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We theoretically investigate optical (frequency-dependent) bulk spin transport properties in a spin- 1
2 topolog-

ical Fermi superfluid. We specifically consider a one-dimensional system with an interspin p-wave interaction,
which can be realized in ultracold-atom experiments. Developing the BCS-Leggett theory to describe the BCS
to Bose-Einstein condensate (BEC) evolution and the Z2 topological phase transition in this system, we show
how the spin transport reflects these many-body aspects. We find that the optical spin conductivity, which is a
small AC response of a spin current, shows the spin-gapped spectrum in the wide parameter region and the gap
closes at the Z2 topological phase transition point. Moreover, the validity of the low-energy effective model of
the Majorana zero mode is discussed along the BCS-BEC evolution in connection with the scale invariance at
p-wave unitarity.
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I. INTRODUCTION

Topological superconductors and superfluids have special
interest for broad communities in modern physics [1]. Phe-
nomena emerging in topological matter such as liquid helium
[2], unconventional superconductors [3], 3P2 neutron super-
fluids [4], and color superconductors [5] manifest fascinating
properties relevant to cutting-edge quantum technology. For
instance, Majorana fermions, which are anticipated to appear
at the edge of topological systems, are crucial key ingredients
for topological quantum computation [6].

Spin transport plays a crucial role in revealing topological
properties in condensed-matter systems such as topological
insulators [1] and spin Hall systems [7], where the gapless
edge state involves helical spin transport with time-reversal
symmetry [8]. In particular, properties of AC spin transport
provide us with intriguing opportunities to reveal nontrivial
aspects of these systems and their application to spintron-
ics [9]. In condensed matter, however, spin transport on a
mesoscale or submicron scale is manipulated [10–20], and
exploration of bulk spin transport in a topological state of
matter remains challenging. In Ref. [21], we recently pointed
out that the optical (frequency-dependent) spin conductivity
can be measured in ultracold atomic gases, which are ideal
quantum simulators of condensed-matter systems [22–24].
Since the optical (charge) conductivity spectra have already
been measured in an optical lattice system by using a similar
method [25], detailed examinations of AC spin transport with
cold-atom experiments are within reach.

Regarding the realization of topological superfluids in ul-
tracold atomic gases, a p-wave superfluid Fermi gas has been
one of the promising candidates for the past few decades
[26–28]. However, various effects such as three-body loss and

dipolar relaxation [29–35] prevent the systems from reaching
the superfluid state. At the same time, it was recently sug-
gested that such an atom loss processes may be suppressed in
low-dimensional systems [36–39]. Shortly afterwards, corre-
sponding atomic loss measurements in one-dimensional (1D)
systems near the p-wave Feshbach resonance were performed
by several experimental groups [40,41]. In this regard, a 1D
spin- 1

2 Fermi gas with an interspin p-wave interaction [42,43]
is one of the possible targets for realizing a topological Fermi
superfluid because its three-body losses are weak compared
to the fully spin polarized case, where the Bose-Fermi du-
ality weakens the Pauli blocking effect in coordinate space
at the low-energy scale [44–53]. More explicitly, while a
strong p-wave attraction induces the three-body collision by
overwhelming the Pauli-blocking effect in the fully polarized
case, the Pauli blocking between two identical fermions can
suppress the three-body collision in the present spin-balanced
mixture with only interspin interaction. In addition, the optical
spin transport in interacting spin- 1

2 systems can be nontrivial
even in the absence of a lattice and impurities [21]. This
property is in contrast to fully spin polarized fermions, whose
optical spin conductivity becomes independent of interatomic
interactions due to the generalized Kohn’s theorem [54].
Moreover, the 1D p-wave Fermi gas at unitarity, where a p-
wave scattering length diverges, shows the so-called universal
thermodynamics [55] which makes thermodynamic quantities
independent of any length scale associated with the interaction
in spite of the presence of strong correlations [43,46,47,49–
53]. Thus, one can investigate the unique interplay between
the topological and universal aspects of this system, which
has not been addressed yet.

Being motivated by these previous studies, we discuss the
spin transport properties of a 1D unpolarized spin- 1

2 p-wave
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superfluid Fermi gas at zero temperature. To this end, we
develop the BCS-Leggett theory that allows us to describe
the BCS-BEC evolution and the topological phase transition
in this system. Using the linear response theory, moreover,
we clarify how the optical spin transport properties reflect
these nontrivial many-body effects by changing the p-wave
interaction strength.

In Sec. II, we present the formalism of the BCS-Leggett
theory and explain the topological properties of this system.
In Sec. III, we discuss the analytical properties of the optical
spin transport. In Sec. IV, we show the numerical results of
bulk thermodynamics and the optical spin conductivity and
discuss the low-energy effective model for the Majorana zero
mode. In Sec. V, we summarize this paper. In what follows,
we take h̄ = kB = 1, and the system size L is taken to be unity.

II. THEORETICAL MODEL

A. Hamiltonian

The Hamiltonian for a 1D unpolarized spin- 1
2 Fermi gas

with interspin p-wave interaction is given by

H = H0 + V, (1)

where

H0 =
∑
k,σ

ξkc†
k,σ

ck,σ (2)

and

V = U
∑
k,k′,q

�k�k′c†
k+q/2,↑c†

−k+q/2,↓c−k′+q/2,↓ck′+q/2,↑ (3)

are the kinetic term and the p-wave interaction term that
is assumed to be separable, respectively. In Eq. (2), ξk =
k2/(2m) − μ is the kinetic energy with momentum k mea-
sured from the chemical potential μ. ck,σ is an annihilation
operator of a Fermi atom with spin σ = ↑,↓. The coupling
constant U is related to the p-wave scattering length a as

m

2a
= 1

U
+

∑
k

�2
k

2εk
, (4)

where the form factor �k is an odd function of k and εk =
k2/(2m). In this paper, we assume �k = O(k) for |k| → ∞,
which is justified near a p-wave resonance in one dimension.
Indeed, the form factor in the zero-range limit is given by
�k = k for any k [43,49,51–53,56], while the effects of a
positive effective range can be taken into account by the
form factors with different shapes such as �k = k/(k2γ 2 +
1) [51]. We note that while the two-channel model is em-
ployed to describe the p-wave Feshbach resonance with a
negative effective range in higher dimensions, one can use
the present single-channel model without conflicting with
Wigner’s causality bound in one dimension [57–59]. Also, the
parameters of transverse trapping are included in a in the case
of quasi-1D systems [60,61].

B. BCS-Leggett theory

In a strictly 1D system, superfluid states accompanied
by condensation are prohibited by the Mermin-Wagner-
Hohenberg theorem [62,63]. Nevertheless, here we set the

mean-field superfluid state, provided that the quasi-1D sys-
tem is concerned, where weak three-dimensional properties
allow us to describe the quasi-long-range-order state within
the mean-field approach. Namely, we introduce the p-wave
superfluid order parameter

�(k) = −U�k

∑
k′

�k′ 〈c−k′↓ck′↑〉 ≡ �kD. (5)

By taking an appropriate gauge transformation, we can take
D as a positive value without loss of generality, so that �(k)
becomes real valued. The mean-field Hamiltonian reads

HMF =
∑

k

�
†
k

(
ξk −�(k)

−�(k) −ξk

)
�k − D2

U
+

∑
k

ξk

≡
∑

k

�
†
k HBdG(k)�k − D2

U
+

∑
k

ξk, (6)

where �k = (ck,↑ c†
−k,↓)T is the two-component Nambu

spinor. Although the mean-field Hamiltonian for the spin-
triplet superfluid is generally described in terms of the
four-component Nambu spinors, we do not have to use the
four-component one since the present system involves only
the interspin p-wave pairing interaction and the off-diagonal
part for the equal-spin pairing (↑↑ and ↓↓) is trivially zero.
The Bogoliubov transformation(

αk,1

α
†
−k,2

)
=

(
ukck,↑ − vkc†

−k,↓
ukc†

−k,↓ + vkck,↑

)
(7)

leads to

HMF =
∑

k

∑
i=1,2

Ekα
†
k,iαk,i + EGS, (8)

where

Ek =
√

ξ 2
k + �2(k) =

√
ξ 2

k + D2�2
k (9)

is the dispersion of the Bogoliubov quasiparticle and

EGS = −D2

U
+

∑
k

(ξk − Ek ) (10)

is the ground-state energy. In Eq. (8), u2
k = 1

2 (1 + ξk/Ek ) and
v2

k = 1
2 (1 − ξk/Ek ) are the BCS coherence factors. For a given

a and particle number N , D and μ are determined by solving
the following two equations self-consistently: The first one is
the so-called gap equation,

m

2a
+

∑
k

�2
k

[
1

2Ek
− 1

2εk

]
= 0, (11)

resulting from the minimization condition of EGS with respect
to D, while the other one is the particle number equation

N = −∂EGS

∂μ
=

∑
k

[
1 − ξk

Ek

]
. (12)

A discussion of numerically evaluated D and μ is presented in
Sec. IV A. We note that a mean-field theory for spin-polarized
Fermi atoms with p-wave interaction was studied in a similar
way [56].
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C. Topological classification

Here we revisit the classification of topological super-
conductors/superfluids and show the symmetry class of
the present system [64]. The Bogoliubov–de Genne (BdG)
Hamiltonian HBdG(k) in Eq. (6) can be rewritten as

HBdG(k) = σ · R(k), (13)

where σ = (σx, σy, σz ) is a set of Pauli matrices acting on the
particle-hole space, and we have defined

R(k) = (−�(k), 0, ξk ). (14)

We note that the absence of σy terms in Eq. (14) results from
the real-valued �(k). For classification of topological super-
fluids/superconductors, we start to check the particle-hole-like
symmetry for HBdG(k) given by the following relation:

�−1HBdG(−k)� = −HBdG(k), (15)

where � = σxK is the charge-conjugation-like operator with
�2 = 1 and K is a complex-conjugate operator. In addition,
since HBdG(k) anticommutes with σy, HBdG(k) has chiral sym-
metry, given by

C−1HBdG(k)C = HBdG(k), (16)

where C = iσy is the chiral operator. The chiral operator is
related to � and the time-reversal-like operator 
 as C = 
�.
We can find 
 = σzK and the following time-reversal-like
symmetry:


−1HBdG(−k)
 = HBdG(k). (17)

Equations (16), (17), and (18) combined with �2 = 
2 = +1
show that our 1D superfluid belongs to the class BDI [65]. The
Z topological invariant characterizing this system is given by
the winding number

ν =
∫ ∞

−∞

dk

2π i
q∗(k)

∂

∂k
q(k), (18)

where q(k) = R̂z(k) − iR̂x(k) and R̂(k) = R(k)/|R(k)|. We
note that the Z2 topological invariant ν2 defined by (−1)ν2 =
sgn[R̂z(k = 0)]sgn[R̂z(k → ∞)] corresponds to the parity of
ν. As mentioned in Sec. II A, �k = �(k)/D satisfies �k =
O(k) for k → ∞, leading to

(−1)ν2 = sgn(−μ). (19)

While the case of ν2 = 1, μ > 0 corresponds to the mapping
to the trajectory from the south pole R̂(k = 0) = (0, 0,−1)
to the north pole R̂(k → ∞) = (0, 0, 1) with increasing
k � 0, the other case (ν2 = 0, μ < 0) corresponds to the triv-
ial trajectory, where both the starting and ending points are the
north pole.

We emphasize that the above-mentioned classification of
phases and the topological invariant based on the sign of μ

[Eq. (20)] are valid regardless of the details of a resonance
such as an effective range. Since the key to the above dis-
cussion is �(k)/ξk → 0 for |k| → ∞ and |k| → 0 resulting
from the assumptions about �k , the discussion holds both
in the zero-range limit and in the presence of a positive ef-
fective range. In addition, Eq. (20) is also valid in the case
with a negative effective range, where the mean-field order
parameter �(k) is proportional to k [26,28,66]. Hereafter, we

take the zero-range case �k = k for simplicity. In this case,
we obtain ν2 = ν. The systems with μ > 0 (μ < 0) have the
topological invariant ν = 1 (ν = 0), and the Z2 topological
phase transition occurs at μ = 0.

III. OPTICAL SPIN TRANSPORT

In this section, we analytically evaluate the optical spin
conductivity in a spin- 1

2 p-wave topological superfluid at
T = 0. On the basis of our previous paper [21], we consider
1D fermions under a small external spin-dependent force
FS (t ). The corresponding perturbative Hamiltonian is given
by δH (t ) = − ∫

dxFS (t )xS(x), where S(x) = [ψ†
↑(x)ψ↑(x) −

ψ
†
↓(x)ψ↓(x)]/2, with ψσ (x) = ∑

k ck,σ eikx, is the local spin
imbalance. By monitoring the spin-selective center-of-mass
motion under the external spin-dependent force FS (ω) with
the frequency ω [which is the Fourier transform of FS (t )],
one can measure the optical spin conductivity σ (S)(ω) =
〈JS (ω)〉/F̃S (ω), where 〈JS (ω)〉 is the Fourier transform of
the thermal average of the spin current operator JS (t ) =
d
dt

∫
dxS(x, t )x (see Ref. [21] for more details). The linear re-

sponse theory relates σ (S)(ω) to the retarded response function
χ (ω) of a spin current as

σ (S)(ω) = i

ω+

[ N

4m
+ χ (ω)

]
, (20)

where ω+ = ω + iη with an infinitesimal positive number η.
χ (ω) is defined as

χ (ω) = −i
∫ ∞

0
dteiω+t 〈[JS (t ), JS (0)]〉, (21)

and 〈· · · 〉 denotes the expectation value with respect to the
ground state. The response function in the BCS-Leggett the-
ory can be evaluated in the same way as in the case of a
three-dimensional (3D) s-wave superfluid Fermi gas [21]:

χ (ω) =
∑

k

k4D2

4m2E2
k

(
1

ω+ − 2Ek
− 1

ω+ + 2Ek

)
. (22)

Using Eqs. (13) and (23), one can confirm that the optical spin
conductivity satisfies the f -sum rule [21,67]∫ ∞

−∞
dω Re[σ (S)(ω)] = π

4m
N. (23)

Since the imaginary part of the optical spin conductivity
can be expressed in terms of the real part with the Kramers-
Kronig relation, we hereafter focus on only Re[σ (S)(ω)]. From
Eq. (21), we obtain

Re[σ (S)(ω)] = DSδ(ω) − 1

ω
Imχ (ω), (24)

where the spin Drude weight

DS = π

[
N

4m
+ Reχ (0)

]
(25)

characterizes the sharp contribution at zero frequency. Using
Eq. (23) as well as Eq. (13), we can find that the spin Drude
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weight in this superfluid always vanishes (DS = 0). Substitut-
ing Eq. (23) into the second term in Eq. (25) yields

Re[σ (S)(ω)] =
∑

k

πk2�2(k)

m2|ω|3 δ(|ω| − 2Ek ). (26)

This equation indicates that the spectrum of Re[σ (S)(ω)] is
sensitive to the shape of the quasiparticle dispersion Ek =√

ξ 2
k + D2k2 . In particular, Re[σ (S)(ω)] vanishes for |ω| be-

low the spin gap Egap = min[2Ek]. For μ � mD2, Ek becomes
minimum at a nonzero momentum, while, for μ < mD2, Ek

monotonically increases with increasing |k|, leading to

Egap =
{

2D
√

2mμ − m2D2 μ > mD2,

2|μ| μ < mD2,
(27)

which shows that the spin gap is closed at μ = 0, correspond-
ing to the Z2 topological phase transition point.

The value of the chemical potential characterizes not only
the topological phases [see Eq. (20)] but also the gap struc-
tures [Eq. (28)] in the quasiparticle dispersion. For this reason,
we define three regions of μ with nonzero spin gap: (i) μ >

mD2, (ii) 0 < μ < mD2, and (iii) μ < 0. Regions (i) and (ii)
[region (iii)] are in the topologically nontrivial (trivial) phase
with ν = 1 (ν = 0), and in region (i) [regions (ii) and (iii)]
the superfluid has a spin gap associated with the nonzero-
momentum (zero-momentum) quasiparticle excitation.

Performing the momentum summation in Eq. (27), we
obtain an analytical expression of Re[σ (S)(ω)] as

Re[σ (S)(ω)] = Dθ (|ω| − Egap)

4m|ω|2
√

m2D2 − 2mμ + ( |ω|
2D

)2

× [K3
+(|ω|) + K3

−(|ω|), θ (μ − mD2)

× θ (2|μ| − |ω|)], (28)

where we have defined

K2
±(|ω|) = 2m(μ − mD2)

± 2mD

√
m2D2 − 2mμ +

( |ω|
2D

)2

. (29)

In region (i) with μ > mD2, the spectrum of Re[σ (S)(ω)]
shows the coherence peak Re[σ (S)(ω)] ∼ 1/

√
ω − Egap for

ω → Egap + 0, while, in regions (ii) and (iii), the conductivity
monotonically vanishes in such a limit without exhibiting
a coherence peak. It should be noted that the step func-
tion θ (|ω| − Egap) in the numerator of Eq. (29) indicates
that Re[σ (S)(ω)] vanishes below the spin gap Egap given by
Eq. (28). We will discuss this difference in spin conduc-
tivity spectra for various interaction strengths in the next
section (see Fig. 2). In the high-frequency limit, Re[σ (S)(ω)]
has the following power-law tail:

lim
ω→∞ Re[σ (S)(ω)] = C

4(m|ω|) 3
2

, (30)

where C = 2m2D2 is the p-wave contact obtained from the
adiabatic theorem [49]

∂EGS

∂a−1
= − C

4m
. (31)

We examine the optical spin conductivity at the Z2 topo-
logical phase transition point with μ = 0. In this case, the
gapless excitation of the quasiparticle makes the spin gap in
Re[σ (S)(ω)] close. Equation (29) reduces to

Re[σ (S)(ω)] = mD3[
√

1 + ω2/(4m2D4) − 1]3/2

√
2ω2

√
1 + ω2/(4m2D4)

(32)

for any ω. In particular, the spin conductivity linearly behaves
in a small frequency region:

Re[σ (S)(ω)] = |ω|
32m2D3

+ O(|ω|2). (33)

We emphasize that this gapless behavior in the spectrum of
the optical spin conductivity is clearly different from that of
the conventional Drude-type conductivity with a sharp peak
at low frequency.

IV. RESULTS AND DISCUSSION

A. Numerical results

Figure 1 shows the chemical potential μ and the gap
parameter D along the p-wave BCS-BEC evolution ob-
tained by solving Eqs. (12) and (13), where kF = πN

2 and

FIG. 1. Calculated (a) chemical potential μ and (b) gap pa-
rameter D along the p-wave BCS-BEC evolution with increasing
interaction strength 1/(kFa). EF and kF are the Fermi energy and mo-
mentum, respectively. The Z2 topological phase transition occurs at
1/(kFa) = 1.27, where μ = 0. On the other hand, the coherence peak
(CP) in the optical spin conductivity disappears at μ − mD2 = 0,
which is different from the 3D s-wave case where CP disappears at
μ = 0.
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FIG. 2. Optical spin conductivity Re[σ (S)(ω)] at various interac-
tion strengths.

EF = k2
F

2m are the Fermi momentum and Fermi energy of a
noninteracting Fermi gas, respectively. While μ is equal to
EF in the weak-coupling limit [1/(kFa) → −∞], μ decreases
with increasing the interaction strength 1/(kFa) and finally
changes its sign at 1/(kFa) = 4/π =1.27, where the Z2 topo-
logical phase transition occurs from the nontrivial to trivial
phases (ν = 1 → 0). Simultaneously, D monotonically in-
creases with increasing 1/(kFa). In contrast to μ, D does
not exhibit a kink at 1/(kFa) = 1.27 because the absolute
value of D is not important for the topological transition
unless D = 0. These interaction dependences of μ and D are
similar to those of the s-wave BCS-BEC crossover in three
dimensions [68–71] (although the topological phase transi-
tion is absent in the latter case). We note that at μ = 0,
one can analytically solve Eqs. (12) and (13) as D = vF and
1/(kFa) = 4/π , where vF = kF/m is the Fermi velocity. On
the other hand, the region of μ with the coherence peak is
different between our p-wave case and the 3D s-wave case.
As shown in Sec. III, μ > mD2 [region (i)] corresponds to the
case with the coherence peak for the p-wave superfluid, while
μ > 0 corresponds to the case in the 3D system [68–71]. In
Fig. 1, we also plot μ − mD2 as a function of the interaction
strength and one can see that μ = mD2 > 0 is satisfied at
1/(kFa) = (4/π )[1 + 4�( 5

4 )2/�( 3
4 )2]−1 = 0.399, where �(z)

is the gamma function.
Using Eq. (29) combined with the results for μ and D

shown in Fig. 1, we plot the real part of the optical spin
conductivity Re[σ (S)(ω)] at various interaction strengths in
Fig. 2. In the cases of weak coupling [1/(kFa) = −1] and
the p-wave unitarity [1/(kFa) = 0], the system belongs to
region (i) with ν = 1, and Re[σ (S)(ω)] exhibits the spin gap
and the coherence peak. On the other hand, the coherence
peak in Re[σ (S)(ω)] disappears at 1/(kFa) = 1 [region (ii)].
In this case, the system remains spin gapped and has the same
topological invariant (ν = 1) as on the weaker-coupling side.
One can find the closing of the spin gap at 1/(kFa) = 1.27,
where the Z2 topological phase transition occurs. Finally,
at stronger coupling [1/(kFa) = 1.6], Re[σ (S)(ω)] shows the
spin gap again, indicating that the system undergoes the topo-
logically trivial phase, i.e., region (iii) with ν = 0. Figure 3
shows the spin-gap energy Egap in Re[σ (S)(ω)]. Indeed, one

FIG. 3. Spin-gap energy Egap [Eq. (28)] in the optical spin
conductivity Re[σ (S)(ω)] as a function of the interaction strength
1/(kFa). The vertical line at 1/(kFa) = 1.27 indicates the gap-closing
point accompanying the topological phase transition.

can find Egap = 0 at 1/(kFa) = 1.27, where the Z2 topological
phase transition occurs, and Egap > 0 away from the transition
point. By recalling the analytical form of the spin-gap energy
given by Eq. (28), Egap is proportional to |μ| around the
transition point. Moreover, interestingly, Egap exhibits a lo-
cal maximum around 1/(kFa) = 0.399, where the coherence
peak disappears (see Fig. 1). Indeed, the analytical form of
Egap [Eq. (28)] changes at μ = mD2. This result implies that
the fermionic character of p-wave superfluidity qualitatively
changes to that of the molecular bosonic condensates in this
regime without any of the phase transitions that are typical of
BCS-BEC crossover phenomena.

We are now in the position to examine the detailed structure
of the optical spin conductivity. Figure 4 shows the frequency
dependence of Re[σ (S)(ω)] at the topological phase transition
point 1/(kFa) = 1.27. We can confirm the linear behavior
shown in Eq. (36) in the sufficiently low frequency regime.
This means that the measurement of the optical spin con-
ductivity can detect the Z2 topological phase transition from

FIG. 4. The optical spin conductivity Re[σ (S)(ω)] at the gapless
point with μ = 0 and 1/(kFa) = 1.27. The dotted and dashed lines
denote the asymptotic behaviors [Eqs. (33) and (36)] at high and low
frequencies, respectively.
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the gapless behavior of Re[σ (S)(ω)]. This is analogous to the
spin superfluidity at the phase boundary of the spinor Bose
condensates [21], whereas the linear spin conductivity spectra
are proportional to the inverse spin velocity v−1

s in this bosonic
system. In the present case at μ = 0, the dispersion reads

Ek =
√

ε2
k + D2k2 = D|k| + |k|3

8m2D
+ O(|k|5), (34)

indicating the gapless spin excitation with the spin velocity
vs = D ≡ vF. Since the Drude-like conductivity is generally a
decreasing function of ω in the low-frequency regime, one can
clearly distinguish this gapless spectrum from the Drude one
by confirming the linearly increasing behavior of Re[σ (S)(ω)].
In addition, the fact that a vanishing chemical potential results
in a gapless linear behavior in Re[σ (S)(ω)] remains correct
even in the presence of the effective-range corrections. Such
a low-frequency gapless behavior is in contrast to the s-wave
superfluid case where Re[σ (S)(ω)] is always gapped [21]. In
the high-frequency regime, the low-energy spin excitation be-
comes irrelevant, and Re[σ (S)(ω)] exhibits the high-frequency
tail that is proportional to the p-wave contact C. The same be-
havior has also been reported in other systems such as the 3D
s-wave unitary Fermi gas [21,67,72] and spinor Bose-Einstein
condensate (BEC) [21]. We note that the high-frequency tail in
Re[σ (S)(ω)] appears in the entire p-wave BCS-BEC evolution
shown in Fig. 2.

B. Low-energy effective model for the Majorana zero
mode at the edge of gas cloud

Here we consider the low-energy effective Hamiltonian for
the Majorana zero mode [73] in the present spin- 1

2 p-wave
superfluid system. The BdG Hamiltonian in the momentum
space [Eq. (14)] can be rewritten as

HBdG(k) = Dkσx − μσz + O(k2). (35)

In this regard, the low-energy effective Hamiltonian density
reads

Heff (x) = −iD(x)σx∂x − μ(x)σz, (36)

which is a Dirac Hamiltonian in (1 + 1) dimensions, and thus,
the Majorana zero mode appears at μ(x) = 0 [73]. While we
have discussed the bulk optical spin transport, the Majorana
edge state can be detected by measuring the local optical spin
conductivity where the local spin-dependent drive is applied
as schematically shown in Fig. 5.

Hereafter, we discuss the robustness of the low-energy
effective model at p-wave unitarity even in the absence of
the proximity effect as a result of the interplay between the
topological properties and the universal thermodynamics. To
see this, we consider the density dependence of D and μ. At
a−1 = 0, these quantities are scale invariant and exhibit

D ∝ EF

kF
∼ n1, μ ∝ EF ∼ n2, (37)

where n = N/L is the number density. Thus, at the zero-
density limit (n → 0) corresponding to the edge region, we
can safely obtain the gapless Hamiltonian at μ(x∗) = 0 as

Heff (x∗) = −iD(x∗)σx∂x + O(n2) (38)

–1 0 1 2 0 1 2

FIG. 5. Schematic figure for proving the optical spin conduc-
tivity in 1D spin- 1

2 topological p-wave superfluidity. The bottom
panels show the energy dispersion EK for μ > 0, μ = 0, and μ < 0.
The Majorana zero mode exits where the local chemical potential
becomes zero, μ(x) = 0. We note that the negative dispersion −Ek =
−

√
( k2

2m + |μ|)2 + D2k2 appears on the BEC side with a−1 > 0 and
μ < 0. Physically, this branch describes the holelike excitation when
breaking the tightly bound p-wave molecule. Therefore, such a dis-
persion is absent in vacuum without two-body bound states.

for the Majorana edge mode. Also, on the BEC side (a−1 > 0),
this effective model works well since a nonzero D is obtained
even at μ = 0 in the bulk system. However, in such a case, the
Majorana edge mode does not appear at the edge of the gas
cloud, but it does appear around the dilute region of the cloud
where μ(x) = 0 because the local density can be nonzero even
for μ < 0.

On the other hand, the validity of the effective Hamiltonian
[Eq. (39)] is not guaranteed on the BCS side a−1 < 0. The
density dependences of D and μ in the BCS side are given by

D ∼ ne− 1
|a|n , μ → EF ∝ n2. (39)

Because of nonuniversal effects associated with finite a, D be-
comes exponentially small in the dilute limit (n → 0). In such
a case, the decrease of D is faster than that of μ. Moreover,
the higher derivative term becomes non-negligible. Although
the magnitude of D around the edge region is assumed to be
large enough due to the proximity effect, such an induced
gap should be small in the weak-coupling regime. There-
fore, we find that the low-energy description of the Majorana
zero mode at the cloud edge based on Eq. (39) is more ro-
bust around the p-wave unitarity limit compared to the BCS
regime. This is a special feature due to the scale invariance at
p-wave unitarity.

We note that the above discussion shows the fragility of
the derivative expansion given by Eq. (39) in the BCS regime.
Although such an effective theory is broken down in the
weak-coupling regime, the existence of the Majorana zero
mode can be investigated by solving the BdG equation in a
way similar to that for two-dimensional trapped chiral p-wave
Fermi superfluids [74].
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V. SUMMARY

To summarize, we have theoretically investigated optical
spin transport properties in spin- 1

2 topological p-wave su-
perfluidity in one dimension, which is one of the promising
candidates for realizing topological superfluid Fermi gases in
recent cold-atom experiments.

We have extended the BCS-Leggett theory for 3D s-wave
BCS-BEC crossover phenomena to the 1D p-wave BCS-BEC
evolution accompanying the Z2 topological phase transition
at zero temperature. We have introduced the mean-field model
Hamiltonian and how to characterize p-wave interaction with
the p-wave scattering length in this system. Also, we have
clarified that the present 1D continuum system belongs to the
symmetry class BDI. We have found that topological charac-
terization with chemical potential [Eq. (20)] holds not only in
the zero-range limit but also in the presence of effective-range
corrections.

Combining the BCS-Leggett theory and the linear response
approach, we have derived the analytical formula of the opti-
cal spin conductivity along the p-wave BCS-BEC evolution.
The optical spin conductivity shows the spin-gapped spectrum
at various interaction strengths away from the topological
phase transition point with the vanishing chemical potential.
On the basis of optical spin transport properties, we have
classified three regimes, that is, (i) topologically nontrivial
phases with the coherence peak on the BCS side, (ii) a topo-
logically nontrivial phase without the coherence peak, and
(iii) a topologically trivial phase on the BEC side. Moreover,
the gapless linear behavior in the optical spin conductivity
spectrum at the topological phase transition point was found
to be distinct from the conventional Drude-type conduction.
The measurement of the optical spin conductivity, therefore,
can detect the topological phase transition as the closing of the

spin gap. Finally, we have discussed the low-energy effective
Hamiltonian for the Majorana zero mode. We have shown
that the scale invariance at p-wave unitarity helps with the
low-energy description based on the derivative expansion even
in the absence of the proximity effect.

For future work, it would be interesting to investigate how
the gapped optical spin conductivity changes to the Drude-
type conductivity at finite temperature. For instance, the spin
Drude weight can be nonzero at finite temperature. The spin-
gapped behavior would also remain above the superfluid
critical temperature Tc due to the emergence of the pseudo-
gap associated with pairing fluctuations. Such a many-body
effect appears below the so-called pseudogap temperature T ∗
[71]. In addition, the theoretical framework for the optical
spin conductivity can be applied to other classes of topo-
logical superconductors and superfluidity such as a spin- 1

2
s-wave superfluid Fermi gas with spin-orbit coupling [75,76],
p-wave superfluids in a Bose-Fermi mixture [77,78], and the
spin Hall response in higher-dimensional systems with chiral
p-wave pairing symmetry. It is worth investigating the spin
conductance [79–84] detected by the quantum point contact
in topological Fermi superfluids.
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