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Two-dimensional quantum antiferromagnets host rich physics, including long-range ordering, high-Tc super-
conductivity, quantum spin-liquid behavior, topological ordering, a variety of other exotic phases, and quantum
criticalities. Frustrating perturbations in antiferromagnets may give rise to strong quantum fluctuations, chal-
lenging the theoretical understanding of the many-body ground state. Here we develop a method to describe the
quantum antiferromagnets using fermionic degrees of freedom. The method is based on a formally exact mapping
between spin-exchange models and theories describing fermionic matter with the emergent U(1) Chern-Simons
gauge field. For the planar Néel state, this mapping self-consistently generates the Chern-Simons superconductor
mean-field ground state of introduced spinless fermions. We systematically compare the Chern-Simons super-
conductor state with the planar Néel state at the level of collective modes as well as order parameters. We reveal
qualitative and quantitative correspondences between these two states. We demonstrate that such a construction
using the fractionalized excitations and Chern-Simons gauge field can not only describe the Néel order, but
can also be applied to study quantum spin liquids. Furthermore, we show that the confinement-deconfinement
transitions from the Néel order to quantum spin liquids are signaled and characterized by the instabilities of
Chern-Simons superconductors, driven by strong frustration. The results suggest observing and classifying the
descendants of antiferromagnets, including other ordered states and unconventional superconductors, as well as
emergent quantum spin liquids.
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I. INTRODUCTION

Antiferromagnetism originates from the correlation be-
tween electron spins, and it is a long-studied phenomenon
in condensed matter physics [1]. The underlying physics
is mainly captured by antiferromagnetic (AFM) Heisenberg
exchange couplings between local spin-S operators Ŝr [2].
The ground state of an AFM in the three spatial dimensions
(3D) usually has long-range orders described by spontaneous
breaking of the spin rotational symmetry. The thermal fluctua-
tions then attempt to restore the broken continuous symmetry,
generating the Goldstone modes. These are the magnons rep-
resenting the elementary magnetic excitations.

In one-dimensional (1D) systems, the strong quantum fluc-
tuations can melt the long-range order. A nonlinear sigma
model generally describes the AFM fluctuations up to a Wess-
Zumino term [3], which is further dependent on the parity of
2S. This leads to the Haldanes’ conjecture [4–6] that the 1D
spin chains are disordered (critical) for 2S being even (odd).
The conjecture was later validated and generalized to the no-
tion of symmetry-protected topological (SPT) phases [7–10]
in S = 1 Heisenberg chain with boundary modes. This line
of studies stimulated the discovery of more 1D topological
phases in the last decade [11–13].
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Zero-temperature antiferromagnetism is even more inter-
esting in 2D, where there can be a strong competition between
symmetry breaking and quantum fluctuations. As a result of
the competition, the AFM Néel order in 2D behaves in some
sense as a physically marginal platform where many effects
become more manifested than in 1D and 3D. Drastic changes
of ground-state properties can be achieved through perturba-
tion on top of an AFM order, e.g., enhancing the frustration
[14–39], doping with carriers [40–50], varying the lattice
structure [51], as well as introducing more correlation effects
such as the Dzyaloshinskii-Moriya (DM) interaction [52,53].
Some of these perturbations can greatly enhance the effect
of quantum fluctuations, driving the system into a completely
different ground state as compared to the parent AFM order.
The destabilization of Néel AFM is the main focus of this
work.

One of the most prominent examples of 2D systems
where the drastic changes of the ground state are achieved
is the cuprate high-Tc superconductor whose main physics for
Cooper pairing is believed to take place in 2D Cu-O plane.
These changes of the ground state happen upon doping of an
AFM Mott insulator [40–50,54–60]. Another major interest
topic is the theoretical prediction of quantum spin liquids
(QSL) stabilized in frustrated 2D quantum magnets [61–64].
Both of the above phenomena have received significant atten-
tion and evoked fundamental developments, analytically and
numerically, in strongly correlated condensed matter systems.
Furthermore, much progress was recently achieved in the
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TABLE I. Emergent elementary excitations in typical types of
QSLs.

Z2 spin liquid U(1) Dirac
CSL (toric code) spin liquid

Semions Electric excitations (e)

Fermionic spinons Magnetic excitations (m) Fermionic

Fermions (f) Spinons

understanding of AFM topological materials [65–68], such as
the AFM topological insulator (TI) MnTe2Bi4 [69–77], whose
topological surface states and the quantized anomalous Hall
effect have been experimentally verified. Similar achieve-
ments also include AFM topological semimetals (TSMs)
[78–81]. The AFM TIs and TSMs can be regarded as the
product of the marriage of two kinds of physics, i.e., the AFM
ordering of local moments and the spin-orbit couplings of
itinerant electrons.

Our primary interest in this work is the study of the ef-
fects destabilizing the AFM, yielding correlated states such as
QSLs and, as a consequence, possibly high-Tc superconduc-
tors. We remind that it has long been proposed that the QSLs
can be essential ingredients in the mechanism of the high-Tc

superconductivity [54–59] and could be affecting the pseudo-
gap regime of the underdoped cuprates [40]. Thus, the key
question we will address here is the attempt of understanding
the nature of phase transitions from AFMs to QSLs, which are
unconventional ones beyond the Landau’s paradigm of sym-
metry breaking. In fact, envisaging the emergence of QSLs
from 2D frustrated quantum magnets and understanding the
underlying physical mechanisms of their formation is one of
the critical challenges in quantum condensed matter physics.
To achieve this goal, we need to introduce a set of methodolo-
gies. Thus, we present in this paper a fundamental theoretical
construction, with a particular focus on the quantum anti-
ferromagnetism. We also briefly discuss the application of
this construction to investigating the topological phase tran-
sitions. A detailed study on the this topic is presented by an
independent work of ours, i.e., Ref. [82], which introduces
a Chern-Simons mean-field framework that greatly simplifies
our understandings of certain topological phase transitions.

A hypothetical transition from the Néel state to the QSL
can take place upon tuning a specific model parameter g
representing a frustration parameter due to competing inter-
actions, or the doping level of the system. As one approaches
the transition point around g = gcrit , the rotational symmetry
is restored. As a consequence, bosonic Goldstone modes of
the Néel state are destroyed, and after crossing the transition
point, the fractionalized excitations in QSLs are formed. Such
drastic changes in the ground state are characterized by de-
confinement of the fractional excitations, with an emergent
gauge field that enriches the elementary excitations by bring-
ing about the Abelian [83] or non-Abelian [84] geometric
phase. The geometric phases, characterizing the QSLs, are
of various kinds and are model dependent, resulting in dif-
ferent types of emergent excitations in QSLs. We list and
highlight the fractionalized excitations for typical QSLs in
Table I. Correspondingly, there exist many unconventional

phase transitions, characterized by the different natures of
QSLs [85–90]. The earliest specific examples of gapped spin
liquids are the Kalmeyer-Laughlin chiral spin liquids (CSLs),
the low-energy effective theory given by the Chern-Simons
gauge theory [64,91]. Other types of spin liquids with Z2

invariant gauge group (IGG) were originally proposed and
classified in Ref. [92], which were shown to be the ground
states of some exactly solvable models such as Kitaev’s toric
code [93–95].

An early example of unconventional transition proposed
in the literature is the deconfinement quantum critical point
(DQCP) from a Néel AFM order to a dimer order [96–103].
The transitions from Néel AFM order to Z2 spin liquids were
later studied [88,89]. These are possible QSLs in proximity to
the magnetically ordered Néel AFM state on a square lattice
[104]. This lattice model later was suggested to have potential
relevance to the cuprate superconductors [105]. The quantum
fluctuations and the low-energy dynamics of the Néel AFM
order in these studies can be described by a O(3) nonlinear
sigma model (NLσM). In turn, the latter is equivalent to the
CP 1 field theory containing bosonic spinon fields zα . The
CP 1 gauge field theory was used as a starting ingredient to
formulate the quantum field theory describing the unconven-
tional phase transitions, where the ordered phase is obtained
via condensation of the elementary excitations. This elegant
topological quantum field theory (TQFT) [106–108] treat-
ment is, however, not without its downsides. Even though it
captures the AFM quantum fluctuations around the quantum
critical point (QCP), it misses the quantitative information
about the energetics of the original spin Hamiltonian, making
it difficult to obtain the whole phase diagram at quantitative
level for a given microscopic model.

A more traditional theoretical approach is based on the
slave-particle mean-field theories [109–112], where one intro-
duces parton representations, such as the Schwinger bosons,
that only carry the spin degrees of freedom. In this framework,
the magnetically ordered states are understood as condensates
of Schwinger bosons with finite expectation value 〈b〉 �= 0 of
bosonic partons b. Whereas, the description of QSLs is more
elusive because it relies on the prior knowledge of the property
of ground states, which implies a particular mean-field ansatz.
Nevertheless, one can find out all possible QSLs ansatz that
preserves all the symmetries of original spin Hamiltonian
based on the projected symmetry-group (PSG) construction
[92], where the space group (SG) of the lattice model is the
quotient between PSG and IGG, SG = PSG/IGG. It should
be noted that, in these parton constructions, a single occupa-
tion constraint must be enforced on each site. This constraint
implicitly generates strong gauge fluctuations that have to
be fully taken into account in the theory. Therefore, for
any obtained mean-field ground state, the fluctuations around
the mean-field saddle point, which manifest as the emergent
gauge fields, must be analyzed very carefully [92]. Since the
fluctuations around the saddle point are highly dependent on
the prior knowledge of the mean-field ansatz, this powerful
formalism cannot easily be applied to studying the general
unconventional phase transitions in a systematic way.

This is also clear by observing that these parton con-
structions prefer different types of “physical languages” for
describing the ordered state and the QSLs, respectively, for
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FIG. 1. The motivation for a theoretical construction to map the
Néel AFM state to a model of fractional excitations coupled to gauge
field.

example, the magnetically ordered states are described by
the condensation b field while QSLs are depicted by slave
particles with emergent gauge degrees of freedom. Thus, it is
very difficult, if not unlikely, to achieve a unified mean-field
theory for any unconventional phase transitions within this
framework. The motivation of this study is summarized in
Fig. 1. As shown by the red dashed arrows, it is known that
the construction of the theory describing the unconventional
phase transitions from the Néel AFM state to either QSLs
or cuprate high-Tc superconductivity is an open problem in
modern condensed matter physics. Interestingly, since the
gauge field theory of fractional excitations (matter fields) is
a possible description of QSLs, and is related to cuprates (see
the full green arrows on the left side), we then make a detour
first to ask the following question: Is there any way to describe
the Néel AFM state also using fractional excitations and gauge
field? If this is found, then we obtain a path connecting the
two completely different types of phases, as indicated by the
yellow dashed-dotted curve in Fig. 1. Interestingly, this will
then naturally lead to a connected route from the Néel AFM to
QSLs or cuprates high-Tc superconductors by first completing
the yellow dashed-dotted path and then following the green
full arrows in Fig. 1.

This scheme, as long as achieved, can possibly lead to
a “global” mean-field-type theory to describe the evolution
of the system from the ordered phase to the QSLs passing
through the unconventional phase transitions. We note that
this scheme also has potential applications in the field of mag-
netic topological materials such as the magnetic TIs [69–77]
and magnetic TSMs [67,78–80,113–115]. For an electronic
system with significant spin-orbit coupling and antiferromag-
netism [67,113–115], one can apply the scheme and map
the model Hamiltonian to a gauge field theory coupled to
the matter fields with two different flavors. One is the de-
confined particles from the local moments, and the other
is the spin-orbit-coupled itinerant carriers intrinsic to the
material.

In this paper, we first construct a comprehensive theory
of the Néel AFM using a Chern-Simons representation of
spins and then discuss a scenario to investigate the uncon-
ventional phase transitions. We will briefly mention some
examples of unconventional phase transitions [82,116–122]
that can be examined by the developed method. Specifically,

this work laid theoretical foundations on several aspects as
follows. (i) We introduce the Chern-Simons representation
of spins. Unlike the conventional slave-particle representa-
tion, the U(1) Chern-Simons gauge field here is explicit in
representation itself. Moreover, because the Chern-Simons
term gaps out the photons in Maxwell field theory, the pho-
tons belong to the high-energy sector compared to the matter
fields, thus enabling a rigorous treatment of the corresponding
gauge fluctuations. (ii) We provide an alternative physical
picture of Néel AFM state in the introduced representa-
tion, where the fractionalized excitations form Cooper pairs
with p ± ip symmetry. Since the paired state is induced by
the emergent Chern-Simons (CS) gauge field, we term the
found superconducting state the CS superconductor [116].
(iii) We perform detailed calculations about several physical
observables, from which we demonstrate the physical corre-
spondence of the Néel AFM state and the CS superconductor,
and (iv) we present a possible advanced scenario to study the
unconventional phase transitions induced by frustration. We
also discuss some obtained results on two specific models
of frustrated quantum magnets. Interesting topological phase
transitions into quantum spin liquids are found to be charac-
terized by the instabilities of the CS superconductor.

A. Summary of results

We now highlight our results. We first introduce a CS
representation of spin-half operators and show an exact map-
ping from the 2D XY models to a fractionalized fermionic
theory coupled to a U(1) Chern-Simons gauge field. Then, we
formulate a systematic approach to look for the mean-field
ground state of the fermionized model for weak frustration.
For generic XY spin models with planar Néel AFM ground
state, either collinear or noncollinear, we show that the ground
states are always captured by the superconducting state of
the fractional excitations, whose pairing is induced by the
U(1) CS gauge field. Then, we study the detailed properties
of the two states, namely, the Néel AFM state and the CS
superconductor. The results enable us to build up quantitative
correspondences between the two states’ low-energy Gold-
stone modes, the Higgs modes, and the spin orderings. These
calculations validate that the CS superconductors are satis-
factory descriptions of Néel AFMs, independent of whether
the ordering is collinear or noncollinear, nor does it rely on
the underlying lattice geometry. Last, we discuss the effects
of frustration using the language of CS fermions. We show
that the frustration is manifested by competing interactions
induced by the CS gauge field, driving towards the instability
of CS superconductors. The outline of this work is illustrated
by Fig. 2.

The starting point of this work is the spin- 1
2 XY models

on different 2D lattices, which can lead to planar Néel AFM
ground state for weak frustration. We show results for square,
honeycomb, and triangular lattices, while the method can
be readily applied to other 2D models with different lattice
symmetries. We first consider the nonfrustrated or weakly
frustrated case where the ground states can be precisely
obtained using numerical methods such as density matrix
renormalization group (DMRG). As motivated by Fig. 1,
we aim to find an alternative physical description of planar
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FIG. 2. Schematic outline of this work: a weakly frustrated 2D
XY spin model leads to the p ± ip CS superconductor following the
method of Sec. II. Three different physical aspects of the Néel AFM
states and the CS superconductors are studied and compared. We
also provide the outline for the strongly frustrated cases with possible
QSL ground states. The emergence of QSLs and the unconventional
phase transition with tuning the frustration parameter g can then be
understood, in the mean-field level, as certain types of instabilities of
CS superconductors that restore the U(1) symmetry. In the fermionic
picture, the latter is driven by the competing interactions induced by
the CS gauge field. With going beyond the mean-field theory, the
instabilities can capture the corresponding QSLs state.

Néel antiferromagnetism. This is achieved by introducing CS
representation, where a spin-half operator is exactly described
by a spinless fermion (termed the CS fermion) coupled to
a nonlocal string operator dependent on the fermion density
throughout the whole lattice. After the mapping, the string
operators can generate a lattice U(1) gauge field. Because the
XY model has U(1) symmetry with the conservation of total
Sz, the total number of CS fermions, which is proportional
to total Sz, is conserved. Moreover, for planar Néel order,
〈Sz〉 = 0 at each site, implying the half-filling condition of CS
fermions at each site. As will be shown below, this leads to
specific constraints of the CS flux. Given the flux condition
and the lattice geometry, one can arrive at enlarged unit cells
enclosing different sublattices. This will be discussed in detail
below using the square and triangular lattices as examples.

Although we deal with purely 2D systems, there is a
similarity with fermionization techniques developed in 1D.
It is well known that a 1D transverse Ising model can be
transformed into a Kitaev’s 1D p-wave superconductor model
for specific parameters via the Jordan-Wigner transforma-
tion [123,124]. Here, we suggest that the 2D XY planar
Néel AFM’s, after the CS fermionization, can be described

as stable mean-field ground states where the CS fermions
form Cooper pairs with p + ip symmetry, as indicated in
Fig. 2. This is achieved by first integrating out the U(1)
CS gauge field to obtain a low-energy effective fermionic
field theory with nonlocal interaction between CS fermions
[116–118]. The resultant nonlocal interaction generally yields
a vertex with p-wave symmetry, independent of the underly-
ing lattice symmetries. Within the self-consistent mean-field
calculation, we show that the p-wave vertex favors chiral (p +
ip)-wave pairing order parameters, spontaneously breaking
the time-reversal symmetry, in accordance with the antifer-
romagnetism. The p + ip CS superconductor belongs to the
DIII class of the 10-fold Altland-Zirnbauer classification, dis-
playing the chiral Majorana edge state at the boundary of
the 2D lattices. Similar to the 1D transverse Ising model, the
boundary/edge mode found here reflects the bulk topology of
the CS superconductors and the p + ip nature of the order
parameter. Whereas, after the transformation back to the spin
language, the latter becomes a nonlocal one that renders the
bulk topology not explicitly observable.

Although the mean-field CS superconductor solution leads
to the spin rotational symmetry-broken state, the extent to
which it describes the planar Néel AFM state needs to be
answered. Here we investigate and compare the essential
physical properties of the two states and find qualitative and
quantitative correspondences. Because both the Néel AFM
and the CS superconductor spontaneously break the con-
tinuous U(1) symmetry, one expects the occurrence of the
Goldstone modes as well as the Higgs mode as collective
excitations for both states. The Goldstone modes in the Néel
AFM are physically manifested as the magnons, which should
be compared with the CS superconductor phase fluctuations.
On the other hand, the Higgs mode of the superconductor
state, akin to the Higgs particle in high-energy physics, orig-
inates from the amplitude fluctuations of the order parameter
[125]. This needs to be compared with the longitudinal mode
of the planar Néel AFM order; the latter is identified as the
magnitude fluctuations of the spin order parameter [126].
The longitudinal mode is well defined and immune to dis-
sipation into the Goldstone modes in XY antiferromagnets
because of the presence of particle-hole symmetry, which in
turn results in an effective Ginzberg-Landau field theory with
Lorentz symmetry [127] that forbids the mixing of transverse
and longitudinal modes. As shown in Fig. 3, we compare
the collective modes of the two states on different lattices.
Remarkably good quantitative agreements are obtained, sug-
gesting the physical similarities of the two states, as indicated
by the dashed boxes in Fig. 2.

Let us denote mean-field ground state of the CS supercon-
ductor by |GS〉 while the planar Néel AFM state by |GS′〉 (see
Fig. 2). To compare these two states, one can evaluate the
spin expectation value 〈GS|Ŝx

r |GS〉 for the CS superconductor.
Direct correspondence with the Néel AFM can be revealed
if 〈GS|Ŝx

r |GS〉 exhibits alternating finite spin polarization for
different sublattices within in a unit cell. To this end, we show
that the boundary condition of the spin model plays a key
role in the fermionic language, which, in the thermodynamic
limit, brings about the doubly degenerate Bogoliubov vacuum
states with even and odd fermion parity (FP), respectively.
This inevitably makes the direct calculation of 〈GS|Ŝx

r |GS〉
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FIG. 3. The collective modes in CS superconductors and the
planar Néel AFM state. A lattice is shown with Néel spin order
on A and B sublattices. The magnons and longitudinal modes are
displayed by the light (blue) and dark (red) dashed arrows. The
“Mexican hat” represents the free-energy potential of the symmetry-
broken CS superconductors. The phase fluctuation and the Higgs
mode are indicated by the full light (blue) and dark (red) arrows,
respectively.

unlikely because the ground state in thermodynamic limit can
be an arbitrary superposition of the doubly degenerate states.
Therefore, we study the local response of the CS supercon-
ductor to an infinitesimal local magnetic field B. We show that
the CS superconductor has a divergent magnetic susceptibility
at B → 0 in thermodynamic limit, as long as the external
perturbation field is asymmetric on different sublattices. The
twofold degeneracy of the ground state is thus broken by
infinitesimal B, generating the alternating spin polarization
with respect to the CS superconductor description, strongly
suggesting their physical correspondences to the planar Néel
AFM orders.

The above-mentioned results complete the first part of
the paper outlined in Fig. 2, i.e., the description of the
stable ground state of the weakly frustrated XY models.
Then, we consider the effect of frustration by including fur-
ther neighboring exchange couplings on the XY models. In
the fermionic language, the frustration introduces further-
neighbor hoppings of CS fermions as well as a mediating
CS U(1) gauge field. Following the same approach used to
study the weakly frustrated cases, the U(1) gauge field now
induces additional interactions except for the one that is re-
sponsible for the CS superconductivity [117]. The advantage
of the formalism then becomes obvious. The spin model with
tunable frustration g is now transformed into a unified form
described by interacting CS fermions, allowing us to perform
analysis by the many-body techniques for fermions. We show
that, for the strongly frustrated cases, the instabilities of the
CS superconductors are very typical phenomena due to the
competition between ordering and fluctuation. Moreover, we
point out that certain types of instabilities can restore the U(1)
without breaking further symmetries. It is natural to expect
them to serve as the mean-field signals for the unconventional
phase transitions towards QSLs. The nature of the resultant
state can be further understood in a controlled way by going
beyond the mean-field theory and restoring the fluctuations of
order parameters.

The above procedure realizes the two-step scheme illus-
trated by Fig. 1, i.e., first, building the connection between the
Néel AFM and the fractional excitations with the gauge field
via the CS superconductor description, and, second, interpret-
ing the formation of QSLs via the topological quantum field
theories of fractionalized excitations.

Here we would like to highlight an independent re-
cent work of ours, i.e., Ref. [82], where, based on the
fermionization approach here, we work out a Chern-Simons
mean-field theory for analyzing and predicting topologi-
cal phase transitions in frustrated quantum magnets. By
using the proposed method, we are about to predict an in-
teresting topological phase transition from the Néel AFM
state to a nonuniform chiral spin liquid on a honeycomb
XY model. Remarkably, such a transition, which is widely
known to be beyond the Landau’s paradigm of symmetry
breaking, is unambiguously shown to still enjoy an unprece-
dented mean-field description. Another related example is
the deconfinement transition from the 120◦ state on trian-
gular lattice to a new helical spin-liquid state, proposed by
Ref. [118].

The remaining part of this paper is organized as follows.
In Sec II A, we introduce the CS fermionization of a generic
2D XY model. Then, we formulate a systematic framework
to determine the CS superconductor mean-field ground state
of the fermionized model in Sec II B. It is applied to three
different lattice models, giving rise to corresponding mean-
field theories discussed in Sec. II C. In Sec. III, we move to
the topic of collective modes of the CS superconductors. In
Sec. III A, we present the study of the Higgs mode in detail
by considering the leading Feynman diagram that restores
the broken U(1) symmetry beyond Hartree-Fock mean-field
level. The dispersion of the Higgs mode of CS supercon-
ductors is obtained from the Bethe-Salpeter equations, which
we solve analytically. In Sec. III B, the longitudinal mode
from the planar Néel AFM is calculated following Feynman’s
conjecture, which was originally proposed to study the ex-
citations in He3 superfluid [128]. The longitudinal mode is
reduced to the evaluation of two spin-spin correlation func-
tions, which we precisely obtained using DMRG. Remarkably
well correspondences of the collective modes are obtained at
a quantitative level. The calculation of the spin ordering in
Sec. IV is further divided into two subsections. Section IV A
focuses on the generalization of the fermionization method to
the case with periodic boundary conditions on a torus. This
is a necessary step as we show that the boundaries lead to
the doubly degenerate CS superconductor ground state with
even and odd FP in the thermodynamics limit. In Sec. IV B,
we then study the spin order from the CS superconductors.
In Sec. V, we investigate the strongly frustrated XY models
by extending the CS superconductor mean-field theory to ac-
count for frustration. A detailed discussion of unconventional
phase transition is presented based on two specific models. In
Sec. VI, we give a summary and provide more discussions,
with the emphasis on further applications of the proposed
theory to related topics including the QSLs, doped AFM, and
superconductivity, exactly solvable models of topologically
ordered states, as well as the finite-temperature formalism
where the Kosterliz-Thouless transition can play an important
role.
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II. CHERN-SIMONS SUPERCONDUCTOR DESCRIPTION
OF A 2D PLANAR NÉEL ORDER

A. CS fermionization

We begin with the fermionization of the 2D XY spin-
exchange model on a bipartite lattice and consider the weak
frustration case with a planar Néel AFM ground state. The
Hamiltonian under study has the following form:

HXY =
∑
r,r′

Jr,r′
(
Sx

r Sx
r′ + Sy

rSy
r′
)
, (1)

where Jr,r′ > 0 is the local antiferromagnetic exchange inter-
action between neighboring sites. Generalization of the results
to more complicated spin models also including the Ising term
are possible as discussed in the closing section. We, however,
use the Hamiltonian (1) as the typical example supporting a
planar Néel AFM state to demonstrate a fermion description
of the latter. Such a description will help one to obtain more
insights into the physics of unconventional phase transitions.
In the first part of this work, we consider the lattice to be
free from geometric frustration, and consider only the nearest
exchange couplings Jr,r′ = Jδr,r+e j with e j the nearest vector
bonds on the lattice.

We now introduce the CS fermionization of spin- 1
2 opera-

tors,

S±
r = f ±

r U ±
r , (2)

where the spinless CS fermions f ±
r are attached to a string

operator defined as

U ±
r = e±ie

∑
r′ �=r arg(r−r′ )nr′ . (3)

Here, e is the CS charge. It can take odd integer values to
guarantee that the SU(2) algebra of the spin- 1

2 operators is
preserved. The string operator is nonlocal in the sense that
it includes a sum of particle-number operators nr = f †

r fr =
Sz

r + 1
2 throughout the whole lattice. Its nonlocality potentially

facilitates the study of topologically ordered states, charac-
terized by long-range quantum entanglement. Compared to
the Schwinger particle representation, the above representa-
tion does not artificially enlarge the local Hilbert space and
therefore is free from additional constraints. Inserting Eqs. (2)
and (3) into (1), we obtain

H =
∑
r,r′

Jr,r′ ( f †
r eieAr,r′ fr′ + H.c.), (4)

where a factor 1
2 has been absorbed into Jr,r′ . Ar,r′ is the

U(1) gauge field generated by the string operators, i.e., Ar,r′ =
U +

r U −
r′ =∑r̃ �=r arg(r − r̃)nr̃ − ∑

r̃ �=r′ arg(r′ − r̃)nr̃. Here,
the CS charge e appears in front of Ar,r′ , which can take all
odd integers.

To obtain more intuition about the U(1) gauge field, here
we transform it into the continuum form. Considering Ar,r′

defined on bonds connecting two nearest-neighbor sites, we
define its continuous counterpart as following. Due to trans-
lation invariance, Ar,r′ = Ar−r′ , and the Taylor expansion near
r gives Ar,r′ = Ar · (r − r′), with the argument approaching
r − r′ → 0. Therefore, the U(1) lattice gauge field is cast in
the continuous form into a local vector potential Ar. By taking

the derivative with respect to Ar,r′ , one obtains that

Ar =
∑
r′ �=r

ez × (r − r′)
|r − r′|2 nr′ . (5)

In analogy with the vector potential of electrodynamics, Ar
from the quantum magnet generates a gauge flux in a closed
contour centered at a generic site, say r0. Namely, Br0 =∮

r0
Ar · dr =∑r′ �=r nr′

∮
r0

ez×(r−r′ )
|r−r′|2 dr. After introducing the

complex coordinates z = x + iy and z′ = x′ + iy′ to represent
r = (x, y) and r′ = (x′, y′), respectively, the complex integral
is easily calculated by counting the residuals enclosed by
the contour in the complex plane, leading to the fact that
−i
∮

z0
dz (z−z′ )�

|z−z′ |2 equals to 2π for z′ enclosed by the contour
and equals to 0 otherwise. Therefore, the flux reads as Br0 =
2πnr0 , where nr0 is the number operator of f fermions en-
closed by the contour centered at r0. From above, we see that
the Gauss law Br = 2πnr is an essential requirement in the
fermionization approach.

To enforce the flux rule Br = 2πnr, we introduce in the
functional representation the term

∫
dr A0

r ( Br
2π

− nr ), where
A0

r is the Lagrangian multiplier field and it enters into the
functional integral measure of the partition function. We see
from above that the flux rule leads to an effective chemical
potential for the f fermions

∫
dr A0

rnr, as well as another
term 1

2π

∫
dr A0

rBr = 1
4π

∫
dr εi jA0

r∂ jAi
r, topologically equiv-

alent to a CS action up to boundary term. Therefore, once the
fermionization is performed to represent the spin- 1

2 operators,
the CS fermions derived from the 2D XY models are auto-
matically coupled to a CS U(1) gauge field, whose action is
obtained as

SXY =
∫

dt
∑

r

f̂ †
r

(
i∂t − A0

r

)
f̂r −

∑
r,r′

t ( f̂ †
r eieAr,r′ f̂r′ + H.c.)

− 1

2π

∫
dt
∑

r

BrA0
r . (6)

This is the fermionized action describing the XY model (1).
The mapping via CS fermionization is exact to this step. We
note in passing that the CS U(1) gauge field and CS action
derived here have an intricate connection with the topological
Hopf term of the CP 1 theory [3,129] describing the quantum
fluctuations of Néel AFM order. The study of the connection
between the two independent theories should be an interesting
topic worth further investigations.

B. Reformulation as a theory of interacting CS fermions

To understand the ground-state properties of the system
described by the fermionized action (6), we propose the fol-
lowing key steps:

(i) Set free the CS fermions by “turning off” the gauge
field, and obtaining the locations of the energy minima of the
free model in momentum space Qi, i = 1, . . . , N . N counts
the degeneracy of the energy minima.

(ii) Attach a nonfluctuating U(1) gauge field Ar,r′ satis-
fying Ar1,r2 + Ar2,r3 + · · · ArN ,r1 = 2π〈nl p〉, where 〈nl p〉 is the
number of fermions enclosed by a generic closed loop on the
lattice. For loop enclosing the plaquette with Npl lattice sites,
this implies that Ar1,r2 + Ar2,r3 + · · · ArN ,r1 = B = 2πνNpl =
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πNpl for half-filling ν = 1
2 . Note that the total Sz should be

zero for the ground state of XY models, therefore, half-filling
is required in the fermion picture.

(iii) Make expansion of the fermionic theory near the en-
ergy minima with taking into account the nonfluctuating U(1)
gauge field.

(iv) Restore the fluctuation of the CS gauge field and in-
tegrate out the gauge field fluctuation to obtain a low-energy
effective field theory with interacting CS fermions.

We will demonstrate these steps in the following sections.

1. Identification of energy minima

As the first step, we intentionally turn off the gauge field
Ar,r′ = 0, then Eq. (6) can be readily diagonalized leading
to the single-particle dispersion of the CS fermions. One can
then find out the energy minima of the CS fermion spectrum
in the first Brillouin zone (BZ). We denote the lattice momen-
tum of the minima as Qi and i = 1, . . . , N . Some essential
information of the ground state can be found from Qi. With
Ar,r′ = 0, the dispersion obtained from Eq. (4) is exactly
the same as the single-particle spectrum under the hard-core
boson representation. Therefore, the energy minima suggest
the k point where the bosons intend to condense, indicating
the nesting vector of the magnetic orders. Besides, the spin
structure factor S(q) = ∫ dr dr′〈Ŝa(r)Ŝa(r′)〉eiq·(r−r′ ) should
display peak at these points. For the case with N > 1, the
hard-core boson condensation will spontaneously take place
at only one of the degenerate points Qi. The degeneracy of Qi

is essentially the result of the underlying lattice space group.
Therefore, the condensation at one of the minima indicates
the spontaneous breaking of certain symmetry element of the
space group, in addition to the U(1) symmetry of the XY
model.

2. Attaching a nonfluctuating U(1) gauge field

The free CS fermionic spectrum obtained in the previous
step does not represent the system’s correct excitations be-
cause the SU(2) algebra of the spin- 1

2 operators is lost upon
disregarding the CS gauge field. To restore the U(1) gauge
field, we first decompose the lattice U(1) phase Ar,r′ into a
sum of nonfluctuating and fluctuating parts: Ar,r′ = Ar,r′ +
δAr,r′ . As we have demonstrated before, the CS fermioniza-
tion requires the Gauss’ law Br0 = ∮r0

Ar · dr = 2πnr0 , which
on a lattice reads as Ar1,r2 + Ar2,r3 + · · · ArN ,r1 = 2πnl p. At
the mean-field level, one then requires that [130]

Ar1,r2 + Ar2,r3 + · · · ArN ,r1 = 2π〈nl p〉, (7)

where 〈nl p〉 is the ground-state expectation of nl p. Note that
nl p denotes the total number of fermions shared by all the sites
enclosed by the loop [131].

Equivalent to Eq. (7), we in fact require

〈
δAr1,r2 + δAr2,r3 + · · · δArN ,r1

〉 = 0. (8)

In other words, the gauge field’s fluctuation does not change
the half-filling of CS fermions, which is in accordance with a
planar magnetic order.

FIG. 4. The nonfluctuating flux distribution is shown on
(a) square, (b) honeycomb, and (c) triangular lattices, respectively.
The red dashed boundaries denote the unit plaquette for the three
lattices. The two regions with opposite shadings represent the π and
−π fluxes. The unshaded area represents the zero-flux region. On
the triangular lattice, two flux states related by Z2 symmetry are de-
generate in energy, corresponding to two different types of hard-core
boson condensation at Q1 and Q2, respectively [118]. We show one
of the flux states in (c), while the other is obtained by an interchange
of the shaded and unshaded area. (d) The Fermi surface of free CS
fermions on a square lattice, which becomes a loop degeneracy after
the BZ folding for infinitesimal Ar,r′ , i.e., the purple dashed lines in
(e). The degenerate loop is gapped out due to the finite Ar,r′ , except
for four Kramers degenerate nodes [two inequivalent ones, K and
K′ in (d)], as indicated by the red points, which are enforced by
remaining symmetries of HXY.

Equation (4) is then cast into

HXY = t
∑
r,r′

[ f̂ †
r eieAr,r′ eieδAr,r′ fr′ + H.c.]. (9)

With neglecting the fluctuating field δAr,r′ = 0, we arrive at an
approximated Hamiltonian HXY describing the CS fermions
decorated by U(1) phases. This is, of course, a better approx-
imation than the free CS fermions in the last step. To enforce
the flux rule in Eq. (7), we note that there are in general three
different cases depending on the underlying lattice geometry,
more specifically, on the number of lattice sites Npl in a unit
plaquette: (a) Npl = 1 [e.g., the square lattice, Fig. 4(a)], (b)
Npl > 1 [e.g., the unit hexagon contains two lattice sites on the
honeycomb lattice, Fig. 4(b)], and (c) Npl < 1 (e.g., the unit
triangular consists of 1

2 site on the triangular lattice, Fig. 4(c)].
In case (a), one arrives at the π -flux state under half-filling,
according to Eq. (7). Namely, the flux through each plaquette
equals to either π or −π . For lattices belonging to case (b)
with even number of Nl p, the flux can be found to be B = 0
module 2π for all plaquettes, therefore, Ar,r′ can be gauged
out. For case (c), the π fluxes must be distributed in an area
that encloses 1/Npl plaquettes. We will show for the triangular
lattice case that, if there exist several distributions that are
energetically degenerate, the system will spontaneously break
the degeneracies by taking a generic flux configuration. In
the hard-core boson representation, this corresponds to the
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condensation of bosons at a generic Qi, as discussed above.
In cases (a) and (c), the generated flux patterns will inevitably
enlarge the unit cell compared to that of the lattice. This is
consistent with the planar Néel AFM ground state where the
formation of alternating spin order enlarges the lattice unit
cell. We show in Figs. 4(a)–4(c) the gauge fluxes on the
square, honeycomb, and triangular lattices as typical repre-
sentatives for the above three cases.

3. Low-energy effective theory in the presence
of nonfluctuating gauge field

In the last step, we have obtained an approximated model
HXY, i.e., Eq. (9), with δAr,r′ = 0. To restore the fluctuation
of gauge field, we have to consider nonzero δAr,r′ . The CS
fermions energy spectrum (δAr,r′ = 0) can be readily obtained
from HXY. After insertion of the nonfluctuating flux state, as
illustrated in Figs. 4(a)–4(c), the sublattice degrees of freedom
emerge and the CS fermions f̂k,α ( f̂ †

k,α
) carry the sublattice

index α. Then, one can formally obtain the Hamiltonian in the
diagonalized basis as

HXY =
∑
k,α,β

f̂ †
k,aεα,β (k) f̂k,b =

∑
k,n

f̂ †
k,nεn(k) f̂k,n, (10)

where εα,β denotes the single-particle Hamiltonian of CS
fermions in the sublattice space, n represents the band index,
and εn(k) is the energy spectrum of CS fermions for different
bands, n. The nonfluctuating CS gauge field Ar,r′ and the
caused fluxes modulate the energy spectrum and whose effects
are implicit in εn(k). It should be noted that the CS charge e
in front of Ar,r′ is also implicit in εn(k), and can take any odd
integer values due to the compactness of gauge field theory on
the lattice.

In specific models, as we will show below, the gapless
Dirac nodes will generally occur. Before proceeding, we illus-
trate the fact that the Dirac nodes are enforced by symmetries
of the HXY using the square-lattice model as an example. We
assume that one starts from the free CS fermion model and
gradually turns on the nonfluctuating gauge field Ar,r′ , namely,
the fluxes in each square plaquette are gradually increased
from zero in Fig. 4(a). For Ar,r′ = 0, the free-fermion model
enjoys a square Fermi surface (FS) at half-filling indicated by
Fig. 4(d). For an infinitesimal phase, Ar,r′ = 0+, as indicated
by the alternating shaded regions in Fig. 4(a), the system
already develops different sublattices, leading to BZ folding.
This generates a degenerate energy contour along the FS, as
shown by the dashed blue lines in Fig. 4(e). With further
increasing Ar,r′ , the larger gauge field introduces stronger
couplings between CS fermions on different sublattices, re-
shaping the energy spectrum of the CS fermions and gapping
out the degenerate contour as indicated by Fig. 4(e). Finally,
Ar,r′ is increased to the value such that the π -flux rule is
satisfied, i.e., the flux in each of the square plaquettes becomes
±π . The question is as follows: Will the degenerate contour
be completely gapped out or some gapless nodes remain at
certain k points?

The answer is only dependent on the symmetries of
Eq. (10). On the square lattice, with staggered ±π flux as
shown in Fig. 4(a), we can construct the united symmetric op-
erations using the time-reversal symmetry (TRS) operator �

and the translation operators T(a,0) and T(0,a), i.e., U1 = �T(a,0)

and U2 = �T(0,a). It is clear that the Bloch wave function u(k)
satisfies U 2

1/2u(k) = e2ikx/y u(k), such that U 2
1/2 is antiunitary

for k = (±π/2, ky) or k = (kx,±π/2). Then, Kramers de-
generacies can be identified at k = (±π/2,±π/2), which are
the only TRS invariant points along the lines k = (±π/2, ky )
or k = (kx,±π/2), as indicated by the red dots in Fig. 4(e).
This example on the square lattice indicates the general exis-
tence of Dirac nodes from HXY, enforced by its symmetry.
On the other lattices with a certain distribution of fluxes,
one can construct corresponding united operators Ui = �Tkiai ,
where ki, with i = 1, 2, are integers depending on the flux
distribution and the underlying lattice symmetry. Therefore,
the similar symmetry analysis would suggest robust gapless
touchings between conduction and valence CS fermions. We
denote the location of these Dirac nodes as Ki, i = 1, 2 . . . , in
the following.

At half-filling, as in the XY antiferromagnets, the FS of
CS fermions exactly passes through the Dirac nodes. One can
therefore safely make expansion of HXY with respect to the
lattice momentum, arriving at the low-energy effective theory
near Ki, i.e.,

HXY =
∑

r

vF f̂ †
r,α (K1)σ i

αβ (−i∇i ) f̂r,β (K1) + · · · , (11)

where ki = −i∇i is measured from the Dirac point K1, the
ellipsis denotes the terms expanded near other nodes. σ is
the Pauli matrix denoting the sublattice degrees of freedom.
vF is the Fermi velocity derived near the Dirac nodes. It is
proportional to exchange coupling J of the spin model (1),
but can generally be anisotropic and have different values
associating with different Dirac nodes.

4. Fluctuating gauge field

Now we are ready to restore the fluctuating gauge field
δAr,r′ . In the low-energy effective theory (11), δAr,r′ is min-
imally coupled to the CS fermions, leading to

HXY =
∑

r

vi
F f̂ †

r,α (K1)σ i
αβ (−i∇i + eδAr ) f̂r,β (K1) + · · · ,

(12)
where, according to Sec. II A, one has introduced the con-
tinuum form, i.e., for r − r′ → 0, δAr−r′ ≡ δAr · (r − r′).
Taking into account the CS term and the Lagrangian multiplier
in Eq. (6), we obtain the action of the low-energy effective
gauge field theory, that is a good approximation to capture the
ground state of the spin-exchange model, i.e.,

SXY =
∫

dr dt f̂ †
r,α (Ki )σ

0
αβ

(
i∂0 − A0

r

)
f̂r,β (Ki)

−
∫

dr dt f̂ †
r,α (Ki )σ

i
αβ (−i∂i + eAr ) f̂r,β (Ki ) + SCS,

(13)

where we used the notation Ar instead of δAr for brevity.
The CS term SCS originates from the flux rule, inherited from
the last term in Eq. (6). The derivation of Eq. (13) from
the XY Hamiltonian (1) is exact in low energy because we
only made a long-wave approximation to derive long-wave
physics near the emergent symmetry-enforced Dirac nodes.
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SXY in Eq. (13) is a quite general result, suggesting that one
can understand the 2D antiferromagnetism from a (2 + 1)D
quantum-electrodynamics-type theory but with a CS rather
than the Maxwell term.

In Eq. (13), the matter field is the gapless Dirac CS
fermions. This naturally suggests us to integrate out the de-
grees of freedom Aμ

r , which shows up in a bilinear form in SCS,
giving rise to a general theory describing interacting Dirac CS
fermions living in sublattice space with multiple valleys:

S f =
∫

dt

[ ∫
dr f̂ †

r,α (Ki )σ
μ

αβ i∂μ f̂r,β (Ki ) +
∫

dr dr′

× V α,β,ρ,σ

r−r′ (Ki, K j ) f̂ †
r,α (Ki ) f̂r,β (Ki ) f̂ †

r′,ρ (K j ) f̂r′,σ (K j )

]
.

(14)

Formally, the Dirac CS fermions interact via a nonlocal vertex
V α,β,ρ,σ

r−r′ which is proportional to the CS charge e. Since the
XY spin model with planar Néel order is mapped to interact-
ing CS Dirac fermions, we expect the physical nature of the
long-range Néel state should be captured by the spontaneous
symmetry breaking of the Dirac fermions and the conven-
tional spin-wave theory.

We note that the gauge field theory, Eq. (12), is no longer
compact after making the long-wave expansion near the Dirac
nodes and the coupling of the CS fermions to the gauge field
is proportional to the CS charge e. This leads to a e-dependent
many-body theory S f [Eq. (14)]. The e dependence, which
is absent in the original lattice field theory, is an inevitable
theoretical artifact brought by the long-wavelength approxi-
mation. We are going to show below that e-dependent physical
quantities generated by the theory S f are all proportional to
e
vF , which is the characteristic energy scale of interacting
Dirac fermions. On the other hand, the characteristic energy
scale of the spin model is the exchange coupling J . To make a
quantitative comparison between the two theories, one needs
to require that e
vF be comparable to J . Hence, the lower
energy vF 
 we are focusing on, the larger e is implicit in
the interacting fermionic theory. Since the long-wave approx-
imation we made is accurate in the long-wavelength limit
vF 
 → 0, we expect to obtain an accurate description show-
ing a very weak e dependence for e 	 1.

C. CS superconductor mean-field theories on different lattices

After mapping from the XY spin model to the interacting
Dirac CS fermions, we are now in a position to investigate the
mean-field ground state of Eq. (14), using typical lattices as
examples. We discuss the triangular lattice in more details as
it is a more complicated case that leads to a noncollinear Néel
AFM order. The results for the honeycomb and square lattices
are also provided, in order to facilitate the study in the next
sections.

1. Noncollinear Néel order and CS superconductor
on the triangular lattice

Starting from Eq. (9) on the triangular lattice, two degen-
erate energy minima with Q1 = (−2π/3a,−2π/

√
3a), Q2 =

(2π/3a,−2π/
√

3a) can be identified from the single-particle
CS fermion spectrum after turning off both Ar,r′ and δAr,r′ .

FIG. 5. Shown is the mechanism for the formation of CS su-
perconductors on triangular, honeycomb, and square lattices. The
noncollinear or collinear Néel AFM state can be stabilized due to
the symmetry breaking of the spin-exchange model. On the other
hand, the spin-exchange interaction is translated to CS fermions
mediated by fluctuating gauge field through an exact mapping. In
long-wavelength approximation, one arrives at Dirac CS fermions at
symmetry-enforced k points, with nonlocal interaction induced by
the fluctuating gauge field. The gray dots indicate the Dirac nodes K,
and K on triangular, honeycomb, and square lattices in the first BZs.
The noninteracting part of the low-energy effective Hamiltonian HXY

violates the translation symmetry of the original lattice, enlarging the
unit cell and introducing BZ folding. The reciprocal vectors of each
the lattice are indicated by b1 and b2, e.g., for the triangular lattice,
b1 = (4π/3, 0) and b2 = (−2π/3a,−2π/

√
3a). Stable mean-field

ground states where the Dirac CS fermions are paired are found, as
a general result for the three typical lattices and can be proved to
exist on all weakly frustrated lattices that support planar Néel AFM
ground states. The Dirac CS fermions from HXY are gapped by the
Cooper pairing with p ± ip symmetry.

In the hard-core boson picture, the bosons will condense in
one of the two degenerate Q points, spontaneously breaking
the Z2 symmetry. From the nesting vector Qi, i = 1, 2, one
can determine the configuration of the spin order, which is the
120◦ degree planar Néel state, as shown in Fig. 5(a).

Then, we turn on the nonfluctuating gauge field Ar,r′ ,
which generates the flux in Fig. 4(c). The phase Ar,r′ that
satisfies Eq. (7) can be determined up to the gauge redun-
dancy. The obtained Ar,r′ enlarges the unit cell by six times
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and decreases the BZ to one sixth of that for the original
lattice. Diagonalizing the tight-binding CS fermion model
HXY with the nonfluctuating gauge field, two inequivalent
Dirac nodes located at K = (π/6a,−π/2

√
3a) and K =

(−π/6a, π/2
√

3a) can be obtained in the first BZ. After
expansion, the low-energy effective Hamiltonian around each
of the nodes can be derived. Because of the BZ folding, the
Dirac spinor is of six dimensions. We introduced two sets
of indices ρ = 1, 2, 3 and α = 1, 2 to decompose the six-
dimensional Dirac spinor into three copies of two-dimensional
Dirac spinors in the sublattice space. This leads to the effective
Dirac Hamiltonian H0 = HK(k) + HK(k), where HK(k) reads
as

HK(k) = vF

∑
k,α,β,ρ

f̂ †
k,α,ρσαβ · k f̂k,β,ρ . (15)

The three copies of Dirac spinors in the above Hamiltonian,
ρ = 1, 2, 3, are in accordance with the three emergent sub-
lattices of the 120◦ Néel state from the spin XY model. pi =
k · ei and ei, i = 1, 2, 3, are the unit vectors of the nearest-
neighbor (NN) bond in triangular lattice, which are of the
length a as shown by Fig. 5(a). The Hamiltonian describing
the other Dirac cone state at K is obtained from the time-
reversal transformation applied to Eq. (15).

Following the step proposed in the last section, we restore
the fluctuating gauge field δAr,r′ to the low-energy Dirac
fermions H0, and then integrate out the gauge field fluctuation.
A nonlocal interaction between Dirac CS fermions is obtained
as

Hint =
∑

k,k′,q,ρ

V αα′ββ ′
q f̂ (a)†

k,α,ρ f̂ (b)†
k′+q,α′,ρ f̂ (b)

k′,β,ρ f̂ (a)
k+q,β ′,ρ, (16)

where the derived interaction vertex is of the following form
as

V αα′ββ ′
q = 2π ie

[
σ i

αβδα′,β ′ + δαβ

(
σ i

α′,β ′
)T]

εl,mAm
k el

i , (17)

where Am
k = km/k2, m = 1, 2, and εl,m the antisymmetric

Levi-Civita tensor. a, b = K, K denote the two different Dirac
cones in the first BZ, as shown by the left figure in the
bracket “interacting Dirac fermions” in Fig. 5. Both intraval-
ley and intervalley interactions are mediated by the fluctuating
gauge field. Here, since the ground state of the spin model
is known to be a Néel AFM state, which is a condensate
with momentum Qi, we only look for the mean-field theory
that can describe the same physics in the CS fermion pic-
ture. Let us first consider intravalley interaction. Assuming
that a mean-field order is stabilized, any bilinear mean-field
orders from CS fermions then will enjoy the total momen-
tum either as Ktot = 2K = (π/3a,−π/

√
3a) or Ktot = 2K =

(−π/3a, π/
√

3a). Since Ktot �= Q1,2 (mod G ≡ l1b1 + l2b2,
with b1,2 the reciprocal vector in Fig. 5), therefore, no mean-
field theory from the intravalley interaction is able to describe
the Néel AFM state. On the other hand, the mean-field orders
from intervalley interaction always carry the total momentum
Ktot = 0, which is equal to Qi up to the reciprocal vector, con-
sistent with 120◦ Néel state that corresponds to condensation
at Qi. Therefore, we show that by examining the total mo-
mentum of the possible mean-field orders, one can determine
whether the intervalley or the intravalley interaction plays the

key role. This can efficiently simplify Eq. (17) and facilitate
the mean-field study of the possible ground state.

It is straightforward to construct a mean-field theory for
intervalley interaction. For a given sublattice ρ, two types of
bosonic mean-field orders can be introduced via Hubbard-
Stratonovich decomposition, i.e.,

�αα′
k,ρ = −2iπe

∑
ββ ′

V αα′ββ ′
k−k′ 〈 f̂−k′,β,ρ f̂k′β ′,ρ〉, (18)

χαα′
k,ρ = −2iπe

∑
ββ ′

V αα′ββ ′
k−k′ 〈 f̂ †

k′,β,ρ f̂k′β ′,ρ〉. (19)

The former is usually stabilized for weakly frustrated XY
models with nearest-neighbor interaction. At the same time,
we find that the latter could only arise with stronger frustra-
tion [82]. Thus, a superconductor state of Dirac CS fermions
becomes the most stable mean-field ground state with weak
frustration. Besides, Eq. (17) clearly indicates that all the
nonzero components of the vertex V αα′ββ ′

q are proportional
to Ax

k − iAy
k where Ai

k = εl,mAm
k el

i . The p + ip interaction
vertex, therefore, energetically favors a (p + ip)-wave rather
than a normal s-wave pairing state. We term the p + ip paired
state of Dirac CS fermions emergent from XY spin models the
CS superconductors.

2. Collinear Néel order and CS superconductivity
on honeycomb and square lattices

For the honeycomb and square lattices, similar derivation
leads to the mean-field theory of the CS superconductors. As
shown by the outlined mechanism in Fig. 5, weakly frus-
trated quantum XY models lattice enjoy collinear Néel AFM
order on both square and honeycomb, as a result of sponta-
neous symmetry breaking of the U(1) invariant spin-exchange
model. After CS fermionization and following the same pro-
cedure as before, CS superconductor states can be found on
square and honeycomb lattices as well. Since the derivation
is similar to that of the triangular case, we do not show the
details but straightforwardly present the self-consistent mean-
field equations and their solutions.

For the honeycomb lattice, despite the CS Dirac fermions,
the gauge field induced an intervalley interaction which reads
as

Hint =
∑

k,k′,q

V αα′β ′β
q f̂ †

kα f̂
†

k′+qα′ f̂ k′,β ′ f̂k+qβ (20)

with the interaction vertex

V αα′β ′β
q = −2π ievF εi j

(
σ i

αβδα′β ′ + δαβσ iT
α′β ′
)
Aj

q, (21)

where we used f̂ and f̂ to distinguish the CS fermions from
the two different Dirac nodes on the honeycomb lattice. α, β

represent for the sublattice degrees of freedom on honeycomb
lattice. Aj

q = q j/|q|2 such that the (p + ip)-wave nature is
implicit in the interaction vertex in Eq. (21).

In the basis �k = [ f̂k,A, f̂k,B, f̂
†

−k,A, f̂
†

−k,B]T , the mean-
field Hamiltonian describing the CS superconductor on
the honeycomb lattice can be obtained via the Hubbard-
Stratonovich decomposition, which is cast into a simple form
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as

HMF = vF k · στ 3 + �̂kτ
+ + �̂

†
kτ

−, (22)

where the pairing potential above is a 2 × 2 matrix lying in
the sublattice space as

�̂k = �3kσ
0 + i(�0k,xσ

y − �0k,yσ
x ), (23)

where �0k,x = �0kkx/k, �0k,y = �0kky/k, and �0k , �3k are
the two superconductor order parameters that characterize the
mean-field state. Minimizing the mean-field ground-state en-
ergy, and after integration over the polar angle of momentum
k, the self-consistent equations of the order parameters are
obtained as

�0k = evF

2

∑
a=±

∫ k

0
dk′ k

′�3k′

kE (a)
k′

(24)

and

�3k = evF

2

∑
a=±

∫ 


k
dk′ �0k′ + avF k′

kE (a)
k′

, (25)

where E (a)
k =

√
|avkk + �0k|2 + |�3k|2. As we have dis-

cussed before, in the long-wavelength limit where the
effective theory becomes a accurate description, one expects
a larger CS charge e in order to make the theory to be of the
same characteristic energy as the original spin XY model. We
are therefore interested in the large-e case. For e 	 1, it is
found that nontrivial solutions of the order parameters always
exist. Meanwhile, the mean-field equations (24) and (25) are
reduced to the following form:

�0k = evF

∫ k

0
dk′ k

′�3k′

kEk′
(26)

and

�3k = evF

∫ 


k
dk′ �0k′

Ek′
, (27)

where Ek′ =
√

�2
0k + �2

3k . In the long-wavelength limit, by
making Taylor expansion in terms of k, the solutions can be
found as �3k = 0.445e
vF and �0k = evF k/2.

Similarly, the effective Hamiltonian of a CS superconduc-
tor for the square lattice is obtained as

HMF = vF σ · k
τ 3 + 1

2
+ vF σT · k

1 − τ 3

2
+ τ+�̂k + τ−�̂

†
k,

(28)
and pairing potential lies in the sublattice space as

�̂k = �0k,xσ
0 − i�0k,yσ

3 + i�3kσ
2, (29)

where �0k,x = �0k
kx
k and �0k,y = �0k

ky

k . The mean-field self-
consistent equations enjoy similar form as Eqs. (24) and (25),
and are not written explicitly here for brevity.

Let us summarize the results of this section. We have
obtained self-consistent mean-field ground states on three
typical lattices. We note that that the CS superconductor
description is very general. With a straightforward general-
ization, it can be applied to study all weakly frustrated 2D
XY spin models supporting the Néel AFM ground state, either
collinear or noncollinear. The physical mechanism accounting

for the formation of CS superconductors is concisely demon-
strated in Fig. 5.

III. COLLECTIVE MODES OF A CS SUPERCONDUCTOR

As suggested in Fig. 5, the XY spin-exchange model,
which generates the Néel AFM state, is mapped in low energy
to a CS superconductor mean-field ground state. One would
then naturally expect physical correspondences between the
two phases and ask if the CS superconductor is a good de-
scription of the Néel AFM state in the CS representation. A
more careful investigation is therefore needed to compare the
physical quantities on two sides. In this section, we discuss
the comparison of the collective excitation modes. For demon-
stration, we use the quantum XY model on honeycomb lattice
as an example. The generalization to other cases such as the
square and triangular lattices is straightforward.

A. Higgs mode from a CS superconductor

The CS superconductor, a pair condensate that breaks the
U(1) symmetry, should possess collective modes at zero tem-
perature. These include the low-energy Goldstone mode and
the gapped Higgs mode, whose physical origins are the phase
and the amplitude fluctuation of the pairing order parameter,
respectively, as indicated in Fig. 3. In this subsection, we first
present a detailed study on the Higgs mode of a CS supercon-
ductor and then make comparison with the longitudinal mode
of the Néel AFM order.

To calculate the Higgs mode of CS superconductors, we
should consider the effect of the gauge-field-induced interac-
tion Hint [Eq. (20)] with going beyond the mean-field level. To
facilitate the study, we use the Nambu formulation and make
the sublattices explicit, where the creation and annihilation
operators for the CS fermionic fields are written as two copies

of Nambu spinors as �kα = [ f̂k,α, f̂
†

−k,α], α = A, B. The in-
teraction Hint [Eq. (20)] is then rewritten in this basis as

Hint = −
∑

k,k′,q

V αα′ββ ′
q �

†
k−q,ατ+�k,β ′�

†
k′+q,β

τ−�k′,α′ , (30)

where we have defined the Pauli matrix τ± = (τ 0 ± τ z )/2
in Nambu space. Then, we are in a position to study Hint

in Eq. (20) beyond the mean-field theory. In the mean-field
theory, the self-energy, i.e., the renormalization to the nonin-
teracting CS Dirac fermions, is obtained at the Hartree-Fock
level, which is an approximation that breaks gauge U(1) sym-
metry. Both the Higgs mode and the Goldstone mode are
originated from fluctuations that attempt to restore the bro-
ken symmetry. The renormalization of the interaction vertex
that restores the U(1) symmetry generates the Bethe-Salpeter
equations of the paired state.

Our focus here is to extract the Higgs mode of the
CS superconductor, which originates from the fluctuation of
the superconducting order-parameter magnitude. Therefore,
rather than solving Bethe-Salpeter equations, here we only
need to consider the renormalization of the order parameter.
Following Sec. II C, the bare order parameter is obtained in
the mean-field level by contraction of two Nambu spinors in
the interaction Hint [Eq. (30)], leaving the interaction vertex
two external legs, as represented by the first diagram (denoted
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FIG. 6. Renormalization of the CS superconducting order pa-
rameter due to the interaction (30).

by γ ) on the right-hand side of Fig. 6. In the following we
will refer to this contracted vertex as the order parameter.
Similarly, the renormalized superconductor order parameter
is represented by the left-hand-side diagram in Fig. 6, denoted
by �̂β ′β (k + q, k), with sublattice indices β ′, β. Here, q is
the transfer of momentum during the interaction process. The
external legs denote the propagators in Nambu space. Thus,
for given β ′ and β, �̂β ′β (k + q, k) can be understood as a
vector residing in the 2 × 2 Nambu space. Moreover, the
superconductor order parameters are off diagonal in Nambu
space, therefore, �̂β ′β (k + q, k) always resides in τ x-τ y plane.
The Feynman diagram in Fig. 6 then, in fact, indicates a set of
equations that self-consistently determine the vector �̂β ′β in
the τ x-τ y plane.

To make simplifications, we recall that the bare order pa-
rameter of the CS superconductor �̂k in Eq. (23) (shown as
vertex γ in Fig. 6) can be rewritten in the Nambu formula-
tion with explicit sublattice indices as �̂k,αβ , which has the
following form:

�̂k,αβ = �3kσ
0
αβτ x + i

(
�0kxσ

y
αβ − �0kyσ

x
αβ

)
τ y. (31)

Hence, for given α and β, the bare order parameter �̂k,α,β is
also a vector in the τ x-τ y plane of the Nambu space. Besides,
we know from Eq. (31) that the diagonal terms (in sublat-
tice space) �k,11 and �k,22 (�k,11 = �k,22) point toward τ x

direction, whereas the off-diagonal terms lie along the iτ y

direction. In a more compact form they can be rewritten as
�̂k,12 = −�̂�

k,21 = iτ y�0ke−iθ with θ being the angle of k.
As discussed in the last section, the directions of �k,11/22 and
�k,12/21 in Nambu space are determined by the symmetry of

the interaction vertex V αα′β ′β
q , which is clear from the mean-

field Hamiltonian of the CS superconductor. Thereby, for
stable mean-field order parameters, their symmetries should
not be altered by the perturbation around the mean-field
solutions. One thus can expect that the renormalized or-
der parameter �̂αβ (k + q, k) inherits the symmetries, such
that its diagonal terms �̂11/22(k + q, k) and the off-diagonal
terms �̂12/21(k + q, k) must be in parallel with τ x and iτ y

direction, respectively. More specifically, we then express
the renormalized order parameter by the components along
the τ x, iτ y directions, and require that �̂11 = �̂22 ≡ �11τ

x,
�̂12 = −�̂�

21 ≡ iτ y�12, where the momentums are implicit
for brevity. The components �αβ satisfy �12 = −��

21, �11 =
�22. Moreover, in the long-wavelength limit |q|, |k| � 
,
we know from the last section that �11 is approximately a
constant independent of momentums (with the leading order
being quadratic) and �12 ∝ e−iθ which is a requirement by the
p + ip feature of V αα′β ′β

q .

With the above analysis, the self-consistent relation cor-
responding to Fig. 6 yields a Bethe-Salpeter–type equation.
This is a nontrivial generalization of the normal s-wave super-
conductor case because of the complication by the sublattice
degrees of freedom and the p + ip symmetry. It describes the
fluctuations of the magnitude of mean-field order parameters
characterizing the CS superconductor. The Higgs mode can
be established by solving the equations [125]. After a lengthy
calculation, whose details are included in Appendix A, we
find that the Higgs mode enjoys the following dispersion in
the long-wave and large-e limit as

ν =
√

4�2
3k′ + 2�2

0q 
 2�3k′ + �2
0q/2�3k′

= 0.89e
vF + 0.281e
vF q2. (32)

Here, we inserted in the last step the mean-field solutions
for order parameters �3k = 0.445e
vF and �0k = evF k/2.
We have also introduced a normalization of the wave vec-
tor by defining q = q/
. From Eq. (32), we know that the
dispersion of Higgs mode of the CS superconductor has an
energy gap 2�3k′ = 0.89e
vF , thus, e
vF is regarded as
the characteristic energy scale of CS superconductors. Al-
though the gap is energy scale dependent, we can extract from
Eq. (32) an energy scale-independent quantity that captures
the feature of Higgs mode dispersion, i.e., the ratio between
the gap and the coefficient in front of the dispersion q2. The
ratio 0.89e
vF /0.281e
vF = 3.167 is an inherent physical
quantity that characterizes the collective mode of the CS su-
perconductor state. This quantity should be further compared
with that evaluated from the planar Néel AFM state.

B. Longitudinal fluctuation mode in a Néel AFM state

Having studied the Higgs mode of the CS superconductor,
let us investigate its counterpart in a Néel AFM state, i.e.,
the longitudinal mode. In the general Ginzberg-Landau theory
with a complex order-parameter field �(r, t ), the stability of
the longitudinal fluctuations in the condensed matter systems
is more subtle than that of the Higgs particles in high-energy
physics. This is because, unlike the particle physics which
respects the Lorentz symmetry, there is no insurance of the
Lorentz symmetry in condensed matter systems, such that
there allows a decay channel from the amplitude mode to the
phase modes [127]. Only a few condensed matter systems
have been proposed to support the well-defined amplitude
fluctuations as an analog of the Higgs particles. The super-
conductors at low temperatures attracted the most attention
[132,133]. Superconductors at low temperatures (T � Tc)
enjoy perfect particle-hole symmetry near the Fermi sur-
face. Therefore, the dynamical term of its corresponding
Ginzberg-Landau theory respects the Lorentz invariance. This
is the reason why we can obtain in the last subsection a
well-defined amplitude mode from the CS superconductor
at zero temperature in the long-wavelength limit. Another
impressive condensed matter system is the antiferromagnets
[134,135]. For AFM states stabilized in a Heisenberg spin
model, one usually does not expect the well-defined ampli-
tude mode because the ground state, which breaks the SU(2)
symmetry, is in general particle-hole asymmetric, therefore
allowing the decay into phase fluctuations. However, the XY

054404-12



CHERN-SIMONS SUPERCONDUCTORS AND THEIR … PHYSICAL REVIEW B 105, 054404 (2022)

antiferromagnetic, e.g., the Néel AFM ground state emergent
from the XY spin model studied in this work, enjoys the
particle-hole symmetry strictly. The corresponding coarse-
grained field theory, being Lorentz invariant, stabilizes a
well-defined amplitude mode in the long-wavelength limit,
consistent with the CS superconductor. In the following, in
order to be clear in terms of terminologies, we term the am-
plitude mode in the CS superconductor and the one in the
Néel AFM state the Higgs mode and the longitudinal mode,
respectively.

Previous literatures mainly study the longitudinal modes in
magnetically ordered states starting from the field-theoretical
formalism [136] because it is more convenient to evaluate
the collective modes in a coarse-grained description than a
microscopic picture. In this way, for example, the longitudinal
mode from an AFM Heisenberg model can then be evaluated
in the effective O(3) NLσM [136]. Here, the CS supercon-
ductor state is derived from the microscopic spin model. In
order to compare the two states with each other precisely, it
is desirable to investigate the longitudinal fluctuation from the
microscopic spin model rather than from the coarse-grained
field theory. The former scheme is more advantageous as
it directly compares at the quantitative level the collective
modes of the two states.

Now we consider the oscillation of the magnetic orders on
top of a planar Néel AFM state. We still use the honeycomb
lattice as an example, while the following formulations can
be generalized to other lattices without any technical difficul-
ties. We start with a planar Néel ground state where opposite
magnetization emerges on the two sublattices. Without los-
ing generality, one can align the magnetization along the x
direction by rotating the reference coordinates. That way, the
spin operator ŝx

a (with a = A, B the sublattice index) takes op-
posite expectation values at different sublattices with 〈sx

A〉 =
−〈sx

B〉. Fluctuation of the order parameter 〈sx
a〉 leads to the

well-known magnons, which describe the spin-flip excitations
on the lattice. The corresponding quasiparticle operators are
bosons associated to the “rotated” spin-raising and -lowering
operators ˆ̃S± = Ŝz ∓ iŜy as

ˆ̃S+
r,A =

√
1 − â†

r ârâr 
 âr (33)

and

ˆ̃S−
r,A = â†

r

√
1 − â†

r âr 
 â†
r, (34)

where the approximation is made with the assumption of
low magnon density for a stable Néel ordering, i.e., â†

r âr ∼
〈â†

r âr〉 � 1. The magnons from the B sublattice can be intro-
duced similarly as above.

Magnons defined in Eqs. (33) and (34) are the spin-
flip fluctuation of ground state, i.e., the transverse collective
mode. The longitudinal mode then corresponds to the fluc-
tuation of the magnitude of 〈Ŝx

a〉. Since Ŝx
r,A = 1/2 − â†

r âr,
this physically corresponds to the fluctuation of the magnon
density with respect to the ground state. Therefore, the lon-
gitudinal excitations here are similar to those in the helium
superfluid, which are collective excitations of boson density
on top of the superfluid ground state, as first studied by Feyn-
man. Following the seminar paper by Feynman [128], such
collective mode perturbs the vacuum ground state in a way

such that the resulting wave function becomes a plane-wave
superposition of local boson densities of the ground state.
Following this spirit, in the case of the planar Néel AFM state,
we can write the ansatz of the wave function describing the
longitudinal excitation as

∣∣�e
q

〉 = 1√
N

∑
r

eiq·rŜx
r |0〉, (35)

where the vacuum state |0〉 denotes the Néel AFM ground
state. As discussed above, we know that |�e

q〉 describes the
magnon density wave with momentum q on top of the vacuum
state.

The energy of the excitation state |�e
q〉 can be calculated

via Eq = 〈�e
q|H |�e

q〉/〈�e
q|�e

q〉 − 〈0|H |0〉, which is measured
from the energy of the vacuum ground state. Introducing the
excitation operator Xq|0〉 = |�e

q〉, i.e., Xq =∑r eiq·rŜx
r/

√
N ,

inserting which into Eq, one obtains

Eq = 〈X †
q HXq〉〈

�e
q

∣∣�e
q

〉 − 〈H〉 = 〈X †
q [H, Xq]〉〈
�e

q

∣∣�e
q

〉 , (36)

here and in the following, we use 〈. . .〉 to represent for the
expectation with respect to the vacuum ground state 〈0| . . . |0〉.
Using the condition that X †

q = X−q (due to the fact that Ŝx
r

is a Hermitian operator), the numerator of Eq. (36), Nq, can
be derived as Nq = 〈[X−q, [H, Xq]]〉/2, while the denomina-
tor, after expansion, is the spin structure factor of the lattice
model defined as Sq =∑r,r′ eiq·(r−r′ )〈Ŝx

r Ŝx
r′ 〉/N . Therefore, the

energy of the fluctuation of magnon density with momentum
q is obtained as

Eq = Nq

Sq
. (37)

It approximately produces the dispersion of the longitudinal
model of the XY Néel order, according to the analysis above.
The Feynman’s ansatz above has been proposed by Ref. [137]
to study the longitudinal mode in Heisenberg spin models.
Here, we apply the method to the XY antiferromagnets whose
longitudinal mode has no ambiguity because the underlying
Lorentz invariance that forbids the decay into a pair of Gold-
stone modes as discussed above.

Insertion of Xq = 1√
N

∑
r eiq·rŜx

r into Nq generates a corre-
lation function. In the long-wave limit |q| → 0 [138], it reads
as

Nq = J

4N

∑
r, j

〈−Ŝy
r Ŝy

r+e j
+ Ŝz

rŜz
r+e j

〉
, (38)

where e j , j = 1, 2, 3, denotes the three nearest-neighbor bond
vectors of a given site on the honeycomb lattice. It is clear that
in this way, the evaluation of the longitudinal mode is simpli-
fied to the calculation of certain sets of correlation functions
with respect to the Néel AFM state. In order to obtain more
precise results, we apply DMRG to calculate the correlation
functions and then obtain Sq and Nq on the honeycomb lattice.
The calculation is performed with cylindrical geometry where
periodical boundary condition is taken along the y direction,
and the zigzag boundary is taken at x = 0 and Nx. The calcu-
lated Eq along the �-X direction in the BZ is shown in Fig. 7,
where q is the wave vector normalized q by the magnitude of
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FIG. 7. DMRG calculation of the longitudinal modes’ dispersion
on a cylindrical geometry with the zigzag boundary and the circum-
ference Ny = 6. Data for finite size Nx = 6, 10, and 20 are shown.
The dispersion is plotted along the �-X direction in the BZ, as shown
in the inset. q is the wave vector q normalized by the BZ boundary.
In the calculation, we keep 2000 states for the finite DMRG in the
form of matrix product state, which can reach the truncation error
less than 10−9 for the nearest-neighbor XY model on the honeycomb
lattice.

the wave vector at the BZ boundary 
0 = 2π/3a. The black
sphere, red square, and blue rhombus data curves in Fig. 7
show the dispersion with increasing system size of Nx = 6,
10, and 20, respectively. The larger Nx, the more data are
collected in the discrete reciprocal space. As shown clearly,
the longitudinal mode dispersion is weakly dependent on Nx

for Nx � 6. Moreover, the data from DMRG can be well fitted
by quadratic dispersion with

Eq = c1 + c2q2, (39)

where c1 and c2 are the fitting constant parameters. The
normalized q is dimensionless, therefore, both c1 and c2 in
Eq. (39) are of the same dimension as energy.

Recall that in the low-energy description of a CS supercon-
ductor, we obtain the Higgs mode dispersion as Eq. (32). By
comparing Eqs. (32) and (39), we found that the longitudinal
mode of the Néel AFM state agrees very well, in the algebraic
form, with the Higgs mode of a CS superconductor. Both
display an energy gap for q = 0 and a leading quadratic q
dispersion. It should be noted that although the Higgs mode
is derived from a low-energy effective description of the
CS superconductor while the longitudinal mode is evaluated
numerically from the lattice spin model, quantitative compar-
isons between the two modes still makes sense and matters in
long-wavelength regime.

Let us now compare the two modes quantitatively. As
discussed in the last section, the Higgs mode enjoys a dimen-
sionless quantity that characterizes its dispersion, i.e., the ratio
between the energy gap and the quadratic dispersion efficient
γH . We find that γH = 0.890e
vF /0.281e
vF = 3.167, as
indicated by the horizontal black line in Fig. 8. On the other
hand, we obtain c1 and c2 by fitting the DRMG results to
Eq. (39) in the long-wavelength regime, as shown by the
dashed curves in Fig. 7. This generates the ratio from the
longitudinal mode γL = c1/c2, as shown for different lattice

FIG. 8. The ratio γL = c1/c2 with c1 and c2 being extracted by
fitting the DMRG data in Fig. 7 to Eq. (39) in the regime 0 < q � 1

5 .
The black line γH = 3.167 is the ratio of the Higgs mode evaluated
from the CS superconductor on a honeycomb lattice. The inset shows
calculated energy gap c1 of the longitudinal mode for different Ny.

sizes in Fig. 8. It is found that with increasing Ny, γL is
gradually enlarged. For Ny = 6 and with increasing Nx, γL

display a gradual and perfect saturation to the predicted value
of γH = 3.167 from the Higgs mode of the CS superconduc-
tor. The obtained excellent quantitative consistency strongly
suggests a precise correspondence between the Higgs mode
of a CS superconductor and the longitudinal mode of the Néel
AFM state.

In addition to the magnitude fluctuation, there is a phase
mode associated with the ground state of a CS superconductor.
We have studied and compared the phase fluctuation mode in
the CS superconductor with the spin-wave mode of the planar
Néel AFM in our previous study, i.e., Ref. [117]. Remarkably
good quantitative consistence is found between the two modes
especially for e 	 1. This further supports our previous ob-
servation that CS superconductor becomes a more accurate
low-energy description for larger e. To summarize, we have
established quantitative correspondence between the collec-
tive modes of the CS superconductor and Néel AFM state,
namely, the consistency between the magnons and the phase
fluctuations, and the excellent match between the longitudinal
mode and the Higgs mode, as indicated previously by Fig. 2.

Last, we would like to discuss the stability of CS supercon-
ductors in the large-e limit. As shown above, when evaluated
in the units of evF 
, the velocity of the phase fluctuation
mode displays very weak e dependence and saturates to the
predicted value calculated from the spin-wave picture, as can
be found in Ref. [117]. Moreover, in the units of evF 
, the
Higgs mode obtained at large e is also e independent, as is
clear from Eq. (32). According to the discussion above, the
e independence of the physical quantities in the large-e limit
justifies the long-wave approximation of the lattice gauge the-
ory. Therefore, the CS superconductor states should serve as
accurate descriptions of the planar Néel AFMs in low energy.

IV. SPIN ORDERING FROM CS SUPERCONDUCTIVITY

In this section, we will investigate a more direct cor-
respondence of the CS superconductor and the Néel AFM

054404-14



CHERN-SIMONS SUPERCONDUCTORS AND THEIR … PHYSICAL REVIEW B 105, 054404 (2022)

FIG. 9. (a) The XY spin model with a periodic boundary con-
dition. (b) The fermion parity-dependent boundary condition for the
CS fermions coupled to the gauge field (wavy lines). (c) The odd and
even fermion parities leading to shifted k lattice in the BZ.

order, i.e., the spin orderings. To proceed, we need some
additional preparations and make generalization of the Chern-
Simons fermionization to the lattice with periodic boundary
conditions.

A. Fermion parity-dependent boundary condition

We first would like to draw the readers’ attention to the
intuitive similarity between the CS superconductor with (p ±
ip)-pairing symmetry and Kitaev’s 1D spinless p-wave su-
perconductor. The latter can be exactly mapped from a 1D
transverse Ising model, while the former is mapped from
the 2D XY spin model (with additional mean-field approx-
imation). The 1D spinless p-wave and the 2D p ± ip CS
superconductors are topological states in the sense that they
have a robust bulk topology and enjoy the Majorana boundary
modes. To simplify the calculations, we consider the periodic
boundary condition on a 2D lattice in the following section.
Recalling that the boundary condition plays an important role
and has connection with the ground-state wave function of the
1D transverse Ising model, we are motivated to first study the
physical consequences of taking a periodic boundary condi-
tion and generalize the CS fermionization, Eqs. (2) and (3), to
the case where the Hamiltonian is defined on a compact torus.

Following the detailed analysis, which is included in Ap-
pendix B, we show that special attention needs to be paid
for the exchange-coupling terms crossing the boundaries, as
shown by the dashed curves in Fig. 9(a), where we use the
square lattice as an example for demonstration. In the fermion
language, these terms are cast into the hopping crossing the

boundaries, as indicated by the red dashed curves in Fig. 9(b).
Due to the presence of boundary, the CS fermions receive
an additional Z2 factor (−1)Ne−1 once they hop across the
boundary under periodical boundary condition, where Ne is
the total number of CS fermions. Thus, one obtains a FP-
dependent boundary condition for the CS fermions, which are
summarized in the following:

(i) For Ne being odd, one has f (1, j) = f (Nx + 1, j), a
periodic boundary condition for CS fermions, such that kx =
2πnx

Nx
, ky = 2πny

Ny
with nx,y the integer taking the values −Nx,y/2,

−Nx,y/2 + 1, . . ., Nx,y/2. Here, we use f (x, y) to denote the
fermion operator defined on 2D lattice coordinate (x, y).

(ii) For Ne being even, one has f (1, j) = − f (Nx + 1, j),
an antiperiodic boundary condition (APBC) for CS fermions.
The APBC then generates a shift of the k lattice with kx =
π (2nx+1)

Nx
, kx = π (2ny+1)

Ny
, with nx,y the integer taking the values

−Nx,y/2, −Nx,y/2 + 1, . . ., Nx,y/2 − 1.
The FP-dependent boundary condition and the correspond-

ing shift of the momentum lattice are schematically plotted in
Fig. 9.

B. Fermion parity-dependent ground state

To evaluate the spin ordering with respect to the ground
state, we need to first study the ground-state wave function of
CS superconductors with considering the above FP-dependent
boundary condition. As demonstrated in detail in Appendix D,
a Bogoliubov transformation can be made to obtain the
ground-state wave function of the CS superconductor as

|GS〉e = −
∏

k

UkeGab f †
−k,a f †

k,b |0〉, (40)

where Gab is the matrix in sublattice space, Uk is an overall
function. Both Gab and Uk are related to a transformation
matrix R̂, as shown explicitly in Appendix D. From Eq. (40)
it is seen that the ground state is derived as a coherent state
of Cooper pairs of CS fermions from both intersublattice and
intrasublattice, as one can expect by making an analogy with
the BCS theory.

The wave function |GS〉e is the Bogoliubov vacuum in the
sense that any annihilation operators of Bogoliubov particles
will annihilate |GS〉e. Then, |GS〉e describes the state where
Cooper pairs are created on top of the fermionic vacuum, so
that |GS〉e has even FP with even Ne. Except for |GS〉e, there
is also another degenerate Bogoliubov vacuum with odd FP.

To clearly show this, we first regularize the CS supercon-
ductor onto a lattice. As shown by Appendix C, it is found that
the momentum Q = (π, π ) is a particular k point, where the
spinless CS fermion evades forming pair with its time-reversal
partner, i.e., the CS fermions with momentum Q and −Q are
unpaired. Moreover, we have derived in Sec. IV A that for the
even FP, we must enforce the antiperiodic boundary condition
of fermions, such that kx = π (2nx + 1)/Nx and ky = π (2ny +
1)/Ny. The discrete momentum space is shifted, as shown by
Fig. 9(c), and there are no CS fermions that enjoy the exact
lattice momentum k = Q = (π, π ). Therefore, for even FP,
all CS fermions form pairs, generating the ground-state wave
function |GS〉e above, with the subscript e representing even
parity.
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On the other hand, for the odd parity sector of the Bogoli-
ubov vacuum, one has to, by definition, add a fermion to the
state |GS〉e. We recall that for odd FP, we derived in Sec. IV A
that instead of the antiperiodic boundary condition, a periodic
boundary condition must be satisfied by the CS fermions,
resulting in the discrete k space indicated by the lower plane
in Fig. 9(c). Compared to the k space for even FP, the key
difference here for the odd parity is that the k = Q = (π, π )
point is now a physical state occupied by a CS fermion. As
shown by Appendix C, the CS fermion operator occupying
k = Q is a superposition of CS fermions on different A and

B lattices, i.e., ˜̂fQ = 1√
2
( f̂Q,A − f̂Q,B). Then, the ground-state

wave function for the odd FP sector is given by

|GS〉o = − ˜̂f †
Q

∏
k

UkeGab f †
−k,a f †

k,b |0〉. (41)

One can readily check that |GS〉o is also a Bogoliubov
vacuum. Therefore, we have analytically extracted two Bo-
goliubov vacuum wave functions |GS〉e, |GS〉o, for the even
and odd FP case, respectively. |GS〉o differs from |GS〉e by
the creation of additional CS fermions. In the thermodynamic
limit, the reciprocal lattices for the even and odd FP approach
to each other, resulting in the doubly degenerate ground state
|GS〉e and |GS〉o.

C. Measurement of the Néel spin-order parameter
from a CS superconductor

With all the above preparations, we are now able to study
the spin ordering of a CS superconductor. We are interested in
the thermodynamic limit where the two Bogoliubov vacuum
states are degenerate, as shown by the degenerate energy
levels with different ground states in Fig. 10. Because of the
degeneracy, it is difficult to obtain useful physical information
by directly considering the expectation value of a spin opera-
tor, e.g., Ŝx

r = (Ŝ+ + Ŝ−)/2 or Ŝy
r = (Ŝ+

r + Ŝ−
r )/(2i), because

it seems that the true ground state can be a generic superposi-
tion of |GS〉o and |GS〉e. Formally, if we evaluate the spin Ŝx

operator with either one of the two Bogoliubov vacuum states,
we can write 〈

Ŝx
r

〉 = o,e〈GS|Ŝx
r |GS〉o,e, (42)

Ŝx
r = 1

2 ( f̂ †
r eiαr + f̂re−iαr ), (43)

where αr is a string of operators defined as e±iαr = U ±
r from

Eq. (3). Since αr consists of bilinear combinations of CS
fermion operators, Ŝx

r contains odd number of fermionic oper-
ators. Ŝx

r therefore changes the FP of the ground state, leading
to 〈Ŝx

r 〉 = 0 for both |GS〉o or |GS〉e, which seems to be in
contradiction with the planar Néel order.

It should be noted that one expects the spontaneous sym-
metry breaking only in the thermodynamic limit; however,
Eqs. (42) and (43) have ambiguity when applied in the
thermodynamic limit where the ground state can be a su-
perposition of the two degenerate Bogoliubov vacuum states.
Therefore, instead of calculating the spin order directly, one
should resort to other approaches. One way is to calculate
of spin-spin correlation function 〈Ŝi

rŜ j
r′ 〉 instead of the ex-

pectation value of spins. However, once transforming to CS

B

|G eS |G oS

|G pS

|E pS
B

Subla�ice-
asymmetric 
perturba�on

B

-fluxes 2Z

of  CS fermions

x| |G 0pp GS S S

Double 
degenerate GS
on torus:

FIG. 10. The schematic plot for the emergence of the staggered
spin susceptibility. The CS superconductor on a torus enjoys an
additional Z2 flux and the double-degenerate ground state (GS) in
the thermodynamic limit. With applying an infinitesimal sublattice-
asymmetric perturbation B, the double degeneracy of the ground state
is lifted, resulting in a finite magnetization p〈GS|Ŝx|GS〉p �= 0. The
field-induced magnetization is staggered with respect to different
sublattices. The blue and red dots and the opposite arrows schemati-
cally represent for the induced spin order along the x direction on the
torus.

fermions, the spin-spin correlation function acquires com-
plicated combinations of string operators whose analytic
derivation is complicated. Here, we are only interested in a
qualitative physical property of the CS superconductor ground
state. Therefore, we adopt an alternative method that is com-
monly used to capture the spontaneous symmetry breaking
of a system with degenerate ground states in thermodynamic
limit. Namely, rather than calculating the spin order directly,
we focus in the following on the “susceptibility” of the system
under the application of an infinitesimal local external field.

Theoretically, to probe the spin order of the system, we
apply an infinitesimal perturbation, i.e., a local magnetic field
to the CS superconductor. Note that the CS superconductors,
physically different from normal superconductors, are not
bothered by the Meissner effect, and a local magnetic field
at r0 with strength B is coupled to the CS fermions in the
following way:

H ′ = −BŜx
r0

= −B

2
[ f̂ †

r0,aeiαr0 + H.c.]. (44)

Here, a is the sublattice index, a = A or B, depending on
to which sublattice the local field is applied. H ′ acts as a
perturbation to the ground state. Therefore, given a CS super-
conductor on a torus and in the thermodynamic limit, we can
solve the problem by using a degenerate perturbation theory
in the two-dimensional Hilbert space expanded by |GS〉o and
|GS〉e. The perturbation matrix in this space reads as

H ′ =
(

o〈GS|H ′|GS〉o o〈GS|H ′|GS〉e

e〈GS|H ′|GS〉o e〈GS|H ′|GS〉e

)
. (45)
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It is easy to see that the diagonal terms o〈GS|H ′|GS〉o =
e〈GS|H ′|GS〉e = 0 because H ′ changes the FP. The off-
diagonal term is then cast into

o〈GS|H ′|GS〉e

= 〈 ˜̂fQH ′〉e

=
〈

( f̂Q,A − f̂Q,B)

[(
− B

2
√

2

)(∑
k

f̂ †
k,a

)
eiα0 + H.c.

]〉
e

,

(46)

where we have set r0 = 0 without losing any generality and
〈. . . 〉o,e is short for e,o〈GS| . . . |GS〉e,o. The remaining task
is then to calculate the off-diagonal matrix. After a length
derivation included in Appendix E, we find that the two
off-diagonal terms are finite constants, as long as the perturba-
tion is sublattice asymmetric. Thus, under such infinitesimal
perturbation, the doubly degenerate ground state is mixed,
forming a perturbed ground state |GS〉p, as indicated by
Fig. 10. We then evaluate the spin order with respect to the
perturbed ground state and calculate the spin susceptibility de-

fined by χα = limB→0
p〈GS|Ŝx

r,α |GS〉p

B , with α = A, B. Then, we
find out the A and B sublattices enjoy the oppositely divergent
susceptibility χB = −χA = ∞ as an inherent feature of the CS
superconductors in the thermodynamic limit. It indicates that
CS superconductors have a natural tendency to lift the dou-
ble degeneracy. This observation directly shows the physical
correspondence of the CS superconductor and a planar Néel
AFM state with respect to the spin ordering, accomplishing
the third correspondence indicated by the dashed box in Fig. 2.
The above calculations and main results are summarized in
Fig. 10.

To summarize this section, we note that the CS super-
conductor description, followed from the CS fermionization,
indeed bares physical correspondence with the Néel AFM
state. The two states display collective modes in remarkable
consistency with each other at the quantitative level. We also
revealed that the CS superconductors, derived from the 2D
spin- 1

2 XY modes, have a doubly degenerate ground state on a
torus in the thermodynamic limit, which leads to a strong and
intrinsic susceptibility to staggered magnetization for differ-
ent sublattices. These results clearly demonstrate that the CS
superconductor is a physical description of Néel AFM state,
which is entirely different in formalism from the spin-wave
theory.

V. UNCONVENTIONAL PHASE TRANSITION AS
AN INSTABILITY OF THE CHERN-SIMONS

SUPERCONDUCTOR

A. General scheme for CS fermionization with frustration

This section further discusses the remaining generalization
of the above theory, which makes it applicable to frustrated
spin models where an unconventional phase transition may
occur. Now, let us follow Fig. 2 and increase some parameter
g describing the frustration of the system. The frustration can
be introduced in many cases by considering further neighbor-
ing interactions; therefore, we can consider variations of the
exchange couplings in a given spin model. We restrict our-

selves to a theoretical situation where the model can cross an
unconventional phase transition starting from the Néel AFM
order to a QSL with tuning the couplings (see, for example,
Ref. [118]). Our focus in this section is to provide a systematic
framework for studying such transitions using the proposed
methods.

Let us first consider Eq. (1) with the most general couplings
Jr,r′ . We regard the coupling as Jr,r′ (g) as tunable in the
Hamiltonian HXY[Jr,r′ (g)], where g ∈ [0, 1] is an introduced
parameter that characterizes the change of Jr,r′ . We assume
that for g = 0, the theory starts from a simple situation, e.g.,
only the nearest-neighbor coupling Jr,r′ = J〈r,r′〉, which leads
to a Néel AFM state. With gradually increasing g, the cou-
pling Jr,r′ finds itself being tuned, which finally generates a
complicated spin model with strong frustration at g ∼ 1. The
traditional spin-wave theory can only be well applied to the
starting point of the theory with small g, while it can hardly
capture the ground state in the strong frustration regime with
large g, nor can it describe the whole transition process.

Following the procedure in Secs. II and III, for a generic
Hamiltonian HXY[Jr,r′ (g)] with a general coupling Jr,r′ , we
can always fermionize the spin model exactly to the theory
of CS fermions coupled to lattice gauge field, as in Eq. (4),
but with Jr,r′ a tuning parameter:

H (g) =
∑
r,r′

Jr,r′ (g)( f †
r eiAr,r′ fr′ + H.c.). (47)

Here and in what follows, we omitted the CS charge e for
brevity. With tuning g, the variation of Jr,r′ is mapped to
the tuning of the hopping coefficients of the CS fermions in
Eq. (47). Moreover, the change of the ground state with tuning
g can generally lead to the changing of CS fermion density nr
which in turn reshapes the gauge field Ar,r′ , which is a string
operator consisting of nr operators. Therefore, both the gauge
field and the ground state of f fermions are dependent on
Jr,r′ (g) and transform with increasing g. The unconventional
phase transition at g = gc then must be accompanied by a
qualitative change of the behavior of the gauge field Ar,r′ .
As has been studied in previous sections, for g � gc, the
CS superconductor ground state suggests that the gauge field
behaves as the glue that sticks two CS fermions together with
(p ± ip)-wave pairing symmetry. The condensation of Cooper
pairs of CS fermions generates a mass gap for the gauge
field and “Higgs” its U(1) gauge symmetry to Z2 (which is
further broken by infinitesimal field in thermodynamics limit
as discussed in the last section). With increasing g, one can
expect that the gauge field will start to lose its viscosity for
g ∼ gc in order to generate a deconfined phase of CS fermions.

It is difficult to obtain the evolution of the ground state
and the gauge field directly from Eq. (47). It should be noted
that the CS fermionization is, in essence, a nonlocal repre-
sentation of spin operators by fractionalized particles. Thus,
it is possible to describe the QSL state for g ∼ 1 using the
same fractionalized particles and Chern-Simons gauge field,
akin to the conventional parton theories. In slave-particle the-
ories, one usually obtains the mean-field solutions of possible
disordered states and then achieves the nature of the QSL
by going beyond the mean field, which leads to the gauge
field fluctuation. Here, we illustrate in the following how to
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construct a similar mean-field theory to describe the QSLs at
g ∼ 1 using CS fermions. Moreover, one great advantage of
our method is that it could provide a “global” Landau-type
mean-field theory, which can not only describe the QSL at
g ∼ 1, but also the CS superconductors at g = 0.

At g = 0, we have established a stable CS superconductor
mean-field theory. We can take g = 0 as the starting reference
point and consider gradually increasing g from zero. For weak
g, despite the gauge field, the low-energy theory is the Dirac
CS fermions [Eq. (11)], which are the symmetry-protected
Kramers degeneracies as shown by Fig. 4(e). We consider the
case where the tuning of g does not break the corresponding
symmetry and keeps the gapless nodes intact, as is the case
when introducing further neighboring interactions on hon-
eycomb or square lattices. Then, we generally arrive at the
following low-energy effective Hamiltonian after switching
on the gauge field, i.e.,

H =
N∑

i=1

∑
r,α,β

f †
r,i,αεi,αβ (−i∇ + Ar ) fr,i,β , (48)

where α, β are the subscripts for sublattices, i = 0, 1, . . . , N
denotes the ith gapless nodes in the first BZ. εi,αβ is the
low-energy Hamiltonian around the ith gapless node with the
momentum k = −i∇ measured from the corresponding node.
For g = 0, the effective single-particle Hamiltonian εi,αβ is re-
duced to the Dirac Hamiltonian in Eq. (11), while with tuning
g, correction terms take place and are included in the εi,αβ

term, leading to deviation from the linear dispersion which is
less manifested for larger wave vectors away from the gapless
nodes. Taking into the correction terms, we can make Taylor
expansion of εi,αβ in terms of k, leading to

εi,αβ (−i∇ + Ar )

= ε
(1)
i,αβ (−i∇ + Ar ) + ε

(2)
i,αβ (−i∇ + Ar ) + · · · , (49)

where −i∇ + Ar appear in the low-energy window as the
argument of function εi,α,β . The first and the second terms in
Eq. (49) represent the linear and quadratic expansion, respec-
tively, and the ellipse denotes the higher-order corrections.

The low-energy effective Hamiltonian (48) can be further
separated into a noninteracting pure fermionic model

H0 =
N∑

i=1

∑
r,α,β

f †
r,i,αε

(1)
i,α,β (−i∇) fr,i,β , (50)

where the quadratic and higher-order kinetic terms are irrele-
vant in long-wavelength regime, and a gauge field term

Hg =
N∑

i=1

∑
r,α,β

f †
r,i,αε̃i,α,β (Ar ) fr,i,β , (51)

where ε̃i,α,β is the expansion of the gauge field from Eq. (49).
Namely,

ε̃i,α,β (Ar ) = ε
(1)
i,αβ (Ar ) + ε

(2)
i,αβ (i∇ · Ar ) + ε

(2)
i,αβ

(
A2

r

)+ · · · .

(52)
As has been introduced in Sec. II B, we take into account
the CS action and integrate out the gauge field in Eq. (51),
leading to HI = H (1)

I + H (2)
I + · · · , where the two interactions

formally can be written as

H (1)
I =

∑
i j

∑
r,α,β,ρ,σ

V (1)α,β,ρ,σ

i,r−r′ f †
r,i,α fr,i,β f †

r′, j,ρ fr′, j,σ (53)

and

H (2)
I [g] =

∑
i j

∑
r,α,β,ρ,σ

V (2)α,β,ρ,σ

i,r−r′ f †
r,i,α fr,i,β f †

r′, j,ρ fr′, j,σ . (54)

H (1)
I is the gauge-field-induced interaction originated from

ε
(1)
i,αβ (Ar ) in Eq. (52). H (2)

I is the newly generated interaction

by frustration g, which is originated from ε
(2)
i,αβ (i∇ · Ar ) in

Eq. (52). It is model dependent and therefore is not writ-
ten explicitly here for the general analysis. Note that more
higher-order interactions can emerge from the higher-order
expansion of Ar, which are denoted by the ellipsis in HI .

Above, we have formally mapped the frustrated spin-
exchange model to a CS fermion model with competing
interaction H = H0 + H (1)

I + H (2)
I + · · · . With g = 0, the

Hamiltonian H is reduced to H0 + H (1)
I , where H0 describes

the Dirac CS fermions and H (1)
I , e.g., reads as Eq. (20) on the

honeycomb lattice, thereby leading to the CS superconductors
as studied before. Therefore, after the CS fermionization, the
effect of frustration is mapped to more competing interac-
tions between CS fermions, H (2)

I [g]. This fermionic picture
provides a systematic way to investigate the unconventional
quantum phase transitions. Since the mapping is mathemat-
ically exact in the long-wavelength limit and the orders of
expanded interaction are controllable in a perturbative sense,
we expect to have a mean-field theory by studying the com-
petition of gauge-field-induced interactions on CS fermions.
Here, the CS superconductor is stabilized for g � gc is desta-
bilized by H (2)

I [g] and the higher-order terms.
To observe the effect of the frustration, we can first study

the Hamiltonian H0 + H (2)
I [g] with large g (and higher-order

correction term if necessary), with neglecting the interaction
H (1)

I whose effect is to stabilize the CS superconductors.
The traditional many-body theories, such as the perturba-
tion renormalization group, can be applied to determine
the most favorable mean-field orders from H0 + H (2)

I [g ∼ 1].
Hubbard-Stratonovich transformation can then be formulated
by introducing bosonic orders consisting of a bilinear combi-
nation of CS fermions, which leads to a mean-field description
of the possible ground state with neglecting the fluctuation of
the bosonic orders. This is in analogy with the slave-particle
mean-field description of QSLs, where mean-field orders are
ground-state expectation values of bilinear terms formed by
slave particles [92]. Therefore, the self-consistent solution
stabilized by H0 + H (2)

I [g ∼ 1] can capture the deconfined
phase with strong frustration at the mean-field level in the
CS fermion language. After obtaining the mean-field orders
at large g, we can study the total Hamiltonian H0 + H (1)

I +
H (2)

I [g] by mean-field treatment to both H (1)
I and H (2)

I at the
same time. To this end, one can introduce simultaneously the
mean-field order parameter for both the CS superconductor
�αβ and the deconfined phase, say χαβ , and search for a
self-consistent solution of �αβ (g) and χαβ (g) with tuning g.

Not all types of instabilities of CS superconductors suggest
unconventional phase transitions, as indicated by the dashed
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arrow at the bottom of Fig. 2. One has to further explore the
physical nature of the resultant CS mean-field state by going
beyond the mean-field theory. By considering the fluctuations
of the mean-field order parameters and integrating out the
fermionic fields, we will arrive at a low-energy effective the-
ory that implies whether any topological excitations exist in
the state predicted by the CS mean-field theory. On the other
hand, we can explicitly examine whether the CS mean-field
state breaks any symmetries of the original spin Hamiltonian
or not. If a completely disordered mean-field state is observed
with emergence of topological excitations, then we can safely
draw the conclusion that the system ends up into a QSL. For
example, if the CS mean-field state breaks TRS and parity
symmetry, and meanwhile enjoys a low-energy effective the-
ory with a CS term whose coefficient is K = 2, then a chiral
spin liquid is found, as the result of the instability of the CS
superconductors [82], as illustrated by Fig. 2.

B. Discussion of the applications to specific models

After presenting the general scheme above, we discuss the
application of the method to study the unconventional phase
transitions from AFM to QSLs. Our discussion will be based
on two specific models, namely, the J1-J2 XY model on the
triangular lattice and the honeycomb lattice, respectively.

With the application of the general scheme in the last
section to specific models, we can generally map the frustrated
quantum spin models to Dirac fermions with multiple interac-
tions, as in Eqs. (53) and (54). For example, for both triangular
and honeycomb J1-J2 XY model, the emergent spinless CS
Dirac fermions are subject to intervalley and intravalley in-
teractions. However, the two models are different from each
other in the following two aspects. First, the emergent in-
teractions enjoy different forms as a result of the distinct
lattice symmetries. Second, there is a threefold degeneracy
of Dirac nodes at each of the two valleys for the triangular
lattice, making the total fermion flavor 6 in the first BZ. In
comparison, there are no additional degeneracies at the Dirac
valleys for the honeycomb model. Therefore, the total fermion
flavor is only 2.

The total fermion flavor is an important factor that affects
the ground state, as it has been proved in the context of par-
ton mean-field theory that gapless Dirac spin liquid is stable
against gauge fluctuations under the large-N limit [139]. This
indicates that, on the triangular lattice, the frustration can
favor the gapless Dirac QSL after the CS superconductor is
destabilized, leaving the CS Dirac fermions intact. However,
the CS Dirac fermions are more fragile against gauge fluctu-
ations on the honeycomb lattice, generating gapped phases.
Using the scheme proposed in the last section, we verified
the above expectation via detailed mean-field calculations.
Here, we generally outline the findings while the detailed
calculations and results are presented in Refs. [82] and [118].

For the J1-J2 XY model on the honeycomb lattice, we find
that the CS superconductor phase is stable for J2/J1 � 0.22,
corresponding to a planar Néel AFM, as indicated by Fig. 11.
For J2/J1 � 0.22 and after applying a small TRS-breaking
perturbation, the newly generated fermion-fermion interaction
H (2)

I [g] destabilizes the CS superconductors and drives the
system into a topological excitonic insulator phase, where the

FIG. 11. Illustration of two different types of the instabilities of
CS superconductors, both of which lead to QSLs. (a) The transition
from the Néel AFM to the gapless Dirac QSL is predicted for the
J1-J2 XY model on the triangular lattice. In the fermion picture,
the transition is cast into the destabilization of the U(1) broken CS
superconductor. Under strong frustration, the CS fermions are set
free from the Cooper pairs and then behave as itinerant and decon-
fined fermions coupled to gauge field. The linear Dirac dispersion
is maintained. (b) The transition from Néel AFM to the chiral spin
liquid is predicted for the perturbed J1-J2 XY model on honeycomb
lattice. In the fermion picture, this topological phase transition is cast
in mean-field level as the transition from the CS superconductor to
a topological CS exciton insulator. The latter phase is coupled to CS
gauge fluctuations with level k = 2.

CS fermions and their hole excitations are paired, as indicated
by Fig. 11(b). The exciton order parameter gaps out the Dirac
nodes and gives rise to the Chern number 1

2 for each of the two
Dirac valleys. Therefore, the topological exciton insulator is
characterized by total Chern number C = 1 and, consequently,
exhibits the chiral edge state along the boundaries. Moreover,
this state is coupled to the Chern-Simons gauge field with
level k = 2, implying the existence of semionic excitations, a
fingerprint signature of CSL. Therefore, our methods, after ap-
plication to the perturbed J1-J2 XY model on the honeycomb
lattice, predict an interesting, unconventional phase transition
from the planar Néel AFM to the chiral spin liquid. Tensor
network calculations also support this [82], which reveals
numerical signatures for chiral spin liquid for J2/J1 � 0.22,
e.g., the entanglement spectrum consistent with the SU(2)1

Wess-Zumino-Novikov-Witten conformal field theory.
For the J1-J2 XY model on the triangular lattice [118], in-

stead of the gapped QSL predicted on the honeycomb lattice,
a gapless helical Dirac spin liquid can be found using our
proposed scheme. In this model, the CS fermions show robust-
ness against gauge fluctuation because of the large number of
fermion flavors. Consequently, the newly generated fermion-
fermion interaction H (2)

I [g] cannot easily gap out the Dirac
nodes. Thus, for the strong frustration regime, the ground state
is gapless Dirac CS fermions after the CS superconductor is
destabilized. This is pictorially illustrated by Fig. 11(a).
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Based on the above results, now we can summarize what
the proposed methods have taught us about topological phase
transitions. It is known from above that there are two different
types of instabilities of CS superconductors, although they
both generate QSLs with fractionalized excitations and gauge
fluctuations. First, gapless Dirac spin liquids are possible if the
fermion flavors are large enough, as with the J1-J2 XY model
on the triangular lattice. The Cooper pairs of CS fermions
become unstable for strong frustration, and the CS fermions
are no longer paired, setting free the CS Dirac fermions. The
latter behave as the itinerant deconfined particles coupled to
the gauge field. This type of instability of CS superconduc-
tors generates gapless QSLs, whose underlying mechanism is
schematically plotted in Fig. 11(a). Second, the CS fermions
from the U(1)-broken Cooper pairs can also form other types
of orders that respect the U(1) symmetry, gapping out the
Dirac nodes, as we discussed on the honeycomb lattice. In this
case, the fluctuation of the order parameter can be nontrivial as
long as the gapped fermionic mean-field state enjoys nonzero
Chern numbers. This leads to emergent CS terms coupled to
the fermions and alters their statistics, generating the anyonic
excitations of QSLs. An example of this kind (chiral spin
liquid) is pictorially illustrated in Fig. 11(b).

Importantly, it should be noted that the proposed method
implies a vital message, namely, specific topological phase
transitions can still be captured within the familiar mean-field
framework, as long as the CS representation is adequately
adopted. This construction should endow the mean-field the-
ories with new applications in previously inaccessible fields.
We note that some other related topics, as well as examples,
can be found in Refs. [116–122].

VI. CONCLUSION AND DISCUSSION

The QSLs and the high-Tc superconductors, which are de-
scendant states from long-range antiferromagnetic order, have
generated enormous theoretical and experimental interest for
the last decades. On the experimental front, on one hand, new
candidate materials for QSLs and their properties at low tem-
peratures have been discovered and reported in recent years
[140–145]. On the other hand, new findings in cuprate su-
perconductors have motivated more in-depth investigations of
the pairing mechanisms of high-Tc materials [146,147]. The-
oretically, much progress has been made in both fields. Based
on the development of large-scale numerical techniques such
as quantum Monte Carlo, DMRG, and tensor network states,
there have been increasing accumulations of numerical evi-
dence of the QSL ground states in realistic models related to
materials. Due to the possible connections between the QSLs
and the high-Tc superconductors, the thorough understanding
of the former (especially on square lattices) could provide
much insights to the pseudogap regime [148,149], the bad
metal [150,151], and the non-Fermi liquid [152,153], which
are still open questions in condensed matter physics. Besides,
concerning the formation of QSLs, a long-standing and crucial
question is to obtain comprehensive understandings of the un-
conventional phase transitions from a long-range magnetically
ordered state, e.g., the Néel AFM state, to the QSLs.

Both QSLs and high-Tc superconductors can be generated,
in many physical situations, from perturbation of a Néel AFM

order. In this work, we propose a different theoretical view of
the Néel AFM state, which could be useful and shed light on
the unconventional phase transitions, and possibly the relation
between QSLs and high-Tc superconductors.

Specifically, we systematically study the 2D XY spin mod-
els whose ground states are Néel AFM states, using the CS
representation. Effective superconducting states are obtained,
where the CS fermions form pairs due to the effect of the
gauge field. To verify the physical correspondence between
the CS superconductor and the Néel AFM state, we show
the following: (i) The collective modes evaluated in each of
the two theories are equivalent to each other. These include
equivalence of (a) the phase fluctuation mode of the CS super-
conductor with magnons of the Néel state and (b) the Higgs
mode of the CS superconductor with the longitudinal mode of
the Néel state. (ii) The magnetic susceptibility evaluated from
the ground state of the CS superconductor strongly suggests
the formation of antiferromagnetic Néel ordering. It shows
a strong response to weak perturbations, thus, the staggered
magnetization is generated, consistent with the Néel AFM
state.

These results convincingly support the proposal that the CS
superconductor can be an alternative description that captures
the major physics of the planar Néel AFM long-range order,
based on the language of fractionalized excitations as well as
gauge field.

The usefulness of this construction becomes clear when
the nontrivial perturbation is applied onto the Néel AFM,
resulting in possible QSLs for strong frustration or high-
Tc superconductors with proper doping. To demonstrate this
point, we make further generalization of the theory of CS
superconductors, and propose a general scenario to study an
unconventional phase transition from the Néel AFM order
to QSLs. Some results obtained from specific frustrated spin
models are also discussed.

In this scenario, the key advantage of the introduced CS
superconductor description becomes fully manifested: it de-
scribes the Néel state using the fractionalized excitations and
the gauge field, which are the most crucial degrees of freedom
that characterize QSLs, as illustrated by Table I. Therefore,
after understanding the Néel AFM as an effective supercon-
ducting state in this language, it becomes possible to construct
a global self-consistent mean-field theory to account for many
unconventional phase transitions that are originally beyond
the Landau’s paradigm. Therefore, the proposed CS mean-
field theory is advantageous as compared to earlier proposals
as it treats both QSL and ordered states using the same sets of
degrees of freedom.

We now conclude by discussing possible future directions.
First, it is interesting to apply the theory to more concrete
frustrated XY models, which can host QSLs. The technique,
together with some support from large-scale numerical calcu-
lations, can also be used as a systematic way to predict novel
phases and determine the phase diagrams.

Second, there is a need to generalize the CS superconduc-
tor description from the planar XY Néel order to describe
the Néel AFM state stabilized in models with full SU(2)
symmetry (Heisenberg models). The Ising term of the Heisen-
berg model brings about an additional interaction between
CS fermions. The Hubbard-Stratonovich decoupling of this
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interaction would lead to additional mean-field orders whose
fluctuation in general leads to an emergent SU(2) gauge field
rather than the U(1) gauge field studied in this work. It is in-
teresting to study how the system can stabilize the Néel AFM
order by breaking the spin SU(2) symmetry in the language
of CS fermions. Once this generalization is developed, the
CS fermionic field theory can be applied to more spin models
relevant to realistic materials.

Third, a more exciting application would be the study
of the doping effect of CS superconductors. With additional
doped carriers, one would expect the coupling between the CS
fermions and the carriers can play a vital role that drives the
instability of CS superconductors. Important questions along
this line include whether there is a proximity effect of the
effective Cooper pairs onto the doped carriers and, if yes, what
is the pairing symmetry of the induced superconductivity?

Fourth, it is straightforward to generalize the current
zero-temperature theory based on CS fermions to finite tem-
peratures. It is interesting to consider thermal effects in the
regime where a QSL is stabilized. Besides, at finite temper-
atures, the Kosterliz-Thouless transition, accompanied by the
proliferation of vortices and antivortices, will automatically
take place in the XY models with the Néel AFM state ground
state. It would be very natural to look for signatures of vortex
solutions in the CS fermion picture.

Fifth, the proposed fermionization scheme can also find
promising applications in impurity problems in frustrated
magnets. Our recent study on the nonmagnetic impurity prob-
lem in the flux phases of spin liquids is a typical example
[154], where Kondo behavior was found to take place as a
result of the gauge fluctuations after using the Chern-Simons
fermionization. The emergent Kondo phenomena can serve as
the fingerprint experimental feature to identify the deconfined
phase with gauge fluctuations.

Last, since the CS fermionic representation contains string-
type nonlocal operators, it is worthwhile to apply this
transformation to some exactly solvable models that host a
topologically ordered ground state with long-range quantum
entanglement. The nontrivial topology of the exactly known
ground state can find its physical manifestation in combina-
tions of string operators and CS fermions. This would provide
physical insights towards the long-range quantum entangle-
ments as well as their intimate connections with original
model Hamiltonian, which will in turn bring about a richer
understanding of the topologically ordered states.
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APPENDIX A: TECHNICAL DETAILS IN DERIVATION
OF THE HIGGS MODE OF CS SUPERCONDUCTOR

In this Appendix, we present the details of derivation of the
Higgs mode of a CS superconductor on honeycomb lattice.
The single-particle Green’s function of the CS superconduc-

tor can be read off from its mean-field theory HMF in the
main text. We keep the sublattice index explicit and write the
Green’s function as a set of matrices in the Nambu space, i.e.,
G0

αβ . Specifically, they are given by

G0
11 = − 1

U

(
a1 a2

a2 a1

)
, G0

12 = − 1

U

(
c1 c2

−c2 −c1

)
, (A1)

G0
21 = − 1

U

(
c�

1 −c�
2

c�
2 −c�

1

)
, G0

22 = − 1

U

(
b1 b2

b2 b1

)
, (A2)

where U , a1, a2, b1, b2, c1, and c2 are functions of k and
Matsubara frequency iωn as we utilize the imaginary-time
formalism of propagators, which are of the following forms:

U = (�2
3k + |�0k − vF k|2 + ω2

)
× (�2

3k + |�0k + vF k|2 + ω2
)
,

a1 = iω
(
�2

0k + �2
3k + v2

F k2 + ω2
)+ 2�3kvF �0k · k,

a2 = �3k
(
�2

0k + �2
3k + ω2 + k2v2

F

)+ i2vF ω�0k · k,

b1 = iω
(
�2

0k + �2
3k + v2

F k2 + ω2
)− 2�3kvF �0k · k,

b2 = �3k
(
�2

0k + �2
3k + v2

F k2 + ω2
)− i2ωvF �0k · k,

c1 = vF k+(�0ky + i�0kx
)2 + vF k−(�2

3k + ω2 + k2v2
F

)
,

c2 = (�2
0k + �2

3k + ω2
)
(�0kx − i�0ky)

− v2
F (k−)2(�0kx + i�0ky). (A3)

Here for short, we do not write explicitly the discrete fre-
quency notation n in the Matsubara frequency. k± = kx ± iky,
�0k = (�0kx,�0ky). �0k and �3k acquire the self-consistent
solution at small k as �0k ∝ k and �3k a constant independent
of k, as is discussed in the main text.

Casting the vertex renormalization of Fig. 6 into the form
of the integral equations, we obtain

�β ′β (k + q, k)τ+ =
∫

d3k′

(2π )3
V αα′ββ ′

k−k′ τ+G0
αγ ′

× (k′)�γ ′γ (k′ + q, k′)τ̃ aG0
α′γ (k′+q)τ−,

(A4)

where we inserted the interaction in Eq. (30) of the main
text. This is the equation with respect to the (1,2) Nambu
component of �, therefore, τ+ = τ x + iτ y takes place on
the left-hand side. The (2,1) Nambu components of �, pro-
portional to τ− = τ x − iτ y, satisfy the same equations as
Eq. (A4) and therefore is omitted in the following calcula-
tion. Since �̂12 = −�̂�

21, �̂11 = �̂22, we only need to consider
the equations with respect to �̂11 and �̂12. For purposes of
simplicity, we introduced the Pauli matrix τ̃ a, with a = x, y,
defined as τ̃ x = τ x and τ̃ y = iτ y. From the above analysis,
τ̃ a is the direction along which �̂γ ′γ is aligned, therefore, a
takes the value of x and y for γ = γ ′ and γ �= γ ′, respectively.
Writing explicitly the sublattice indices, then the equations we
need to solve acquire the form

�11(k + q, k)τ+ =
∫

d3k′

(2π )3
V αα′11

k−k′ τ+G0
αγ ′ (k′)�γ ′γ

× (k′ + q, k′)τ̃ aG0
α′γ (k′ + q)τ−, (A5)
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�12(k + q, k)τ+ =
∫

d3k′

(2π )3
V αα′21

k−k′ τ+G0
αγ ′ (k′)

× �γ ′γ (k′ + q, k′)τ̃ aG0
α′γ (k′ + q)τ−.

(A6)

Now we provide the technical details to solve the above
coupled equations. We first study �11. From Eq. (21)

in the main text, one obtains V 1211
k−k′ = 2πevF A−

k−k′ ,
V 2111

k−k′ = −2πevF A+
k−k′ , where A±

k = k±/|k|2, and all
other components in V αα′11

k−k′ are zero. For each of
the nonzero components, there are four terms with
(γ , γ ′) = (1, 1), (1, 2), (2, 1), (2, 2). In the following, we
first consider the |q| → 0 limit and then we consider a
nonzero but small momentum transfer q because we focus on
the long-wave regime of the dispersion. �11 can be expanded
into eight terms as follows:

�11(k + q, k)τ+ =
∫

d3k′

(2π )3

{
V 1211

k−k′ τ
+G0

11(k′)�11(k′ + q, k′)τ xG0
21(k′ + q)τ−+ V 1211

k−k′ τ
+G0

12(k′)�22(k′+q, k′)τ xG0
22(k′ + q)τ−

+ V 2111
k−k′ τ

+G0
21(k′)�11(k′ + q, k′)τ xG0

11(k′ + q)τ− + V 2111
k−k′ τ

+G0
22(k′)�22(k′ + q, k′)τ xG0

12(k′ + q)τ−

+ V 1211
k−k′ τ

+G0
11(k′)�12(k′ + q, k′)iτ yG0

22(k′ + q)τ− + V 1211
k−k′ τ

+G0
12(k′)�21(k′ + q, k′)iτ yG0

21(k′ + q)τ−

+ V 2111
k−k′ τ

+G0
21(k′)�12(k′ + q, k′)iτ yG0

12(k′ + q)τ− + V 2111
k−k′ τ

+G0
22(k′)�21(k′ + q, k′)iτ yG0

11(k′ + q)τ−}.
(A7)

For |q| → 0, four of the above eight terms on the right-hand side are zero due to the rotational invariance. It is clear as we know
that a1, a2, b1, and b2 are θ independent, while c1, c2 ∝ e−iθ = k−/|k|. Moreover, V 1211

k−k′ and V 2111
k−k′ are also θ , θ ′ dependent. For

the above eight terms, we will respectively encounter the integrands proportional to A−
k−k′k′+/|k′|, A−

k−k′k′−/|k′|, A+
k−k′k′+/|k′|,

A+
k−k′k′−/|k′|, A−

k−k′k′−/|k′|, A−
k−k′k′+/|k′|, A+

k−k′k′−/|k′|, A+
k−k′k′+/|k′|. After interaction over θ ′, only combinations between

A−
k−k′k′+ and A+

k−k′k′− are nonzero as follows:∫ 2π

0
dθ ′A−

k−k′
k′+

|k′| =
∫ 2π

0
dθ ′A+

k−k′
k′−

|k′| = −2π

k′ �(|k′| − |k|). (A8)

Therefore, only the first, fourth, sixth, and seventh terms are nonzero, i.e.,

�11(k + q, k)τ+ =
∫

d3k′

(2π )3

{
V 1211

k−k′ τ
+G0

11(k′)�11(k′ + q, k′)τ xG0
21(k′ + q)τ−

+ V 2111
k−k′ τ

+G0
22(k′)�22(k′ + q, k′)τ xG0

12(k′ + q)τ− + V 1211
k−k′ τ

+G0
12(k′)�21(k′ + q, k′)iτ yG0

21(k′ + q)τ−

+ V 2111
k−k′ τ

+G0
21(k′)�12(k′ + q, k′)iτ yG0

12(k′ + q)τ−}. (A9)

Let us first calculate the first two terms [1] + [2] in Eq. (A9). For |q| → 0, we arrive at

[1] + [2] = −τ+
∫

d3k′

(2π )3

{
V 1211

k−k′
a2(k′)c�

2(k′) + a1(k′)c�
1(k′)

U 2(k′)
�11(k′) + V 1211�

k−k′
b2(k′)c2(k′) − b1(k′)c1(k′)

U 2(k′)
�11(k′)

}
, (A10)

where we have used �11 = �22. After insertion of ai, bi, and ci into the above terms, then we obtain

[1] + [2] = −τ+�11(2πevF )
∫

dω′

2π

∫ 


0

dk′

2π
k′g(k′, ω′)

∫ 2π

0

dθ ′

2π

[
(k − k′)−

|k − k′|2
k′+

|k′| + (k − k′)+

|k − k′|2
k′−

|k′|
]

= τ+�11(4πevF )
∫

dω′

2π

∫ 


k

dk′

2π
g(k′, ω′) = τ+eC(e)�11, (A11)

where g(k′, ω′) = (g1 + g2)/U 2(k′), and g1 = �3k′�0k′ (�2
0k′ + �2

3k′ + ω′2 + k′2v2
F )(�2

0k′ + �2
3k′ + ω′2 − v2

F k′2), g2 =
2�0k′�3k′v2

F k′2(�2
3k′ + ω′2 + v2

F k′2 − �2
0k′ ) is a function of k′ originated from expansion of [a2(k′)c�

2(k′) + a1(k′)c�
1(k′)]/

U 2(k′) and [b2(k′)c2(k′) − b1(k′)c1(k′)]/U 2(k′), where the odd terms of ω′ have been removed as they go to zero after integral
of ω′. We used k → 0 in last line of Eq. (A11), and C(e) = 4πvF

∫
dω′
2π

∫ 


k
dk′
2π

g(k′, ω′) is a dimensionless constant that only
relies on CS charge e while it is 
 independent as can be shown directly by a rescaling from k′

μ to 
k′′
μ. We calculate numerically

the quantity eC(e) as a function of e, a very weak e dependence is found for e > 3 where the CS superconductor can find itself
a stable phase, and eC(e) saturates to a small constant eC(e) = 0.292 for large e. Therefore, Eq. (A9) is reduced to

[1 − eC(e)]�11τ
+ = [3] + [4]. (A12)

The terms [1] + [2] bring a constant correction eC(e) ∼ 0.3 to the coefficient in front of �11 in the Bethe-Salpeter–type equation.
Now let us calculate the right-hand side on Eq. (A12): after insertion of the Green’s functions, at q → 0 one obtains

[3] + [4] = −τ+(2πevF )
∫

d3k′

(2π )3

[
(k − k′)−

|k − k′|2
k′+

|k′| + (k − k′)+

|k − k′|2
k′−

|k′|
]
�12

|c2(k′)|2 − |c1(k′)|2
U 2(k′)

, (A13)
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where we have introduced �12 = �12e−iθ ′ = �12k′−/|k′| since we have �12 ∝ e−iθ ′
. Note that although we consider q → 0, the

frequency ν is implicit in Eq. (A13). Formally, ν → 0, it is straightforward to find out that

lim
ν→0

|c2(k′)|2 − |c1(k′)|2
U 2(k′)

=
(
�2

0k′ − v2
F k′2)(

ω2 + E2
k′,−
)(

ω2 + E2
k′,+
) , (A14)

where Ek,± =
√

�2
3k + (�0k ± vF k)2 . Then, we recover finite ν, finite but small |q|, and make Taylor expansion with respect

to |q|. After tedious expansion for both the numerator and denominator, it is found that all the linear terms with respect to |q|
after expansion vanish after the integration of θ ′. The second-order terms |q|2 are nontrivial and can modify the Bethe-Salpeter–
type equations. Besides, the second-order terms from the numerator and denominator are equal to each other after expansion.
Therefore, Eq. (A13) is cast into the following form after we recover ν and a small momentum transfer q:

[3] + [4] = −τ+(4πevF )
∫

d3k′
(2π )3

[ (k−k′ )−
|k−k′|2

k′+
|k′| + (k−k′ )+

|k−k′|2
k′−
|k′|
]
�12

|c2(k′ )|2−|c1(k′ )|2
U (k′ )U (k′+q)


 τ+(8πevF )
∫

dω′
2π

∫ 


k
dk′k′
2π

�12

(
�2

0k′−v2
F k′2
)(

ω2+E2
k′ ,−

)[
(ω+ν)2+E2

k′ ,++�2
0q

] , (A15)

where �2
0q = (evF q/2)2 and we have assumed e 	 1 so that �2

0q 	 (1 + e)v2
F q2 in the last line. Since in the low-energy effective

theory, the interaction between CS fermions Hint is proportional to e, the large-e condition with e 	 1 requires a strong coupling
between fermions and thereby a stable CS superconductor state. Here, we consider the collective modes on top of a stable CS
superconductor mean-field ground state, and restrict the following discussion to e 	 1.

The integral of the Matsubara frequency ω′ essentially represents for a a sum of poles along the imaginary axis. We then
recover the discrete notation for the frequency and then complete the sum of frequency as follows:

T
∑

n

1[
(iωn)2 − E2

k′,−
][

(iωn + iν2)2 − E2
k′,+ − �2

0q

]
= − 1

2Ek′,−

1

(iνn + ξk′,+ − Ek′,−)(iνn − ξk′,+ − Ek′,−)
− 1

2ξk′,+

1

(iνn + ξk′,+ − Ek′,−)(iνn + ξk′,+ + Ek′,−)
, (A16)

where we introduced ξ 2
k′,+ = E2

k′,+ + �2
0q, and we have taken the zero temperature with the Fermi-Dirac function being reduced

to a step function. Then, for e 	 1, Ek′,± =
√

�2
3k′ + �2

0k′ so that we set Ek′,+ = Ek′,− = Ek′ . Further making expansion with
respect to q, Eq. (A16) is cast into

T
∑

n

1[
(iωn)2 − E2

k′,−
][

(iωn + iν2)2 − E2
k′,+ − �2

0q

]
= − iνn

Ek′
(
iνn + �2

0q/2Ek′
)[

(iνn)2 − 4E2
k′
(
1 + �2

0q/4E2
k′
)2] + �2

0q

4E3
k′
(
iνn + �2

0q/2Ek′
)[

iνn + 2Ek′ + �2
0q/2Ek′

] . (A17)

It is readily known from above that with |q| → 0, the sum of Matsubara frequency is reduced to

T
∑

n

1[
(iωn)2 − E2

k′,−
][

(iωn + iν2)2 − E2
k′,+ − �2

0q

] = − 1

Ek′

1

(iνn)2 − 4E2
k′

. (A18)

Equation (A15) then reads as

[3] + [4] = −τ+(8πevF )
∫ 


k

dk′k′

2π
�12

1

Ek′

�2
0k′ − v2

F k′2

(iνn)2 − 4E2
k′

. (A19)

Inserting the above result to Eq. (A12) and making analytic continuation to the retarded Green’s function with iνn → ν + i0+,
one obtains

�11 = − 4evF

1 − eC(e)

∫ 


k
dk′k′�12

�2
0k′

Ek′

1

ν2 − 4E2
k′

+ i
4eπvF

1 − eC(e)

∫ 


k
dk′k′�12

�2
0k′

Ek′
δ
(
ν2 − 4E2

k′
)
. (A20)

We introduce the constant I = [1 − eC(e)]−1, and then the above equation is simplified for ν = 2�3k′ as

�11 = evF I
∫ 


k
dk′ �12,k′

Ek′
, (A21)

where �12,k′ = �12k′. Interestingly, the above equation reduces exactly to one of the self-consistent equations for the CS
superconductor after we introduce a rescaling of momentum with k′ = k′′/I , such that

�11 = evF

∫ 
I

k
dk′′ �12,k′′

Ek′′
, (A22)
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where Ek′′ =
√

�2
3k′′ + �2

0k′′ with �2
3k′′ = I2�2

3k′ . Since �3k′ ∝ 
, �2
3k′′ is reduced to the original form after setting a shifted

momentum cutoff 
′ = I
. On the other hand, the self-consistent equation of the CS superconductor gap function is reduced to
the same form for e 	 1, as shown by Eq. (27) of the main text.

From above, we know that although the terms [1] and [2] in Eq. (A10) introduce a constant shift to the coefficient of the
Bethe-Salpeter–type equation for large e, the constant shift can be completely absorbed by defining a new momentum cutoff
if ν = 2�3k′ , i.e., with ν = 2�3k′ one can always reduce the Bethe-Salpeter–type equation to the mean-field self-consistent
equation, which is satisfied from our starting point. This directly suggests us that ν = 2�3k′ could be the solution of the
Bethe-Salpeter–type equation for zero-momentum shift q → 0 (if the other self-consistent equation corresponding to �12 is
also reduced at this condition ν = 2�3k′ ), i.e., the fluctuation of superconductor order parameter should have dispersion with
energy ν = 2�3k′ at q → 0.

Now let us keep the |q| terms in Eq. (A17). A small |q| should slightly perturb the solution ν = 2�3k′ at q → 0. Therefore,
after analytic continuation iνn → ν + i0+, one can treat q as a small quantity compared to ν in Eq. (A17) because |q| � 2�3k′ ∼

. Keeping the leading term in Eq. (A17), one then arrives at

T
∑

n

1[
(iωn)2 − E2

k′,−
][

(iωn + iν2)2 − E2
k′,+ − �2

0q

] = − 1

Ek′

1

(iνn)2 − 4E2
k′ − 2�2

0q

, (A23)

such that Eq. (A15) is reduced to the following form as

[3] + [4] = −τ+(8πevF )
∫ 


k

dk′k′

2π
�12

1

Ek′

�2
0k′ − v2

F k′2

(iνn)2 − 4E2
k′ − 2�2

0q

(A24)

for iνn → ν + i0+ and ν2 = 4�2
3k′ + 2�2

0q, the above equation is again simplified to the mean-field self-consistent equation as

�11 = evF

∫ 
′

k
dk′′ �12,k′′

Ek′′
. (A25)

Therefore, we know that ν2 = 4�2
3k′ + 2�2

0q could be the dispersion of the Higgs mode of the p + ip CS superconductor. Before
one can claim this, we have to study the other equation, Eq. (A6).

From the interaction vertex, it is known that the only nonzero interaction components occurring in Eq. (A6) are V 1121
k−k′ =

V 2221
k−k′ = 2πevF A−

k−k′ . Similar to the above calculation for equation of �11, the rotational symmetry will exclude four of eight
terms, leaving us four remaining nonzero terms as follows:

�12(k + q, k)τ+ =
∫

d3k′

(2π )3

{
V 1121

k−k′ τ
+G0

12(k′)�21(k′ + q, k′)iτ yG0
11(k′ + q)τ−

+ V 2221
k−k′ τ

+G0
21(k′)�12(k′ + q, k′)iτ yG0

22(k′ + q)τ− + V 1121
k−k′ τ

+G0
11(k′)�11(k′ + q, k′)τ xG0

11(k′ + q)τ−

+ V 2221
k−k′ τ

+G0
22(k′)�22(k′ + q, k′)τ xG0

22(k′ + q)τ−}. (A26)

For the small-q limit |q| → 0, the first two terms are cast into the form

[1] + [2] = −e−iθ τ+
∫

d3k′

(2π )3

{
V 1121

k−k′
k+

|k|
c1(k′)a1(k′) − a2(k′)c2(k′)

U 2(k′)
�12eiθk′ − V 2221

k−k′
k−

|k|
c�

2(k′)b2(k′) + c�
1(k′)b1(k′)

U 2(k′)
�12e−iθk′

}
,

(A27)

where we insert 1 = e−iθ k+/|k| where e−iθ will be canceled later by the left-hand side of Eq. (A26). Making further expansion,
we find that term [1] equals to term [2] and

[1] + [2] = τ+e−iθ (4πevF )
∫

dω′

2π

∫ k

0

dk′k′

2πk
g′(k′, ω′)�12. (A28)

For k → 0, numerical integration shows that the term [1] + [2] vanishes. If one keeps a small k, this will lead to higher-order
correction [with respect to [3] and [4] terms in Eq. (A27)] to the Bethe-Salpeter–type equations which can be absorbed into the
integral limit in the remaining two terms [3] and [4]. Then, we consider terms [3] and [4] in Eq. (A26), after some algebra, we
obtain

[3] + [4] = τ+e−iθ
∫

d3k′

(2π )3
(2πevF )

(k − k′)−k+

|k − k′|2|k| �11

∑2
i=1[ai(k′)ai(k′ + q) + bi(k′)bi(k′ + q)]

U (k′)U (k′ + q)
. (A29)

As what we did above, we keep a small but finite |q|. A tedious calculation again shows that the expansion to linear order
of |q| vanishes after performing the integrals, and the contributions from the denominator and numerator are the same for the
second-order terms. In the condition of e 	 1, Eq. (B1) is further simplified as

[3] + [4] = −τ+e−iθ (8πevF )
∫

dω′

2π

∫ k

0

dk′k′

2π

�11

k

�2
3k′ − ω(ω + ν)(

�2
3k′ + �2

0k′ + ω2
)[

�2
3k′ + (ω + ν)2 + �2

0k + �2
0q

] . (A30)
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We then recover the discrete notation for the Matsubara frequency. After performing the sum of frequency, for small k′, we
obtain

[3] + [4] = −τ+e−iθ (4evF )
∫ k

0

dk′k′

k
�11

�2
0k′

Ek′
[
(iνn)2 − 4�2

3k′ − 4�2
0k′ − 2�2

0q

] . (A31)

With iνn → ν + i0+, and ν2 = 4�2
3k′ + 2�2

0q, Eq. (A24) is finally cast into

�12 = evF

∫ k

0
dk′ k

′

k

�11

Ek′
, (A32)

which is exactly of the same form with the mean-field self-consistent equation for CS superconductor for e 	 1. This verifies
that ν2 = 4�2

3k′ + 2�2
0q is the found dispersion of the Higgs mode of the p + ip CS superconductor.

APPENDIX B: CHERN-SIMONS FERMIONIZATION
WITH BOUNDARIES

The Hamiltonian (1) of the main text can be written as the
sum of the bulk and the boundary sectors as H = Hb + Hl .
The bulk Hamiltonian reads as

Hb = J

2

∑
〈r,r′〉′

[Ŝ+
r Ŝ−

r′ + Ŝ−
r Ŝ+

r′ ], (B1)

where the “〈r, r′〉′” denotes all the nearest-neighbor bonds that
reside on the square lattice, which do not cross any bound-
aries. The boundary term Hl is written as

Hl = J

4

∑
l

[Ŝ+(l )Ŝ−(l ) + Ŝ−(l )Ŝ+(l )], (B2)

where we use the notation for the coordinates of sites along
the boundaries l = (i, 1) or l = (1, j), where i ∈ [1, Nx] and
j ∈ [1, Ny]. l is the image of site l with respect to x = 0 or y =
0, i.e., l = (i, Ny) or l = (Nx, j), as shown by the (red) points
in Fig. 12. The sum over l runs through the boundary sites
and therefore we introduce an additional factor 1

2 in Eq. (B2)
to take care of the double counting of the couplings between
l and l . Inserting the CS fermionization in Eqs. (2) and (3) of

FIG. 12. The difference between two string operators located
at boundary sites (denoted by the red points). The plots (a) and
(b) indicate the calculation of the difference α(1, j) − α(Nx, j),
α(i, 1) − α(i, Ny ), i.e., along the x and y direction, respectively. For
any site on the lattice, e.g., r′

1 and r′
2, there are always inversion

image sites r′
1 and r′

2, which contribute a difference of angles π to
the string operator.

the main text, the boundary Hamiltonian is cast in the form

Hl = J

2

Ny∑
j=1

[ f̂ †(1, j)eie[α(1, j)−α(Nx , j)] f̂ (Nx, j) + H.c.]

+ J

2

Nx∑
i=1

[ f̂ †(i, 1)eie[α(i,1)−α(i,Ny )] f̂ (i, Ny) + H.c.], (B3)

where the first and second terms describe the fermion hopping
crossing the boundaries along x and y directions, respectively,
and α(r) =∑r′ �=r arg(r′ − r)n̂(r), originated from Eq. (3) of
the main text, is the string operator “located” at r. There-
fore, the boundary term depicting the spin coupling between
the l and l is mapped to hoppings mediated by phase oper-
ators exp{ie[α(1, j) − α(Nx, j)]}, exp{ie[α(i, 1) − α(i, Ny)]}
where α(1, j) − α(Nx, j) and α(i, 1) − α(i, Ny) are the dif-
ference of two string operators “located” at l and l . It can be
written explicitly as

α(1, j) − α(Nx, j) =
∑

r′ �=(l, j)

arg[r′ − (1, j)]n̂(r′)

−
∑

r′ �=(Nx, j)

arg[r′ − (Nx, j)]n̂(r′). (B4)

Similarly for α(i, 1) − α(i, Ny). Now we decompose the CS
fermion density operator into nonfluctuating and fluctuating
parts as n̂(r′) = 〈n(r′)〉 + δn(r′), with the former being the
expectation value with respect to the many-body ground state,
i.e., the CS superconductor in our mean-field theory. If one
temporarily neglects the contribution from 〈n(r′)〉, the second
term δn(r′) will contain fluctuation of the quantum field and
can be absorbed into the fermionized bulk Hamiltonian

Hpbc = t
∑
〈r,r′〉

[ f̂ †
r eieAr,r′ fr′ + H.c.]. (B5)

Here 〈r, r′〉 represents all the nearest bonds in the bulk as well
as those bonds crossing the boundaries. We note in passing
that due to the staggered spin configuration of the Néel state
(or the staggered π flux in the CS fermions), enforcing the pe-
riodic boundary condition means that we need to require both
Nx and Ny being even, such that N = NxNy being even. The to-
tal number of CS fermions Ne at half-filling ν = 1

2 , Ne = νN
is then always guaranteed to be an integer.
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In addition to Hpbc, we have a remaining term, i.e., Eq. (B4)
with n̂(r′) = 〈n(r′)〉, resulting in

〈α(1, j) − α(Nx, j)〉 =
∑

r′ �=(1, j)

arg[r′ − (1, j)]〈n̂(r′)〉

−
∑

r′ �=(Nx, j)

arg[r′ − (Nx, j)]〈n̂(r′)〉

(B6)

and

〈α(i, 1) − α(i, Ny)〉 =
∑

r′ �=(i,1)

arg[r′ − (i, 1)]〈n̂(r′)〉

−
∑

r′ �=(i,Ny )

arg[r′ − (i, Ny)]〈n̂(r′)〉.

(B7)

The planar Néel AFM order does not support out-of-plane
spin expectation values such that 〈Ŝz(r)〉 = 0. In the language
of CS fermions, the ground state is half-filled with 〈n̂(r)〉 = 1

2 ,
∀ r on the square lattice. Then, we first consider Eq. (B6)
related to the boundary terms along the x direction. In what
follows, we are interested in an infinite system with periodic
boundary conditions in the thermodynamic limit. When con-
sidering the boundary condition along x, the boundary terms
along y are irrelevant, and therefore we can set Ny → ∞ in
the thermodynamic limit, as indicated by Fig. 12(a). Utilizing
the fact that we have 〈n̂(−r)〉 = 〈n̂(r)〉, ∀ r in the cylinder in
Fig. 10(a), Eq. (B6) is then simplified as

〈α(1, j) − α(Nx, j)〉 =
∑

r′

′′arg[r′ − (1, j)]〈n̂(r′)〉

−
∑

r′

′′arg[−r′ − (Nx, j)]〈n̂(−r′)〉

= −πν(N − 2) = −π (Ne − 1), (B8)

where
∑ ′′

r′ denotes the sum over r′ but r′ �= (1, j) and r′ �=
(Nx, j). We have used 〈n̂(r)〉 = ν, and Ne = 〈N̂e〉. We also ob-
serve the that for any r′ on the cylinder in Fig. 12(a), there ex-
ists an inversion image −r′ such that

∑
r′ �=(1, j),(Nx, j){arg[r′ −

(1, j)] − arg[−r′ − (Nx, j)]} = −π , as shown by the two
example points r′

1,2 in Fig. 12(a). Similarly, the boundary
condition term along the y direction, Eq .(B8), is reduced to

〈α(i, 1) − α(i, Ny)〉 =
∑

r′

′′arg[r′ − (i, 1)]〈n̂(r′)〉

−
∑

r′

′′arg[−r′ − (i, Ny)]〈n̂(−r′)〉

= −πν(N − 2) = −π (Ne − 1). (B9)

After insertion of Eqs. (B8) and (B9) into (B3), we obtain

Hl = t

2

∑
l

[e−ieπ (Ne−1) f̂ †
l fl + H.c.]

= t

2

∑
l

[(−1)Ne−1 f̂ †
l fl + H.c.], (B10)

where the factor 1
2 eliminates the double counting of sites

along the boundary. In the second line of Eq. (B10), we used

(−1)e(Ne−1) = (−1)Ne−1 since e is an odd integer. The above
fermionized boundary Hamiltonian leads to a correction to
Hpbc in Eq. (B5), i.e., it contributes an additional Z2 phase to
the CS gauge field Al,l that crosses the boundary. We restore
the Z2 phase, then Hpbc is modified to the following total
Hamiltonian:

Htot = t
∑
〈r,r′〉′

[ f̂ †
r eieAr,r′ fr′ + H.c.]

+ t

2

∑
l

[(−1)Ne−1 f̂ †
l eiAl,l fl + H.c.]. (B11)

Here the first term describes the theory of CS fermions living
on a 2D lattice with open boundaries and coupled to the lattice
gauge field, i.e., the bulk sector (B1). The second term de-
scribes the hoppings crossing the boundaries, whose hopping
parameter is modified by an additional FP-dependent factor
(−1)Ne−1. Therefore, we do find that the periodic boundary
condition is nontrivial when one performs the CS fermioniza-
tion. It generates a FP-dependent boundary condition for the
CS fermions. Without the FP-dependent boundary terms, Htot

exactly returns back to Eq. (4) of the main text, whose ground
state and the collective excitations have been carefully studied
in the main text.

To make the form more concise, we rewrite Eq. (B11) as

Htot = t
∑
〈r,r′〉

[ f̂ †
r eieAr,r′ fr′ + H.c.], (B12)

with an implicit boundary condition as following. Introducing
an additional row (i, Ny + 1) and column (Nx + 1, j) of lattice
sites, the FP-dependent boundary condition for CS fermions is
found as follows:

(i) For Ne being odd, one has f (1, j) = f (Nx + 1, j), a
periodic boundary condition for CS fermions, such that in k
space one has

1√
N

∑
kx,ky

fkx,ky e
i(kx+ky j) = 1√

N

∑
kx,ky

fkx,ky e
i(kx+ky j+kxNx ). (B13)

A similar condition exists for the y direction, leading to kx =
2πnx

Nx
, ky = 2πny

Ny
with nx,y the integer taking the values −Nx,y/2,

−Nx,y/2 + 1, ..., Nx,y/2.
(ii) For Ne being even, one has f (1, j) = − f (Nx + 1, j),

an antiperiodic boundary condition (APBC) for CS fermions.
The APBC then generates a shift of the k lattice with kx =
π (2nx+1)

Nx
, kx = π (2ny+1)

Ny
, with nx,y the integer taking the values

−Nx,y/2, −Nx,y/2 + 1, . . ., Nx,y/2 − 1, so that kx,y is restricted
to the BZ [−π, π ].

APPENDIX C: REGULARIZATION OF A CS
SUPERCONDUCTOR

The FP-dependent boundary conditions are essential for
calculating a spin order within the CS superconductor ground
state. However, before we evaluate the spin order, it will be
more convenient for the following calculation to first regular-
ize the low-energy continuum theory of a CS superconductor.
The reason for this will be apparent in the next section. We
present in this section the discussion on regularization of a CS
superconductor on a square lattice as an example.
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If we neglect the above boundary conditions, the Hamil-
tonian (B12) is the same as Eq. (4) of the main text, whose
mean-field solution on the square lattice has been presented
before. It gives rise to the mean-field CS superconductor on
the square lattice with the Hamiltonian HMF in Eq. (28) (of
the main text) and the order parameter (29) (of the main
text). These results are obtained within a long-wavelength
description of the CS superconductor, where the pairing of
CS fermions takes place between K and K in the BZ. This is
shown by the square lattice case in Fig. 5 of the main text. The
momentum of the CS fermions is measured from K and K,
forming Cooper pairs with zero total momentum. We also re-
call that in the long-wavelength limit, the mean-field solutions
lead to a constant �3k independent of k and �0k,x = evF kx/2,
�0k,y = evF ky/2 for small k.

To consider the effect of the FP-dependent boundary con-
dition, which is essential information inherited from the lattice
model, we need to first generalize the previous long-wave
description of CS superconductors to a lattice CS super-
conductor. We, therefore, regularize the low-energy effective
theory of the CS superconductor onto a square lattice. There
are two ways to do it. One is to construct a mean-field theory
on a lattice model, which requires more computational effort
because of the effect of the gauge field on the CS fermions’
high-energy window. The other is to regularize the continuum
Hamiltonian while keeping the low-energy effective model
intact. Here, since we are interested only in the qualitative
correspondence of the physical observable measured from
a CS superconductor where the long-wave regime plays an
essential role, we adopt the second approach without losing
the relevant physics at the qualitative level.

We arrive at the CS superconductor on a square lat-
tice by letting kx/y → sin kx/y and 1 → cos kx/y. The SC
order parameter is also regularized as �0k,x = (evF /2) sin kx,
�0k,y = (evF /2) sin ky, and �3k → �3(cos kx cos ky) which
respects the C4v symmetry of the square lattice. Then, we
shift the momentum by kx → kx + π/2, ky → ky + π/2, such
that the theory now has momentums measured from the �

point rather than K, K. This results in the lattice CS super-
conductor as Hlatt =∑k �

†
kH(k)�k, with the basis �k =

[ f̂kA, f̂kB, f̂ †
−kA, f̂ †

−kB]T , and H(k) reads as

H(k) = τ 0σ xvF cos kx + τ zσ yvF cos ky + τ xσ 0 evF

4
cos kx

+ τ yσ z evF

4
cos ky − τ yσ y�3 sin kx sin ky, (C1)

where τ and σ are the Pauli matrix defined in the Nambu
and sublattice space, respectively. We note in passing that the
regularized Hamiltonian above is in consistence with the other
approach [116], i.e., the mean-field treatment of the nonlocal
interaction directly on the lattice. From Hlatt , we can observe
the particularity of the nesting vector Q = (π, π ) of the AFM
Néel state on the square lattice [one does not need to consider
other vectors, e.g., (π,−π ), since only one point is included
in the BZ]. For k = Q = (π, π ), the intersublattice pairing
�3 term vanishes. On the other hand, the intrasublattice
pairing terms ∝τ x,y(evF /4) f †

Q,a f †
−Q,a, with a = A, B. Since

f †
Q,a f †

−Q,a = f †
Q,a f †

Q,a = 0 due to Pauli principle, it is therefore
known that the CS fermions do not form pair at Q = (π, π )

(equivalent to −Q). This is of the same reason as that in the 1D
spinless p-wave superconductor, where the spinless fermions
cannot form Cooper pairs at k = 0. Then, the Hamiltonian at
k = Q is read off from Hlatt and Eq. (C1) as

HQ = −
√

2vF f †
Q,A fQ,B + H.c., (C2)

where we made a gauge transformation that removes a global
phase. After diagonalization, HQ leads to two CS fermionic
states with energy EQ,± = ±√

2vF /N , with N the number
of unit cells of the lattice. The state with lower energy is
occupied by the CS fermions whose operator is obtained as

˜̂fQ = 1√
2

( f̂Q,A − f̂Q,B). (C3)

This will be a useful information for latter usage, as shown
by the main text.

APPENDIX D: ANALYTIC DERIVATION OF THE
GROUND-STATE WAVE FUNCTION OF

THE CS SUPERCONDUCTORS

In this Appendix, we provide in detail the transformation
and derivation for the ground-state wave function with respect
to the low-energy effective Hamiltonian of a CS superconduc-
tor, using the honeycomb lattice case as an example.

Following Eqs. (23) and (24) of the main text, the low-
energy description of CS superconductor on honeycomb
lattice reads explicitly as

H(k) =

⎛
⎜⎜⎜⎜⎝

0 vF k− −�3,k − k−
k �0,k

vF k+ 0 k+
k �0,k −�3,k

−�3,k
k−
k �0,k 0 −vF k−

− k+
k �0,k −�3,k −vF k+ 0

⎞
⎟⎟⎟⎟⎠.

(D1)
We can find out that the matrix R̂(k) that diagonalizes H(k),
leading to a diagonal matrix R̂†(k)H(k)R̂(k), where

R̂(k) =
(

Ŵ † σ zẐ†σ z

σ zŴ †σ z Ẑ†

)
, (D2)

where W , Z are 2 × 2 transformation matrices acting on the
sublattice space given by

Ŵ = 1

2

(
α+ − β+ k−

k (α+ + β+)
k+
k (α− + β−) α− − β−

)
(D3)

and

Ẑ = 1

2

(
α+ + β+ k−

k (α+ − β+)
k+
k (α− − β−) α− + β−

)
. (D4)

α± and β± have k dependence, which is not explicitly written
for brevity, and they are derived from Bogoliubov transforma-
tions as

β± =
√

1

2

(
1 − ε±

k

E±
k

)
, (D5)

α± =
√

1

2

(
1 + ε±

k

E±
k

)
, (D6)
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where E±
k =

√
ε±2

k + �2
3,k and ε±

k = vF k ± �0,k . Therefore,
one obtains the transformation matrix that shifts the CS
fermion basis to the Bogoliubov quasiparticle basis, as

�k = R̂�k, where �k = [ f̂k,A, f̂k,B, f̂
†

−k,A, f̂
†

−k,B]T . For sim-
plicity, we introduce the spinor in Nambu space �k =
[Ck,C†

−k]T , with Ck = [ fk,A, fk,B]T ≡ [Ck,1,Ck,2]T and C
†
k =

[ f
†
k,A, f

†
k,B]T ≡ [C

†
k,1,C

†
k,2]T , where we use the notation

Ck,1/2 to denote for the CS fermion operators on the A/B
sublattice, in order to arrive at a concise form during the
following derivation. Similarly, we introduce the Bogoliubov
quasiparticle spinor �k = [γk, γ

†
−k], with γk = [γk,1, γk,2]T

and γ
†
k = [γ †

k,1, γ
†
k,2]T . Using these notations, we can express

the Bogoliubov particles as CS fermions as

γk,i = Wi jCk, j + W̃i jC
†
−k, j, (D7)

γ −k,i = C†
k, j Z̃

†
ji + C−k, jZ

†
ji, (D8)

where have defined the off-diagonal matrix in Eq. (D2) as
ˆ̃W = σ zŴ σ z and ˆ̃Z = σ zẐσ z. Wi j and Z ′

i js are the compo-
nents of the 2 × 2 transformation W and Z , i, j = 1 or 2.
The two flavors of Bogoliubov particles γk,i arise due to the
sublattice degrees of freedom of the honeycomb lattice. The
(p + ip)-wave pairing feature is implicit in the transformation
matrix W and Z ′s.

The ground state of the CS superconductor can then be
written as the vacuum state of all flavors of Bogoliubov
quasiparticles, therefore, we require γk,1|GS〉 = 0 as well as
γk,2|GS〉 = 0, ∀ k. As shown in Sec. IV of the main text,
there are two Bogoliubov vacuum states corresponding to an
even and odd parity case, respectively. Here, we derive the
ground-state wave function for Ne being even, and the other
sector can be obtained by creating additional CS fermions.
One then can write the Bogoliubov vacuum as

|GS〉 =
∏

k

γk,1γ −k,1γk,2γ −k,2|0〉, (D9)

where |0〉 is the vacuum state for CS fermions Ck,i giving
Ck,i|0〉 = 0. Inserting the relations between the Bogoliubov
quasiparticles and the CS fermions, the ground state is cast
into 16 different combinations of Ck, C†

k ; however, one can
simplify the equation using the Wick’s theorem, i.e.,

γk,1γ −k,1γk,2γ −k,2 = N̂[P̂C[γk,1γ −k,1γk,2γ −k,2]], (D10)

where P̂C denotes all possible contraction of pairs of Bogoli-
ubov particles and N̂ denotes the normal ordering of quantum
fields. Then, one would encounter several contractions which
we evaluate in the following. Hereafter, we use Ĉ[AB] to
represent for the contraction of two operators A and B, defined
as Ĉ[AB] = AB − N̂[AB]. For the contraction Ĉ[γk,iγk, j], it
can be calculated as

Ĉ[γk,iγk, j]

= [WimCk,m + W̃imC
†
−k,m][WjnCk,n + W̃jnC

†
−k,n]

− N̂[(WimCk,m + W̃imC
†
−k,m)(WjnCk,n + W̃jnC

†
−k,n)]

= WimW̃jn{Ck,m,C
†
−k,n} = 0, (D11)

where the commutator goes to zero because of Ne being
even, where k in the reciprocal space cannot take k = 0 due
to the antiperiodic boundary condition of CS fermions, as
shown in Sec. IV A of the main text. Similarly, we obtain
Ĉ[γ −k,iγ −k, j] = 0. However, we arrive at nonzero commu-
tators for contraction between γk,i and γ−k, j as follows:

Ĉ[γk,iγ−k, j]

= [WimCk,m + W̃imC
†
−k,m][C†

k,nZ̃†
n j + C−k,nZ†

n j]

− N̂
[
[WimCk,m + W̃imC

†
−k,m][C†

k,nZ̃†
n j + C−k,nZ†

n j]
]

= WimZ̃†
n j{Ck,m,C†

k,n} = WimZ̃†
n jδmn (D12)

and similarly one obtains Ĉ[γ −k,iγk, j] = −(Ŵ · ˆ̃Z†) ji. Then,
inserting the above contractions to Eq. (D10) and then evalu-
ating the normal orderings of the remaining uncontracted CS
fermions, one can obtain the ground state of the CS supercon-
ductor for even FP, which reads as

|GS〉 = −
∏

k

[W1nZ̃†
n2 + W̃1iZ̃

†
n2C

†
−k,iC

†
k,n]

× [W2nZ̃†
n1 + W̃2mZ̃†

j1C
†
−k,mC†

k, j]|0〉. (D13)

Inserting the specific elements of Ŵ , ˆ̃W , Ẑ , and ˆ̃Z in Eqs. (D3)
and (D4) into (D10), the ground state is finally cast into

|GS〉 = −
∏

k

UkeGi jC
†
−k,iC

†
k, j |0〉, (D14)

where Uk = (β−α+ + α−β+)2/4, and the matrix Gi j , whose
matrix components reflect the pairing symmetry in the sublat-
tice space, is a 2 × 2 matrix in Nambu space as

Gi j = − 1

α+β− + β+α−
(

g1
i j g2

i j

g2
i j g1

i j

)
, (D15)

where g1
i j = α+α− + β+β−, g2

i j = − k+
k (α− + β−)(α+ −

β+), and g3
i j = − k−

k (α+ + β+)(α− − β−).

APPENDIX E: DETAILS IN CALCULATING
THE SPIN SUSCEPTIBILITY

In the main text, we have reduced the calculation to eval-
uating the expectation in Eq. (46) of the main text. In this
Appendix, we show the details in the pertinent calculations.
Due to the particularity of the momentum Q discussed above,
we separate the k = Q from the rest of the terms as∑

k

f̂k,a =
∑

k

′ f̂k,a + f̂Q,a, (E1)

where the prime denotes the sum for k �= Q. For the string
operator in Eq. (46) of the main text, one then has

iα0 = ie
∑
r′ �=0

∑
p,q,a

arg(r′)exp[i(p − q) · r′] f̂ †
p,a f̂q,a

= iα0 + iα0,Q, (E2)
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where we introduced the partition of the string operator α0 as

iα0 = ie
∑
r′ �=0

{∑
p,q,a

′arg(r′)exp[i(p − q) · r′] f̂ †
p,a f̂q,a

}
(E3)

and

iα0,Q = ie
∑
r′ �=0

{∑
p,q,a

′′arg(r′)exp[i(p − q) · r′] f̂ †
p,a f̂q,a

}
.

(E4)
Here the prime on the sum denotes both p �= Q and q �= Q,
and the double prime denotes at least one of the momenta p,
q equal to Q. Further expansion of the exponential term leads
to

exp[iα0 + iα0,Q] 
 exp[iα0]exp[iα0,Q]exp[−[α0, α0,Q]/2]

≡ exp[iα0]exp[iαQ]. (E5)

Therefore, the string operator eiα0 in Eq. (46) of the
main text is partitioned into exp[iα0] and exp[iαQ] de-
fined by exp[iαQ] = exp[iα0,Q]exp[−[α0, α0,Q]/2]. The term
exp[iα0]exp[iαQ] can be further expanded with respect to the
CS fermion operators. It turns out that the string operator
contains either zero or a single f †

Q,a operator, with utilizing
the following property of the Bogoliubov vacuum fQ,a|e〉 = 0
(since the state with momentum Q is not occupied in |e〉,
as derived in Sec. IV C). Therefore, two nonzero terms have
contribution to the off-diagonal term o〈GS|H ′|GS〉e, leading
to

o〈GS|H ′|GS〉e

= −
(

B

2
√

2

)
〈( f̂Q,A − f̂Q,B) f̂ †

Q,aP̂0[eiα0 eiαQ ]〉e

−
(

B

2
√

2

)〈
( f̂Q,A − f̂Q,B)

∑
k

′ f̂ †
k,aP̂1[eiα0 eiαQ ]

〉
e

,

(E6)

where P̂0 and P̂1 represent for the projection to the term with
zero and single f †

Q,a operator, respectively.
To proceed, let us now consider the case where the

weak magnetic field B is applied on a local A sublattice
such that a = A (the results are similar for application onto
B). Then, both of the two terms in Eq. (E6) contribute a
factor 〈0| f̂Q,A f †

Q,A|0〉 = 1, where the unpaired CS fermion
is acting on the local Hilbert space {|0〉, |1〉} orthogonal
to |GS〉e. The rest of the terms are obviously zero, i.e.,
〈 f̂Q,B f̂ †

Q,AP̂0[eiα0 eiαQ ]〉 = 0 and 〈 f̂Q,B
∑′

k f̂ †
k,AP̂1[eiα0 eiαQ ]〉 =

0 due to the FP conservation. Therefore, the off-diagonal
component o〈GS|H ′|GS〉e is evaluated to be a finite constant,
to represent which, we introduce a finite constant g, namely,

g = 〈 f̂Q,A f̂ †
Q,AP̂0[eiα0 eiαQ ]〉e +

〈
f̂Q,A

∑
k

′ f̂ †
k,AP̂1[eiα0 eiαQ ]

〉
e

.

(E7)

Using the above notation, the component o〈GS|H ′|GS〉e is cast
into

o〈GS|H ′|GS〉e = −g
B

2
√

2
. (E8)

Here, we note in passing that, although we apply here a
specific field only onto the A sublattice, any local field asym-
metric with respect to A and B sublattices will generate qual-
itatively the same results. However, a sublattice-symmetric
field, i.e., a equal perturbation being applied to the two
sublattices at r0, can only lead to zero perturbation matrix
o〈GS|H ′|GS〉e = 0, because of the cancellation from terms
( f̂Q,A − f̂Q,B) in Eq. (E6). This means that the ground-state
degeneracy of the CS superconductor can only be lifted by
a sublattice-asymmetric field as indicated by Fig. 12. This
suggests that the CS superconductor is much more sensitive
in response to sublattice-symmetry-breaking perturbations, in
agreement with the physical picture of the Néel AFM state.

Thus, Eq. (45) of the main text is then obtained as an off-
diagonal matrix H ′ = −gB/(2

√
2)s+ − g�B/(2

√
2)s−, where

s is the Pauli matrix denoting the 2D FP even and odd space.
This perturbation Hamiltonian lifts the double degeneracy of
the CS superconductor, giving rise to the two lifted states
as shown in Fig. 10 of the main text. The one with the
lower energy ε− = −|g|B/(2

√
2) enjoys the wave function

as

|GS〉p = 1√
2

(|GS〉o − |GS〉e), (E9)

which describes the ground state of the perturbed CS super-
conductor |GS〉p by an infinitesimal magnetic field. This state
is an equal weight superposition between the FP odd and even
state, as a result of the zero diagonal terms in Eq. (45) of the
main text.

We aim to calculate the magnetic susceptibility with an
infinitesimal external field. The magnetization can then be cal-
culated via the perturbed ground-state wave function |GS〉p.
The expectation value of the spin operator at a generic site
r reads as p〈GS|Ŝx

r,a|GS〉p = −Re[o〈GS| f̂ †
r,aeiαr |GS〉e]/2. For

simplicity, we “measure” the spin expectation at r = 0, while
the magnetization of other sites can be calculated similarly.
We thus obtain

p〈GS|Ŝx
r=0,a|GS〉p

= − 1

2
√

2
Re

{
e〈GS|( f̂Q,A − f̂Q,B)

(∑
k

f̂ †
k,a

)
eiα0 |GS〉e

}
.

(E10)

A similar correlation function of CS fermionic fields has al-
ready been encountered in Eq. (46) of the main text. Following
the above procedure, we obtain

p〈GS|Ŝx
r=0,A|GS〉p = − 1

2
√

2
Re

{
〈 f̂Q,A f̂ †

Q,AP̂0[eiα0 eiαQ ]〉e

+
〈

f̂Q,A

∑
k′

′ f̂ †
k′,AP̂1[eiα0 eiαQ ]

〉
e

}

= −Re[g]

2
√

2
. (E11)

Equation (E11) directly suggests the formation of the finite
magnetization at the A sublattice located at r = 0. Similarly,
for magnetization at B sublattice, it is straightforward to
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obtain

p〈GS|Ŝx
r=0,B|GS〉p = 1

2
√

2
Re

{
〈 f̂Q,B f̂ †

Q,BP̂0[eiα0 eiαQ ]〉e

+
〈

f̂Q,B

∑
k′

′ f̂ †
k′,BP̂1[eiα0 eiαQ ]

〉
e

}

= Re[g]

2
√

2
. (E12)

Interestingly, the above results clearly show that an infinites-
imal sublattice-symmetric field generates finite but opposite

magnetization with respect to the A and B sublattices.
The magnetic susceptibility, by definition, then is obtained
as

χB = −χA = lim
B→0

p〈GS|Ŝx
r=0,B|GS〉p

B
. (E13)

Since g is an intrinsic quantity evaluated from the ground state
|GS〉e of the CS superconductor, which is independent of B,
χB and χA diverge for infinitesimal field.
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