/? being fixed at 1 mV/nm. o = (] + o] +
a?)!/? is calculated from Eqgs. (12) and (19) and it scales linearly
with E. These results are independent of the device geometry. In each
figure, the axial effective electron masses m; of valley [111], [111],
[111], [111] are indicated from top to bottom.

to the device geometry, we assume uniform electric fields
E, and E,. In this case, o, and o, are independent of the
subband index n. In Fig. 7, we show the SOC strength « of
the four valleys of the nine PbTe orientations as a function of
the ratio E, /E, with the modulus (Ex2 + Eyz)l/ 2 being fixed at 1
mV /nm. Note that « calculated from Eqs. (12) and (19) scales
linearly with with E. In each figure, the colors of the symbols
are identical to those of the valleys shown in Fig. 2, and the
superposition of symbols with different colors results from
valley degeneracy. The axial effective electron mass m; of the
four valleys are indicated in each figure for clarity. Note that,
for all wire orientations, valleys with smaller m} generally
exhibit stronger SOCs, despite of their diverse dependence on
E./E,.

Figure 8 shows the corresponding dependence of | cosf|
on E,/E,, with 6 being the angle between the vectors of the
SOC and Zeeman fields, in the presence of a parallel magnetic
field. For all valleys, |cos@| is smaller than 0.12, implying
that the SOC and Zeeman fields are nearly orthogonal. Thus
a finite B, may drive nanowires with nondegenerate valleys
into the topological superconducting phases. For valleys with
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FIG. 8. Dependence of | cos 6|, with 8 being the angle between
the vectors of SOC and Zeeman fields, of the four valleys of PbTe
nanowires grown along the nine different orientations shown in Fig. 2
on the ratio of uniform electric fields E, and E,. These results are
independent of the device geometry. The markers in each figure are
the same as those in Fig. 7.

m; = 0.024 m, and m} = 0.24 m, the | cos 6| is pinned exactly
at zero despite of the ratio E,/E,, due to that the associated
g = g’z‘y = 0 (see Table IV). The results shown in Figs. 7 and
8 indicate that valleys with m} = 0.024 in wires II, V, VIII,
and IX are the optimal candidates for engineering MZMs, as
their SOCs are maximum in amplitude and meanwhile are
perfectly perpendicular to the Zeeman field. However, the
weakness is that their axial effective Land€ factor g¥ = 15
is the smallest among all valleys. Even so, these values are
very close to those of InAs nanowires, i.e., m;‘ = 0.023 m, and
g =14.9[99].

Different from the ideal case considered above, in a real-
istic device model [Fig. 1(a)] the electric fields E,(x, y) and
E,(x, y) are nonuniform and tuned by the back-gate voltage
Vie- In this case, the SOC strength o, depends on the subband
index n. For a given Ve, we focus on the subband of each
valley closest to the Fermi level for MZM realization. In Fig. 9
we estimate by numerical simulations the accessible maxi-
mum SOC of the nine PbTe wire orientations as a function
of the side length / for the particular device geometry shown
in Fig. 1(a). Generally speaking, decreasing V), enhances the
electric fields and hence the Rashba SOC inside the PbTe
nanowire. However, as noted in Sec. III A, detrimental hole
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FIG. 9. (a) Lower bound of the back-gate voltage V,? as a func-
tion of the side length / of a squared PbTe nanowire. For V,, above
Vb’; the entire valence band edge is below the Fermi level such that no
hole states are populated. (b)-(j) Side length dependence of the acces-
sible maximum SOC strength of the four valleys of PbTe nanowires
grown along the nine different orientations shown in Fig. 2. These
results are for the particular device shown in Fig. 1(a) with V, = V,.7.
The markers in each figure are the same as those in Fig. 7.

states would be populated whenever part of the valence band
edge surpasses the Fermi level at too negative Vj,. As the holes
appear at a distance, say /,, away from the PbTe-Pb interface,
they can be naturally expelled from the nanowire if / < I,.
Indeed, Fig. 9(a) shows that the lower-bound of the back-
gate voltage Vblgb increases monotonously with decreasing .
Correspondingly, the accessible maximum SOC strength of
each nanowire at V;,, = Vblgb becomes stronger for smaller /,
as shown in Figs. 9(b)-9(j). In agreement with Fig. 7, val-
leys with smaller axial effective electron mass m generally
have larger SOC strengths. For the smallest m} = 0.024 the
SOC strength can reach about 30 meVnm for [ =40 nm,
see, e.g., in Figs. 9(f), 9(1), and 9(j). Remarkably, for each
wire orientation, though the SOC strengths of the four val-
leys are quite different the corresponding spin-orbit energies

085424-11



CAO, LIU, HE, LIU, HE, AND ZHANG

PHYSICAL REVIEW B 105, 085424 (2022)

FIG. 10. Typical BdG energy spectra of the 1D effective Hamil-
tonian (18) of PbTe-Pb hybrid nanowire with different parameters.
The effective Landé factors and electron masses are used as those of
valley [111] of (a) wire case II and (b)-(d) wire case III as listed in
Table IV, while the chemical potentials are indicated in each figure.
Other parameters used are o, = 5 meVnm, oy, = 25 meV nm, o, =
0, and Ajpg = 0.3 meV. B, and B, are two critical magnetic fields
defined in Eqgs. (23) and (24), respectively. In (a)—(c), a pair of MZMs
exist in the topological superconducting region B.; < B, < Bx,. No
MZMs exists in (d) because B., < B,;. (e)—(h) are calculated with the
same parameters as (a)—(d) except that the wire length is decreased
from 5 to 1.5 um. Due to the finite size effects, no gap closing is
observed at B, = B, in (e)—(g).

Eso = m;"oe2 /2}52 are almost comparable, as can be deduced
from Fig. 9.

C. Topological properties of PbTe-Pb hybrid nanowires

In Secs. III A and I B, the Pb shell is only considered
to impose a boundary condition of the Poisson equation at
the PbTe-Pb interface. We now take into account the super-
conducting pairing inside PbTe nanowires inherited from the
superconducting Pb shell to study the topological properties
of PbTe-Pb hybrid nanowires. Figure 10 shows typical BdG
energy spectra of the 1D effective Hamiltonian (18) with dif-
ferent parameters. The effective Landé g factors and electron
masses are used as those of valley [1 11] of wire orientation II
[Fig. 10(a)] and III [Figs. 10(b)-10(d)], respectively, as listed
in Table IV, while the chemical potentials p are indicated
in each figure. Other parameters used are o, =5 meVnm,
ay =25 meVnm, a; = 0, and Ajq = 0.3 meV. According to
the formulas in Sec. II C, the angle between the vectors of

the SOC and Zeeman fields is calculated as 90° for Fig. 10(a)
and 76.9° for Figs. 10(b)-10(d), and the associated critical
magnetic fields (B, B.;) for the four figures are (0.69 T,
00), (049 T, 2.18 T), (0.96 T, 2.18 T), and, (3.33 T, 2.18 T),
respectively, as marked by the red dashed lines. Clearly, the
B, increases with p as shown in Figs. 10(b)-10(d). The
spectrum pattern shown in Fig. 10(a) represents the typical
one of the Lutchyn-Oreg model [17,18] describing a SM
nanowire with an induced s-wave pairing and exposed to a
parallel magnetic field. As B, increases, the superconducting
bulk gap closes and reopens at the topological phase transi-
tion point B, = B, beyond which a pair of MZMs persist
in the middle of the slowly decayed superconducting bulk
gap. In Figs. 10(b)-10(d), as the vectors of the SOC and
Zeeman fields are not perpendicular, MZMs survive only if
B, < B, < B,. For B, larger than B, the superconducting
bulk gap closes completely and the metallic phase is arrived.
Figures 10(b) and 10(c) are similar to the spectrum of the
Lutchyn-Oreg model with a tilting magnetic field [134], due
to that the Zeeman terms of these two models can be mapped
exactly to each other as mentioned in Sec. IIC. To reveal
the finite-size effects, we decrease the wire length from 5
to 1.5 pum that is realistic in experiments and find that the
above energy spectra are modified to Figs. 10(e)-10(h). In
Figs. 10(e)-10(g), as B, increases the MZMs evolve as the
Majorana oscillation with an increasing amplitude and period,
aresult from the increasing overlap between the two Majorana
wave functions [135]. Another distinct finite-size effect in
Figs. 10(f) and 10(g) is that the second critical magnetic field
increases from B, = 2.18 T to values larger than 4 T.

Below, we present the numerical results of the particular
device geometry shown in Fig. 1(a) with the side length of
PbTe nanowire of / = 40 nm. Starting from the 1D effective
model addressed by Egs. (18)—(21), we calculate in Fig. 11 the
BdG energy spectra (left panel) and tunneling spectroscopies
(right panel) of the PbTe-Pb hybrid nanowire made up of wire
case V with the wire length of 2 um. The top three rows are
the spectrum of each valley while the last row shows them
together. Note that valley [111] and [111] of wire case V are
degenerate. The spectra are associated to all 1D subbands
of the nanowire with @, > —7 meV. As we can see, the
spectra in Fig. 11(a) are of the type shown in Fig. 10(d),
while those in Figs. 11(b) and 11(c) are of the type shown
in Fig. 10(a). At B, = 0, while the induced superconducting
gaps for the four valleys are slightly different, the smallest
one approaches to 0.25 meV that is comparable to the InAs-Al
and InSb-Al hybrid nanowires. The back-gate voltage is set as
Vje = —10.5 'V, at which a subband of valley [111] has &, ~ 0
while the other subbands are well separated from the Fermi
level. As a result, as shown in Fig. 11(b), a clear phase transi-
tion signaled by a gap closing-and-reopening shows up at B &
0.7 T and a pair of MZMs persist to B ~ 5 T protected by a
considerable superconducting bulk gap. Because all subbands
are independent under the decoupled-band approximation, the
total energy and conductance spectrum can be obtained by
collecting and summing those of individual subbands, respec-
tively [63]. After superimposing the spectrum of all valleys
in Fig. 11(d), the topological superconducting region is re-
duced as the bulk gaps of some topological trivial spectra,
especially the red ones, decrease rapidly as B, increases.
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FIG. 11. BdG energy spectra (left panel) and tunneling conduc-
tance maps (right panel) for a PbTe-Pb hybrid nanowire made up
of wire case V with a finite length of 2 um. The results are for
the particular device geometry shown in Fig. 1(a) with / = 40 nm
and V,, = —10.5 V. (a)—(c) and (e)—(g) show valley-resolved results
while (d) and (h) take all valleys into account. Note that valleys [111]
and [111] are degenerate as indicated on top of (a). The MZMs shown
in (b) and (d) manifest themselves as sharp quantized zero-bias peaks
in (f) and (h), respectively, in a wide scope of B, ranging from 0.7 to
15T.

Figures 11(e)-11(h) show the corresponding tunneling
conductance. Evidently, the MZMs shown in Figs. 11(b) and
11(d) manifest themselves as sharp quantized zero-bias peaks
in Figs. 11(f) and 11(h), respectively, for 0.7 T < B, < 1.5 T.
However, the tunneling spectroscopy is a local probe that
can not reflect the complete spectra pattern such as the gap
closing-and-reopening characteristic, which is associated to
spatially extended wave functions in the nanowire [136].

In Fig. 12, we show the topological phase diagrams in the
(Vig, B;) parameter space of the PbTe-Pb hybrid nanowires
made up of PbTe nanowire grown along seven different
orientations. The gray regions represent the metallic phase
emerging at B, larger than the minimum of B, [see Eq. (24)]
of all subbands. The colored (white) islands represent topo-
logical nontrivial (trivial) superconducting phases harboring
N pairs of MZMs, with N being an odd (even) number calcu-
lated from Eq. (25). The topological superconducting phases
of interest are classified by different colors according to the
values of N as indicated in the right bottom of the figure. Note
that the phases with N = 1 are further classified by different
valley indices to underline from which nondegenerate valley
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FIG. 12. Phase diagrams of PbTe-Pb hybrid nanowires made up
of PbTe nanowires grown along seven different orientations as in-
dicated. The results are for the particular device geometry shown
in Fig. 1(a) with the side length / =40 nm. The gray and white
regions represent metallic phase and trivial superconducting phase,
respectively, while the other colored regions represent topological
superconducting phases harboring N pairs of MZMs as indicated in
the right bottom. For the N = 1 phases, the valley from which the
MZMs are created is distinguished by different colors. The dashed
line in (c) marks the parameter regime explored in Fig. 11.

the MZMs are created. In each figure, there are either two or
four kinds of N = 1 phases depending on the valley degener-
acy of the associated PbTe nanowire. These phase diagrams
explicitly show that the multivalley character of PbTe endows
the hybrid nanowires extended topological superconducting
phase regions, even for the N =1 phases at low B,. The
trivial phase diagrams corresponding to wire orientations I
and IV are not shown as these two cases would never have
a nondegenerate valley in any device geometries due to a
symmetry protection, as analyzed in Sec. III A, thus are use-
less for realizing topological superconducting phases. For a
special device geometry which has E.(x,y) = E.(—x, y), an-
other symmetry analyzed in Sec. III A reduces the number of
nondegenerate valley from 4 (2) to 2 (0) for wire orientation
IX (IT and V), therefore the associated topological supercon-
ducting phase regions would shrink (disappear). Note that
the above phase diagrams would be dramatically modified
if the coupling strength between PbTe and Pb is larger than
the subband separations such that the decoupled-band as-
sumption we made breaks down. This case is beyond the
scope of the present work and thus is not considered here.
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IV. SUMMARY AND OUTLOOK

In summary, we have theoretically validated that the re-
cently proposed PbTe-Pb is a promising candidate, potentially
better than the existing InAs and InSb based hybrid nanowires
for engineering and detecting MZMs. The most attractive
property of PbTe is its high tolerance of charged impurity,
which is suggested to cause strong disorder leading to trivial
zero-energy states in InAs and InSb based hybrid nanowires.
Besides, PbTe nanowires can be freely tuned by electrostatic
gates without suffering from the screening from holes. These
two characteristics of PbTe are due to its huge dielectric con-
stant that is nearly a hundred times larger than InAs and InSb.
Different from InAs and InSb which have isotropic Fermi
surface, PbTe possesses four highly anisotropic valleys. This
multivalley character makes it easier than InAs and InSb to
access topological superconducting phases when gating sub-
bands successively across the Fermi level.

We have analyzed PbTe nanowires with nine different
growth orientations that are preferred in experiments with
high crystalline quality. The effective electron mass, Landé
g factors, and the SOC fields of the four valleys of PbTe
nanowires are studied in detail. We found that the axial
Landé g factor and SOC strength of each valley are anticor-
related, which disagrees with previous naive expectation on
PbTe nanowires that they can simultaneously have a larger
g factor and a stronger SOC than InAs and InSb nanowires.
Specifically, for valleys with the smallest (largest) axial
effective electron mass m; = 0.024m, (m} = 0.24m,), the
corresponding g = 15.0 (g} = 59.0) is the minimum (max-
imum), while the accessible maximum Rashba SOC strength
is agd¢ = 10 meVnm (agit = 5 meVnm) for the particular
device model shown in Fig. 1(a) with the side length / being
100 nm. The parameters of the valleys with m} = 0.024 m,
are comparable to those of an InAs nanowire with a diam-
eter of 100 nm, i.e., m} = 0.023m,, gf = 14.9, and agii =
10 meVnm [99].

The merits of using Pb as the SC have not been investi-
gated comprehensively but are conceivable: (i) Pb has a larger
superconducting gap, higher critical temperature, and higher
parallel critical magnetic field than those of Al; (ii) Pb can
induce a large superconducting gap in PbTe even by a weak
coupling between them, which can also relieve the adverse
renormalization and induced disorder effects on PbTe from
Pb; and(iii) Pb can be grown on PbTe with a clean sharp
interface and no interface diffusion. Furthermore, if a thin
buffer layer of CdTe is added in between PbTe and Pb, not
only the SM-SC coupling strength can be tuned, but also the
lattice mismatch between SM-SC can be solved since CdTe is
lattice matched with PbTe.

Experimentally, before exploring PbTe-Pb hybrid
nanowires, one can perform routinely transport measurements
on a bare PbTe nanowires with different growth orientations
to study the valley degeneracy, the electron mobility, and
the SOC strength with or without an external magnetic
field applied in different directions, following previous
experiments on bare InAs and InSb nanowires, see,
e.g., Refs. [137-144]. Recently, preliminary electronic
transport measurements in single-crystalline PbTe nanowire
MOSFET devices have been carried out but still needs

further optimization [80,81]. Additionally, ex situ deposited
aluminum superconductor Josephson junctions comprising a
PbTe nanowire (Al-PbTe-Al) are also fabricated [82], in which
multiple Andreev reflections and Shapiro steps are explicitly
observed. Notably, selective area epitaxy of PbTe-Pb on a
lattice matched CdTe substracte has been achieved [83],
holding promise for further transport experiments [145].
With these encouraging progresses, we deem that employing
PbTe-Pb hybrid nanowires for engineering and detecting
MZMs is coming soon.
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APPENDIX: DERIVATION OF HAMILTONIAN (5)

In this Appendix, we present the derivation of the effective
conduction band Hamiltonian (5) of PbTe nanowires. For
PbTe quantum wells, the Hamiltonian in a laboratory
coordinate system has been derived from the Dimmock
k - p Hamiltonian established in local coordinate system
[101]. Here, we extend the procedure to the more complicated
PbTe nanowire case. As shown in Fig. 1(d), rotating the
laboratory coordinate system x-y-z around the y axis
clockwise with an angle o and then around the new x
axis clockwise with an angle B arrives at the local x'-y’-7’
coordinate system, in which the k - p Hamiltonian H elli jq
established. The Hamiltonian in the laboratory coordinate
system is obtained through the transformation H'® =
UT(Ol, ,B)HCIHU*(O(, ﬂ) with U(O(, ,3) — eiﬁax//Ze—ia(ryr/Z,
and substituting (%, Ay, #;)" and (B, B,,B,)" by
R(e, B)(#y, 7y, #,)T and R(e, B)(By, By, B;)", respectively,
with

cos o 0 sin o
R(a, B) = sin o sin cosB —cosasinf |.(Al)
—sinacosB sinf8  cosacospf
After some straightforward algebra, one obtains
H™ = Hy' + Hsoe + Hy", (A2)
with
M
HY =) fy————7, —ep(r), (A3
= LA e T (A
N iNy:
He = (k,, — )now A4
S0¢ ;ﬁ E +E, +e¢(r) (A%)
UB 4me le uv(k Ay)
Hlab = wwBu
(AS5)
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where the elements of M and N are presented in Egs. (13) and
(14), respectively, and the anisotropic Landé g factors are

=8 + (g —8&) sin” & cos? B,

gy =8 + (& —&) sin” B,

Qe = & + (g1 — &) cos” a cos® B,

8xy = 8yx = —(g — &) sinasin B cos B,
8y: = 8zy = (81 — &) cosa sin B cos B,

8x =8z =—(& —g,)Sil’lOlCOSC(COSzﬂ. (A6)

Considering a nanowire that is translational invariant along
the z direction, we replace IQZ by a constant k;, as it should be a
good quantum number and discard the terms l%qu(r) and IEZAU.
Before proceeding, we note that Hamiltonian (A2) depends on
E, which is itself the eigenvalue of the Hamiltonian and thus
requires a self-consistent calculation. This dependency also
appears in the k - p Hamiltonians of IT1I-V SMs InAs and InSb.
The widely used approximation to remove this dependency is
to assume E, > |e¢(r) + E| and expand the Hamiltonian in
series of 1/E; and then truncate it to the lowest nonvanishing
order [112,116,118,146]. This approximation is reasonable as
the energy scale of Majorana physics is a few meV around the
Fermi level, which is far smaller than E,. With this approxi-
mation and a gauge A = [0, B,(x — xp), Bx(y — yo) — By(x —
Xo)] the effective conduction band Hamiltonian for an individ-
ual valley of a PbTe nanowire is derived as

HWire — kv}lrilre 4 HSWCl)rCe 4 HZwire’ (A7)
with
1 MMU
HGe = D A o = e, y), (A8)
8

u,v

HEE =Y " [Qu (6, )R + Quy (x, )y
u

+Qu: (x, y)(k; + eAz/N)]oy, (A9)

Hy = 223 g1 Buo.

u,v

(A10)

where

eEy(x,y)

qu(-x’ )’) = E2 Nu;yxv
8

eE,(x,y)
E;

eEy(x,y)
E;

Szuy(xa y) = Nu;xys
é‘E X,
x( V)N .

Quz(xvy) = E2 Xz
4

Nyy: + (Al1)

4meNu;yz
RE,
4m.Ny.;,
W’E,
4meNu;xy
RE,
Ev)(x,y) = —0x»@(x, y) is the electric field along the x (y)
direction in the nanowire.

For a magnetic field parallel to the nanowire, i.e., A, = 0,
the linear term in k; in H;}*® can be eliminated through a uni-

tary transformation Hyj,e = e SHyiree® with § = i(bx + cy)k,
and

g;kcu = gxu +

’

g;u = 8yu +

)

giu =gu+ (A12)

b= M.vysz — MXysz
Mfy — M M,,

o MMy — MM
Mfy - M M,,

) (A13)

(Al4)

By noting that e .5 = A, + bk, and e 5#,e5 = A, + ck,,
one immediately obtains Hamiltonian (5), where the tilde
symbol is neglected for simplicity.
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