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Hyperuniform electron distributions controlled by electron interactions in quasicrystals
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We study how the electron-electron interactions influence the charge distributions in the metallic state of
quasicrystals. As a simple theoretical model, we introduce an extended Hubbard model on the Penrose lattice,
and numerically solve the model (up to ~1.4 million sites) within the Hartree-Fock approximation. Because
each site on the quasiperiodic lattice has a different local geometry, the Coulomb interaction, in particular
the intersite one, works in a site-dependent way, leading to a nontrivial redistribution of the charge. The
resultant charge distribution patterns are not multifractal but characterized by hyperuniformity, which offers a
measure to distinguish various inhomogeneous but ordered distributions. We clarify how the electron interactions
alter the order metric of the hyperuniformity, revealing that the intersite interaction considerably affects the

hyperuniformity in particular on the electron-rich side.

DOI: 10.1103/PhysRevB.105.054202

I. INTRODUCTION

Quasicrystal possesses an orderly but aperiodic arrange-
ment of atoms, characterized by an unusual rotational
symmetry and self-similarity [1-3]. Such a structure may
originate novel electron states and properties distinct from
those of periodic crystals, as well as disordered systems. The-
oretical studies of the electron states on related quasiperiodic
lattices have indeed revealed interesting spatially inhomoge-
neous but orderly distributions of the wave function amplitude
[4-7] and electron density [8,9] in the normal phase, accord-
ing to the underlying lattice structure. In symmetry broken
phases, further interesting spatial patterns have been reported
for the magnetic moment of quasiperiodic antiferromag-
nets [10-21] and the order parameters of superconductivity
[22-29] and the excitonic insulator [30].

For noninteracting electrons on quasiperiodic lattices, the
spatial distribution of the wave function was intensively
studied in the 1980s. These studies revealed that the wave
functions of the Fibonacci model and most of those on the
Penrose lattice are critical [4,31-36], namely neither extended
nor localized. The distributions of these wave-function ampli-
tudes are characterized by the multifractality [5,7,37-39].

On the other hand, it is not always true that other spatial
patterns are characterized by multifractality. In fact, the charge
distribution does not generally show a multifractality, i.e., a
nontrivial multifractal dimension deviated from the spatial
dimension, while it still shows an interesting, seemingly self-
similar, pattern. This nonuniform density distribution makes
the electron-electron interactions work differently from site to
site, so that their effect further alters the spatial distribution
in a nontrivial way [8]. Although this can result in distribu-
tions significantly different from the noninteracting one, this
change cannot be characterized by the conventional charge-
order parameter as the translational symmetry is broken in
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the first place. A similar situation may occur for the magnetic
moment in magnetic quasicrystals, and the order parameter in
superconducting or excitonic-insulating quasicrystals.

Thus the variety of nonuniform spatial patterns, appearing
as electron properties on quasiperiodic lattices, pose an in-
triguing problem, how to characterize and distinguish them. In
this paper, we apply the idea of the hyperuniformity [40,41] to
this problem. The hyperuniformity was originally proposed by
Torquato and his collaborators to quantify the distribution of a
point set, and was relatively recently generalized to a random
scalar field [41-43]. It measures a density fluctuation of a
given point set (or scalar field) distributed in a d-dimensional
space, by defining a window to count the density contained
inside of the window. With varying the window position in
the space, we obtain the variance %(R) of the density inside
the window of a linear size R. Then, the dependence of the
variance on R distinguishes various distributions, including
periodic, quasiperiodic, and random ones: while a random
distribution gives o2(R) o R?, periodic and quasiperiodic dis-
tributions show o2(R) oc R?~! for a large R. The latter means
that the variance is contributed only from the surface area of
the window thanks to the regularity of the lattice, and such
a distribution is called hyperuniform. Moreover, within the
hyperuniform distributions, the coefficient of R‘~! measures
the regularity of the distribution and is called an order metric.

Since hyperuniformity concerns the global nature of the
distribution, it can be a useful tool to characterize an electron
state in quasicrystals, particularly when it defies a con-
ventional characterization based on symmetry, topology, or
multifractality. This is the case for the charge distributions,
as we mentioned above.

In this study, we consider an extended Hubbard model
on the Penrose lattice [Fig. 1(a)] and solve it within the
Hartree-Fock approximation for a large-size cluster (up to
1 364 431 sites). We first show that the charge distribution

©2022 American Physical Society
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FIG. 1. (a) Penrose-tiling cluster of a relatively small size (N =
601). Magenta circle illustrates an area of radius r around the center
site. (b) Example of the distribution of the sites with different co-
ordination numbers, Z; = 3 (blue), 4 (purple), 5 (green), 6 (yellow),
and 7 (red). (c) Ratio of the sites with Z; neighbors, calculated for
N = 520851.

indeed changes significantly as the chemical potential and the
strength of the electron-electron interactions are varied. In
particular, the intersite interactions work electron-hole asym-
metrically and have a strong influence on the distribution. We
then show that the variation of the electron density at each
site can be roughly classified by the local geometry of the site
while a fine structure is also discerned. The resultant charge
distributions are analyzed in terms of the local charge vari-
ance, multifractality, and hyperuniformity. We find that these
charge distributions are not multifractal but hyperuniform, and
its order metric systematically changes with the interaction
strength and the average electron filling, suggesting that it
offers a useful measure to quantify these inhomogeneous dis-
tributions on quasiperiodic lattices. In addition, we also study
the Aubry-André-Harper model [44,45] as another test case
of the hyperuniformity analysis, where we find that the charge
distribution is always hyperuniform but its class [41] changes
at the self-dual point.

While the hyperuniformity of quasiperiodic point patterns
has been studied in the literature [41,46—48], here we extend
its application to the electron properties on quasiperiodic lat-
tices, to characterize their nontrivial distributions. We expect
that the hyperuniformity will be useful to characterize other
electron properties, such as the magnetic moment and super-
conducting order parameters, in quasicrystals, too.

The remainder of the paper is organized as follows. In
Sec. II, we define the model and method, giving some intuition
about the effects of electron-electron interactions. We also
briefly describe the definition of the perpendicular space and
multifractal dimension, and the way to calculate the order
metric of the hyperuniformity. Section III is devoted to the
calculated results. We first clarify how the electron interac-
tions alter the spatial distribution of the charge (Secs. III A and
IIIB), finding various interaction-driven charge distributions
(Sec. IIT C) distinct from those induced by the electron hop-
ping in the noninteracting system. The perpendicular-space
mapping (Sec. IIID) clarifies the dependence of the charge
density on the local geometry around each site. The local
density variance (Sec. III E) shows interesting nonmonotonic

dependencies on the intersite-interaction strength and aver-
age electron filling. In Sec. IIIF, we demonstrate that the
charge distribution is not characterized by the multifractality.
In Sec. Il G, we show the calculated order metric of the hype-
runiformity to characterize the various real-space patterns. We
add several discussions in Sec. IV, and summarize the paper in
Sec. V. Appendices are devoted to the additional information
on the effect of the Fock term, the momentum-space profiles,
the real-space mapping of the local density of states, and a
hyperuniformity analysis of the Aubry-André-Harper model
[44,45].

II. MODEL AND METHOD

A. Extended Hubbard model on Penrose tiling

The Penrose tiling is a prototypical two-dimensional struc-
ture of a quasicrystal. It covers a plane with only two types of
rhombuses [Fig. 1(a)]. The structure is constructed determin-
istically by applying the inflation-deflation rule [3] iteratively
to an initially small cluster. We regard each vertex of a rhom-
bus as a site and consider an electron hopping through the
edges of the rhombus. We set the length of the edge as the
unit of length. As shown in Fig. 1(b), each site (indexed by
i) has different coordination numbers Z;, ranging from 3 to
7.1 Figure 1(c) shows the ratio of the sites with Z; neighbors:
We see that the Z; = 3 sites are dominant while the Z; = 6
and 7 sites are much less. The geometry beyond the nearest
neighbors also differs between sites. This geometrical inho-
mogeneity leads to the inhomogeneity in the local electron
properties like the electron density and the local density of
states.

We consider the extended Hubbard model on the Penrose
tiling. The Hamiltonian reads

H=—t) (&6, +He) =y i
(ij)o io

FUD iy +V Y fighjor, (1

(ij)ao’

where ¢;, (6;) annihilates (creates) an electron of spin o (=1
,{) at site i and #ii;, = é;éia. The electron hopping ¢ = 1
is defined between the neighboring two sites (denoted by
(ij)) connected by the edge of the rhombuses. We note that
the bare “bandwidth” of the site-averaged density of states
is about 8.5¢. U and V represent the strength of the onsite
and nearest-neighbor Coulomb repulsions, respectively. The
chemical potential u is determined self-consistently to fix the
average electron density, # = & >, m; with n; = Y (f;0), at
a given value. Here, N is the number of sites. Note that a
peculiar electronic structure, called confined state [6,49,50],
is present at half filling (7 = 1) in the noninteracting system.
To make a general statement, we avoid these states, focusing
on the fillings away from the half filling. Note also that the
Penrose lattice is bipartite so that the hole doping and electron
doping to 7 = 1 are equivalent as far as V = 0.

!Although some sites at the boundary have Z; =2, we do not
incorporate these sites in any plots below.
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B. Mean-field approximations

Within the Hartree-Fock approximation, the interaction
part of the Hamiltonian (1) is reduced to

Z|: +V Z n]j|nl(7 VZ élUAj(T Aj(r Cig+ (2)

io jonn. of @

We see that, while the U term depends on site only through the
local electron density (75 ), the effect of V explicitly depends
on the geometry around the site: The Hartree term of V gives a
strongly site-dependent potential through the charge distribu-
tion at neighboring sites while the Fock term effectively alters
the electron hopping in a site-dependent way.

Moreover, we can deduce that the effect of V can be differ-
ent between the hole-doped (77 < 1) and electron-doped (77 >
1) sides [8]: under the electron-hole transformation, 6; —
(—=1)hiy and &, — (—1)'h] [where the factor (—1) changes
sign when the sublattice changes], the nearest-neighbor inter-

action is transformed as
VY dighje — =2V Zz +V Y Abal,  (3)

(ij)oo’ (ijyoo’

with Al = i i hi. The first term on the right-hand side gives
a site-dependent potential, which cannot be absorbed into
the chemical potential, unlike the case of periodic systems.
This term induces an asymmetry between the hole and elec-
tron sides [8]. Note that, in quasiperiodic systems, a similar
electron-hole asymmetry would occur for other types of inter-
site interactions, t0o.

We solve the mean-field Hamiltonian self-consistently at
zero temperature through the kernel polynomial method [51],
where we expand the local density of states p;(w) in terms
of the Chebyshev polynomials. The charge density is then
obtained as n; = ffoo pi(w)dw.

Using the idea of the localized Krylov subspace [27,52],
we can calculate the coefficients of the Chebyshev-
polynomial expansion efficiently. This enables us to deal with
large-size clusters (up to 1 364 431 sites in this study). We
have checked how the results depend on the order K of the
Chebyshev-polynomial expansion and confirmed that K =
500 gives sufficiently accurate results for n;.

The main results presented in this paper were obtained with
open-boundary clusters while we examined several different
boundary conditions, open boundary, periodic boundary (with
periodic approximants) [53,54], and the local mirror boundary
[55], and confirmed that the difference is negligible in the
results we present in this paper. Then, the open-boundary
cluster is advantageous to the other two because we can use
the Cs, symmetry of the cluster to reduce the computational
cost of the Hartree-Fock calculation. To plot n;, we use only
the inner sites away from the boundary of a sufficiently large
open-boundary cluster (N > 10%). Note that, unlike the wave
functions, the distribution of #; is insensitive to the boundary
conditions as far as we concentrate on the inner sites.

C. Perpendicular-space mapping

When the Penrose tiling is constructed by projecting a five-
dimensional hypercubic lattice onto a two-dimensional plane
(physical space), the dimensions perpendicular to the physical

space is called the perpendicular space. The position in the
perpendicular space reflects the local geometry of the site in
the physical space. Namely, sites in a similar ambient geom-
etry in the physical space are assembled into the same area
in the perpendicular space. Thereby, the perpendicular-space
map has often been used to analyze the real-space patterns on
quasiperiodic lattices [14,18,19,28,30,56,57].

Suppose {d;};—;,..s are the primitive lattice vectors of
the hypercubic lattice in five dimensions so that a lattice
point is expressed as m°” = ZiS=1 m;d; with integers {m;}.
When a lattice point on the Penrose lattice is represented
as m*” = (x,y) = (m°” - e,, m°” - ¢,) by the projection, its
coordinate in the perpendicular space is given by mt =
(%,5,2) = mP . &, m°” . &, m° - &,). Here, e,, e, &, &,
and €, are the orthonormal basis of the five-dimensinal space
and the first two vectors span the physical space while the
latter three span the perpendicular space.

The relation between the above vectors is given by

o So Co %o

1
d1 \lﬁ €y
d2 3 C1 51 (&) S2 \lﬁ e)
d; | = 3 2 S G S 5 €, @)
d4 Cc3 §3 Co S6 £ é»
NG <
d5 1 €,
C4 S4 Cg S8 E

with ¢; = cos(%) and s; = sin(%). Since the physical
space has an irrational gradient in the five-dimensional space,
there is a one-to-one correspondence between the physical-
space and perpendicular-space coordinates. We can therefore
calculate the perpendicular-space coordinate from a given
physical-space coordinate straightforwardly.

Thanks to the translational symmetry of the hypercubic
lattice, 7 = Zle m; takes only four essentially inequivalent
values {0, 1, 2, 3}. Because that odd and even numbers of 7
correspond to different sublattices of the Penrose tiling, it is
sufficient to look into only the planes of Z = 0 and 2 unless
the sublattice symmetry is broken.

D. Multifractal dimension

One possible way to characterize an inhomogeneous spa-
tial pattern is a multifractal analysis [37], which has indeed
been used for the wave functions on the Penrose lattice
[5,7,38].

For a system with a linear size L, we define a quantity

_ xind
B (X ”i)q.
This quantity scales as L=7@ for a sufficiently large L. The

exponent t(g) is related to the multifractal dimension D, as
1(q) = (¢ — DD, ie.,

D, = lim DV (6)

T Lo

||n]] ®)

with
(L)
p = L il )
a l1—-qg InL

When D, deviates from the spatial dimension d (= 2 in the
present case), the system is called multifractal. D, is generally
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a nonincreasing function with respect to ¢ and Dy = d. There-
fore, to judge if the system is multifractal or not, it is sufficient
to examine if D, deviates from d at a large |g].

E. Hyperuniformity

As we will see in Sec. III F, the calculated multifractal di-
mension of the charge distribution shows the trivial value (i.e.,
D, = d). We therefore need another quantity to characterize
the charge distribution. To this end, we apply the idea of the
hyperuniformity introduced by Torquato and his coworkers
[40—42]. The hyperuniformity was originally defined for a
point patterns distributed in a space, but was recently general-
ized to a distribution of a scalar field, too [41-43].

Considering a circular window of the radius R, we mea-
sure the variance of the electron density inside the window.
Namely, for each center position r. of the window, we cal-
culate the quantity N(R) = vazl n;®(R — |r; — r.|) with the
Heaviside step function ®(r). Then, its variance is given by

o?(R)=NR)? - [N®, ®)

where A = % fu Adr, represents the average with respect to
the center position r. over the space of the volume v. While
o 2(R) is proportional to R¢ for a random distribution of n;, the
system with o2(R) o« R4~ is called hyperuniform. o?(R) o
R?! means that the variance is contributed only from the
surface area of the window, not from the volume. Point dis-
tributions (i.e., n; = 1) on periodic and quasiperiodic lattices
are known to be hyperuniform [40,41].
When we expand o (R) as

02(R) = AR + BR™' + O(R*™?) 9)

for a large R, A goes to zero as R goes to infinity in a hyper-
uniform system while A remains finite in a nonhyperuniform
system. In a hyperuniform system, B is called the order metric,
which represents the regularity of the hyperuniform distribu-
tion: B tends to be smaller for a simpler lattice [41].

To evaluate A and B numerically, we rewrite Eq. (8) as

al TR? ’
2
R) = i O — ri—rg)—
o (R) {?_]n[( | D U:|}
TR & TR?
= — mnjla(lr; —r;;R) — — |,  (10)
v~ v
i,j=1
where we have used N(R)= ”TRZ SV, n  and

OR—|r;—r.]) = ”TRZ, and defined the scaled intersection

volume,

a(r;R)

1
m/vw 6~ rDOR — 1) — r)dr.

oo (5) -1~ () |
—|arccos | — | — —,/1— | — ®O2R—r), (11)
b4 2R 2R 2R

with r = |r; — 1| after Refs. [40,41]. From Eq. (10), the co-
efficient A in Eq. (9) is given by

T TR?

A= lim — in; i —rj;R)— —|. 12
i,j=

When A = 0, the distribution is called hyperuniform and the

coefficient B in Eq. (9) is given by
N
. 7R 7 R?

B = IJLIEOT Zl n,-nj|:a(|ri —1[;R) — T} (13)

i,j=

In practice, in a finite-size system, we evaluate

T TR?
AR) =~ > ninj[a(|r,- —1[;R) — T] (14)

ij=1

and

B

1 Runax
S — / B(R)dR, (15)
Rmax - Rmin R

min

R R?
B(R) = ’TT 3 ninj|:ot(|r,- —1j[iR) — ”T} (16)

i, j=1

with Ryin < Rmax- In the second equation, we have taken
the average over R € [Rnin, Rmax] because in a hyperuniform
system B(R) for R > Rpi, ~ 1 typically shows a fluctuation
with R around B.

A care must be taken to implement the summation over i
and j in Eqgs. (14) and (16) for a finite-size system because, for
given i and j, a(|r; — r;|; R) may count a contribution from
the outside of the system. To avoid this problem, we take a
sum of i over sites inside a circle of radius L; and j over sites
inside a circle of radius L, = L; 4+ 2Rax,

III. RESULTS

We first discuss how the electron-electron interactions, U
and V, change the charge distributions in Secs. III A and III B.
We then show the resultant charge-distribution maps in real
(Sec. III C) and perpendicular (Sec. III D) spaces. The map in
the Fourier space is presented in Appendix B. In Secs. IIIE
and III'F, we analyze the charge distributions in terms of
the local density variance and mulitfractality, respectively. In
Sec. I G, we characterize the various charge distributions
in terms of hyperuniformity. Real-space patterns of the local
density of states and a hyperuniformity analysis of Aubry-
André-Harper model are presented in Appendices C and D,
respectively.

A. Effect of U

Already in the noninteracting limit U =V = 0, the elec-
tron density distributes nonuniformly [Fig. 2(a), left panel]
due to the effect of 7. For 71 < 1, a site with a larger coor-
dination number Z; tends to have more electrons [Fig. 2(b)].
This is because of a larger benefit of the kinetic energy at the
sites with a larger Z;.

As U increases with V = 0 fixed, this charge modulation is
suppressed [Fig. 2(a)]. This is because U > 0 prefers a more
uniform distribution to reduce the onsite-interaction energy.

054202-4
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FIG. 2. (a) Site-dependent electron density n; plotted against the
site index i for U = 0 (left), 1 (middle), and 2 (right) for V =0
and 71 = 0.7. The calculation was done for N = 11 006 sites, among
which the central 5000 sites are plotted to avoid a boundary effect.
The horizontal dashed line denotes 7. The sites are indexed from 1
to N, according to the following rules. (i) The index of the central
site is 0. (ii) The smaller index is given to a site closer to the center
in the Euclidean distance |r| [see Fig. 1(a)]. (iii) For the sites with
the same distance from the center, a smaller index is given to a site
with a smaller anticlockwise angle measured from the right direction.
(b) The electron density n; plotted against the coordination number
Z;. The data points are slightly shifted in the horizontal direction for
the sake of visibility. Only the inner sites satisfying |r| < 45 are used.

Note that for V. =0, 7 > 1 and 2 < 1 are related through the
electron-hole transformation, so that a site with a larger Z;
tends to have a smaller electron density for 7 > 1.

B. Effect of V

In the presence of the intersite interaction V, the situation
changes. As shown in Fig. 3(a) for 7 = 0.7, while V. = U/5
suppresses the charge modulation, V = U/3 induces a promi-
nent charge modulation. For 77 = 1.3 [Fig. 3(b)], on the other
hand, V monotonically enhances the modulation. Figures 3(c)
and 3(d) show that, in these V-induced charge distributions,

b 2
PR ), w
0.8 o 16 ; X * .
1.4/ x X X% X
nl |oe N " o o % ] &(XW;?:?
06 08 S s Koes]
e LT L1 J 0.6 Mmﬁ
! foctos xs0t]
0.5 0.4 % 5O
0 2000 4000 0 2000 4000 O 2000 4000 0120 2000 4000 0 2000 4000 O 2000 4000
09 site index i ) site index i
C
(c) v |(d), 1
08 16 . 5
1.4_!_______': _________
njo7r ——1—— ————— 4-4 12 9 ] [ .
X 1 &
06 X 08 L %
Ve xl ; Y os V=0 ° 5 t
U/5 A uss
05 w3 * g-; /3 %
3 4 5 6 7 “73 4 5 6 7
Zj Zj

FIG. 3. (a) Site-dependent electron density n; plotted against the
site index i for V = 0 (left), V = U/5 (middle), and V = U/3 (right)
for U =2 and 7 = 0.7. (b) The same for 7 = 1.3. (c¢) and (d) plot n;
against Z;. The numbers of the sites used for the calculation and for
the plot, as well as the site-indexing rule, are the same as those used
in Fig. 2.

electrons tend to populate the sites with smaller Z; to sup-
press the energy increase due to the V term in Eq. (2). For
i1 < 1, this population tendency is opposite to that due to ¢
seen for V = 0. This is why the modulation is suppressed for
V =U/5 and in = 0.7; there is a competition of two opposite
tendencies. For V = U/3, the effect of V prevails, inducing a
different type of modulation. For 7 > 1, on the other hand, the
population tendency due to V matches that of ¢, so that they
work cooperatively to result in the large charge modulation.

The effect of V discussed so far can be interpreted as
the contribution from the Hartree term in Eq. (2). In fact, in
Appendix A, we will see that the Fock term does not play a
significant role in these charge distributions.

C. Real-space map

Figure 4 shows a real-space map of n;. It presents inter-
esting spatial patterns already for U = V = 0 [panels (a) and
(c)] due to the effect of . A similar but weaker modulation
occurs for U > 0 and V = 0 (not shown), in accordance with
the behavior seen in Fig. 2. The introduction of V, on the
other hand, changes the spatial patterns drastically [panels (b)
and (d)]. This is because the population at each site changes
differently according to its local geometry, as we have seen
above. For instance, in the lower panels of Figs. 4(a) and 4(b),
the site at the center loses a population (red — light blue)
while the sites surrounding it gain a population (blue — light
green).

In a more global view, these real-space maps exhibit a
self-similarity, as seen in Fig. 5: We can see a pentagonal
area (denoted by black lines) successively enlarged by 72 ~

2.618 times, where t = H'T[ is the golden ratio. This self-
similar structure reflects that of the underlying lattice and is
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(a)20

TR B RS RR

FIG. 4. Real-space map of the electron density for (a) 7 =0.7andU =V =0,(b)i =0.7andU =4V =2,(c)n=13andU =V =0,
and (d) 7 = 1.3 and U = 4V = 2. (a) and (b) [(c) and (d)] share the color scale. The calculations were done for a cluster with N = 11 006
sites, among which the central area satisfying |x|, |y| < 20(5) is plotted in the top (bottom) panels.

analogous to that seen in the wave functions in the noninter-
acting system [5,38]. Nevertheless, unlike the wave functions,
the charge distribution does not show the multifractality: Al-
though we have computed the multifractal dimension for n;, it
always approaches a trivial number (i.e., equal to the spatial
dimension) in the thermodynamic limit (see Sec. III F). The
difference would be attributed to the different variable ranges:

FIG. 5. Self-similar charge distribution on the Penrose tiling. The
calculation was done for N = 75806,7 = 1.3 and U = 4V = 2. The
black (solid and dashed) lines are a guide for the eye to see a self-
similarity.

Namely, n; is limited to [0,2] at each site, so that its fluctuation
cannot be so large compared to its mean value while such a
limitation is absent for the wave-function amplitude, whose
average decreases with the system size. We also note that by
summing the occupied states, the multifractal nature of the
eigenfunction is smeared out.

D. Perpendicular-space profile

The various charge distribution patterns presented above
would be attributed to the different effects of ¢, U, and V
at sites with different local geometries, as indicated by the
results in Secs. III A and III B. Such a dependence on the local
geometry can be more explicitly seen in the perpendicular
space (Sec. II C), where the sites with a similar local geometry
are arranged in the same area.

Figure 6 presents the perpendicular-space profile calcu-
lated for N = 520 851. Here, we have shown the results only
for Z=0 and 2 since Z =1 and 3 are equivalent to these:
Although it is an intriguing possibility that the effect of V
may break the sublattice symmetry, we have not found such
a symmetry breaking. It is known that each section [sepa-
rated by black lines in panel (a)] corresponds to the sites in
a specific nearest-neighbor geometry in the physical space
[58,59]. Fine structures within each section correspond to the
geometry beyond the nearest neighbors. In panel (a), we have
denoted the coordination number Z; of each section.

For n=0.7 and U =V =0 [Fig. 6(a)], the sites with
Z; = 3 (Z; = 7) has arelatively small (large) n;, in consistency
with Fig. 2(b). Although some fine structures are discernible
in each section, the overall trend is that the sections with
Z; = 3 have a smaller density while those with Z; > 4 have
a larger density. The opposite trend is seen for 7 = 1.3 and
U =V =0 [Fig. 6(c)].
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FIG. 6. Intensity map of the electron density in the perpendicular space for (a) 7 =0.7andU =V =0, (b)i=0.7and U =4V =2, (¢)
n=13and U =V =0, and (d) 7 = 1.3 and U = 4V = 2. The calculations were done for N = 520851, among which the sites satisfying
[r| < 320 are used to avoid the effect of the boundary. (a) and (b) [(c) and (d)] share the same color scale. We have overlapped the black
lines dividing the perpendicular space into sections. In (a), the number in each section denotes the coordination numbers Z; of the sites in the

physical space.

The interaction effect considerably changes the profile. The
change is more clearly seen in Fig. 7, which plots the density
difference An; between U =4V =2 and U =V = 0. For
7 = 0.7, the sites with Z; > 4 lose the population while the
Z; = 3 sites gain the population. For 77 = 1.3, the Z; = 3 sites
and a part of the Z; =4 and Z; = 5 sites gain a population
while the other sites lose it. Here, the Z; = 5 section at the
center of the Z = 2 plane corresponds to the sites of the S5
vertex (see Fig. 9 below).

Interestingly, the perpendicular-space profile also shows a
structure reflecting the self-similarity of the Penrose lattice.
Looking into the Z; = 5 sections at the center of the Z = 0, 2

(b)

0.2 0.3

0.2

0.1 0.1

{0

§ o 04
0.1 02

0.3

0.2 0.4

0.5

0.3 06

(U=4v=2) _
i

plotted in the perpendicular space for (a) 7 = 0.7 and (b)

FIG. 7. Change of the electron density Anm; =n
(U=v=0)
n;

n=13.

planes, we find a fine structure that resembles the original
perpendicular-space profile. As Fig. 8 shows, there appear a
star and a pentagon inside the Z; = 5 sections although the
modulation is rather weak. Such a self-similar structure in the
perpendicular space has been seen in the magnetization profile
in the antiferromagnetic state on the Ammann-Beenker tiling
[13,16,19], where the symmetric Z; = 8 vertices constitute a
“superlattice” of larger tiles in a self-similar manner.

Here, on the Penrose tiling, the symmetric Z; = 5 vertices
(S and S5 vertices) constitute the “superlattice” as shown in
Fig. 9. Each large rhomboidal tile consists of one S5 vertex
and three S vertices of the original tiling. The length scale of
this new tile is 7> times larger than that of the original tiles.
Because the effective hopping, as well as the effective intersite
interaction, between the neighboring sites on this superlattice
will be nonuniform, the charge-distribution pattern does not
show a complete self-similarity. In addition, differently from
the Ammann-Beenker tiling, where the symmetric vertices
have the largest coordination number Z; = 8, the symmetric
vertices in the Penrose tiling have an intermediate coordina-
tion number Z; = 5, likely making the hierarchical structure
more ambiguous. Nevertheless, it is interesting that we can
still discern a fine structure reflecting the self-similarity of the
underlying lattice.

E. Local density variance

Figure 10 shows how the histogram of n; changes with the
interactions. For 7 = 0.7 and U =V = 0 [panel (a)], we see
that s are classified into roughly two groups, around 0.5-0.6
and around 0.8-0.9, with a gap around 0.7. The interaction
U =4V =2 moves most of the points to the range 0.6-0.8,
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FIG. 8. Enlarged views of the Z; = 5 sections at the center of the upper and lower panels in Fig. 6.

suppressing the spread [panel (b)]. On the other hand, for
n = 1.3, n; gets more distributed as the interaction is intro-
duced. According to Fig. 3(d), the large peak around n; = 1.7
consists of the sites with Z; = 3 while the small peak around
n; = 0.4 consists of the Z; = 7 sites. The former large peak
reflects the fact that more than half of the lattice points have
Z; = 3 [Fig. 1(c)].

In order to quantify this spread, we define the local density
variance by

1
v > (i — ). (17)

Figure 11 plots this quantity against U = 4V (top panels) and
against V with U = 2 fixed (bottom panels). First of all, we

N

FIG. 9. Self-similarlity of the Penrose tiling. Blue, light green,
and red circles denote the Z; = 5 sites with the local geometries
shown below (S5, S, and J vertices in the nomenclature by de Brujin
[58,59]). The thin gray lines represent the original lattice while the
bold black lines connects the S and S5 vertices.

notice that the variance is one order of magnitude larger for
i1 > 1 than for i < 1, breaking the electron-hole symmetry.
This is simply because the V term in the Hamiltonian (1) is
quadratic in density.

In more detail, for 7 < 1, the curves are convex down and
nonmonotonic, reflecting the competition between the effects
of t and V. The minimum, where the system is closest to
the uniform distribution, shifts to a smaller value of V as
i increases. This is because the effect of V gets stronger
as 7 increases. The minimum reaches V =0 at 7 = 1. For
71 2> 1, the curves monotonically increase with V and show
an inflection point. Interestingly, it is not always monotonic
as a function of 7: In Fig. 11(b), the variance at 7 = 1.3 is the

45000
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& 30000
S 20000 25000
& 15000 20000
o)
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= 5000 00
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FIG. 10. Distribution of the electron density for (a) 7 = 0.7 and
U=V=0,b)n=07andU =4V =2,(c)i=13andU =V =
0,and (d)7n = 1.3 and U = 4V = 2, obtained for a cluster of 520851
sites, among which the sites satisfying |[r| < 320 are used to avoid the
boundary sites. The bin width is 0.01 (0.02) for (a) and (b) [(c) and
@]
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FIG. 11. Local density variance plotted against (a), (b) U = 4V
and (c), (d) V with U = 2 fixed. The calculations were done for
11006 sites, among which we have used only the sites satisfying
[r| < 45 for the plot.

largest. This will be ascribed to another competition between
the increasing effect of the V term and the decrease of the
vacant sites as 71 increases.

Thus the local density variance captures several interest-
ing features of the distribution while it does not reflect the
spatially ordered feature of the charge distribution, as it is
a spatially averaged local fluctuation and does not directly
reflect the underlying lattice structure: the same value of the
variance may be realized by a random distribution, too. For ex-
ample, if we consider a random but statistically homogeneous
distribution of n;, we can tune the local density variance with
keeping the average electron density.

F. Multifractal analysis

We have calculated the multifractal dimension for the ob-
tained charge distributions. However, we do not find any
meaningful deviation of D, from the spatial dimension d = 2
in the thermodynamic limit.

Figure 12 plots D{" against 1/log(L), calculated for two
different parameter sets. Because D, is generally a nonin-
creasing function with respect to g, it is bounded by the values
at g = Fo0. In addition, D, is nearly flat for a large |g|, where

(a)2.02 T (b)22
L ‘/’ L _a
— pis
2.01} /. g=10 o1l ," q=-10
N 3o e
ok N e
’ T . =10
1.99 Al i e
e 1.9

0 005 01 015 02 0.25
1/log(L)

0 005 01 015 0.2 0.25
1/log(L)

FIG. 12. L dependence of fo) at g = %10, calculated atii = 1.3
for () U =V =0 and (b) U = 4V = 2. Calculation was done for a
cluster with 1 364 431 sites, among which only the sites satisfying
[r| < 520 are used. Dashed lines show a linear fitting to the data.

a site with maximum or minimum »; dominates its value.
In the figure, we therefore plot D;” at ¢ = £10, which are
considered to be sufficiently large.

In both cases, D" approaches d = 2 in the large L limit
with a logarithmically slow convergence against L. We have
obtained similar results for other values of ¢ and model pa-
rameters. We therefore conclude that the charge distribution
on the Penrose lattice is not multifractal.

This result may be understood as follows. As we have
seen in Sec. IIID, n; is mostly determined by a short-range
geometry. Therefore, if we denote by r, the ratio of the sites
in each short-range geometry g, the sums in Eq. (5) can be

approximated as
Zn, NNngng, (18)

an ~Nngng, (19)

where ng denotes n; of the site i in the geometry g. Then,
Eq. (5) is approximated as

Zg rgng
(Zg "g"g)q

Because r, is independent of N o« L* and the sum ) o 1s over
a finite number of short-range geometries, we obtain

In [|n]| ~ 2(1

|In|| P ~ N' (20)

— ¢q)In L + const. 21

Putting this into Eq. (7), we obtain D} logarithmically ap-
proaching to d = 2.

G. Hyperuniformity

Here, we apply the idea of the hyperuniformity (Sec. IIE)
[40—42], which captures the underlying lattice structure, dis-
tinguishing it from a random distribution, and would give
a measure of the regularity of the density distribution. This
idea will be particularly useful when a distribution is neither
characterized by symmetry breaking nor multifractality, as is
the present case.

To see if a distribution is hyperuniform or not, we examine
whether A(R) [Eq. (14)] disappears at a large R. When it dis-
appears, the hyperuniformity order metric B [Eq. (15)] gives a
measure of the regularity. As is clear from Egs. (14) and (15),
these quantities reflect a nonlocal feature of the distribution
beyond the local fluctuation taken into account by Eq. (17).

Figure 13 shows the R (Rn.x) dependence of A(R) (B)
forU =V =0and U =4V =2 at n = 1.3. Here, we have
performed the Hartree-Fock calculation for a 1 364 431-
site cluster and used a region inside a circle of the radius
L, (480 < L, < 520) around the center for calculating A(R)
and B. For B, we have plotted a normalized quantity, B, =
B/(¢'*n 2) with ¢ = Z¥2 (o eliminate the trivial factor scal-
ing with 722

The decrease of A(R) to zero with increasing R shows that
the density distribution is hyperuniform for both U =V =0

2This ¢ factor is introduced to make the definition consistent with
Ref. [42], where the order metrics of various lattices are compared.
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Rmax

FIG. 13. (a) A(R) plotted against R. (b) B, (R ) plotted against
Rax. Calculation was done for 77 = 1.3 with different values of L,
from 480 to 520. Solid (dashed) curves show the results for U =V =
0 (U =4V = 2). Note that the curves of all L, values are overlapping
in panel (a).

and U = 4V = 2. B, is nearly flat with a small fluctuation for
1 < Riuax < 5. However, for Riax = 5, B, shows an upward or
downward shift depending on L,, and this shift becomes large
as Rngx increases. This will be attributed to the finite system
size.

We therefore take Ry.x = 5 to evaluate B,, where we take
the average over 50 samples of L, (= 471,472, ...,520 for
N =1364431 and = 271,472, ...,320 for N =520851)
and evaluate the error bar. The results are presented in Fig. 14
for 1 = 1.3. We see that the two averages of different ranges
of L, give almost the same result except that the error bar
is smaller for the larger L, range. Note that the order metric
of the point set (i.e., n; = 1) is about Enp = 0.60052 [41,46],
which is well reproduced by the present calculation and shown
by the horizontal line.

ForU =V = 0 [see Fig. 14(a)], B, is about 0.644, which is
substantially larger than B, due to the modulation induced by
t. As U increases, B, decreases monotonically in accord with
the intuition that the density fluctuation is suppressed: It will
approach B, in the large U limit. When V is introduced with
U = 2 fixed [Fig. 14(b)], B, increases significantly. Thus the
V-induced distribution pattern seen in Fig. 4(d) is character-
ized by the order metric much larger than that of the 7-induced
patterns at V = 0 [Fig. 4(¢)].

In Fig. 15, we explore the interaction effects on the hyper-
uniformity for various electron fillings. For 7 < 0.7, B, does
not change much with ¢, U, and V: The change is mostly

(a)0:66
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FIG. 14. Interaction-parameter dependence of B,, calculated for
7= 1.3. (a) U dependence for V = 0. (b) V dependence for U =
2. Two averages over 470 < L, < 520 (red square) and 270 < L, <
320 (blue circle) are also compared, where we have slightly shifted
the data points to the horizontal direction just for the visibility. The
horizontal black line shows the value B, p» for a point set (i.e., n; = 1).
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FIG. 15. Interaction-parameter dependence of B,, calculated for
various 7i. (a) [(b)] U dependence for 7 < 1 (n > 1) at V =0 and
(¢) [(d)] V dependence for 7i < 1 (72 > 1) at U = 2. B is averaged
over 270 < L, < 320. Each data point is slightly shifted to the hori-
zontal direction just for visibility.

within the error bar. For i1 > 0.9, we see that ¢ substantially
enhances B, (as is seen by comparing B, at U =V = 0 and
B,,) while U suppresses it. The effect of V' is nonmonotonic
for i = 0.9 while a pronounced and monotonic increase of B,
is seen for 7i > 1. Interestingly, as a function of 7, B, takes a
maximum around 7 = 1 for a large V. This will be because
n; can fluctuate most strongly around 7 =1 in the present
mean-field approach. These behaviors are consistent with the
results obtained in the previous sections, as well as with our
intuition, demonstrating that the hyperuniformity order metric
is a reasonable measure to quantify the inhomogeneous den-
sity distributions in quasiperiodic systems.

IV. DISCUSSION

While it has been known that the distribution of the lattice
points in quasiperiodic lattices is hyperuniform [41,46,47], the
present study revealed that the electron-density distributions
on them are also hyperuniform. Since hyperuniformity means
that the density variance is contributed only from the surface
area, the obtained results mean that the density contained in
the bulk region does not fluctuate, unlike a random distri-
bution. Such a property trivially holds on periodic lattices
while it is not so trivial for quasiperiodic lattices to have
this property. This should be ascribed to the regularity of the
quasiperiodic lattices. In the high-dimensional construction
of the quasiperiodic lattices, when we consider a sufficiently
large system (window) in the physical space, the corre-
sponding coordinates in the perpendicular space uniformly
distribute [60]. Since each position in the perpendicular space
corresponds to a specific local geometry in the physical space,
the uniform distribution in the former space means that the
variety and the ratio of the local geometry in the latter space
do not depend on the position of the window. Combining
this with our observation that n; is mostly determined by the
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local geometry (Sec. III D), we can understand that the density
inside the window does not have a bulk contribution.

Studying the Aubry-André-Harper model [44,45] as an-
other type of the quasiperiodic system, we have confirmed
a similar behavior, i.e., hyperuniform density distribution.
Note that the wave function in this model is known to be
extended below (localized above) a critical strength of the
potential. Applying the method described in Sec. ITE to the
amplitude of these wave functions, we have confirmed that
the extended wave function is hyperuniform while the critical
and localized wave functions are not. We also find that the
charge distribution changes from the Class-I hyperuniform to
Class-II hyperuniform [41] at the self-dual point. For more
details, see Appendix D.

Although the electron density on any periodic lattice also
shows a hyperuniformity, it is usually fixed at the value of
the point set unless the charge order, characterized by the
broken translational symmetry, occurs. On the other hand,
in quasiperiodic systems, the distribution changes with the
change of various parameters, such as the chemical potential,
hopping integrals, and the strength of the electron-electron in-
teractions, without any signal of the change of the symmetry:
there is no translational symmetry in the first place. Then, the
different distributions give different order metrics of hyper-
uniformity. Thus the electron states in quasiperiodic systems
are an interesting playground of hyperuniformity, which is
controllable by the above-mentioned parameters.

It will also be interesting to think about different local
isomorphism (LI) classes of the generalized Penrose tiling. In
Refs. [48,61], it was clarified that the point patterns of differ-
ent LI classes result in different hyperuniformity order metrics
and different localization properties of light on corresponding
photonic quasicrystals. Therefore different LI classes may
have different consequences on the hyperuniformity of the
charge distributions and their physical properties, too. This is
an intriguing future research direction.

Another intriguing future issue will be the effect of disor-
ders on the hyperuniformity of the charge distribution. The
effect of imperfections on various point patterns was studied
in Ref. [62], which revealed that imperfections can destroy
the hyperuniformity or alter its class. Their effects on hyper-
uniform electronic states are therefore worth investigating.

V. SUMMARY

We have studied the effect of electron-electron interac-
tions on the metallic state of quasicrystals. Introducing the
extended Hubbard model on the Penrose tiling, we deter-
mined the charge distribution self-consistently within the
Hartree-Fock approximation. The charge distribution shows
a self-similarity, reflecting the underlying quasiperiodic lat-
tice structure. We have found that the onsite repulsion U
suppresses this charge inhomogeneity while the intersite inter-
action V can significantly enhance the inhomogeneity, leading
to distinct spatial patterns. The strong effect of V' is attributed
to the variation of the local geometries around each site. It
also shows a strong electron-hole asymmetry, resulting in a
much larger effect on the electron-rich side than the hole-rich
side. This is substantiated by a systematic study of the local
density variance quantifying the inhomogeneity: it shows a
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FIG. 16. [(a) and (b)] Comparison of n; obtained with the
Hartree-Fock approximation (HFA) and Hartree approximation (HA)
for 7 =0.7 and 1.3, respectively. The calculations were done for
U =2 and N = 11006, among which we have used only the inner
sites satisfying |r| < 45 for the plot.

nonmonotonic dependence on V on the hole-rich side and a
rapid monotonic increase on the electron-rich side.

Despite the seemingly self-similar structure, these charge
distribution patterns do not show the multifractality. We have
then applied the idea of hyperuniformity [40—42] to character-
ize the global feature of the distributions, which is not taken
into account by the local density variance. We have shown that
the density distribution is indeed hyperuniform and that its or-
der metric systematically changes with the model parameters,
in a way consistent with our intuition about the distribution.
In particular, the intersite interaction substantially increases
the order metric. These results show that the hyperuniformity
order metric works as a measure to quantify these nonmulti-
fractal density distributions on quasiperiodic lattices.

Aside from the electron density, interesting spatial patterns
have been reported in preceding theoretical studies for the
magnetic moment [10-21] of antiferromagnets, superconduct-
ing order parameter [22-29], and the order parameter of the
excitonic insulator [30]. The concept of hyperuniformity may
also be useful to characterize these distributions.
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APPENDIX A: EFFECT OF THE FOCK TERM

In Fig. 16, we can see the effect of the Fock term in Eq. (2),
by comparing the results obtained with the Hartree (HA) and
Hartree-Fock approximations (HFA). Overall, the results of
the HFA are similar to that of the HA, indicating that the main
effect of V comes from the Hartree term for the parameters we
studied. The effect of the Fock term, however, can be seen as a
suppression of |n; — il at Z; = 6,7 forn =0.7and V = U /4,
and as a weak but overall suppression of the inhomogeneity
forn =1.3.

APPENDIX B: MOMENTUM-SPACE MAP

In order to see a relation between different charge-
modulation patterns in Fig. 4, we calculate the Fourier
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FIG. 17. Momentum-space maps of the electron density for 7 =
1.3. (a) Crystal structure factor, calculated for U =V = 0 and for a
uniform density n; = 7. (b) Enlarged view of (a) for x,y € [—1, 20]
[denoted by an orange square in (a)]. (c) nq2 for U =V =0. Red
circles denote prominent changes from (b). (d) nq2 forU =4V = 2.
Yellow circles denote prominent changes from (c). The calculation
was done for N = 520 851.

transformation of n; defined by
1 iq-r;
ng = ]V Z n;e s

i

where r; is the real-space coordinate of the site i. In Fig. 17, we
plot nq2 for 7 = 1.3 in the momentum space. First, Fig. 17(a)
shows a crystal structure factor calculated for U =V = 0 and
the uniform density n; = 7. This represents the Bragg spots
due to the Penrose tiling itself, not to the charge modulation
on it. The Bragg spots distribute densely while their intensity
shows a 10-fold rotational symmetry. Figure 17(b) is an en-
larged view of the first quadrant. We can see strong intensity
spots and “dotted lines” consisting of relatively weak intensity
spots.

When the electron hopping ¢ is introduced, the distribution
of n; becomes inhomogeneous. As we have seen in Fig. 4(c),
however, this modulation at U = V = 0 is rather weak. There-
fore, in Fig. 17(c), we find only small changes from Fig. 17(b).
The changes are visible around the spots denoted by red cir-
cles, which do not have a strong intensity in panel (b) but are
prominent in panel (c). Namely, these spots are responsible
for the weak charge modulation in Fig. 4(c).

Under the electron-electron interactions U =4V =2,
there appear new ‘clusters’ of spots which show an increased
intensity, as denoted by yellow circles in Fig. 17(d), while
the other spots do not change much. These new spots are
responsible for the strong charge modulation in Fig. 4(d)
while the unchanged spots originate from the 7# component at
each site. The clustering indicates that this charge modulation
is an overlap of many similar but slightly different repeating
patterns. We can also see that the clusters appear at various
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FIG. 18. Site-averaged electron density of states calculated for
(@ n=07ad U=V =0, (b) n=0.7 and U =2,V =0, (¢)
n=07and U =4V =2, and (d) 7 =1.3 and U =4V =2. The
calculations were done for N = 11006.

different |q|’s, keeping the tenfold rotational symmetry. The
different |q|’s mean different modulation periods in the real
space. In fact, as presented in Fig. 5, the real-space map of n;
shows a self-similar structure, where the characteristic length
scale is absent. Thus the difference between the two charge
modulation patterns, Figs. 4(c) and 4(d), is characterized by
the appearance of specific clusters of the Bragg spots in mo-
mentum space.

APPENDIX C: DENSITY OF STATES

Real-space modulations can also be seen in the local
density of states (DOS), which is measurable by scanning-
tunneling microscopy/spectroscopy (STM/STS). In fact, a
recent experiment [63] realized a STM/STS measurement of
the site-dependent density of states for an artificially Penrose-
tiled molecule on Cu(111) surface.

To calculate the DOS in the kernel polynomial method,
we used the Jackson kernel with the expansion order 500
[51]. Figure 18 shows the site-averaged DOS. ForU =V =0
[panel (a)], the DOS shows a strong peak slightly above the
Fermi energy. This peak is attributed to the confined states
[6,49]. The DOS for U = 2 and V = 0 [panel (b)] is similar to
that of the noninteracting system although the site-dependent
mean-field gives a small difference. Note that, as faras V = 0,
the DOS at 7 = 1.3 is equivalent to that at 7 = 0.7 under the
electron-hole transformation.

For V > 0, the DOS changes substantially [Figs. 18(c) and
18(d)]. In accord with the results in Sec. III B, the effect of V
is more significant for 77 > 1 than for 77 < 1. Also, the DOS
at the Fermi energy (w = 0) is more strongly suppressed for
7> 1 than 7 < 1. For n = 0.7, a remnant of the confined-
state peak is still prominent above the Fermi energy and a
pseudogaplike behavior is seen just above it. On the other
hand, for 7 = 1.3, the confined-state peak seems to be strongly
dampened, leaving only a weak broad peak around the Fermi

054202-12



HYPERUNIFORM ELECTRON DISTRIBUTIONS ...

PHYSICAL REVIEW B 105, 054202 (2022)

Local density of states

Q
5 5 A 77 AP —_—_\,
-1 -0.5 0 0.5 1 -1 -0.5 0 05 1
o/t o/t

FIG. 19. Local density of states at sites with various local geome-
tries for (a) 7 = 0.7 and (b) 7 = 1.3. The calculations were done for
N = 11006 at U =V = 0 (dashed curves) and U = 4V = 2 (solid
curves). Each curve is shifted by 1 to the vertical direction for the
sake of visibility. The inset to (a) shows the local geometry (denoted
by red) of each site.

energy, and the DOS seems to be suppressed for both below
and above that broad peak.

Figure 19 shows the local density of states (LDOS) at vari-
ous sites with different local geometries, where we follow the
nomenclature by de Bruijn [58,59]. The coordination number
is 3 at the sites D and Q, 4 at K, 5 at J and S, 6 at S4, and
7 at S3. We have chosen the sites in the central region of the
11006-site cluster so as to minimize the boundary effect.

For i1 = 0.7, the sites D, K, and S4 show a large spectral
weight at low energy while other types of sites show only
small spectral weight. The low-energy weight at sites D and
S4 is even enhanced by the interaction effect while that at site
Kis slightly suppressed. AtU =V = 0, the spectraatin = 1.3
is the reverse (w.r.t. ) of that at 7 = 0.7. The interaction ef-
fect, however, differs between the two. The low-energy weight
at sites D and S4 is suppressed by the interaction while that at
site K is enhanced.

By integrating the LDOS in the range —0.01f < w <
0.01¢, we define the low-energy spectral weight at each site

0

X

FIG. 20. Real-space map of the low-energy weight of the LDOS
for (a) 7 = 0.7 (or equivalently 7 =1.3)and U =V =0, (b) n =
0.7 (or equivalently 7 =1.3), U =2 and V =0, (¢) 7 = 0.7 and
U=4V =2, and (d) 7 = 1.3 and U = 4V = 2. The calculations
were done for N = 11006. The weight is calculated by integrating
the LDOS over —0.017 < @ < 0.01¢. The color bar is shared by the
four panels.

and plot the quantity in the real space, as shown in Fig. 20.
We see the nonuniform pattern already in the noninteract-
ing limit [panel (a)]. Note that, because of the electron-hole
symmetry, the patterns at 7 = 0.7 and 77 = 1.3 are identical as
far as V = 0. The spatial pattern changes with the interaction
[panels (b)-(d)]. In particular, the effect of V gives a difference
in the spatial patterns between 7 = 0.7 and # = 1.3. These
patterns show a self-similar structure reflecting the underlying
Penrose-tiling structure, similarly to the plot of n; in Fig. 5.

APPENDIX D: HYPERUNIFORMITY ANALYSIS OF THE
AUBRY-ANDRE-HARPER MODEL

Here, we study the Aubry-André-Harper (AAH) model
[44,45] in terms of hyperuniformity. The Hamiltonian reads

2mi
H=—t Z(cLlci + CjCi+1) + X Zcos (%)c}ci, (D1)

where we consider a one-dimensional chain with the lattice
constant a = 1. A represents the strength of the quasiperiodic
potential. This model is known to be self-dual at A = 2¢: The
form of the Hamiltonian does not change when the basis is
transformed to the momentum space. As a consequence, for
A < 2t (A > 2t) the eigenfunction is extended (localized) in
the real space.

We numerically diagonalize the chain of N = F, sites with
a periodic boundary condition, where we approximate t in
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FIG. 21. [(a)—(c)] Density distribution of the AAH model for A = ¢, 2¢, and 3¢, respectively. The calculation was done for 75 025 sites, and

a part of the distribution is presented for the visibility. (d)—(f) and (g)—(i) show corresponding A;p(R) and B)p ,, respectively.

Eq. (D1) to 7™
calculate

2
Aip(R) = N[Z aip(li = jl; Ryninj — 2R2n?}, (D2)
ij i

with the Fibonacci number F,. We then

2R
Bip(R) = v |:; ap(li — jl;Rnn; — 2R2i:”i2i|7 (D3)
with

’
aip(r;R) = <1 2R)@(ZR r). (D4)
Equations (D2) and (D3) are the one-dimensional correspon-
dence to Eqgs. (14) and (16), respectively. With Eq. (D3), we
define the average B;p in the same way as Eq. (15).

Figures 21(a)-21(c) show the distribution of n; for A =¢,
2t, and 3¢, where the eigenstates are extended, critical, and
localized, respectively. The calculation was done for N =
F>, = 75025. The calculated A;p(R) and BlD,n are plotted in
the lower panels, where B p, = Bip/ii> with i = 0.5 is the
normalized value. We find that in all the cases, A;p(R) goes

to zero as R increases while its decay becomes slower for
a larger X [panels (d)-(f)]. Hence, these distributions are all
hyperuniform. The slow convergence is ascribed to the large
fluctuation of n; as seen in Fig. 21(c).

The order metric, Bip,, converges to 0.244 for A =t
[Fig. 21(g)]. This value is significantly larger than the order
metric, é, of the point set on the inteiger lattice (i.e., the
case of n; = 1) [40]. On the other hand, Bp , logarithmically
increases with Ry,ax for A = 2¢ and 3¢ [panels (h) and (i)]. This
means that these distributions are Class-II hyperuniform [41].
We have confirmed that the distribution is Class-I hyperuni-
form (i.e., BlD,n is constant at large Rp,x) for A = 1.9¢, so
that the change from Class I to Class II seems to occur at the
self-dual point A = 2¢.

To gain a deeper insight, we also study the distribution of
the lowest eigenstate . Replacing »; in Egs. (D2) and (D3)
with |1;]?, we define A‘IDD(R) and B}”D(R), and accordingly
B?Dn. As mentioned above, v is extended (localized) for
A < 2t (A > 2r) and critical at A = 2r.

Figures 22(a)-22(c) present the distribution of || in

these three states. When v is extended, A‘I/’D (R) goes to zero as
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FIG. 22. [(a)—(c)] Distribution of |v|?, calculated for the lowest eigenstate of the AAH model for A = ¢, 2¢, and 3¢, respectively. (d)—(f)

and (g)—(i) show corresponding A’f’D (R) and B‘f’D’n, respectively.

R increases [Fig. 22(d)]. In this case, the distribution is hyper-
uniform and the order metric B'ﬁln is well defined [Fig. 22(g)].

When v is critical, A‘f’D(R) increases with R [Fig. 22(e)],
reflecting the self-similar distribution of |;|?. Therefore the
distribution is not hyperuniform.

When i is localized, A‘f’D(R) first increases with R and
peaks at some value [Fig. 22(f)]. In this case, y; is zero almost

everywhere except for a small area, so that it is not very mean-
ingful to consider the variance, which depends on the system
size. Hence, the distribution is obviously nonhyperuniform.

To summarize, we find that the density distribution is
Class-I hyperuniform for A < 2¢ and Class-II hyperuni-
form for A > 2¢. On the other hand, the distribution of the
wave-function amplitude is hyperuniform for A < 2¢ and non-
hyperuniform for A > 2r.
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