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Effect of paramagnon drag on thermoelectric transport properties: Linear response theory

Junya Endo®,' Hiroyasu Matsuura,' and Masao Ogata'-?
'Department of Physics, University of Tokyo, Bunkyo, Tokyo 113-0033, Japan
2Trans-scale Quantum Science Institute, University of Tokyo, Bunkyo-ku, Tokyo 113-0033, Japan

® (Received 27 May 2021; revised 2 December 2021; accepted 6 December 2021; published 3 January 2022)

Paramagnetic materials exhibit a unique thermoelectric effect near the ferromagnetic transition point due to
spin fluctuations. This phenomenon is referred to as paramagnon drag. In this study, we calculate the contribution
of this paramagnon drag to the Seebeck coefficient microscopically based on the linear response theory. Conse-
quently, we obtain a general formula for the contribution to the Seebeck coefficient due to the paramagnon drag
and then clarify the conditions in which the Seebeck coefficient is enhanced near the ferromagnetic transition
point for a single-band and isotropic system. Moreover, we calculate the Seebeck coefficients for a mixture of

free-electron-like and flat bands.
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I. INTRODUCTION

Thermoelectric phenomena have attracted significant
attention in recent years as an innovative technology that can
extract energy from waste heat [1,2]. The Seebeck effect is a
thermoelectric effect that produces a voltage difference AV
from a temperature difference AT. The Seebeck coefficient
S is defined as S = —AV/AT. Recently, attempts have been
made to achieve high thermoelectric efficiency using mag-
netism [3—7]. From a theoretical perspective, the semiclassical
Boltzmann transport theory is commonly used as a valid an-
alytical method. However, in this method, it is difficult to
include the effect of mutual interaction between electrons.

For microscopic analysis, the linear response to an ex-
ternal field applied to a thermal equilibrium state can be
addressed using the Kubo formula [8]. After its establishment,
the formulation of the linear response theory based on the
thermal Green’s function [9] was a major breakthrough in the
theoretical description of transport phenomena. In terms of
thermoelectric phenomena, the Kubo formula was applied to
calculate the thermal transport coefficients [10].

The effect of spin fluctuations on the thermoelectric effect
in ferromagnets has been extensively studied both theoreti-
cally and experimentally [11-15]. In ferromagnets, spin waves
“drag” electrons and cause a unique thermoelectric effect.
The spin waves are quantized and described by quasiparticles,
known as magnons; thus, this effect is called “magnon drag.”
In magnon drag theory, the electron-magnon interaction is
treated perturbatively, and the heat flow is described by cal-
culating Green’s function. A diagrammatic representation of
the magnon drag has also been clarified [12,13]. Originally,
the drag effect of the elementary excitation was proposed
in the phonon case, which is called phonon drag [16,17].

However, in the paramagnetic state, that is, above the
magnetic transition temperature, some materials have been
reported to exhibit a unique thermoelectric effect due to spin
fluctuation. Fe;VoCrg1AlpoSig; is one of such materials,
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whose absolute value of the Seebeck coefficient decreases
when a magnetic field is applied [3]. The origin has been
proposed to be the suppression of the spin fluctuations in the
magnetic field. Furthermore, in materials such as RCo, (R =
Sc, Y, Lu) and AFesSb;, (A = Ca, Sr, Ba), a peculiar tempera-
ture dependence of the Seebeck coefficient has been observed,
which is believed to be due to spin fluctuations [18-22].
The Seebeck effect due to spin fluctuation has been studied
theoretically by Boltzmann theory, which introduces Kondo
s-d coupling [23]. In this study, the qualitative behavior of the
Seebeck coefficient at low temperatures was investigated.

In the present paper, we discuss the Seebeck coefficient of
the Hubbard model near the ferromagnetic transition point
based on linear response theory. We identify the dominant
perturbation terms and heat flows and calculate the quanti-
tative dependence of the Seebeck coefficient on the energy
dispersion of electrons. The Seebeck coefficient near the
transition point is obtained quantitatively by considering the
contribution of the Feynman diagrams corresponding to the
paramagnon drag effect, referring to the diagrammatic repre-
sentation of magnon drag. This results in a general expression
for the correlation function due to the drag effect, assuming
that the relaxation rate I' is small and constant. Because the
theory is microscopic and rigorous, it applies to behavior at
high temperatures. We apply this method to obtain transport
coefficients in an isotropic system. In addition, we derive the
conditions under which the Seebeck coefficient is enhanced
by the paramagnon drag effect and then show that the en-
hancement occurs in a mixture of free-electron-like and flat
bands.

II. PARAMAGNON DRAG CONTRIBUTION
TO TRANSPORT COEFFICIENTS

To study the transport phenomena near the phase transition
point from a paramagnetic state to a ferromagnetic state, we
consider the ring approximation for the Hubbard interaction

©2022 American Physical Society
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FIG. 1. (a) Feynman diagram of the ring approximation between
up spin and down spin in the Hubbard model. For each loop, we take
the sum of the Matsubara frequency and wave number. (b) Feyn-
man diagrams of the first order of U (g, w). These contributions are
small (see Appendix A). (¢) Feynman diagrams for paramagnon drag
effects.
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Uy. A diagram of this approximation is presented in Fig. 1(a).
The obtained effective interaction is related to Stoner’s the-
ory of ferromagnetism, and its divergence corresponds to the
transition to ferromagnetism. The effective interactions can be
written as:

Uy
Un@q o)== ———m—, (H
" 1= (Uox(g, @)
Us x (g, )
Un (g 0) = Uy (q.0) = ————. (2
" " 1= (Uox(g, @)
where x(q,w) denotes the dynamic susceptibility.

Uox(0,0) =1 is Stoner’s criterion for the transition point.
Because Upx =~ 1 is near the ferromagnetic transition point,
we assume that Uy and Uy, are equal for simplicity.

For further discussion, we considered two assumptions.
First, the system is isotropic, and then g, depends only on
k = |k|. Second, g; is a monotonic function of k. Therefore,
there is at most a single k that satisfies ¢y = er. By performing
a Taylor expansion of x (g, w) around g = 0 and w = 0 under
these assumptions, U = U; | = Uy can be parameterized as

RA Uo

Ve = A icarg @
where § = q/kp, & = w/er [24], and the superscript R(A)
represents the retarded (advanced) interaction that will be later
used. In this parametrization, we assume that §, ®/§ < 1.
As n — +0, U(0, 0) approaches infinity, which corresponds
to a ferromagnetic transition. Simply, n represents the dis-
tance from the critical point. Because we assume that the

system is isotropic, the Taylor expansion |k —¢q| >~k —
gcos® + g*sin? 6/2k for small g can be used to generate
Eq. (3). Using self-consistent renormalization theory, we can
determine the parameters A and C in a self-consistent man-
ner [25]. However, the specific values of these parameters are
not important in the following discussion.

In this paper, we focus on the Seebeck coefficient S =
L'2/TL'', where L' is the thermoelectric linear-response co-

efficient
vT @
7 )

Here J', E, and VT are the electric current density, electric
field, and temperature gradient, respectively. The Kubo for-
mula can be used to obtain L. The correlation function is
defined by

Jl =L11E +L12<—

T 1 [P " N o
Q). (q, iw) = V/ dr (Jll-l,q,u(T)Jl{l,fq,v(o»elwﬂ» Q)
0

where V and iw; are the volumes of the system and the
Matsubara frequency, respectively. The subscript H of J rep-
resents the Heisenberg representation, and wu, v represents
the direction x and y. With the analytic prolongation of the
Matsubsra frequency to the real frequency as iw; — hw + i8,
LY can be calculated as
ij ij
Lij — lim D (0, hw) _.cDxx(Ov 0) 6)
w—0 i(w+1i5)

For the Hubbard model with energy dispersion g, the
electric current density operator becomes

= 2 Uty ™

q0x

where vg , = dex/hok,, and e < 0. The heat current-density
operator is Jquzo = J2kin 4 jrese where [26-28]

q=0,x q=0,x°
2km
q —0x — E (ex — vk ka(,Ck(rv (®)
k,o

Azee— E Uyy c cf Cr 4Cy o 9)
q 0,x — 0Vk,x 47/‘0[ K—q,p°K.B k—% .o

kk/q af

Here J2" is due to the kinetic energy of electrons, and J>¢¢

q=0,x gy ’ q=0,x

is due to the electron-electron interactions.

As discussed in Ref. [28], without the heat current of a
long-range Coulomb interaction, a heat current of phonons,
and a part of the heat currents occurring from the electron-
phonon interaction, the following can be obtained:

= /d8 (=f'(e)o (e, T), (10)

1
L"? = - / de (—f'(e))(e — o (e, T), (11)

where o (g, T') is the spectral conductivity, and here it is re-
ferred to as the Sommerfeld-Bethe relation. Note that for the
Hubbard model, we have /7, but the Sommerfeld-Bethe
relation holds [27].

To discuss the essence of the paramagnon drag effect,
we consider the Feynman diagrams shown in Fig. 1(b)
(Maki-Thompson type) and Fig. 1(c) (Aslamazov-Larkin
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type). First, we show that the contribution of the first order
of U(q, w) in Fig. 1(b) is smaller than that of the second order
shown in Fig. 1(c) in §, & < 1, as shown in Appendix A.
Therefore we consider that the main contribution of the para-

magnon drag effect originates from the diagram in Fig. 1(c).
In particular, in certain situations, it has been shown to rep-
resent the effects of spin fluctuations [29,30]. Therefore the
contributions of the diagram in Fig. 1(c) are as follows.

J

4(kgT )’

@fﬂag(iwk) = V3

YD Gk, ien )Gk, ien)G Ky, iey )Gy — g iey — iw)G ks — g, ig, — i)

kika,ql.mn

x U(q, iy )U(q, ion)J, (k) (G(ka, ie,)T] (k) + Glky — q, ien— — iw)J] (ky — q)), (12)
where factor 4 is derived from spin summations [see Fig. 1(c)], &, = (2m + 1)wkgT and ¢, = (2n + 1)wkgT are fermion
Matsubara frequencies, w; = 2lwkgT is a boson Matsubara frequency, and ¢, = ¢,, — w; . We assume that the electron thermal
Green’s function satisfies G(k, is,) = (ie, — &x + p + il'sign(e,) — X)~!, where T is the relaxation rate of the electrons due to
impurity scattering, and ¥ is the self-energy due to the spin fluctuation. In this study, we consider I" and neglect ¥ for simplicity.

The effects of the real and imaginary parts of ¥ will be discussed qualitatively in Section IV. Note that we have used i j2- k’” . as

the heat current operator; thus ff(k) = (& — W)vg, and fxl (k) = evg,. In Eq. (12), we reveal that the main contributlon in the
summation of w; is derived from the region of 0 < w; < w,, where U(q, iw;_)U(q, iw;) becomes UAUF and the derivative
of Bose distribution function N’(g) appears. We consider the summation of /, m, n and assume the analytic continuation
iw; — hw + i8. In the summation of m and n, the terms GRGRGR and G*G*G* can be neglected for I' /ey < 1. Here GR and G*
are the retarded and advanced Green'’s functions, respectively. In addition, we use the relation GR(k, )G (k, &) ~ n8(e — &)/T,
and GR(k, &) — G*(k, &) ~ —2mis(s — &) for T'/er < 1. Using these approximations, we obtain the following equation:

2mih
(o +i8) = = T2 D7 N(Aen)(f(ek) = Flem-))(F(er) = F(era-q))
k| ko q
x UR(q, Ae)U(q, Ae)Tik1) (T (k) — T (ky — 9))8(Ae; — Aer) + O(w?), (13)

where N (x) is the Bose distribution function (¢* — 1)~!, and As; = &k, — Ek,—q- 1t seems that the expression in Eq. (13) diverges
when Ag; — 0 because |[N'(x — 0)] — oo. However, as (f(ex,) — f(ek,—¢))(f(ek,) — f(€k,—¢)) — 0 when Ag; = Agy — 0,
the divergence is merely a cosmetic singularity.

UR and U” become large, where |q| < kr and |A¢g|| < eF, kT . Therefore we consider the Laurent expansion around ¢ = 0
and Ae; = 0. With this expansion, we obtain N’(Asg;) =~ —kgT /(Ae;)?. Using these expansions and integrating with respect to
k| and k,, the following can be obtained:

L~ IZ zUongqy%
drag = 16721GT2 C(n +Aq

2)/dk2 a1 o)) [l (= o), (14)

L Z eUO SFqX kBT

Lirae 1672012 C(n + AG?)

dky k2(_f,(3k2))/dkl ki (e, — (= f"(er))- 5)

(

The derivation of these results is presented in Appendix B. We
can observe that Eqs. (14) and (15) satisfy the Sommerfeld-
Bethe relation.

Note that for L!%, there are other contrlbutlons due to
J Zfo ©. The lowest-order Feynman diagram using J>e —0 +, cor-
respondlng to the paramagnon drag effect, is shown in Fig. 2.

Jl J2,e—e

FIG. 2. The lowest-order Feynman diagram between J!' = Jq1 O
and J>¢¢ = fqzz‘(; 7, which corresponds to the paramagnon drag ef-
fect. This contribution can be neglected, as shown in Appendix C.

However, we find that the contribution of this Feynman
diagram is significantly small compared with the contribu-
tions of Fig. 1(c) under the approximations of I'/ep < 1
and Ae/ep < 1 (see Appendix C). Thus Eq. (15) with only
J; qz‘:kéf’x satisfies the Sommerfeld-Bethe relation. Some approx-
imations have been utilized in the derivation of Egs. (14)
and (15). We can confirm that these approximations are valid
for the case with < 1 by computing the direct integration of
Eq. (13) by Monte Carlo integration with the replacement of
S(x) = A/r(x*+ A%) (A K1).

III. SEEBECK COEFFICIENT
The Seebeck coefficient becomes
I Lige + L,

11 11
T Lfree + Ldraé

(16)
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where L' and L2

free A2 are the contributions in the order of (Up)°,

Li, = Ze Vi (—f (&), (17)
Lige = Fv ;evk,xcsk ~ WS ). 18)

As n approaches zero, that is, as the system approaches
the ferromagnetic transition point, or as the temperature ap-

proaches the Curie temperature (7.), we expect that Ldr&Ig

dominates L/

free- 1N this case, S can be expressed approximately
as

Lige 1 [ dk k(e — p)(=f'(e0)

TLIL, ~ T [dkk(—f(e) (19)

S drag =

However, as 7 increases, Ldrag becomes smaller than L
and the Seebeck coefficient approaches

free

12 2(dex
Sfree _ Lfree _ 1 fdkk ( ) (Sk /'L)( f(sk)) (20)

TLi. T [k k(%) (—f/(e0))

Therefore the Seebeck coefficient gradually changes from
Siree 10 Sdrag a8 T — To..

A. The condition for |Sqrag| > |Streel

We can observe that the values of Sy, and Sge. depend
only on the functional form of g. It is difficult to determine
the exact condition for |Sgrag| > |Stee| because they include
integrals. However, when kg7 /< 1, the condition can be
achieved in a simple form using the Sommerfeld expansion.

We assume that ¢ is an increasing function of k, and k is
in the Brillouin zone. Thus the Seebeck coefficients become

n?kgT 2¢'(kp) + kpe” (kp)
3e| kp (&' (kr))?

7T2k§T 8/(kp) — kFS//(kF)
3lel kr (e’ (kr))?

Here we used the Sommerfeld expansion after changing the
wave-number integral to the energy integral as k = k(¢). For
example, in the case of g k? (free electron), Sdrag/Stree == 0.
Because we assume that &' (kp) > 0, |Sdrag| > [Stree| holds
only when kpe'(kp) < —¢&'(kp)/2. Thus the dispersion rela-
tion should be upwardly convex.

; 2D

Sfree = -

(22)

Sdrag = -

B. A model with a flat band and free-electron band

As an example, we study a two-band model that realizes
e"(kr) < 0. The kinetic energy part of the Hamiltonian is
expressed by:

_(FPK)2m v
H—( v Eo)’ (23)

where Ey(> 0) is the energy of the flat band, and V represents
the mixing term between the dispersive electron band and the
flat band. The eigenenergies of this Hamiltonian are

= MK+ B+ V(Eo— K22 +4IV]2), (24

FIG. 3. Energy dispersion E~
free-electron band.

in comparison with that of the

where K2 = 1i*k%/2m. For simplicity, assume that the chemi-
cal potential satisfies 0 < u < Ej and consider only the band
corresponding to £~. This model can be used as an effective
model for the present work because the shape of the band,
similar to the flat band, increases the density of states and
facilitates the ferromagnetic transition.

On the basis of this model, we calculate the Seebeck coef-
ficient Sgr,g due to the paramagnon drag effect induced by the
Hubbard interaction. We numerically perform the integration
of Egs. (14) and (15) and evaluate Sgrae = Ldrag / TLdrag in the

parameter set of £y = 1.0 eV, V =0.5 eV, and Ii2/2ma2 =
1.0 eV, where a is the lattice constant. With these parameters,
the energy dispersion E~ is shown in Fig. 3, and the Seebeck
coefficients obtained are shown in Fig. 4. Figure 4(a) shows
the temperature dependence of Sy, and St for kra = 0.93.
At low temperatures, the Seebeck coefficients are proportional
to the temperature, and Sfee 2 Sqrag 1S satisfied because we
chose kg that satisfies &'(kp) + 2kpe’(kp) >~ 0. At high tem-
peratures, it can be observed that Sy, is larger than Sgee at
high temperatures. This is because the effect of the energy dis-
persion away from the Fermi surface starts to contribute. Note
that because the actual Seebeck coefficient S can be expressed
as in Eq. (16), therefore Sqrag < S < Sfree OF Sfree < S < Sgrag-
It is considered that § >~ Sg,¢ near the Curie temperature.
Figure 4(b) shows the dependence of S¢n,; and Ske. on the
Fermi wave number; —Sgr,, becomes larger than —Sge. in
the region of kra > 0.93, where the energy dispersion E~ is
convex upward. In this region, —S is expected to increase as
the temperature approaches 7. because —Sgrag > —S > —Sfree
is satisfied and S approaches Sgrag as T — T.. The sign change
of the Seebeck coefficient at large kr is caused by considering
only a single band and restricting the integration only in the
Brillouin zone.

IV. DISCUSSION AND CONCLUSION

Finally, we discuss the additional contribution to the See-
beck effect from self-energy due to the spin-fluctuation X.
First, Im X(0) does not affect Syro, because of the cancella-
tion similar to the cancellation of the constant I' in L'?/L'!.
Second, when we consider the w dependence of Im X and
the Sommerfeld-Bethe relation, an additional contribution

045101-4



EFFECT OF PARAMAGNON DRAG ON THERMOELECTRIC ...

PHYSICAL REVIEW B 105, 045101 (2022)

(@ o
-25
N,
~ =50
2
= 75
9%
~100 - Sdrag
Sfree
000 002 004 006 008 010
kBT/EF [K]
(b)
100 I Sdra;:
S/h'v
M0
~
>
== -100
A
-200
0 1 2 3
kpa

FIG. 4. (a) Temperature dependence of the Seebeck coefficient
of E~ band due to the drag effect (Sue) and one at U =0 (Sgree)
with kpa = 0.93. At this kg, Sgrag 2 Siree at low temperatures; (b) kp
dependence at T = 100 K.

proportional to dlog(Im ¥)/dw will appear in the Seebeck
coefficient. However, it was shown that Im X is an even
function of @ near the Fermi energy [31,32], and thus we
can approximate the self-energy as —Im X ~ Iy + aw?. In
this case, the amplitude of dlog(Im ¥)/dw is expected to

J

be smaller than that in Eq. (19). As for the real part of the
self-energy, the change as a function of k around k = kp is
found to be sufficiently slow [31]. Therefore the shape of the
band dispersion cannot change significantly, and the real part
of the self-energy simply renormalizes the effective mass and
chemical potential.

These arguments are qualitative, and we need a quantitative
discussion to obtain more precise results for the self-energy
due to the spin fluctuation. This can be achieved by con-
sidering Feynman’s diagrams we neglected in this study and
by examining the details of the self-energy for more specific
models. However, it is beyond our approximation, and this
remains a future problem.

In conclusion, we investigated the behavior of the Seebeck
coefficient near the ferromagnetic transition temperature in
the Hubbard model, considering the paramagnon drag effects.
In particular, for an isotropic system, Sg, Was calculated
using Egs. (14) and (15). We found the condition of &;, where
the contribution of the paramagnon drag is large. In addition,
as a model for a large Seebeck coefficient near T;., we per-
formed specific calculations for a mixture of free-electron-like
and flat bands. We showed that the paramagnon drag effect
can enhance the Seebeck coefficient near the ferromagnetic
transition temperature. The present method provides a basis
for the prediction of materials with large paramagnon drag
contributions.
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APPENDIX A: THE FIRST ORDER OF U

The contribution of the first order of U (q, ) shown in Fig. 1(b) is

 2(ksT)

L i) = =3

Ln k,q

+ (G(k, ie)G(k — q, ie, — i) + Gk, ie, )Gk — g, ie, — i) () }U (g, ion).

DY Gk, ie, )Gk, ie) i K){GUe — g, ie, — i0)G(k — g, ig, — i)k — q)

(AD)

Considering the summation of the Matsubara frequencies and assuming As = &; — &x—q <K &F, We Obtain

Q0D (hw + i8) = 2—;”2N’(As)(f(ek> — e (UR(q, Ae) — U (g, Ae)JL(k)JI (k) — J! (k — q)).

(A2)

We used the same approximation as in the text; that is, GRGRGRGF and GAG*GAG* were neglected, and —w; < w; < w; was
assumed. When we calculate Eq. (A2) in the region of |q| < kr, we find that it is proportional to ¢°, which is in the higher order
than Eq. (13). Therefore, this contribution is smaller than that shown in Fig. 1(c).

APPENDIX B: THE DERIVATION OF EQS. (14) AND (15)

First, assuming that Ae; = Agy K ¢F, Eq. (13) divided by iw becomes

27 likgT U?

PIRACHIACS

rzys
kik2.q

(1 + A + (C&, /7))

x Ji(ky) (T (ko) — J! (ke — 9))8(Aey — Ae»), (B1)
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Lérzag can be calculated in the same manner. In an isotropic system,
pe
Ag; ~ <q cosf; — 2—I<i>8’(ki), (B2)
cos 0 cos sin 6; sin @, sin
Iy~ S CA T IO o, (B3)
gcosa
i (ko) = I (ky — q) = ——ee/(k), (B4)
2

where 6; is the angle between k; and ¢, and « is the angle between the g and the x directions. After the integral of 6y, 6,, ¢;, and

@2, we obtain
1 kT
drag = (23R

1
x / dky K2¢'(ky) ___ 4

n+Ag* Ck& (k)

Arctan( (1 = g/2ki)Cg&' (k1)

Zcos a/dkz ka(—f'(e(k2)))

T AG )(—f (e(k1))). (BS)

By approximating Arctan(x) as a constant, 7r /2, we obtain Eq. (14).

APPENDIX C: THE CONTRIBUTION OF J 2, 2ee

2.kin

To certify that the contribution of J 5" is dominant, our calculations are presented in Fig. 2. Writing down the diagram in

the form of thermal Green’s functions, we obtain

8(kzT)*

2 (iwy) = i

ky,ky k' \q lmi,ma,n

X Gl — q. iew, — i0)Gk — g iew, — i0)IK g, ity — i0)U (@, i01-)U @, i) EI2 (k= 7).

Yo Y Gk, ien, )Gk, ien,)GK , ie, YGK, iey)

2
(ChH
Using the same approximations used in the derivation of Eq. (13), we obtain
, 4n?ihw ,
®2 (o +i8) = == D N'(AeN(fer) = Flen-)(f () = flen-)(Few) = flew—y))
kiko K g
x 8(Aey — Ae)S(Aey — A YUR(G, A YUA(q, Ae' ) (K )J>¢ (k1 - %) + 0(?). (C2)

In the limit of Ag; = Agy =

Ag’ — 0, this term disappears, whereas Eq. (13) approaches a constant. Therefore we can conclude

that the contributions from Fig. 2 are smaller than those in Fig. 1(c).
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