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Neutral excitations in a fractional quantum Hall droplet define the incompressibility gap of the topological
phase. In this paper, we derive a set of analytical results for the energy gap of the graviton modes with two-
body and three-body Hamiltonians in both the long-wavelength and the thermodynamic limit. These allow us to
construct model Hamiltonians for the graviton modes in different FQH phases, and to elucidate a hierarchical
structure of conformal Hilbert spaces (null spaces of model Hamiltonians) with respect to the graviton modes
and their corresponding ground states. Using the analytical tools developed, we perform numerical analysis with
a particular focus on the Laughlin ν = 1/5 and the Gaffnian ν = 2/5 phases. Our calculation shows that for
gapped phases, low-lying neutral excitations can undergo a “phase transition” even when the ground state is
invariant. We discuss the compressibility of the Gaffnian phase, the possibility of multiple graviton modes, and
the transition from the graviton modes to the “hollow-core” modes, as well as their experimental consequences.
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I. INTRODUCTION

The cryogenic two-dimensional electrons in a strong mag-
netic field can form an incompressible quantum fluid from
strong interactions, leading to a large number of fractional
quantum Hall (FQH) states describing a zoology of strongly
correlated topological phases [1,2]. The characteristic frac-
tional plateau of the Hall resistivity and the quantized thermal
Hall conductance in these phases have been observed in ex-
periments, revealing the topological nature of the quantum
fluids [3–5]. The charged excitations in the FQH systems
are predicted to carry fractional charge, with anyonic and
even non-Abelian statistics [6–19]. Under the right condi-
tions, these topological properties are expected to be invariant
against local disturbance, making them desirable for the ro-
bust manipulation of quantum information [20–22].

Strictly speaking, topological systems are ideal systems
where all energy scales in the system are sent to either zero or
infinity. In realistic experiments or materials, all energy scales
are finite, thus the dynamical aspects involving low-lying ex-
citations cannot be ignored. In FQH systems, the low-lying
excitations not only determine the quantization of certain
transport properties in the thermodynamic limit, they can even
form topological quantum fluids of their own [23–26]. The
robustness of different topological indices (e.g., the Hall con-
ductivity, the topological shift, and the central charge from
the quasihole counting, etc.) can depend on different energy
scales, and the interplay between the corresponding low-lying
excitations leads to rich physics even within the same topo-
logical phase.
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Understanding the low-lying excitations in strongly cor-
related systems is, however, a difficult task due to the lack
of theoretical tools available. One can numerically study the
energy spectrum of only small systems given the exponential
increase of the Hilbert space with the system size, and the
extrapolation to the thermodynamic limit is oftentimes unre-
liable. Analytically, perturbative calculations are not viable
for FQH systems, because the kinetic energy is quenched
and we are left with a purely interacting Hamiltonian. A
popular approach is to construct model wave functions of
these excitations either from the Jack polynomial formalism
and its generalisation, or using the composite fermion theory
[3,27–35]. These model states are indispensable for finite size
numerical analysis, as well as offering insights into the univer-
sal nature of these excitations. The construction of these states
also hints at the tantalising possibility of analytical treatment
for very large system sizes, but so far the ability to rigorously
compute physically relevant quantities in the thermodynamic
limit has been mostly lacking.

In this paper, we focus on the neutral excitations of the
FQH fluids, and derive a number of analytical results that
are valid in the long-wavelength and the thermodynamic
limit. Such excitations define the incompressibility gap of
the topological phase, and they can also be responsible for
quantum phase transitions within the same topological order
[36–40]. In the long-wavelength limit, neutral excitations have
a quadrupolar structure and can be understood as “spin-2
gravitons”, which are closely related to the geometric defor-
mation of the incompressible ground state [41–44]. We will
thus denote excitations in this limit as quadrupole excitations
or graviton modes. For short-range interactions, numerical
analysis shows the energy of the graviton is large as compared
to the charge gap given by the roton minimum [45,46]. How-
ever, it also seems possible to lower the graviton excitation
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energy by tuning the interaction between electrons, while
maintaining the charge gap [47–50]. The analytical results
we derive in this paper help us construct model Hamiltonians
not only for the graviton modes, but also for capturing such
transitions related to the graviton gap.

It is also important to note that the neutral excitations
can be experimentally measured with inelastic photon scat-
tering. This is especially true for graviton modes, since the
momentum transfer of the photons is small [51–56]. Acoustic
crystalline wave is also predicted to act like gravitational
wave, which can interact with the graviton modes as a
probe [57]. Furthermore, an optimal-control-based variational
quantum algorithm has been designed for realizing the gravi-
ton mode in quantum computers [58]. There has also been
much interest in the graviton mode recently due to its
spin structure, allowing it to couple selectively to circularly
polarized light, making them useful for experimentally dis-
tinguishing different topological phases [43]. In addition, it
has been recently suggested that the coupling of the incom-
pressible ground state to the graviton mode from geometric
deformation can be responsible for the quench dynamics in
FQH [59]. In the context of these experimental proposals
and numerical results, Dirac composite fermion theory con-
jectures that certain FQH phases may have more than one
graviton mode [60,61]. Thus both from the theoretical and the
experimental perspectives, analytic results of long-wavelength
neutral excitations can help us understand the fundamental na-
ture of the geometric aspects of the FQH topological phases.

The organization of this paper will be as follows. The
characteristic matrix formalism for calculating the energy of
the graviton modes with two-body pseudopotentials is re-
viewed and a novel hierarchy structure of the density modes
of the Laughlin states is rigorously proved with this method
in Sec. II. This allows us to introduce the model Hamiltonians
for the graviton modes in several FQH phases. Section III
provides a more general formalism for the graviton modes
with the three-body interactions, which can be used to study
the graviton modes of non-Abelian FQH states such as the
Moore-Read state and the Gaffnian state. In Sec. IV we per-
form numerical analysis of the low-lying excitations of the
Laughlin ν = 1/5 state (Laughlin-1/5 state for short) and
the Gaffnian ν = 2/5 state (Gaffnian state for short), with
the theoretical tools we have developed. The experimental
implications of the graviton modes in the Laughlin-1/5 phase
are discussed when the model interaction is tuned, and we
also discuss about the gaplessness of the Gaffnian phase. In
Sec. V we summarize our results and discuss about the future
outlooks.

II. TWO-BODY INTERACTIONS

Let us start with the dynamics of the long-wavelength
neutral excitations for FQH states with two-body interactions.
This formalism was first developed in Ref. [38], and we will
summarize the results here and set the notations. This will be
followed by a number of new results that are relevant to model
two-body interactions, with rigorous statements on the nature
of the neutral excitations that are valid in the thermodynamic
limit (notations are listed in Table I).

TABLE I. Definition of various symbols used in the text.

R̂a
i Guiding center operator

ρ̂q Guiding center density operator
δρ̂q Regularized guiding center density operator
Vq Effective potential
S̃q Static structure factor
sq Reduced structure factor

Lk (q2) Laguerre polynomials
cm Expansion coefficients of effective potential
dn Expansion coefficients of reduced structure factor

|ψq〉 SMA model wave function
�2bdy

mn Two-body characteristic matrix

The most general Hamiltonian for two-body interaction is

Ĥ2bdy =
∫

d2q
(2π )2

Vq

∑
i �= j

eiqa(R̂a
i −R̂a

j )

=
∫

d2q
(2π )2

Vqρ̂qρ̂−q − Ne

∫
d2q

(2π )2
Vq. (1)

Here Ne is the number of electrons, Ĥ2bdy is a gapped
two-body interaction with the guiding center density opera-
tor ρ̂q = ∑

i eiqaR̂a
i and q = (qx, qy), where i is the electron

index, and R̂a
i is the guiding center coordinates satisfying

the commutation relation [R̂a
i , R̂b

j] = −iεabδi j l2
B. The length

scale in the problem is the magnetic length lB = √
1/eB, with

the perpendicular magnetic field B. Throughout this paper
we assume translational invariance, so the ground state |ψ0〉
of Ĥ2bdy is both rotationally and translational invariant, with
Ĥ2bdy|ψ0〉 = E0|ψ0〉.

The static structure factor for the unperturbed ground state
is given by

S̃q = 1

Ne
〈ψ0|ρ̂qρ̂−q|ψ0〉 = 1 + sq (2)

where the reduced structure factor is its own Fourier trans-
form, given by

sq = 1

Ne
〈ψ0|

∑
i �= j

eiqa(R̂a
i −R̂a

j )|ψ0〉 = −
∫

d2q′

2π
eiq×q′

sq′ . (3)

Since the Laguerre polynomials Lk (x) are eigenfunctions of
the two-dimensional Fourier transform, we can thus expand
sq in the basis of the Laguerre-Gaussian series as follows:

sq = dkLk
(
q2

)
e− 1

2 q2
(4)

where Einstein summation rule is assumed throughout this
work for repeated indices. Note that dk is only nonzero for
odd k due to the fermion statistics, and Eq. (3) and Eq. (4)
is true for generic rotationally invariant many-body states in
a single Landau level. The regularized structure factor can be
defined using the regularized guiding center density operator:

δρ̂q = ρ̂q − 〈ψ0|ρ̂q|ψ0〉 = ρ̂q − Ne

2πq
δq,0 (5)
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where q = |q|. so we have the following:

Sq = 1

Ne
〈δρ̂qδρ̂q〉0 = S̃q − 1

Ne
〈ρ̂q〉0〈ρ̂−q〉0 (6)

= 1 +
∞∑

k=0

d (0)
2k+1L2k+1

(
q2

)
e− 1

2 q2 − 1

Ne
〈ρ̂q〉0〈ρ̂−q〉0 (7)

and we define 〈Ô〉0 to be the expectation value of Ô with
respect to the ground state.

It is natural to expand the effective potential Vq using the
same orthogonal basis, which gives

Vq = cmLm(q2)e− q2

2 . (8)

Due to the orthogonality between the Laguerre polynomials,
the ground-state energy has the following simple expression:

E0 = cmdnδm,n (9)

where δm,n is the Kronecker delta. Once the expansion coef-
ficients are given, one can easily calculate the ground-state
energy. In general dn still needs to be computed numer-
ically as the variational energy of the ground state with
respect to the two-body Haldane pseudopotential V̂ 2bdy

n =∫
d2qLn(q2)e− q2

2
∑

i �= j eiqa (R̂a
i −R̂a

j ). However for model wave
functions, certain coefficients of dn are known exactly, since
they are exact zero-energy states of their respective model
Hamiltonians.

A. Energetics of the graviton modes

It is well known that the model wave functions for the
graviton modes in the long-wavelength limit can be exactly
constructed using the single mode approximation (SMA),
which is defined as follows [36]:

|ψq 〉 = δρ̂q|ψ0 〉. (10)

This family of wave functions is orthogonal to the ground state
and at the same time retains some of the intrinsic correlation
properties of the ground state. Our task is to calculate the
variational energy of the graviton mode given by limq→0 |ψq〉:

δEq→0 = lim
q→0

〈ψq|Ĥ2bdy|ψq〉
〈ψq|ψq〉 − E0

= lim
q→0

〈ψ0|[δρ̂−q, [Ĥ2bdy, δρ̂q]]|ψ0〉
2Sq

= lim
q→0

∑
i �= j

∫
d2q′

(2π )2
Vq′

×
〈ψ0|[δρ̂−q, [ρ̂ i

q′ ρ̂
j
−q′ , δρ̂q]]|ψ0〉

2Sq
. (11)

To calculate the double commutator, recall the GMP
algebra for the density operators [36]:

[δρ̂q1
, δρ̂q2

] = 2i sin
q1 × q2

2
δρ̂q1+q2

. (12)

This allows us to derive the final result, as shown in Ref. [38]:

δEq→0 = �2bdy
mn cmdn + O(q2) (13)

where m, n are both positive odd numbers because of the
fermionic nature of electrons, and the characteristic matrix has
an exact form:

�2bdy
mn = (−1)m

28ηπ
× [2(m2 + m + 1)δm,n

− (m + 1)(m + 2)δm,n−2 − m(m − 1)δm,n+2]. (14)

It is worth noticing that in this characteristic matrix, the ex-
pansion coefficients of the interaction and the structure factor
are symmetric. Furthermore, only the “nearest neighbors”
(n = m ± 2) are involved for any given m, which implies that
the interplay between the components of different orders in
the expansions of the interaction and the state is short ranged.

An immediate result is the variational energy of the gravi-
ton modes for the model Laughlin states at filling factor ν <

1/3: for example, the variational energy of the graviton mode
of the Laughlin-1/5 states (Laughlin-1/5 graviton mode for
short) with respect to a generic two-body interaction can be
written as [here d1 = d3 = 0 can be derived from Eq. (9) with
the fact that the Laughlin-1/5 state lives within the null space
of V̂ 2bdy

1 + V̂ 2bdy
3 ]:

δEq→0 =
∑
m>3

(
�2bdy

mm cmdm + �
2bdy
m±2,mcm±2dm

)
. (15)

Thus with respect to the model Hamiltonian V̂ 2bdy
1 (only c1 >

0) the variational energy is exactly zero: the Laughlin-1/5
graviton mode is in the null space of V̂ 2bdy

1 .

B. Model Hamiltonians for the graviton modes

From both the theoretical and the experimental point of
view, it is useful to find the model Hamiltonians, the exact
eigenstates of which are the graviton modes. This will not
only allow us to construct minimal models for phase tran-
sitions involving the softening of the graviton modes, but
also help implement more systematic tuning of the realistic
interactions in experiments for the observation of such transi-
tions. For many topological phases, we can write down the
root configurations of the graviton modes explicitly in the
second quantized language. The model Hamiltonians can be
identified accordingly using the numerically established local
exclusion condition (LEC) formalism [62,63]. We illustrate
this useful procedure for the graviton modes of the Laughlin
phase at filling factor ν = 1/3 and ν = 1/5. This will be
followed by a rigorous proof for all the Laughlin states with
ν < 1/3. The proof for the ν = 1/3 case involves three-body
interactions, and will be given in the next section.

Let us start with a brief introduction of the Jack polyno-
mial formalism on the spherical geometry. The pseudospin
structure in the quantized Landau levels enables us to define
second-quantized wave functions in an occupation-number-
like basis for the many-body wave functions. The magnetic
field can be introduced by putting a Dirac magnetic monopole
at the center of the sphere with a total of 2S magnetic fluxes,
rendering a spinor structure of the single particle the wave
function with total spin S + N , where N is the Laudau level
(LL) index [64]. Without loss of generality we use the lowest
LL (LLL) with N = 0, so the total number of single particle
orbitals in the LLL is No = 2S + 1. We can thus express a
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many-body state with a string of No binary numbers, corre-
sponding to the single particle orbitals sequentially from the
north pole to the south pole. We use the integer 1 to denote
an occupied orbital, and 0 for an empty orbital [3,30,31]. For
example, if S = 3 and we have two electrons around the north
pole of the sphere, this state can be denoted as |1100000〉, with
a total number of seven orbitals.

On the disk geometry, the occupation basis also cor-
responds to the first-quantized wave functions with the
symmetric gauge (we ignore the unimportant Gaussian fac-
tor). Each digit in the occupation basis from left to right
corresponds to the orbital from the origin (z0

k ) to the edge
(zNo−1

k ), where zk = xk + iyk is the holomorphic coordinate
of the kth electron. The many-body wave functions for the
FQH states are linear combinations of such monomials. For
example, the monomial |1101〉 in the first quantized form is
given by

|1101〉 ∼ (z1 − z2)z3
3 + (z3 − z1)z3

2 + (z2 − z3)z3
1. (16)

The model wave functions for the FQH states on the
sphere in many cases are Jack polynomials (or Jacks), which
are a family of symmetric polynomials characterised by the
so-called generalized Pauli principle. One important charac-
teristic of the Jack polynomial states is the existence of a
root configuration, with all of the occupation bases of the
state “squeezed” from the root configuration [3,30,31]. For
instance, if one considers the Laughlin-1/3 state with 3 elec-
trons, the wave function (z1 − z2)3(z1 − z3)3(z2 − z3)3 is a
Jack polynomial denoted by Jα=−2

|1001001〉. Here 1001001 is the
root configuration, and α = −2 in the superscript is derived
from the admission rule of the root configuration. All coeffi-
cients of the monomials in the Jack polynomial are determined
by α, and these monomials are “squeezed” from the root
configuration. We denote two monomials m1, m2 and that m2

is squeezed from m1 by m1 
 m2. That implies m2 is obtained
from m1 by repeatedly moving two electrons in the binary
string towards each other, without changing the total angular
momentum of the monomial. Explicitly for the Laughlin-1/3
state with three electrons we have the following:

J−2
|1001001〉 ∼ (z1 − z2)3(z1 − z3)3(z2 − z3)3

= |1001001〉 − 3|0110001〉 − 3|1000110〉
+ 6|0101010〉 − 15|0011100〉 (17)

which consists of only the monomials squeezed from the root
configuration |1001001〉, and the monomials are:

|1001001〉 = (
z3

1 − z3
2

)
z6

3+
(
z3

3−z3
1

)
z6

2+
(
z3

2−z3
3

)
z6

1

|0110001〉 = (
z1

2z2
1 − z1

1z2
2

)
z6

3 + (
z1

1z2
3 − z1

3z2
1

)
z6

2

+ (
z1

3z2
2 − z1

2z2
3

)
z6

1

|1000110〉 = (
z4

1−z4
2

)
z5

3+
(
z4

3 − z4
1

)
z5

2+
(
z4

2 − z4
3

)
z5

1

|0101010〉 = (
z1

2z3
1 − z1

1z3
2

)
z5

3 + (
z1

1z3
3 − z1

3z3
1

)
z5

2

+ (
z1

3z3
2 − z1

2z3
3

)
z5

1

|0011100〉 = (
z2

2z3
1 − z2

1z3
2

)
z4

3 + (
z2

1z3
3 − z2

3z3
1

)
z4

2

+ (
z2

3z3
2 − z2

2z3
3

)
z4

1 (18)

Let us now move on to the model wave functions of the
graviton modes, as constructed in Ref. [45]. In contrast to
the FQH ground states, these wave functions are not Jack
polynomials. Nevertheless, they have rich algebraic structure
with a root configuration. Similar to the Jack polynomials,
only monomials squeezed from the root configuration have
nonzero coefficients in the basis expansion. We will also show
later on that they can be linear combinations of Jack poly-
nomials of different admission rules in some cases. The root
configurations of the graviton modes for the Laughlin-1/3
state and 1/5 state for comparison are shown as follows:

1100001001001001001 · · · (Laughlin-1/3) (19)

100100000010000100001 · · · (Laughlin-1/5). (20)

Since all the occupation bases are squeezed from the root
configurations above, we can immediately apply the local
exclusion condition (LEC) [62,63]. An LEC is defined by a
triple, denoted by n̂ = {n, ne, nh}, giving the constraint that
there can be no more than ne electrons or nh holes in a circular
droplet containing n fluxes anywhere in the quantum fluid. For
a spherical geometry, one can simply look at the droplet at
the north pole for the highest weight states. Applying LEC
to the graviton mode of the Laughlin-1/3 state immediately
leads to the conclusion that it is a “Haffnian quasihole state”
(thus a zero-energy state of the Haffnian model Hamiltonian;
more details will be given in the next section). This is because
the LEC of the Haffnian state is given by n̂ = {4, 2, 4} and the
droplet at the north pole of the Laughlin-1/3 graviton mode
does obey this condition as Eq. (19) shows. We would like
to emphasize that the admissible rules for Jack polynomials
cannot be used here, since the graviton modes are not Jack
polynomials (note that the Haffnian states are also not Jack
polynomials). Using the same reasoning, it is easy to see that
the graviton modes of the Laughlin-1/5 state is the zero-
energy state of the Laughlin-1/3 model Hamiltonian, given
that the LEC of the Laughlin-1/3 state is n̂ = {2, 1, 2}.

It is worth noting that although using LEC offers a very
simple way of determining if the graviton mode belongs to
the null space of some model Hamiltonian, it only applies to
the cases where the root configurations are easy to find, and
fundamentally the LEC scheme is only “proven” numerically.
We will now proceed to analytically prove the more general
cases for the Laughlin phases at νk = 1

2k+1 , k ∈ N+. The ν =
1/3 case will be left to the next section focusing on the three-
body model Hamiltonians.

In the following discussion, we will denote the Laughlin
state with the filling factor νk = 1

2k+1 by |ψνk 〉, the null space
of the corresponding model Hamiltonian Ĥνk by HLaughlin−νk

(HL−νk for short in the figures) and the corresponding graviton
mode |ψνk ,q〉 = δρ̂q|ψνk 〉 with q → 0. The variational energy
of |ψνk+1,q〉 with respect to the model Hamiltonian Ĥνk is
given by

δEq→0 = �2bdy
mn cmdn

=
2k+1∑

m

(−1)mcm

28ηπ
× [2(m2 + m + 1)dm

− (m + 1)(m + 2)dm+2 − m(m − 1)dm−2] (21)
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where Ĥνk = ∑2k−1
m=1 cmLm(q2)e− q2

2 , cm > 0 and m can only be
odd. From Eq. (9) we know that

E0 = cmdnδm,n =
2k+3∑

m

cmdm = 0. (22)

Thus as long as cm > 0, the ground-state energy should al-
ways be zero. This is only possible when all the dm = 0 with
m < 2k + 3. We thus obtain

δEq→0 = 0. (23)

Hence we proved that the graviton mode of the Laughlin
state at ν = 1/(2k + 3) [Laughlin-1/(2k + 3) graviton mode
for short] should be contained in the null space of Ĥνk . In par-
ticular, the graviton mode at ν = 1/5 is the exact zero-energy
state of the V̂ 2bdy

1 pseudopotential. The latter can serve as the
model Hamiltonian for the graviton mode. This is true for all
the Laughlin states with ν < 1/3.

III. THREE-BODY INTERACTIONS

To study the low-lying excitations and especially the gravi-
ton modes of the non-abelian FQH phases, it is important
to extend the characteristic matrix formalism to the model
Hamiltonians with three-body interactions. This is because
the model Hamiltonians for the non-Abelian phases consist
of few-body pseudopotentials involving clusters of more than
two electrons [65,66]. Such interactions can also physically
arise from LL mixing [67–70]. Analogous to the two-body
case, for three-body interactions we can define the following
reduced structure factor for the unperturbed ground state:

S̄q1,q2
=

∑
i �= j �=k

〈ψ0|ρ̂ i
q1

ρ̂ j
q2

ρ̂k
−q1−q2

|ψ0〉

=
∑

i �= j �=k

〈
ψ0|eiq1aR̂a

i eiq2aR̂a
j e−i(q1a+q2a )R̂a

k |ψ0
〉

(24)

where the indices i, j, and k denote different electrons. Ad-
ditional notations for three-body calculations can be found in
Table II. A generic three-body Hamiltonian is given by

Ĥ3bdy =
∫

d2q1d2q2

(2π )4
Vq1,q2 ρ̂q1 ρ̂q2 ρ̂−q1−q2

−
∫

d2q1d2q2

(2π )4
Vq1,q2 (ρ̂q1+q2 ρ̂−q1−q2

+ ρ̂q1 ρ̂−q1 + ρ̂q2 ρ̂−q2 )

− Ne

∫
d2q1d2q2

(2π )4
Vq1,q2

=
∑

i �= j �=k

∫
d2q1d2q2

(2π )4
Vq1,q2 ρ̂

i
q1

ρ̂ j
q2

ρ̂k
−q1−q2

. (25)

Here Vq1,q2
denotes the effective three-body interaction. The

ground-state energy is thus given by the expectation value of

TABLE II. Definition of various symbols used in the three-body
calculations.

ρ̂ i
q1

Guiding center density operator of the ith
electron ρ̂ i

q1
= eiq1aR̂a

i

S̄q1,q2
Reduced three-body structure factor

Vq1q2
Three-body effective potential

q̃i Momentum components in Jacobi coordinates
Q̃i Square of q̃i

L(α)
k (q2) Generalized Laguerre polynomials

cm1m2 Expansion coefficients of three-body effective potential
effective potential

d̄n1n2 Expansion coefficients of reduced three-body
structure factor

�̃3bdy
m1m2n1n2

Three-body characteristic tensor
�̃0/+/−

m1m2n1n2
Diagonal/off-diagonal parts of the three-body

characteristic tensor

the Hamiltonian with respect to the ground state:

E0 =
∑

i �= j �=k

∫
d2q1d2q2

(2π )4
Vq1,q2〈ψ0

∣∣ρ̂ i
q1

ρ̂ j
q2

ρ̂k
−q1−q2

∣∣ψ0〉

=
∫

d2q1d2q2

(2π )4
Vq1,q2 S̄q1,q2

, (26)

which is analogous to the result in the two-body case. By
constructing the SMA state as Eq. (10) shows, the energy of
the graviton mode can be written as

δEq = 〈ψq|Ĥ3bdy|ψq〉
〈ψq|ψq〉 − E0

= 〈ψ0|[δρ̂−q, [Ĥ3bdy, δρ̂q]]|ψ0〉
2Sq

=
∑

i �= j �=k

∫
d2q1d2q2

(2π )4
Vq1,q2

× 〈ψ0|[δρ̂−q, [ρ̂ i
q1

ρ̂
j
q2 ρ̂

k−q1−q2
, δρ̂q]]|ψ0〉

2Sq
. (27)

For three-body interactions, it will be more convenient to
use the Jacobi coordinates, which can separate the degree of
freedom of the center-of-mass from other ones while main-
taining the commutation relations between coordinates:

R̂a
i j = 1√

2

(
R̂a

i − R̂a
j

)
R̂a

i j,k = 1√
6

(
R̂a

i + R̂a
j − 2R̂a

k

)
R̂a

i jk = 1√
3

(
R̂a

i + R̂a
j + R̂a

k

)
. (28)

As expected, after doing the coordinate transformations, the
Hamiltonian in Eq. (25) contains no center-of-mass term and
can be written as

Ĥ3bdy =
∑

i �= j �=k

∫
d2q̃1d2q̃2

3 × (2π )4
Vq̃1q̃2

eiq̃1aR̂a
i j eiq̃2aR̂a

i j,k , (29)
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which leads to a global linear transformation in the k space:

q̃1 = 1√
2

(q1 − q2),

q̃2 =
√

3

2
(q1 + q2).

(30)

The transformation to the Jacobi coordinates also enables us
to properly decompose the three-body calculations into the
product of two symmetric two-body ones, with the Laguerre-
Gaussian expansions of the effective three-body potential
given by

Vq̃1,q̃2
=

∑
m1m2

cm1m2 L(0)
m1

(
Q̃1

2

)
L(0)

m2

(
Q̃2

2

)
e− 1

4 (Q̃1+Q̃2 )
(31)

where L(i)
m (x) is the generalised Laguerre polynomials, and

i = 0 gives the usual Laguerre polynomials. Note that the
steps above are standard to deal with the three-body interac-
tions in FQH and a detailed derivation can also be found in
Ref. [47]. Without loss of generality only model Hamiltonians
are considered here, so for the three-body interactions we
take i = 0. The reduced three-body structure factor can be
expanded as

S̄q̃1,q̃2
=

∑
i;n1n2

dn1n2
i

√
n1!n2!

(n1 + i)!(n2 − i)!

(
q̃1

q̃2

)i

× L(i)
n1

(
Q̃1

2

)
L(−i)

n2

(
Q̃2

2

)
e− 1

4 (Q̃1+Q̃2 )

(32)

where i must be even integers because of the fermionic statis-
tics, |i| � n1 + n2 due to rotational invariance and Q̃ j ≡ |q̃ j |2.
Note that unlike the generic two-body case, the expansion of
three-body interaction also contains the generalized Laguerre
polynomials (when i �= 0). Because the generalised Laguerre
polynomials form a complete basis, any function of q̃1 and q̃2
can be expanded as in Eq. (32). Moreover, there seems to exist
a singularity in the expansion when |q̃ j | → 0, but in fact this
is not the case given that ∀i ∈ Z\N, |i| � n:

lim
|q̃ j |→0

q̃i
j × L(i)

n

(
Q̃ j

2

)
= 0. (33)

It is useful to consider the expansion of a three-electron
rotationally invariant state with zero center-of-mass angular
momentum in the magnetic field |ψ3〉 = ∑

n1,n2
αn1,n2 |n1, n2〉,

where the quantum number n1 denotes the relative momentum
between the first and the second electron, and n2 represents
the relative momentum between the center-of-mass of two
electrons and the third electron [28]. Due to the fermionic
statistics, the coefficients of expansion αn1,n2 are fixed with
an overall factor and their specific values can be found
in Ref. [71] and are also attached in the Supplemental
Materials [72]. Thus for any generic rotationally invariant
many-body wave function with zero center-of-mass angular
momentum, dn1n2

i should be proportional to the product of
two expansion coefficients of |n1, n2〉 based on Eq. (24):

dn1n2
i ∝ α∗n1,n2αn1+i,n2−i. (34)

This immediately leads to the conclusion that if dn1n2
0 = 0, all

the other dn1n2
i with the same indices n1 and n2 vanish as well.

By substituting Eq. (32) to the ground-state energy Eq. (26), a
set of equations on the expansion coefficients can be derived
from the orthogonality condition of the generalized Laguerre
polynomials, which gives the ground-state energy:

E0 = δm1,n1δm2,n2 cm1m2 dn1n2
0 . (35)

For model wave functions and the corresponding model
Hamiltonians, the ground-state energy is zero. Using the same
technique as the two-body case, we can write down the zeroth-
order term of the energy gap δẼq in the long-wavelength limit,
given as follows:

δẼq→0 =�i
m1m2n1n2

cm1m2 dn1n2
i

∝(�i
m1m2n1n2

αn1+i,n2−i )c
m1m2α∗n1,n2 , (36)

which means that the i-dependence in dn1n2
i can be absorbed

into the characteristic tensor. The final result is given by

δẼq→0 = �̃3bdy
m1m2n1n2

cm1m2 d̄n1n2

= (�0
m1m2n1n2

+ �+
m1m2n1n2

+ �−
m1m2n1n2

)

× cm1m2 d̄n1n2 × C (37)

where the constant C = −1/(26 × 3ηπ2) and we have defined
the factor:

d̄n1n2 ≡
∫

d2q̃1d2q̃2

(2π )4
S̄q̃1,q̃2

L(0)
n1

(
Q̃1

2

)
L(0)

n2

(
Q̃2

2

)
e− 1

4 (Q̃1+Q̃2 )

∝αn1,n2 =
∑
n1,n2

〈n1, n2|ψ3〉 (38)

The explicit expressions of the characteristic tensor compo-
nents are given by

�0
m1m2n1n2

= 2(n2
1 + n2

2 + n1 + n2 + 2)δn1,m1δn2,m2

− n1(n1 − 1)δn1,m1+2δn2,m2

− (n1 + 1)(n1 + 2)δn1,m1−2δn2,m2

− n2(n2 − 1)δn1,m1δn2,m2+2

− (n2 + 1)(n2 + 2)δn1,m1δn2,m2−2, (39)

which corresponds to the diagonal terms (i = 0) in the
Laguerre-Gaussian expansion of the structure factor. The
expression is also reminiscent of two copies of two-body
characteristic matrices given in Eq. (14). Meanwhile the
contributions from the off-diagonal terms in the reduced
ground-state structure factor are given by

�+
m1m2n1n2

= αn1+2,n2−2

αn1,n2

×
√

n1!n2!

(n1 + 2)!(n2 − 2)!

× (n1 + 1)(n1 + 2)(δm1,n1 − δm1,n1+2)

× (δm2,n2 − δm2,n2−2) (40)

and

�−
m1m2n1n2

= αn1−2,n2+2

αn1,n2

×
√

n1!n2!

(n1 − 2)!(n2 + 2)!

× (n2 + 1)(n2 + 2)(δm2,n2 − δm2,n2+2)

× (δm1,n1 − δm1,n1−2), (41)
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which correspond to i = +2 and −2 in Eq. (36). These terms
physically captures the contributions to the energy of the
graviton modes from different |n1, n2〉 components. Based on
the antisymmetric property of fermionic wave functions, n1

must be odd. Rigorous and detailed derivations on all the
results we have got so far can be found in the Supplemental
Material [72].

Note that compared to the existing methods of studying
the graviton modes, the characteristic tensor formalism can
determine the neutral gap with just the information of the
ground state, making the exact diagonalization to obtain ex-
cited energy spectra unnecessary. Since �

3bdy
m1m2n1n2 is universal

and independent of the microscopic details, for a given FQH
state with a model Hamiltonian or even realistic interaction,
once the numerical properties of the expansion coefficients
are determined, the behavior of the graviton mode can be fully
depicted by Eq. (37).

A. Model Hamiltonian of Laughlin-1/3 graviton mode

With the help of the three-body characteristic tensor for-
malism, now the behavior of the Laughlin-1/3 graviton mode
can be analytically discussed. From Eq. (38) and Eq. (34), we
can decompose d̄n1,n2 as follows:

d̄n1,n2 =
kn1+n2∑

i=1

λn1+n2,iA
n1,n2
i (42)

where kn1+n2 denotes the degeneracy of three-body pseu-
dopotentials (or the highest-weight three-body eigenstates
of the total angular momentum operator) with total relative
angular momentum n1 + n2; λn1+n2,i depends on the ground-
state wave function, but An1,n2

i are well defined as shown
in Ref. [71]. When there is no degeneracy in the highest
weight state wave function (i.e., kn1+n2 = 1, which is true
for n1 + n2 < 9), d̄n1,n2 can be considered to be proportional
to An1,n2

1 = |αn1,n2 |2. Thus from the ground-state energy in
Eq. (26), considering d1 = 0 which gives d1,n2 = 0 for this
state, we have

λ1+n2,1 = 0, for n2 = 2, 4, 5, 6, 7

⇒ λa,1 = 0, for a = 3, 5, 6, 7, 8

⇒ d̄n1n2 = 0, for n1 + n2 = 3, 5, 6, 7, 8. (43)

We have thus proved that the graviton mode of the Laughlin-
1/3 state lives in the null space of the following three-body
Hamiltonian:

Ĥ3bdy =
6∑

i=3

c̃iV̂
3bdy

i (44)

where c̃4 = 0 and c̃i > 0 otherwise. In another word, the
graviton mode is in the null space of the Haffnian model
Hamiltonian ĤHaffnian = V̂ 3bdy

3 + V̂ 3bdy
5 + V̂ 3bdy

6 as Fig. 1
shows. This Hamiltonian provides us with nonvanishing co-
efficients of cm1,m2 with m1 + m2 = 3, 5, and 6. Thus based on
Eq. (39), the energy of the graviton mode of the Laughlin-1/3
state is given by

δẼq =�̃3bdy
m1m2n1n2

cm1m2 d̄n1n2 = 0 (45)

FIG. 1. Hierarchy of the null spaces of different FQH states. The
null space of different model Hamiltonians can be organized as a
hierarchical structure in the full Hilbert space. Meanwhile the density
modes or more precisely, the graviton modes (denoted by the stars
with the corresponding colors) constructed from model ground states
live in the next larger null space. For example, the graviton modes
of Laughlin-1/3 phase (orange star) live in the Haffnian null space
(green circle), which contains the ground state and all the quasihole
states of the Haffnian model Hamiltonian. It is efficient to verify this
structure with the characteristic tensor formalism proposed in this
paper.

where the algebraic properties of �̃
3bdy
m1m2n1n2 make sure that only

the coefficients d̄n1n2 with n1 + n2 � 8 are involved.
We also illustrate the behaviours of d̄n1,n2 in Fig. 2, all the

bold coefficients are zero given by the ground-state energy
in Eq. (35) of the corresponding model Hamiltonian, denoted
by different colors. Meanwhile the fermionic statistics ensures
that all the gray coefficients have to vanish. Although the
black coefficients are generally not zero, none of them are
involved in the result. Thus one can prove that the graviton
mode energy of the Laughlin-1/3 state with the Haffnian
Hamiltonian is zero.

FIG. 2. Structure of the d̄n1n2 coefficients of the Laughlin-1/3
state. Here gray coefficients are zero because of the fermionic statis-
tics. Bold coefficients are zero because of the vanishing ground-state
energy (contributions from different three-body model Hamiltonians
are denoted by different colors). Black coefficients are unknown and
not necessarily zero. Note that here we omit the bars over the d̄n1n2

coefficients for simplicity.
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B. Moore-Read graviton mode

Based on the same idea, only two coefficients d̄30 and d̄12

of the Moore-Read state vanish from the ground-state energy,
so the energy gap of the corresponding graviton mode with
the Hamiltonian ĤMR = V̂ 3bdy

3 is given by

δẼq = �̃3bdy
m1m2n1n2

cm1m2 d̄n1n2

= c30
(
�̃

3bdy
3032 d̄32 + �̃

3bdy
3050 d̄50

) + c12
(
�̃

3bdy
1232 d̄32 + �̃

3bdy
1214 d̄14

)
= − 1

28 × 3ηπ2
× [c30(8d̄32 − 16d̄50)

+ c12(−24d̄32 − 16d̄14)]

∝ λ5,1 × (c30 + 3c12) (46)

where λ5,1 is the coefficient of the structure factor of the states
with the total angular momentum quantum number n1 + n2 =
5 as in Eq. (42), which is proportional to the expectation value
of V̂ 3bdy

5 with respect to the Moore-Read state and we have
used the ratio of the coefficients given in Ref. [71]:

α50 : α32 : α14 = −
√

5

4
:

1

2
√

2
:

3

4
. (47)

Thus the graviton mode energy of the Moore-Read state can
be determined by tuning c30 and c12. Furthermore, similar to
the Laughlin-1/3 state, the graviton mode of the Moore-Read
state should live in the null space of four-body interactions,
which will not be discussed in detail here.

C. Gaffnian graviton mode

For the Gaffnian state, the coefficients d̄30, d̄12, d̄50, d̄32,
and d̄14 vanish because of the model Hamiltonian ĤGaffnian =
V̂ 3bdy

3 + V̂ 3bdy
5 [only cm1,m2 with m1 + m2 = 3 and 5 can be

nonzero, so the coefficients dm1,m2 with the same indices have
to vanish to make the ground-state energy zero as Eq. (35)
shows]. Thus the energy gap of the corresponding graviton
mode can be written as

δẼq = c50
(
�̃

3bdy
5052 d̄52 + �̃

3bdy
5070 d̄70

)
+ c32

(
�̃

3bdy
3234 d̄34 + �̃

3bdy
3252 d̄52

)
+ c14(�̃3bdy

1416 d̄16 + �̃
3bdy
1434 d̄34)

= − 1

28 × 3ηπ2
× [c50(40d̄52 − 40d̄70)

+ c32(−16d̄34 − 80d̄52)

+ c14(−40d̄16 − 24d̄34)]

∝ λ7,1 × (5c50 + 2c32 + 9c14) (48)

where λ7,1 is the coefficient of the structure factor of the states
with the total angular momentum quantum number n1 + n2 =
7, which is proportional to the expectation value of V̂ 3bdy

7 with
respect to the Gaffnian state, and the ratio of the coefficients
given in Ref. [71] has been used:

α70 : α52 : α34 : α16 = −
√

21

8
:

1

8
:

√
15

8
:

3
√

3

8
. (49)

Thus the graviton mode energy of the Gaffnian state can
be determined by tuning c50, c32 and c14. Furthermore, there
exist no c30 or c12 terms in Eq. (48), which indicates that the
graviton mode of the Gaffnian state should live in the null
space of the Moore-Read model Hamiltonian V̂ 3bdy

3 . In partic-
ular, the variational energy of the Gaffnian graviton mode is
independent of the strength of V̂ 3bdy

3 in the Hamiltonian.

IV. NUMERICAL STUDY

As shown in Fig. 1, the theoretical derivations have re-
vealed the well-organized hierarchical structure of the null
space of multiple model Hamiltonians, in which the graviton
modes of different FQH states reside. For the graviton modes
to be experimentally relevant, they have to be low-lying states
in the excitation spectrum. For fully-gapped FQH phases, the
graviton modes are also gapped. Moreover, given they are
neutral excitations, for realistic interactions they may also
become gapless without affecting the robustness of the Hall
conductivity plateau [47,48,50]. We now proceed to perform
numerical calculations for the dynamical properties of the
graviton modes, using the theoretical tools developed in the
previous sections. We focus in particular on the Laughlin-1/5
state and the Gaffnian state, and discuss possible theoretical
and experimental consequences.

A. Laughlin-1/5 graviton mode

We have shown that the graviton mode of Laughlin-1/5
state lives within the null space of V̂ 2bdy

1 , and it is a quantum
fluid of Laughlin-1/3 quasiholes. If we look at a short-range
interaction with model Hamiltonians involving only V̂ 2bdy

1 and
V̂ 2bdy

3 , the dynamics of the graviton modes is completely con-
trolled by V̂ 2bdy

3 . It is thus useful to understand the low-lying
excitations of the following toy model:

ĤL = (1 − λ)V̂ 2bdy
1 + λV̂ 2bdy

3 (50)

The ground state is invariant when tuning the value of λ. In
contrast, the low-lying excitations can be qualitatively differ-
ent. In particular, when λ is close to zero, the graviton mode
and the magnetoroton modes should be the low-lying excita-
tions. On the contrary, if there exist states that are punished
by V̂ 2bdy

1 but not V̂ 2bdy
3 , then they will become the low-lying

states when λ is close to unity. Thus one can expect to see
the transition of the low-lying states when λ is continuously
increased from 0 to 1.

The results of the Laughlin states with 6 electrons are
shown in Fig. 3. While the ground state is invariant (Laughlin-
1/5 state, denoted by the dark red color in Fig. 3), the
low-lying excitations show a clear cross-over behavior. When
λ → 1, the density modes including the graviton modes and
the multi-magnetoroton modes, shown by red spectrum in
Fig. 3(a), are no longer low-lying excitations. The structure of
the Hilbert space in the LLL is illustrated in Fig. 3(b). The null
space of the Laughlin-1/5 model Hamiltonian (Laughlin-1/5
null space for short) denoted by the red circle is a proper
subspace of the Laughlin-1/3 null space(light-red part), the
complement space of which contains the states either only
punished by V̂ 2bdy

1 (blue circle), or punished by both V̂ 2bdy
1
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FIG. 3. Spectrum of the toy Hamiltonian ĤL with respect to 6
electrons and 26 orbitals. (a) As the color bar shows, the red dots
depict the spectrum of the density modes and the hollow-core modes
are denoted by blue dots. The color of each dot is determined by
calculating their collective overlap with all the density modes in
the Laughlin-1/3 null space HL-1/3, or all the hollow-core modes in
the complementary space H̄L-1/3. As λ increases, though the ground
state (denoted by dark red) stays invariant, the low-lying states show
a clear cross over behavior and transform from density modes to
hollow-core modes. (b) Illustrates the structure of the Hilbert space
and the relationship between the states and the model Hamiltonians.
The Laughlin-1/5 null space HL-1/5 (dark red circle) punished by
neither V̂ 2bdy

1 nor V̂ 2bdy
3 is the sub-space of HL-1/3 (only punished by

V̂ 2bdy
3 ). Meanwhile there exist the hollow-core modes (blue circle)

only punished by V̂ 2bdy
1 in H̄L-1/3. All of the other states are punished

by both V̂ 2bdy
1 and V̂ 2bdy

3 , living in the remaining part of H̄L-1/3.

and V̂ 2bdy
3 (light-blue part). We can refer to the blue states as

the “hollow-core” modes, since they live in the null space of
V̂ 2bdy

3 but out of the null space of V̂ 2bdy
1 [73–75].

It is useful to look more closely at the spectra of HL with
λ = 0.05 and λ = 0.95 as shown in the left panel of Fig. 4,
where the density modes including the graviton modes make
up the low-lying states when λ is close to 0. In contrast when λ

is close to 1, the energy of these states significantly increases
as expected so the low-lying excitations are replaced by the
hollow-core modes. To understand better the nature of the
low-lying states, one can also diagonalize ĤL in different sub-
Hilbert spaces, instead of the full Hilbert space of a single LL,
and to check if the truncation of the Hilbert space affects the
low-lying excitations. In the right panel of Fig. 4, the spectra
of the Hamiltonian diagonalized in the full Hilbert space are
shown, where the states that live almost entirely within the

FIG. 4. Spectra of the toy Hamiltonian ĤL diagonalized in dif-
ferent Hilbert spaces. The case with λ = 0.05 is shown in (a) and
λ = 0.95 in (b). In the left panel, one can clear observe the transition
of the low-lying states when λ increases from 0.05 to 0.95. These
states have different nature as explained in Fig. 5. In the right panel,
we zoom in on the spectra to the range E ∈ [0, 0.5] and mark the
states living in the Haffnian null space with green squares and other
states with blue dots. As expected, by using the CF picture, both the
density modes and the hollow-core modes live in the Haffnian null
space. Note that the lowest angular momentum of the hollow-core
modes is Lmin = 4 as can be seen in (b). Furthermore, the quantized
energy of the hollow-core modes (especially when λ → 0) can be
understood by using the root configurations in Eq. (51).

Haffnian null space are denoted by green squares. For both
cases, ĤL with λ = 0.05 (low-lying excitations consisted of
density modes) and λ = 0.95 (low-lying excitations consisted
of hollow-core modes), numerical studies show strong evi-
dence that all the low-lying states live in the Haffnian null
space. On the other hand, the graviton and the magnetoroton
modes live within the null space of V̂ 2bdy

1 (which itself is
a subspace of Haffnian null space), while the hollow-core
modes live outside of the V̂ 2bdy

1 null space.
We can also understand the differences between these two

types of low-lying states, by appealing to the intuitive picture
from the composite fermion (CF) theory [29,76]. Figure 5
illustrates the physical distinctions between the graviton
modes (low-lying states when λ = 0.05) and the hollow-core
modes (low-lying states when λ = 0.95). According to the
CF theory, the Laughlin-1/5 state of electrons can be reinter-
preted as the Laughlin-1/3 state of CFs as Fig. 5(a) shows,
because each CF contains one electron and two fluxes so
the filling factor becomes ν∗ = 1/(5 − 2) = 1/3. Similar to
the Landau levels of electrons, the discrete levels of CFs
are sometimes named as “� levels” [76]. The Laughlin-1/3
null space only contains the states in the first CF level. The
graviton and the magnetoroton modes are thus excitations
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FIG. 5. Nature of the low-lying states with different model
Hamiltonian in the composite fermion picture. (a) The Laughlin-1/5
state of the electrons can be reinterpreted as the Laughlin-1/3 state
of CFs consisted of one electron and two fluxes. (b) The graviton
modes can be understood as the excitations of CFs in the lowest CF
level. (c) The hollow-core modes are created by exciting CFs to the
second CF level, which still live in the Gaffnian null space.

within the partially filled first CF level, which are low-lying
excitations for small λ. In contrast, when λ approaches one,
the hollow-core modes come from the excitations of the CFs
into the second CF level, in some sense similar to the graviton
modes of the Laughlin-1/3 state. Some of the root configura-
tions containing one or more of the “hollow-core” modes can
be written as

11000000001000010000100001 · · · L = 4

11000000001100000000100001 · · · L = 8

11000000001100000000110000 · · · L = 12

(51)

with the lowest angular momentum L = 4, agreeing well with
Fig. 4(b). From these root configurations one can also under-
stand the quantized energy of the hollow-core modes. Indeed,
each pair of electrons in the root configuration (corresponding
to a CF in the second CF level) contributes a unit of energy.
Thus for six electrons, the highest energy should be ∼ 3 as
shown in Fig. 4(a).

B. Experimental significance

While we analyze the graviton modes above with only toy
models, they can give insights on the experimental measure-
ments of low-lying neutral excitations in FQH phases, using
for example Raman scattering or inelastic photon scattering
[52–54,77]. For the Laughlin phase at ν = 1/5, a short-range
realistic interaction (e.g., in the LLL, or with the Coulomb
interaction renormalized by sample thickness or screening
[78–80]), the graviton mode as well as the magnetoroton
modes will be more prominent. However, since the realistic
interaction cannot completely project out the complement of

the null space of V̂ 2bdy
1 , the graviton modes will always mix

with the hollow-core modes, so their experimental signals will
not be as clean as those from, for example, the Laughlin-1/3
phase.

With longer-range interactions (e.g., in higher LLs), it is
still possible for the Laughlin-1/5 state to be robust in the
sense that the plateau of the Hall conductivity can be observed
[81]. However, for such interactions, we do not expect clear
experimental signals of the graviton modes due to the strong
mixing with the hollow-core modes. If the realistic interac-
tion is short-ranged, but dominated by V̂ 3bdy

3 , there will be
no graviton modes (or quadruple excitations) at low energy.
Instead, the low-lying excitations are in the complement of the
null space of V̂ 2bdy

1 , and in particular the quasihole excitations
can be fractionalised and carry the charge of e/10. This is
analogous to the nematic FQH phase at ν = 1/3 observed in
the experiments, and the fractionalization of the Laughlin-1/3
quasiholes near the phase transition [82]. It would thus be
very interesting if the hollow-core modes, characterised by
fractionalised Laughlin-1/5 quasiholes, can be observed in
experiments.

There was also recent interest in the possibility of the
multiple graviton modes in FQH states [83–85]. Here we show
microscopically that at ν = 1/5, the Laughlin phase has only
a single graviton mode living in the null space of V̂ 2bdy

1 . In
particular, all the density modes are excitations in the lowest
CF level, and their coupling to higher CF levels are suppressed
by the short-range interaction. It is important to note from
our analytical proof that this is the direct consequence of the
fact that the Laughlin model wave function has exact zero
energy with respect to V̂ 2bdy

1 and V̂ 2bdy
3 . On the other hand,

the CF state at ν = 2/7, which can be understood as the
particle-hole conjugate of the Laughlin-1/5 state within the
lowest CF level, is no longer the exact zero-energy state with
respect to V̂ 2bdy

1 and V̂ 2bdy
3 . Thus the graviton mode of the

ν = 2/7 state will have components both within the null space
of V̂ 2bdy

1 and the complement of it. One can reinterpret this as
multiple graviton modes [55,59–61]: since the null space of
V̂ 2bdy

1 corresponds to the lowest CF level, the two graviton
modes indeed can be understood as geometric fluctuation
within the lowest CF level, as well as the geometric fluctuation
associated with the mixing between different CF levels. This
will lead to two resonance peaks of opposite chirality with
the Raman measurement, while the relative strength of the
two peaks depends on the microscopic details of the electron-
electron interaction.

C. Gaffnian graviton mode

The behaviours of the Gaffnian graviton modes at ν = 2/5
are not entirely the same as the Laughlin-1/5 case. Based on
the same idea, one can study these modes by diagonalizing the
following Hamiltonian:

ĤG = (1 − λ)V̂ 3bdy
3 + λV̂ 3bdy

5 (52)

The spectrum of the droplet with 10 electrons is shown in
Fig. 6. The density modes are still behaving as predicted by
the theoretical derivations, i.e., occupying the low-lying states
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FIG. 6. Spectrum of the toy Hamiltonian ĤG with respect to
10 electrons and 22 orbitals. (a) Shows the spectra of the model
Hamiltonian ĤG in Eq. (52). The low-lying states are density modes
even when λ is quite large, and the absence of hollow core modes
is different from the Laughlin-1/5 state in Fig. 3. (b) Illustrates the
structure of the Hilbert space and the relationship between the states
and the model Hamiltonians. All the states in the complementary
space of the Moore-Read null space are punished by both V̂ 3body

3

and V̂ 3body
5 .

of HG with λ → 0. However as shown in Fig. 6, when λ → 1
there exists no state in the Hilbert space that is only punished
by V̂ 3bdy

3 , so the null space of V̂ 3bdy
5 lies entirely within the

Gaffnian null space (also see Fig. 7). Thus there are no hollow-

FIG. 7. Spectra of the toy Hamiltonian ĤG diagonalized in the
full Hilbert spaces. The spectrum with λ = 0.05 is shown in the left
panel and λ = 0.95 in the right panel. As expected, when λ = 0.05
all the low-lying states (density modes) live within the Moore-Read
null space HMR. Meanwhile when λ = 0.95, all the states except the
ground state are in the complement of HMR within the LLL, denoted
by H̄MR.

(a)

(b)

d
n

d
n 3b
dy

FIG. 8. Finite size scaling of the structure factor coefficients of
different states. (a) The structure factor expansion coefficients of the
Laughlin-1/3 and the Laughlin-1/5 state. According to the orthog-
onality of Laguerre polynomials, dm of the Laughlin-1/m state is
equal to the expectation value of the model Hamiltonian V̂ 2bdy

m (thus
cm = 1) acting on this state. Thus the numerical results shown here
provide the value of the corresponding dimensionless coefficients
despite with the dimension of energy, which is true for (b) as well.
(b) The expectation value of V̂ 3bdy

7 with respect to the Gaffnian state
(≈0.04 in the thermodynamic limit), denoted by d7

3bdy, is significantly
smaller than other coefficients in the plot, where the expectation
value of V̂ 3bdy

5 with respect to the Moore-Read state is denoted by
d5

3bdy (≈1.6 in the thermodynamic limit).

core modes here in contrast to the case for the Laughlin-1/5
phase. It would be interesting to see if this is related to the
conjecture that the model Hamiltonian of Eq. (52) is gapless in
the thermodynamic limit at ν = 2/5, while the Laughlin-1/5
phase is gapped.

From Eq. (48), we know the graviton mode gap of the
Gaffnian state at ν = 2/5 is determined by the expectation
value of just V̂ 3bdy

7 with respect to the ground state, denoted by
d7

3bdy to be consistent with the two-body case in Fig. 8, where
the finite-size scaling of the structure factor coefficients of dif-
ferent states is shown. Previous numerical calculations show
evidence that in the thermodynamic limit, the gap of Eq. (52)
at λ = 0.5 closes in the L = 2 sector [48]. This is indeed the
sector of the graviton mode, and we have shown it is in the
null space of V̂ 3bdy

3 and its energy is entirely determined by
V̂ 3bdy

5 . Our numerical calculation is thus valid for a family of
model Hamiltonian of Eq. (52) parametrized by λ. It shows
that the graviton mode of the Gaffnian phase will likely go
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soft in the thermodynamic limit, as its variational energy is
an order of magnitude smaller than the graviton modes in the
Moore-Read phase. It is however also important to note that
the graviton mode energy gap of the Laughlin-1/5 phase is
also an order of magnitude lower than that of the Laughlin-1/3
phase, as shown in Fig. 8(a).

While the Gaffnian model Hamiltonian is a theoretical
model that is conjectured to be gapless and thus describing
a possibly critical point, it is also closely related to the gapped
Jain ν = 2/5 phase from short-range two-body interactions
[86–88]. It would be interesting to see how the graviton modes
at ν = 2/5 behave when we approach the critical point from
the gapped Jain phase at ν = 2/5. The finite numerical analy-
sis seems to suggest that both the charge gap and the neutral
gap will close, but with realistic interactions, we can also
entertain the possibility that the graviton modes of the Jain
ν = 2/5 phase can close first while the charge gap remains
open, in analogy to the nematic FQH phase that has been
observed in experiments at ν = 2 + 1/3 [89–91].

V. SUMMARY AND OUTLOOKS

In summary, we have presented a number of analytical
results for the variational energies of the graviton modes in
FQH phases. These results are rigorous in the thermodynamic
limit, for FQH states with any arbitrary two-body or three-
body interactions. In particular, we show that the variational
energies of the graviton modes are fully determined by the
ground-state wave function. In addition for short-range inter-
actions, only the leading terms of the ground-state structure
factor, when expanded in the proper Laguerre polynomial
basis, are involved in the computation of the graviton mode
energy. These analytical results allow us to construct model
Hamiltonians for these graviton modes, which are exact zero-
energy states of these Hamiltonians. We can thus determine
analytically if the graviton mode lives entirely within a certain
conformal Hilbert space, or if they have finite overlaps in dif-
ferent conformal Hilbert spaces. The latter gives microscopic
understanding of the multiple graviton modes proposed in the
effective field theory descriptions.

There are a number of proposals for the graviton modes to
be detected in experiments, but in general it is a difficult task
because of the high energy of such excitations. For many FQH
phases with Coulomb-based interactions in simple experi-
mental settings, the long-wavelength excitations are not the
lowest energy ones. The graviton modes thus have to compete

with multiroton and other neutral excitations. The analytical
results we have derived can be useful in understanding how
the graviton energy can be affected by realistic interactions,
and how we can tune such interactions to lower their varia-
tional energies. The generalisation to three-body interactions
in this work also allows us to treat Landau level mixing in
realistic systems [67–69,92,93], which can be significant in
higher LLs. Detailed studies of the graviton modes in the
context of real experimental parameters will be carried out
elsewhere. The softening of the graviton modes can also allow
us to understand potential “phase transitions” in topological
systems even when the ground-state topological properties
are invariant, as we explored numerically with the Laughlin-
1/5 state and the Gaffnian state with toy Hamiltonians in
this paper.

Even with the methodology and the analytical tools de-
veloped in this paper, the quantitative values of the graviton
energy in the thermodynamic limit cannot be determined
without numerical computations and finite size scaling. It is,
however, a much simpler procedure requiring the computation
of only the ground state and partial information about its static
structure factor, in contrast to the conventional ways requiring
the computation of many low-lying states. The universal char-
acteristic tensors derived in this paper show that the Hilbert
space of the FQH states are highly structured, and this formal-
ism can in principle be generalised to interactions involving
more than three particles. The dispersion of the graviton mode
can also be computed analytically by expanding the single
mode approximation to higher orders in momentum. At this
stage, both cases are algebraically very involved. It would
be useful in the future to carry out a more general and sys-
tematic calculation of the graviton energy and its dispersion
for any arbitrary Hamiltonians. This, combined with a nu-
merically more efficient way to obtain information from the
ground-state static structure factor (or the density correlation
functions), can lead to much better understandings of the
collective neutral excitations in non-Abelian FQH phases.

ACKNOWLEDGMENTS

We wish to thank A. Balram for alerting us to several recent
references. This work is supported by the Singapore National
Research Foundation (NRF) under the NRF fellowship award
No. NRFNRFF12-2020-0005, and a Nanyang Technological
University start-up grant (NTU-SUG).

[1] K. v. Klitzing, G. Dorda, and M. Pepper, New Method for High-
Accuracy Determination of the Fine-Structure Constant Based
on Quantized Hall Resistance, Phys. Rev. Lett. 45, 494 (1980).

[2] D. C. Tsui, H. L. Stormer, and A. C. Gossard, Two-Dimensional
Magnetotransport in the Extreme Quantum Limit, Phys. Rev.
Lett. 48, 1559 (1982).

[3] B. A. Bernevig and F. D. M. Haldane, Properties of Non-
Abelian Fractional Quantum Hall States at Filling ν = k/r,
Phys. Rev. Lett. 101, 246806 (2008).

[4] M. Banerjee, M. Heiblum, V. Umansky, D. E. Feldman, Y.
Oreg, and A. Stern, Observation of half-integer thermal Hall
conductance, Nature (London) 559, 205 (2018).

[5] M. Banerjee, M. Heiblum, A. Rosenblatt, Y. Oreg, D. E.
Feldman, A. Stern, and V. Umansky, Observed quanti-
zation of anyonic heat flow, Nature (London) 545, 75
(2017).

[6] R. B. Laughlin, Anomalous Quantum Hall Effect: An Incom-
pressible Quantum Fluid with Fractionally Charged Excitations,
Phys. Rev. Lett. 50, 1395 (1983).

[7] R. G. Clark, J. R. Mallett, S. R. Haynes, J. J. Harris,
and C. T. Foxon, Experimental Determination of Frac-
tional Charge e/q for Quasiparticle Excitations in the Frac-
tional Quantum Hall Effect, Phys. Rev. Lett. 60, 1747
(1988).

035144-12

https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.48.1559
https://doi.org/10.1103/PhysRevLett.101.246806
https://doi.org/10.1038/s41586-018-0184-1
https://doi.org/10.1038/nature22052
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevLett.60.1747


ANALYTIC EXPOSITION OF THE GRAVITON MODES IN … PHYSICAL REVIEW B 105, 035144 (2022)

[8] R. De-Picciotto, M. Reznikov, M. Heiblum, V. Umansky, G.
Bunin, and D. Mahalu, Direct observation of a fractional charge,
Phys. B: Condens. Matter 249, 395 (1998).

[9] L. Saminadayar, D. C. Glattli, Y. Jin, and B. Etienne, Obser-
vation of the e/3 Fractionally Charged Laughlin Quasiparticle,
Phys. Rev. Lett. 79, 2526 (1997).

[10] M. Reznikov, R. De Picciotto, T. G. Griffiths, M. Heiblum, and
V. Umansky, Observation of quasiparticles with one-fifth of an
electron’s charge, Nature (London) 399, 238 (1999).

[11] F. E. Camino, W. Zhou, and V. J. Goldman, e/3 Laughlin Quasi-
particle Primary-Filling ν= 1/3 Interferometer, Phys. Rev. Lett.
98, 076805 (2007).

[12] J. Nakamura, S. Liang, G. C. Gardner, and M. J. Manfra, Direct
observation of anyonic braiding statistics, Nat. Phys. 16, 931
(2020).

[13] D. T. McClure, W. Chang, C. M. Marcus, L. N. Pfeiffer,
and K. W. West, Fabry-Perot Interferometry with Fractional
Charges, Phys. Rev. Lett. 108, 256804 (2012).

[14] V. Goldman and B. Su, Resonant tunneling in the quantum Hall
regime: Measurement of fractional charge, Science 267, 1010
(1995).

[15] I. P. Radu, J. B. Miller, C. M. Marcus, M. A. Kastner, L. N.
Pfeiffer, and K. W. West, Quasi-particle properties from tunnel-
ing in the ν= 5/2 fractional quantum Hall state, Science 320,
899 (2008).

[16] X. Lin, C. Dillard, M. A. Kastner, L. N. Pfeiffer, and K. W.
West, Measurements of quasiparticle tunneling in the υ= 5 2
fractional quantum Hall state, Phys. Rev. B 85, 165321 (2012).

[17] V. Venkatachalam, A. Yacoby, L. N. Pfeiffer, and K. W. West,
Local charge of the ν= 5/2 fractional quantum Hall state,
Nature (London) 469, 185 (2011).

[18] K. T. Law, Probing non-Abelian statistics in ν = 12/5 quantum
Hall state, Phys. Rev. B 77, 205310 (2008).

[19] G. Moore and N. Read, Nonabelions in the fractional quantum
Hall effect, Nucl. Phys. B 360, 362 (1991).

[20] M. Freedman, A. Kitaev, M. Larsen, and Z. Wang, Topological
quantum computation, Bull. Amer. Math. Soc. 40, 31 (2003).

[21] S. Das Sarma, M. Freedman, and C. Nayak, Topologically Pro-
tected Qubits from a Possible Non-Abelian Fractional Quantum
Hall State, Phys. Rev. Lett. 94, 166802 (2005).

[22] M. P. Kaicher, S. B. Jäger, P.-L. Dallaire-Demers, and F. K.
Wilhelm, Roadmap for quantum simulation of the fractional
quantum Hall effect, Phys. Rev. A 102, 022607 (2020).

[23] D. Arovas, J. R. Schrieffer, and F. Wilczek, Fractional Statis-
tics and the Quantum Hall Effect, Phys. Rev. Lett. 53, 722
(1984).

[24] B. Blok and X.-G. Wen, Effective theories of the fractional
quantum Hall effect: Hierarchy construction, Phys. Rev. B 42,
8145 (1990).

[25] N. Read and E. Rezayi, Quasiholes and fermionic zero modes
of paired fractional quantum Hall states: The mechanism for
non-Abelian statistics, Phys. Rev. B 54, 16864 (1996).

[26] M. Baraban, G. Zikos, N. Bonesteel, and S. H. Simon, Numeri-
cal Analysis of Quasiholes of the Moore-Read Wave Function,
Phys. Rev. Lett. 103, 076801 (2009).

[27] R. B. Laughlin, Quantized Hall conductivity in two dimensions,
Phys. Rev. B 23, 5632 (1981).

[28] R. B. Laughlin, Quantized motion of three two-dimensional
electrons in a strong magnetic field, Phys. Rev. B 27, 3383
(1983).

[29] J. K. Jain, Composite-Fermion Approach for the Fractional
Quantum Hall Effect, Phys. Rev. Lett. 63, 199 (1989).

[30] B. A. Bernevig and F. D. M. Haldane, Model Fractional
Quantum Hall States and Jack Polynomials, Phys. Rev. Lett.
100, 246802 (2008).

[31] B. A. Bernevig and F. D. M. Haldane, Generalized clustering
conditions of Lack polynomials at negative Jack parameter α,
Phys. Rev. B 77, 184502 (2008).

[32] A. C. Balram, A non-Abelian parton state for the ν = 2 + 3/8
fractional quantum hall effect, SciPost Phys. 10, 083 (2021).

[33] J. K. Jain, Incompressible quantum Hall states, Phys. Rev. B 40,
8079 (1989).

[34] A. C. Balram, M. Barkeshli, and M. S. Rudner, Parton construc-
tion of a wave function in the anti-Pfaffian phase, Phys. Rev. B
98, 035127 (2018).

[35] A. C. Balram and A. Wójs, Fractional quantum Hall effect at
ν = 2 + 4/9, Phys. Rev. Research 2, 032035(R) (2020).

[36] S. M. Girvin, A. H. MacDonald, and P. M. Platzman, Magneto-
roton theory of collective excitations in the fractional quantum
Hall effect, Phys. Rev. B 33, 2481 (1986).

[37] S. M. Girvin and A. H. MacDonald, Off-Diagonal Long-Range
Order, Oblique Confinement, and the Fractional Quantum Hall
Effect, Phys. Rev. Lett. 58, 1252 (1987).

[38] B. Yang, Microscopic theory for nematic fractional quantum
Hall effect, Phys. Rev. Research 2, 033362 (2020).

[39] A. Bid, N. Ofek, H. Inoue, M. Heiblum, C. L. Kane, V.
Umansky, and D. Mahalu, Observation of neutral modes in
the fractional quantum Hall regime, Nature (London) 466, 585
(2010).

[40] H. Inoue, A. Grivnin, Y. Ronen, M. Heiblum, V. Umansky, and
D. Mahalu, Proliferation of neutral modes in fractional quantum
Hall states, Nat. Commun. 5, 4067 (2014).

[41] F. D. M. Haldane, Geometrical Description of the Fractional
Quantum Hall Effect, Phys. Rev. Lett. 107, 116801 (2011).

[42] K. Yang, Geometry of compressible and incompressible
quantum Hall states: Application to anisotropic composite-
fermion liquids, Phys. Rev. B 88, 241105(R) (2013).

[43] S. Golkar, D. X. Nguyen, and D. T. Son, Spectral sum rules and
magneto-roton as emergent graviton in fractional quantum Hall
effect, J. High Energy Phys. 01 (2016) 021..

[44] X. Luo, Y. S. Wu, and Y. Yu, Noncommutative Chern-Simons
theory and exotic geometry emerging from the lowest Landau
level, Phys. Rev. D 93, 125005 (2016).

[45] B. Yang, Z.-X. Hu, Z. Papić, and F. D. M. Haldane, Model
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