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Wavelet resolved coherence beating in the Overhauser field of a thermal nuclear spin ensemble
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This work introduces the so-called synchrosqueezed wavelet transform, to shed light on the dipolar fluctua-
tions of a thermal ensemble of nuclear spins in a diamond crystal structure, hyperfine-coupled to a central spin.
The raw time series of the nuclear spin bath coherent dynamics is acquired through the two-point correlation
function computed using the cluster correlation expansion method. The dynamics can be conveniently analyzed
according to zero-, single-, and double-quantum transitions derived from the dipolar pairwise spin flips. We
show that in the early-time behavior when the coherence is preserved in the spin ensemble, the Overhauser
field fluctuations are modulated by dipole-dipole-induced small inhomogeneous detunings of nearly resonant
transitions within the bath. The resulting beating extending over relatively longer time intervals is featured on
the scalograms where both temporal and spectral behaviors of nuclear spin noise are unveiled simultaneously.
Moreover, a second kind of beating that affects faster dynamics is readily discernible, originating from the
inhomogeneous spread of the hyperfine coupling of each nucleus with the central spin. Additionally, any
quadrupolar nuclei within the bath imprint as beating residing in the zero-quantum channel. The nuclear spin
environment can be directionally probed by orienting the hyperfine axis. Thereby, crucial spatial information
about the closely separated spin clusters surrounding the central spin are accessible. Thus, a wavelet-based
postprocessing can facilitate the identification of proximal nuclear spins as revealed by their unique beating
patterns on the scalograms. Finally, when these features are overwhelmed by either weakly or strongly coupled
classical noise sources, we demonstrate the efficacy of thresholding techniques in the wavelet domain in

denoising contaminated scalograms.

DOI: 10.1103/PhysRevB.105.075202

I. INTRODUCTION

A localized electronic spin in a solid-state matrix con-
stitutes an important paradigm as a qubit for quantum
information processing purposes [1,2]. Apart from quan-
tum computing, there are numerous experimentally realized
applications based on such a spin qubit, such as atomic
clock transitions [3], room temperature quantum simulators
[4], time crystals [5], weak measurement protocols [6], and
quantum sensing of a single nuclear magnon excitation in
a quantum dot [7], to name just a few. In this context the
primary concern is the decoherence of the spin qubit, mainly
arising from the coupling to background nuclear spins via the
hyperfine (hf) interaction [8—13]. As these nuclear spins in-
teract among themselves through the magnetic dipole-dipole
(d-d) interaction, they form an environmental bath for the
qubit [14], and theoretically this corresponds to the central
spin (CS) model [15]. The interaction mechanism between the
CS and the nuclear spins due to hf coupling is described via
Knight and Overhauser fields: While the former comprises the
dynamic magnetic field caused by the CS acting on the nuclear
spin environment, the latter is the back-action of the nuclear
spins on the spin qubit [16]. The d-d spin flips among the
spinful nuclei together with the inhomogeneous hf couplings
over the nuclear spin bath (NSB) produce Overhauser field
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fluctuations, and thereby are responsible for the spin diffusion
process [17-22].

In quantum information applications, these fluctuations in
the Overhauser field are of utmost importance as they de-
cohere the qubit [9,23,24]. A vast number of efforts have
been dedicated to the control of the environmental spin noise:
among various successful measures, one can mention the dy-
namical decoupling in terms of sequentially applied pulses
[25-30], dynamic nuclear polarization through polarization
transfer from optically oriented electron spin to nuclear spins
to prevent Overhauser fluctuations via hf coupling [31-34],
or selectively decoupling and recoupling dipolar spin interac-
tions through a modified version of magic angle spinning [35].

As opposed to the unfavorable viewpoint of being the main
source of qubit decoherence, nuclear spins in a semiconductor
matrix promise to be good candidates for quantum regis-
ters because of their much longer coherence times than the
electronic spins [36,37]. Experimentally, this is realized in
quantum dots by the manipulation of collective spin waves
[38], and enhanced state transfer fidelity rates are reached
in the presence of strain [39]. In dilute spin systems such
as defect centers, this is attained by embedding the CS state
to proximal nuclear spins [40—-43]. Very recently a 10-qubit
spin register with a single-qubit retention time over 75 s and
two-qubit entanglement time over 10 s are reported [44].

Another progress that exploits the coherence of nuclear
spins in a solid-state matrix strives for extracting a three-
dimensional (3D) structural information. For self-assembled
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quantum dots, this was proposed for gaining insight to their
atomistic level composition through optically detected nu-
clear magnetic resonance (NMR) [45]. On nanoscale NMR
imaging, defect centers have also drawn considerable atten-
tion with various sensing and decoupling approaches [46—49].
The experimental improvement has also been remarkable over
a decade, by starting with feature sizes exceeding 10 nm
[50,51], which are further improved by Fourier magnetic
imaging techniques [52]. Recently, a 3D reconstruction with
subangstrom resolution has succeeded with nitrogen vacancy
electron spin in diamond [53]. This methodology depends
on the successful isolation of probe spin from environmental
nuclear spin noise and recoupling to target spin.

Invariably, for all these settings, an in-depth understanding
of the nuclear spin fluctuations primarily due to d-d inter-
action is essential. The theoretical pursuits for this purpose
require specialized methods within the so-called pure de-
phasing model where the electron spin flips are suppressed
owing to large energy costs [11,54]. Among the notable
choices, there are pair correlation approximation [54-56],
cluster expansion [19,20], linked cluster expansion [57],
cluster correlation expansion (CCE) [58,59], disjoint clus-
ter approximation [60,61], and ring diagram approximation
[11,62]. Out of these, CCE stands out in terms of its easier
and wider range of applicability to solid-state spin systems
[63]. As some latest advancements, CCE is adopted to analyze
decoherence of two entangled spin qubits [64], and modified
to calculate decoherence of central spins near clock transitions
[13]. Furthermore, it is generalized to describe longitudinal
relaxation of nitrogen vacancy centers [65], and applied to
simulate dynamics of SiC divacancies [66,67].

The associated data in either theoretical or experimen-
tal quantum coherence studies come in the form of a time
series. Thus, introducing additional analysis techniques, be-
yond the traditional Fourier transform, would be undoubtedly
well-founded. Two closely related ones generally applicable
to many branches of science and engineering are the short-
time Fourier transform and the wavelet transform, where the
latter is a multiresolution tool predominantly used in signal
and image processing [68]. In physics, the wavelet trans-
form received an early welcome, such as in Ising spin chains
[69-71], and was recently promoted by its landmark role in
the ground-breaking detection of gravitational waves [72,73].
Being an active field, one of the latest developments is that
the resolution level in the frequency axis is increased via
synchrosqueezed wavelet transform (SST) by reassigning the
instantaneous frequencies of the underlying wavelet transform
[74,75].

In this work we employ the wavelet so-called scalograms,
in particular SST, to shed light on the spectro-temporal
characteristics of an unpolarized ensemble of nuclear spins
hf-coupled to a CS in a diamond crystal structure [76,77]. We
keep track of coherence dynamics within the NSB through
the two-point correlation function which is computed using
the CCE method [77]. We show that in the early-time behav-
ior when the coherence is preserved in the spin ensemble,
the Overhauser fluctuations are modulated by d-d-induced
small inhomogeneous detunings of nearly resonant transi-
tions within the NSB. The resultant beating extending over
relatively longer time intervals is readily captured on the

scalograms where both temporal and spectral behaviors of
nuclear spin noise are unveiled simultaneously. Moreover, a
second kind of beating that affects the fast dynamics is also
detectable, originating from the inhomogeneous spread of the
hf coupling of each nucleus with the CS. The significance of
these results is that they provide a crucial spatial information
about the spinful nuclei surrounding the CS. In particular, we
demonstrate that different realizations in regard to spinful sites
have distinct bearings on the scalograms as can be direction-
ally probed by orienting the hf axis. This makes it possible
to identify nearest-neighboring spins by means of their dis-
tance to the CS, and the alignment of dipolar displacement
vector with respect to external magnetic field within the pure-
dephasing regime. Lastly, to render our simplistic model more
realistic, we add random telegraph noise to represent classical
two-level fluctuators spread over the lattice. Even when the
coherence beating becomes totally concealed, its denoising is
possible using existing techniques specific to wavelet domain.
Herewith, we assert that wavelet-resolved coherence beating
can supply valuable and complementary information that can
simplify the task of 3D reconstruction of nuclear spin sites, as
recently reported over '*C nuclei in a nitrogen vacancy center
[53].

The paper is organized as follows. In Sec. II we present
the theoretical information on the interaction Hamiltonian and
model details, the CCE method, and the wavelet transform.
This is followed in Sec. III by successive results on how
beating patterns emerge and their analysis, including how to
combat noise. Section IV discusses our findings in the light of
two recent experiments. Finally, Sec. V highlights our main
conclusions.

II. THEORY

A. General Hamiltonian

The general Hamiltonian that describes a typical solid-state
environment involving an electronic (CS) and background
nuclear spins in a quantum dot or a defect center can be
expressed as

szCQSZ‘I'S:ZA]I_;+Zw]IJZ+Hd—d7 (1)
J J

where /i = 1, and w, and w; respectively correspond to Lar-
mor frequencies for CS and the ith nuclear spin in the presence
of the external magnetic field, known as the Zeeman interac-
tions. S (fj) represents the central (jth nuclear) spin operator.
Ha-a is the nuclear dipole-dipole interaction to be elaborated
below.

The typical frequency (energy) scales of the CS Zeeman
interaction under an external magnetic field of 1 T and the hf
interaction compare as 101 s=1 vs 10° s~ as tabulated in
Refs. [55,78] for III-V group quantum dots and Si:P donors,
so that the electronic Zeeman energy splitting is much larger
than the hf coupling to a nuclear spin site, rendering the CS
flip process highly suppressed. This enables us to switch to a
pure dephasing Hamiltonian by dropping the nonsecular part
of the hf interaction [79], and it becomes convenient to choose
the spin quantization axis parallel to the magnetic field vector.
Thus, in this work the spin quantization axis (which identifies
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001]

FIG. 1. The diamond crystal structure NSB environment. Red
and blue arrows represent the hf axis and the displacement vector,
r;j, respectively, and the magenta arrow marks the dipole-dipole in-
teraction cutoff radius, R,. 6¢ designates the angle between the [001]
crystallographic direction and the hf axis. The spin quantization axis
is taken to be aligned with the hf axis. The spinful nuclei (orange
dots) when occuring at nearest-neighbor sites are connected with
black lines.

I7) is taken to be aligned with the hf axis (see Fig. 1), where
the latter will be oriented in various directions to study its
consequences. Additionally, in the strong Zeeman regime the
secular part of H44 can also be dropped by means of adiabatic
approximation [80,81], as these terms become fast oscillating,
which is going to be discussed separately in Sec. III F. How-
ever, for the general part of our analysis we keep nonsecular
parts of the d-d interaction to investigate NSB dynamics under
weak magnetic field (say, around 10 mT), where the pure
dephasing Hamiltonian can still be valid [11,62].

The Hamiltonian conditioned on the CS state is written
as [77]

HE) = P + Haa, 2)

where B° =), 87 = >, A;l} is the bath operator, A; and I}
are the hf interaction coupling constant and nuclear spin oper-
ator’s component along the quantization axis for the ith lattice
site, respectively, and Py = (%|S%|%), with |£) representing
CS eigenstates along the hf axis. It is important to note that
in Eq. (2), we neglect the nuclear Zeeman interaction term,
since its contribution to the NSB dynamics is insignificant in
the low-magnetic-field regime. However, the direction of the
magnetic field remains to be critical as it determines the hf
axis. So, the d-d Hamiltonian in SI units under the low-field-
regime reads

o hyiy,
4 |7

Haa =

i>j

A+B+C+D+E+F), 3

where (o is the permeability of free space, y; and y; are
gyromagnetic ratios, and 7;; is the vector that connects two nu-
clear spin sites. A, B, C, D, £, and F operators constitute the

so-called dipolar alphabet [80,81] having the explicit forms

A= II;(3cos’ 6;; — 1), (4a)
1 —3cos6;
B= (L 41 1)~ D (4b)
4
C = (I'L 4+ FFIf) (3 sin26;)e ™, (4¢)
D = (I I; + IF1;) (5 sin 26;;) e, (4d)
E = If];’ (% sin” 6; j)e_zi""’f, (4e)
F = [i_Ij_ (% Sil’l2 9,’j)€+2i¢i/. (4f)

where /% are spin creation and annihilation operators, and 6;;
(¢i;) is the polar (azimuthal) angle defined by the quantization
axis and 7;;; see Fig. 1.

Following Ref. [77], nuclear spin fluctuations coupled to
the two-level spin system can be expressed by a two-point
correlation function in the Heisenberg picture as

C(1) = (BB (0) = (™ ()" B7(0)).  (5)
where H, is the effective Hamiltonian governing the time evo-
lution. According to the prescription in Ref. [77], averaging
out the |£) hf fields so that
_ P AP

2
leads to the best agreement with experiments.

H, B* + Ha.q, (6)

B. Other model details

The nuclei presiding under the envelope of a confined
electron’s wave function in a typical solid-state matrix expe-
rience large variations in hf coupling depending on the spatial
position of the relevant nuclear spin site [10,82]. This spread
within the NSB, as quantified by the standard deviation, oy,
crucially affects the decoherence of CS [83]. In our model, the
hf coupling constants for bath spins are distributed as

A = Age M 9

here, Ay is hf coupling strength at the peak magnitude location
of the electron wave function (taken as the origin of the crys-
tal), r; represents the distance of the ith nuclear spin site from
the origin, and Ly is the electron confinement radius, chosen
for the purposes of a model study as 3.4 nm. Its value will be
critical in a real application. Ag in Eq. (7), which determines
the hf energy scale, is set to 10*E 4, where Eqq4 corresponds
to the d-d energy of two spins separated by a bond length,

_ Mo hyiy;
AT (ap/3/4)%

with ag being the lattice constant of the diamond crystal struc-
ture. Two different lattice constants (of silicon and diamond)
are considered in showcasing our results. In a computational
box of dimensions, say 10ag x 10ay x 7 ag, there are 5600
nuclear sites available. Typical defect center concentrations
are in the few ppm level [84]; therefore only one CS can safely
be assumed in such a computational volume. We work in the
few percent spinful abundance ratio p, which is typically the
case in group-IV semiconductors, such as in natural silicon
where the spin-1/2 isotope 2°Si has abundance p & 0.05 [10],

®)

Eqq
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or nitrogen vacancy centers in diamond where '3C abundance
is p ~ 0.01 [42].

C. Cluster correlation expansion

CCE is a many-body technique that is well suited to study
NSB fluctuations [58,59,77]. Even though the procedure is
detailed in Refs. [63,77], for the sake of completeness it is
beneficial to address CCE method in the nuclear spin noise
context briefly. This noise can be probed by means of a two-
point correlation function

CH)y=Y Cat)+ Y Cipt)+---. ©)
{i} {i,J}

where C’{;}(t) represents the contribution from cluster {i, j},
so that the effects of all possible irreducible subclusters are
excluded as

Cot) =Ce(t) = Y Co0). (10)

{'ce

By carrying out cluster correlation expansion up to a cer-
tain cluster size M (i.e., CCE-M) convergent results can be
obtained. The time evolution of the cluster ¢ can be calcu-
lated via C, (1) = (e/™¢' B2(0)e~ i B7(0)), where H includes
interactions only for the relevant cluster. We employ a ther-
mal ensemble at infinite temperature for the NSB (i.e., pp

i=NT:) so as to have vanishing cross-correlation terms in
a spin autocorrelation function as calculated using the CCE
method [77].

D. Multiresolution analysis
1. Continuous wavelet transform

In providing multiresolution analysis, both short-time
Fourier transform and continuous wavelet transform (CWT)
rely on windowed kernels to localize the time and frequency
component of a given signal, simultaneously. A key advan-
tage of CWT over the former is that it inherently utilizes a
scalable window depending on the frequency components of
interest instead of using fixed windows [68]. The dimensions
of the window employed depend on the frequency component
of interest, so that the fast oscillatory components have low
resolution on the frequency axis and high resolution on the
time axis, and vice versa.

For a given signal, x(t), CWT employs a basis function
which is localized both in time and frequency domain. There
are various basis functions, ¢(¢), or so-called wavelets, avail-
able in the literature such as the Mexican hat, bump, Morlet,
etc., provided that they have finite energy and zero mean
[68,85]. In this work we utilize the bump wavelet which yields
superior localization in the frequency domain with respect to
time domain. It is expressed in the Fourier domain as [86]

1
@(aw) = exp (1 -1 (aw — M)z/(,z)X[(“”)/“*(’”“)/“]'
(11)
Here, ¢ denotes the Fourier transform of the ¢, o and u
determine the width of the window of time-frequency lo-
calization and peak frequency of the wavelet, respectively,

and X[(u—c)/a,(u+0)/a) 15 the indicator function for the interval
(n—o0)/a<w< (u+o)/a.
The wavelet transform of a signal, x(¢), is given by

1 [t t—>b
Wi(a, b) = ﬁ/ x(t)ga*<7>dt; (12)

here a is the contraction (or dilation) scale parameter and
it is inversely proportional to frequency, whereas b provides
translation over the time axis of the wavelet. In our work, we
plot the scalograms choosing the vertical axis as frequency
rather than the scale, for convenience.

2. Synchrosqueezed wavelet transform

Itis possible to increase the frequency axis resolution of the
CWT by means of reallocation of instantaneous frequencies as
[74,75]

d
wy(a, b) = —i(Wi(a, b))flﬁWx(a, b). (13)
Then, the SST can be written as
Tw,b) = | Wila,b)a™>5(w(a, b) — w)da;  (14)
A(b)
here, A(b) = {a; W,(a, b) # 0} implying that integral is car-
ried out for each a provided that the wavelet transform has a
nonvanishing component. As long as the condition is satisfied
for frequency separation components of the signal x(z), the
CWT can be sharpened remarkably in the frequency axis
while the time resolution remains unchanged. We should note
that since the bump wavelet [and hence W (a, b) and T, (w, b)]

has imaginary parts in the time domain, we will only display
its modulus.

III. RESULTS

A. Dipole-dipole transitions in a two-spin cluster

In this subsection we explain the significance of each pa-
rameter for the case of a two-spin cluster. The displacement
vector 7;; in the d-d Hamiltonian determines the strength of
each alphabet term. The polar angle 6;; which appears in each
of the alphabet terms in Eq. (4) is defined as between 7;; and
the hf axis taken along the z axis which we also choose as our
quantization axis for spin basis representation as indicated in
Fig. 1. For a two-spin cluster, when the detuning in the hf
interaction is set to zero (Aps = 0), the energy level diagrams
become completely degenerate if 7;; is elongated in the [111]
direction.

Next, we proceed to how each d-d alphabet term in Eq. (4)
is operational on the level transitions among the two-nuclear
spin states |mp) as depicted in Fig. 2. The energy level split-
tings in the presence of hf and d-d interaction are decisive in
the resultant NSB dynamics. The mean value of hf interaction
couplings and the A term in the d-d alphabet determine the
energy level splittings as the diagonal entries of the Hpym
matrix. Uneven hf couplings lift the degeneracy of |my = 0)
doublet linearly and enable the intraband zero-quantum (0Q,
Amy = 0) transitions induced by spin-conserving term B of
the d-d alphabet as long as it is not masked by the polar angle
6;; term. The single-quantum (1Q, Amy = 1) transitions are
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FIG. 2. Energy level diagram for typical two nearest-neighboring spin-1/2 nuclei for various Ay and 6;; values. f, represents the frequency
detuning of two single-quantum transitions for Ay; # 0 and 6;; = 109.5° case, in which energy levels are slightly shifted due to nonvanishing

dipolar alphabet term A.

triggered by C and D which give rise to two distinct frequen-
cies in the Aps # O regime. Lastly, £ and F are responsible for
the double-quantum (2Q, Amyp = 2) transitions so that they
exhibit the same dynamics whether the Ay¢ vanishes or not.

B. Time-frequency analysis

The two-point correlation function, C(¢), can be interpreted
as the collective contributions of various Amp transitions that
occur in small-spin clusters. For this purpose, the so-called
bump wavelet transform of C(¢) is a helpful tool to uncover
the NSB dynamics as it renders information in both temporal
and spectral behavior of nuclear spin noise simultaneously
[68,85]. But, prior to the wavelet transform, C(¢) is normal-
ized as

(CO)

=—— 15
C0) = (C@)) (1

’

where (... ), represents the time average so that C(t = 0) = 1.
For convenience, throughout our work normalized time 7 =
tA, and (angular) frequency @ = w/A are used, where A =
>, A;/N is the mean value of hf couplings for N nuclear spins.

For an N =2 spin-1/2 cluster, Fig. 3 displays the cor-
responding frequency spectra (first column), bump wavelet

scalogram (second column), and the SST (third column). Note
the same colors being used for the relevant portions of the
power spectra, as the transition arrows in Fig. 2. According
to our normalized frequency scheme, 1Q transitions occur at
@ = 0.5, while the 2Q transitions are centered at & = 1.0.
The spin flip-flop terms are not operative in these scalograms
since we choose a configuration from the diamond struc-
ture’s nearest-neighboring spins having the 6;; = 54.7°. 0Q
transitions (located around @ = 0) arise from dipoles aligned
along, say, the [001] direction, as will be demonstrated in
the following figures. Most notably, under nonzero detuning
(Aps # 0) a beating pattern appears in the 1Q channel of
the wavelet transform as seen in Fig. 3(e). The probability
amplitude interference of two distinct transitions separated by
an amount of Ay as indicated in the inset directly determines
the beating note in the CWT. Resolving this beating pattern
due to Ays of two nearest-neighboring spins can be hindered
for long-time simulations, and appears as a horizontal stripe
(see, for example, Fig. 4).

Another observation from Figs. 3(b) and 3(e) is that fre-
quency localization of the CWT intrinsically becomes weaker
as the frequency of interest gets wider. Even the 1Q transition
channel, which has relatively good localization in frequency
when compared to 2Q transitions, gets somewhat blurred. To
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FIG. 3. Frequency and time-frequency analysis for two spin-1/2 nuclear spins for 6, = 0°. The upper and lower panels display the two-
point correlation function behavior for Ay = 0 and Ay = 0.01A4, respectively. (a) and (d) show the power spectra of C(¢), (b) and (e) display
their corresponding continuous wavelet scalograms, and (c) and (f) illustrate their SSTs.

better resolve nearby frequency components in large NSBs,
we switch to SST as illustrated in Figs. 3(c) and 3(f). In the
remainder of this work, we employ SST by means of Egs. (13)
and (14) in which the resolution in frequency axis is highly
improved, without hampering the time localization.

C. Convergence tests

The CCE, as a many-body technique, requires truncating
the expansion up to a certain cluster size [58,59]; hence
we need to assure that convergent results are produced. In
Fig. 4(a), we display the convergence of different CCE orders
for a spin-1/2 bath up to clusters of four nuclear spins, since
the contributions from clusters of size five and six become
rather small within the typical baths that we consider [87].
The higher-order correlations that would occur in NSB are
especially suppressed, thanks to the low spinful abundance
ratio p = 0.02 which spatially isolates nuclear spin clusters.
The NSB short-time dynamics is well described by the pair
correlations, i.e., CCE-2. However, for long-time dynamics, as
observed from Fig. 4(a), CCE-2 starts to deviate from higher
orders. In Figs. 4(c), 4(d) and 4(f) we plot different CCE
orders; at a first glance, there are two beatings with period
T, = 1/f, in 1Q transitions due to two different nearest-
neighboring spin clusters. This can be explained through the
small detunings in energy levels because of the secular A term
in the d-d alphabet, as marked with f;, in Fig. 2.

There is also another beating around w/A = 0.75 which is
registered by both CCE-3 and CCE-4, while CCE-2 is unable
to capture it. This beating profile belongs to 2Q transitions and
is induced by the multiple spins within a close range such as
clusters of three or more spins. Similarly to the first-nearest-
neighboring spins, three or more spins which are in proximity

can constitute multiple 2Q transitions that are slightly detuned
from one another and form a beating pattern. Additionally,
the structure of the beating profile directly depends on the
physical orientation of multiple spins in the host matrix as
well as the hf angle. If we compare the oscillatory profile
of the spin noise envelope in Fig. 4(a) and beating patterns
of Fig. 4(f) which are both calculated with CCE-4, it can be
clearly seen that the envelope of C(¢) follows the beat patterns
of two 1Q transitions and one 2Q transition collectively.

Lastly, we need to comment on the dependence of our
results on the computational box size. In general, nuclear spins
that are distant from the CS do not affect the spin fluctu-
ations due to dominance of the closed-range nuclear spins,
and thereby enable us to work with relatively small-sized
computational boxes. Since the proximity of a nuclear spin
site to the qubit (i.e., CS) imposes the hf coupling constant,
the contribution to the Overhauser field from a nuclear spin
site which is separated by a few electron confinement radius
is much weaker. Therefore, it is possible to reliably simulate
much larger NSBs as long as the CCE-order convergence is
assured at the working spinful abundance ratio so that the
distanced correlations are quite isolated and are not signifi-
cantly relayed to the proximate environment in the time frame
of the analysis. From a practical point of view, for all of our
computations we verified that 1Q and 2Q channel scalograms
qualitatively remain intact when we double all of the box
dimensions (not shown).

D. Hyperfine axis

Now, we quantitatively examine the hf-axis dependence on
NSB dynamics. The contributions from distinct Amy transi-
tions to the power spectra are plotted in the left column of
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FIG. 4. Nuclear spin noise fluctuations under different CCE or-
ders for the spin-1/2 bath with A ~ 13.5 MHz, oy,; &~ 0.25A4, Oy ~
54.7°, N = 112, p = 0.02, ag = 5.43 A (silicon), and R, = 2.7aq.
(a) Deviation from higher-order CCE of C(¢); (b) temporal behavior
of normalized two-point correlation function, C(t), calculated via
CCE-4. (c), (d), and (f) display the SST scalograms of spin fluctu-
ations for different CCE orders from CCE-2 to CCE-4. (e) Spectral
behavior of C(w) calculated with CCE-4.

Fig. 5 to individually highlight the hf-axis dependencies. This
can be simply achieved by manually setting on and off the d-d
Hamiltonian terms B, C, D and &£, and F, while retaining A
since it introduces slight shifts in energy levels without ini-
tiating any transitions. The power spectra amplitudes change
for each transition channel with respect to hf axis, as it directly
determines 6;; (see Fig. 1) and, hence, the contribution of each
d-d term accordingly. Overall, the spectral overlaps of 0Q, 1Q,
and 2Q bands as a function of hf axis are clearly exposed on
the left column of Fig. 5. The 6;; dependence of NSB was
also illustrated in Ref. [20] within the secular approximation
by means of Hahn echo decay which confirms our 0Q channel
results.

The SSTs are also displayed in the right column of Fig. 5.
As corroborated with the power spectra at 6, = 0°, the main
nuclear spin diffusion occurs in the 1Q (@ = 0.5) channel.

1.50

1.25
O = 0°

B = 301
x1073

ot
o

S
o
S

2.5
O = 60

0.0

Oy = 90

0.00

109 100 104
C(w)

0.00 0.25 0.50 0.75 1.00
tx A x10°

FIG. 5. Fourier transforms and SST scalograms of nuclear spin
fluctuations under various hf-axis choices for the spin-1/2 baths,
A~ 13.9 MHz, oy ~ 0.254, N = 280, p = 0.05, ap = 5.43 A (sil-
icon), and R. = 2.0ay, calculated via CCE-3. Left column shows
the power spectra of two-point correlation functions; right column
displays wavelet transforms. Red, green, and blue lines show the
coarse-grained contributions of dipolar alphabet 3, C, D and &, and
F, respectively.

The transitions around @ = 0 are highly suppressed since
the B term vanishes for the clusters of nearest-neighboring
spins. However, as 6y deviates from 0° the wavelet transform
can capture these nonvanishing transitions. When compared
to Fig. 4, due to larger spinful abundance ratio in this case,
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Oy = 0°

).0
00 05 1.0 1500 05 .0 1500 05

10 1 10 L 1.0
tx A x10° tx A x10°

0.0
tx A x10°

05 1.0 L5
tx A x10°

FIG. 6. SST of two-point correlation functions of four different bath realizations under various hf axes for spin-1/2 spin environments.
Each row represents distinct bath realization with common parameters N = 56, p = 0.01, ap = 3.567 A (diamond), and R, = 2.5a, calculated
via CCE-3; the mean value (A) and standard deviation (o) of hf couplings are around 104 MHz and 0.124, respectively. Fifth column displays
the spatial orientation of nuclear spin environment; the nearest-neighboring spin clusters are encircled and labeled accordingly. While first
realization has no nearest-neighboring spin cluster, second and third realization each have one nearest-neighboring spin cluster and fourth
realization has three nearest-neighboring spin clusters. Last column shows the alignment of each nearest-neighboring spin cluster and hf axes
(red lines) with respect to the crystallographic axes; the angle between displacement vector and hf axis of interest is labeled as 6;.

the 2Q (@ = 1.0) channel constitutes complex beating pat-
terns reflecting the physical configuration of second or higher
nearest-neighboring spins.

E. Different NSB realizations

We next turn to how a specific spatial distribution of
spinful nuclei leaves its imprint on the multiresolution scalo-
gram. As we show below, for dilute NSBs in which the
spinful nuclear abundance ratio is small, such as in diamond
with a low percentage of the '3C isotope, this enables us
to identify the number of nearest-neighboring spin clusters.
Moreover, the angle between the displacement vector that
connects two nearest-neighboring spins and the crystallo-
graphic axes can also be deduced by simply changing the
direction of the hf axis. To demonstrate these, in Fig. 6
each row represents a different NSB realization under various
hf axes. In the second column from the right, the spinful
nuclei in each realization are designated by dots and neigh-
boring spins are connected with lines and colored with respect
to their separation distance. In the very right column of
Fig. 6, the displacement vectors are also drawn to indicate the

corresponding angles between hf axis and the displacement
vectors.

In the first realization (top row), intentionally there are no
nearest-neighboring spin occurrences; the main features are
induced by the second-nearest neighbors. The second real-
ization (row) contains one nearest-neighboring spin cluster
which is directly captured by the 1Q transition channels of
Ont = 30° and 6,y = 90°; here there is no beating pattern in the
Ont = 54.7° case due to vanishing C and D terms. Similarly to
the second realization, the fourth realization contains a third
cluster having identical beating characteristics. This can be
seen from the polar angles 6, of the second realization and
03 of the fourth realization being equal. Moreover, similar
beating profiles can be observed from Fig. 5 for 6, = 30°
and Gy = 90°. The nearest-neighboring cluster in the third
realization can be distinguished by 6y = 30° which has a
slightly higher beating period when compared to the second
realization. Finally, in the fourth realization there are three
nearest-neighboring spin clusters available. Cluster 1 and
cluster 2 have the same orientation with respect to the hf axis,
giving rise to a unique fingerprint for 6y = 30°. Potentially,
this beating profile can be misidentified to be originating from
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the second-nearest-neighboring spin clusters as in the first
realization at the same angle. Fortunately, these two cases can
be easily discriminated by reorienting the hf axis to the [111]
direction.

Owing to the much sharper spectra with SSTs, it is possible
to gain information about the distance between nearest-
neighboring clusters and CS. Since the A;’s are distributed
according to spatial distance to the CS, as nearest-neighboring
spin clusters get closer to the qubit the mean values of nearest-
neighboring clusters grow, and the beating patterns shift to
higher frequencies. This can be seen in the fourth realization
of Fig. 6, in comparison to the beating positions in the second
and third realization along the frequency axis.

F. High-magnetic-field regime

We proceed with the fourth realization in Fig. 6 in which
there are three nearest-neighboring spin clusters, and compare
in Fig. 7 the SST for spin-1/2 (left) and spin-3/2 (right) NSBs
under specific hf axes. For the spin-1/2 bath, only a single
0Q transition is available which occurs between two |mp =
0) states. Hence, there is no beating pattern even if |mp =
0) is perturbed through the A term. On the other hand, for
the spin-3/2 NSB multiple 0Q transitions are available. Thus,
the collective detunings of 0Q transitions yield the resultant
beating pattern as in the first row of Fig. 7.

Even more information on the spatial distribution of the
spinful nuclei can be extracted. For instance, the number of
nearest-neighboring spins and the alignment of displacement
vectors can also be deduced. This is achieved by the following
procedure: (i) Obtain the SST for both [001] and [111] hf-
axis directions, noting that when the hf axis is aligned in the
[001] direction, contributions from first-nearest-neighboring
spin clusters are negated, whereas in the [111] direction all
nearest-neighboring spins contribute to the spin noise, so that
all nearest-neighboring spins are located as horizontal stripes
(spin-1/2) or beating (spin-3/2); see the first row of Fig. 7
around w/A = 0.004, w/A = 0.006, w/A = 0.015. (ii) Ar-
range the hf axis so that the angle between one of the possible
bond axes and the direction of the hf axis becomes 54.7°. This
removes a horizontal stripe(s) or beating pattern(s) in the SST
if there is any nearest-neighboring cluster along the relevant
bond axis, as marked by red rectangular frames in Fig. 7. (iii)
Repeating the step (ii) for each bond axis until capturing the
alignment of all nearest-neighboring spin clusters as indicated
in last three rows of Fig. 7. It is important to note that unlike
the low-field regime, the distance between CS and nearest-
neighboring spins is not directly implied by the frequency
axis position of stripes or beating patterns in time-frequency
analysis since it depends on the detuning of hf couplings of
nearest-neighboring spins.

G. Noise resilience of coherence beating in the wavelet
scalograms

Our model Hamiltonian [Eq. (2)] can be enriched with
more interactions present in realistic cases, such as the electric
quadrupolar coupling for 7 > 1 nuclei [88] which allows for
co-flips with the CS [32], or hf-mediated long-range inter-
actions [62]. To have a glimpse on the performance of SST

w/A

0.025 Spin-1/2 Spin-3/2
0.020

0.015

0.010

0.005 ——
0.000

One =~ 109.4°, s 2 47.94°

0.025

0.020

> 0.03

0.000

0.025

0.000 -
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5

tx A x10° tx A x10°

FIG. 7. SST scalograms of spin fluctuations of fourth realiza-
tion of Fig. 6 in high magnetic field regime for spin-1/2 (left)
and spin-3/2 (right) baths, A ~ 104.7 MHz, oy ~ 0.124, N = 56,
p = 0.01, ap = 3.567 A (diamond), and R, = 2.5ay, calculated via
CCE-3. Upper row shows time-frequency analysis for hf axisin [111]
direction, while other rows display the SST for various hf axes in
which contribution from each bond axis is eliminated successively
to identify the orientation of nearest-neighboring spin clusters as
marked in red rectangles.

under more adverse conditions than Eq. (2), we would like
to include a background noise, albeit in a rather primitive
way. A well-established model for this purpose is the random
telegraph noise (RTN) that accounts for classical sources as in
the charge noise [89]. We introduce RTN to the Hamiltonian
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No Noise

0.0 05 10 15
tx A x10°

With Noise (Weak) k x 107

0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
tx A x10° tx A x10°

FIG. 8. Comparison of the SST scalogram of the fourth realiza-
tion of Fig. 6, here panel (a), with the weakly (7 ~ 0.01) in (b),
and strongly (n =~ 100) in (c), RTN regimes. The mean fluctuator
coupling strength, v, and switching frequency, I', are chosen to be
1 x 10724 (1 x 107°A) and 10 kHz (100 kHz) for strong (weak)
coupling regimes, respectively. Panels (d) and (e) display the de-
noised versions of (b) and (c), respectively via SWT. k is the scaling
factor of the color bar among all panels. 6y ~ 54.7°; other details
and parameters are the same as Fig. 6.

in Eq. (6) as a stochastic time-dependent term

N

E(t) =Y vi&®I, (16)

i=1

where i is the nuclear spin index, with the amplitude v; being
chosen from a Gaussian probability distribution with mean
value ¥ and standard deviation ¥ /4. &; is the so-called switch-
ing function with the rate I" taking binary values £1 so that
each nuclear spin switches once at a random instance within a
time interval At = 1/T". Following the previous studies of this
model, we also define the dimensionless parameter n = /I
which quantifies weak (n <« 1) and strong (n > 1) coupling
regimes [90].

Figure 8 contrasts the noiseless SST of C() reproduced
from the fourth realization of Fig. 6 with those under noise

within the weak (n &~ 0.01) and strong (n =~ 100) coupling
regimes. As a side note, the weakly coupled case for RTN is
known to satisfy the Gaussian limit [30,89,90]. From Fig. 8(b)
we observe that the beating in 1Q regions becomes completely
invisible, even under the weakly coupled noise. Fortunately,
it is possible to denoise the nuclear spin correlations from
RTN, and recover the beating profile significantly, as shown in
Fig. 8(d). This is achieved by employing a discrete stationary
wavelet transform (SWT) by means of careful thresholding
of detailed coefficients at required decomposition levels [91].
Specific to RTN, the Haar wavelet is a suitable option to
recover nuclear spin correlations. We should note that while
the beating patterns are successfully recovered in the weak
coupling regime for which I" is chosen to be in the hundred
kilohertz range, this becomes much harder using conventional
wavelet-based denoising techniques in the megahertz range
for our exemplary parameter sets.

The strong coupling regime (n &~ 100) behavior is dis-
played in Fig. 8(c), where the stochastic two-level fluctuations
are distinguishable as vertical stripes due to low RTN rate.
The remnants of strongly coupled noise somewhat persist in
the denoised scalogram as indicated in Fig. 8(e). Overall,
though not as clean as the weak coupling case, filtering out
the strongly coupled background noise results in an accept-
able scalogram. Nonetheless, given the simplistic nature of
our Hamiltonian and noise models, these can only be taken
as the first steps toward application of wavelet analysis in
semiconductor spin coherence spectroscopy.

IV. DISCUSSION

In this section we would like to put into perspective our
study in the light of two recent reconstruction accomplish-
ments enabled by nuclear spin ensemble coherence [53,92].
Strikingly, the spin baths as well as the goals in these exper-
iments are remarkably different from each other. In one case,
Gangloff and co-workers reconstructed species-resolved spin
states of an InGaAs self-assembled quantum dot involving
tens of thousands of spinful quadrupolar nuclei [92]. This
makes up a dense NSB which is polarized via dragging [32],
and through magnon spectroscopy they verified a nonthermal,
correlated nuclear state. At this point we should note that our
work is based on an unpolarized and dilute spin bath. Actu-
ally these choices arise from the CCE technique [58,59,77].
Namely, the unpolarized (i.e., at infinite temperature) NSB
stems from avoiding the cross-correlation elements of the two-
point correlation function [63,77], and spatially dilute NSB
hinges on the convergence issues for both large and dense spin
baths. Notwithstanding, the wavelet analysis presented here is
by no means limited to these cases. As a matter of fact, from
an experimental standpoint thermal ensembles are usually
undesirable due to reduced electron, i.e., CS, coherence times
[16]. Thus, the use of wavelets in polarized and/or dense NSB
to reveal quantum coherence signatures in experimental data
can be indeed practical and interesting [92].

In another work, Abobeih et al. succeeded in atomic-scale
imaging using a single nitrogen vacancy center as a quan-
tum sensor, and spatially reconstructed a model system of 27
coupled '3C nuclear spins in diamond [53]. Their approach
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relies on the successful isolation of a probe spin from envi-
ronmental nuclear spin noise and recoupling to a target spin,
by means of nuclear-nuclear double-resonance spectroscopy.
This is certainly a sophisticated procedure, and it necessitates
several radio frequency pulse sequence sets. We believe that
as a complementary tool, the wavelet-based time-frequency
analysis can be instrumental in nanoscale NMR imaging of
proximal cluster spins by capturing their unique beating pat-
terns in the SST scalogram, as outlined in this work.

V. CONCLUSIONS

The coherent dipolar dynamics of a NSB hf-coupled to a
CS inherits crucial information about the spatial distribution
of the spinful nuclei. In this work we demonstrate how to
extract these from the two-point correlation function by post-
processing with wavelet analysis, in particular using SST for
enhanced spectral resolution. Foremost, probing the existence
of beating patterns, which is in principle possible even for
a thermal NSB, is indicative of quantum coherence within
the NSB. The quadrupolar nuclei, if present within the bath,
exhibit themselves as beating residing in the 0Q channel. By

harnessing the choice of hf axis in the low-magnetic-field
regime, it is possible to identify the spatial distance to CS
and displacement vector alignment of the spinful nearest-
neighboring nuclear sites. Additionally, in the presence of
large magnetic fields in which the secular terms of the d-d
alphabet are considered only, multiresolution analysis is again
able to capture nearest-neighboring features. Lastly, in the
more realistic case of coherence beating being buried by envi-
ronmental noise, wavelet domain thresholding techniques are
very effective in denoising the scalograms. We hope that these
promising findings as a first step can motivate further theoret-
ical and experimental investigations of the wavelet analysis in
diagnosing the nuclear spin environment.
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