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Topological Luttinger semimetallic phase accompanied with surface states realized in silicon
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By means of systematically first-principles calculations and model analysis, a complete phase diagram of
the body-centered silicon (BC8-Si) via lattice constant a and internal atomic coordinate x is explored, which
demonstrates that BC8-Si is a topological Luttinger semimetal (LSM) accompanied with topologically nontrivial
surface states, and the electronic properties of BC8-Si can be further tuned to a normal insulator or topological
Dirac semimetal by very tiny changing of a and x. These results successfully explain the contradictory transport
reports of BC8-Si. More importantly, the topological surface states in the LSM phase fill in the gap between the
topological matters and silicon, which provide an opportunity to integrate the topological quantum devices and
silicon chips together.
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I. INTRODUCTION

Silicon is the most important material for electronic [1–3]
and photovoltaic industry [4–7] due to its excellent electronic
properties and mature technology. Especially, almost 90% of
electronic chips are equipped based on diamond cubic silicon
(DC-Si). Nonetheless, the miniaturization of Si-based chips is
facing the end of Moore’s law due to the limitation of quantum
effects [8]. Searching and devising the next generation of
electronic devices are the most urgent and challenging tasks
[9,10].

In the past decades, topological matters with nontrivial
boundary modes have attracted intensive attentions due to
their novel properties [11–15], such as backscattering sup-
pression [16–20], spin-momentum locking [21–24], and non-
Abelian braiding [25–27], which are expected to be a signifi-
cant platform for the next-generation electronic and spintronic
devices [28,29]. In order to integrate the topological quantum
devices and silicon chips, it is highly desirable to realize
the topological boundary modes in silicon [30–39]. However,
these two fields have no overlap until now, because DC-Si is
well known as a semiconductor without band inversion, which
makes it impossible to hold the topological boundary modes.

Fortunately, silicon has more than 13 allotropes [40,41].
Among them, a body-centered cubic structure, named as
BC8-Si, was reported to be stabilized under ambient condi-
tions [42–44], but its electronic properties are under debate
[45–49]. While previous experiments and calculations sug-
gest that BC8-Si is a semimetal with band overlap [45,47–
49], a contrary literature reports that it is a narrow-band-gap
semiconductor recently [46]. In particular, the topological
properties of BC8-Si have never been studied yet. In this
paper, by means of the first-principles calculations, we in-
vestigate the electronic and topological properties of BC8-Si
systematically, and demonstrate that it is a topological Lut-
tinger semimetal (LSM) with band inversion, on the surface
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of which, topological surface states can be stabilized. More-
over, our numerical results indicate that the electronic and
topological properties of BC8-Si are sensitive to the lattice
constant a and internal atomic coordinate x. A complete phase
diagram via a and x is explored, which demonstrates that the
topological LSM phase of BC8-Si can be tuned to a normal
insulator (NI) without band inversion or a topological Dirac
semimetal (DSM) by very tiny changing of a and x. Such
changing can be achieved by varying the applied pressure dur-
ing crystal synthesis [50–53]. Our results successfully explain
the controversial reports on electronic properties of BC8-Si.
More importantly, the topological properties of BC8-Si fill in
the gap between the topological matters and silicon, which
provides an opportunity to integrate the next-generation elec-
tronic quantum devices and silicon chips.

II. CRYSTAL STRUCTURE AND METHODOLOGY

As shown in Fig. 1(a), BC8-Si adopts the body-centered
cubic lattice with space group Ia-3 (No. 206), where the
lattice constant a equals 6.636 Å and Si atoms are located
at 16c Wyckoff position with coordinate x = 0.1003 [51,52].
These most reported experimental crystal parameters are used
in our calculations, otherwise they will be explicitly pointed
out. Compared with DC-Si, Si atoms form a slightly distorted
tetrahedral structure with two types Si-Si distance A = 2.305
Å and B = 2.391 Å in BC8-Si. The first Brillouin zone (BZ)
of the primitive cell and its projection on the (001) surface
of the unit cell are displayed in Fig. 1(b). Our first-principles
calculations are performed by the Vienna ab initio simu-
lation package [54,55] with the projected augmented wave
method [56]. The energy cutoff is set as 400 eV, and 7 ×
7 × 7 k meshes are adopted. Perdew-Burke-Ernzerhof type of
the exchange-correlation potential [57], and Heyd-Scuseria-
Ernzerhof (HSE06) hybrid functional [58] are used to obtain
accurate electronic structures. The accuracy of HSE06 is
double checked by the quasiparticle self-consistent GW0

method [59]. As shown in the Supplemental Material (SM)
[60], detailed comparisons reveal that the electronic structures
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FIG. 1. (a) Unit cell of the body-centered cubic silicon, BC8-Si,
with space group Ia − 3 (No. 206), where two types of Si-Si bond
length A = 2.305 Å, B = 2.391 Å are labeled. (b) BZ of the primitive
cell with high-symmetry path and its projection on the (001) surface
of the unit cell.

of BC8-Si have a slightly functional dependency. Considering
that HSE06 with mixing factor 0.35 has been confirmed to
well reproduce the experimentally observed band dispersion
of BC8-Si in Ref. [46], we would adopt it to study the main
results in our paper. Spin-orbit coupling (SOC) interaction is
considered consistently. Symmetry preserving Wannier func-
tions are constructed by the Wannier90 package [61]. The
surface states are calculated by iterative Green’s function
method as implemented in the WannierTools package [62].

III. LUTTINGER SEMIMETAL

The electronic configuration of Si atom is 3s23p2. Because
each Si atom is tetrahedrally connected with the other four Si
atoms, the main chemical bonding in BC8-Si is sp3 hybridiza-
tion [63], which is similar to the chemical bonding in DC-Si
[64]. As a result, the calculated band structures in Fig. 2(a)
show that the sp3 bonding states are almost fully occupied
and contribute to the valence bands, while the sp3 antibonding
states are almost empty and form conduction bands. However,
different from semiconductor DC-Si, one antibonding state
|ab〉− with H−

1 irreducible representation (IRR) in BC8-Si is
lower than its bonding states |b1〉+, |b2〉+, |b3〉+ with H+

4 IRR
at H point as shown in the inset of Figs. 2(a) and 2(b), where
the superscript +/– denotes parity. Then the band inversion
in BC8-Si makes it a semimetal, which agree with previous
experimental and theoretical studies well [45,47–49]. Due to
the presence of inversion symmetry (I) and time reversal sym-
metry (T ), each band in BC8-Si is doubly degenerate at every
momentum k, which means that the band touching at Fermi
level (EF ) is fourfold degenerate. Furthermore, the dispersion
around the fourfold degenerate node is always parabolic as
shown in Fig. 2(b), which indicates that BC8-Si is a LSM.

IV. MODEL ANALYSIS

To understand the low energy band structures in BC8-Si
shown in Fig. 2(b), we construct a k · p model at H point,
where the vector group is Th with generators C100

2 , C111
3 and

I . By including the SOC effect, the basis can be written in

FIG. 2. (a) The calculated band structures of BC8-Si, red and
blue circles indicate the projection to the antibonding states and
bonding states, respectively. (b) The fitted band structures by the
eight-band k · p model and first-principles calculations. (c) The topo-
logical phase diagram of the 2D nodal semimetal in the (β0, βz)
plane, where the parameters of BC8-Si’s reduction is marked by the
red circle. (d) The calculated LDOS illustrates the topological surface
mode on the (001) surface of the unit cell.

the |J, Jz〉 representation, where J represents the total angular
momentum and Jz represents its z-direction component.
Based on the chemical bonding analysis, we define the
new basis as �[| 3

2 , 3
2 〉+ = 1√

2
| − (b1 + ib2),↑〉+, | 3

2 , 1
2 〉+ =

1√
6
|(b1 + ib2),↓〉+ −

√
2
3 |b3,↑〉+, | 1

2 , 1
2 〉+ = 1√

3
| − (b1 +

ib2),↓〉+ − 1√
3
|b3,↑〉+, | 1

2 , 1
2 〉− = |iab,↑〉−], and T �. The

full Hamiltonian takes the form (see more details in Sec. II of
SM [60])

H =
[

h↑↑(k) h↑↓(k)

−h∗
↑↓(−k) h∗

↑↑(−k)

]
,

h↑↑(k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

M1(k) t6k−kz√
3

t6k−kz√
6

t5k−√
2

t6k+kz√
3

M0(k) −V2(k)
√

2
3 t5kz

t6k+kz√
6

−V2(k) M2(k) t5kz√
3

t5k+√
2

√
2
3 t5kz

t5kz√
3

M3(k)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

h↑↓(k) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 V1(k) −√
2V1(k) 0

−V1(k) 0 t6k−kz√
2

− t5k−√
6√

2V1(k) − t6k−kz√
2

0 t5k−√
3

0 − t5k−√
6

t5k−√
3

0

⎤
⎥⎥⎥⎥⎥⎥⎦
, (1)

where

M0(k) = Eb + λ + 1

6

[
(t1 + 4t2 + t3)k2

x + (4t1 + t2 + t3)k2
y + (t1 + t2 + 4t3)k2

z

]
,

M1(k) = Eb + λ + 1

2

[
(t1 + t3)k2

x + (t2 + t3)k2
y + (t1 + t2)k2

z

]
,

035136-2



TOPOLOGICAL LUTTINGER SEMIMETALLIC PHASE … PHYSICAL REVIEW B 105, 035136 (2022)

TABLE I. Fitted parameters of k · p Hamiltonian at H point.

t1 t2 t3 t4 t5 t6 Eb Eab λ

eV Å2 eV Å2 eV Å2 eV Å2 eV Å eV Å2 eV eV eV

−4.638 −8.636 −20.098 11.662 −2.413 −8.5 0.0 −0.063 0.015

M2(k) = Eb − 2λ + 1

3
(t1 + t2 + t3)

(
k2

x + k2
y + k2

z

)
,

M3(k) = Eab + t4
(
k2

x + k2
y + k2

z

)
,

V1(k) = 1

2
√

3

[
(−t1+t2)k2

z +(−t2 + t3)k2
y + (t1 − t3)k2

x + 2it6kxky
]
,

V2(k) = 1

3
√

2

[
(t1 + t2 − 2t3)k2

z + (t1 − 2t2 + t3)k2
x + (−2t1 + t2 + t3)k2

y

]
,

k± = kx ± iky.

Eb and Eab are the on-site energies of bonding and anti-
bonding states, respectively. t1, t2, t3, and t4 are the mass
terms in bonding and antibonding subspace. t5 is the cou-
pling between the bonding and antibonding subspaces, while
t6 is the coupling within the bonding subspace. λ is the
atomic SOC strength. We use the effective model to fit the
first-principles calculations and tabulate the fitted parameters
in Table I. The fitted band structures (red) agree with the
first-principles calculations very well, as plotted in Figs. 2(b)
and S3. The Hamiltonian in Eq. (1) explicitly shows that
the energy difference between |J = 1

2 〉− and |J = 3
2 〉+ at H

point can be described as � = Eab − Eb − λ. According to
the fitted parameters list in Table I, we get �= –78 meV <0,
which means that the band inversion is well reproduced by
our model and parameters. One important consequence of the
band inversion is that the fourfold degenerate node formed by
the |J = 3

2 〉+ states is left at the EF exactly. Since k2 is the
leading order in the |J = 3

2 〉+ subspace, the band dispersion
around the fourfold degenerate node are always parabolic.
These results theoretically clarify that BC8-Si is a LSM with
band inversion.

V. TOPOLOGICAL CHARACTERS

Maxim Kharitonov et al. have reported that the four-band
3-dimensional LSM is topological and can exhibit surface
states, if its 2-dimensional (2D) reductions to some planes
in momentum space passing the quadratic node are topologi-
cally nontrivial [65]. The topological properties of the reduced
2D nodal semimetal are determined by the phase diagram in
( |β0|
|β⊥| ,

|βz |
|β⊥| ) parameter plane, as shown in Fig. 2(c) [65]. Here,

β⊥ is the coefficient of the Pauli matrix σx,y characterizing a
chiral symmetric of 2D LSM, and β0, βz are the coefficients
of σ0 and σz describing the breaking of the chiral symmetry.
In Fig. 2(c), the gray region |β0| >

√|β⊥|2 + β2
z means that

the system is no longer a semimetal, the pink region labeled
by 0 is trivial semimetal, the blue and yellow region labeled
by topological number 1 and 2 are the nontrivial LSM accom-
panied by one and two edge states, respectively.

To explore the topological properties of BC8-Si, the eight-
band model in Eq. (1) is downfolded to four-band Hamiltonian

by perturbation theory [66]. The details of downfolding are
shown in the Sec. III of SM [60]. Under the basis of | 3

2 , 3
2 〉+,

| 3
2 , 1

2 〉+, | 3
2 ,− 3

2 〉+ and | 3
2 ,− 1

2 〉+, a new Hamiltonian describ-
ing the low energy physics of LSM in BC-8 Si is written as

H4×4 = H0 + Hc,

H0 = 1

2
(M0(k) + M1(k))τ0σ0 + 1

2
(M1(k) + M0(k))τ0σz

− Re(V1(k))τyσy − Im(V1(k))τxσy

+ t6√
3

(kxkzτ0σx + kykzτzσy),

Hc = t2
5

−�

[
1

2
(M ′

0(k) + M ′
1(k))τ0σ0

+ 1

2
(M ′

1(k) + M ′
0(k))τ0σz

− 1

2
√

3
[−k2

// τyσy + 2kxkyτxσy]

+ 1√
3

(kxkzτ0σx + kykzτzσy)

]
. (2)

τ0 and σ0 are the 2 × 2 identity matrices, τx,y,z and σx,y,z

represent the orbital and spin space, respectively. H0 is the
|J = 3

2 〉+ subspace of the eight-band model in Eq. (1), Hc

is the influence part from |Jz = ± 1
2 〉− states, in which k2

// =
k2

x + k2
y , M ′

0(k) = 1
6 k2

// + 2
3 k2

z , M ′
1(k) = 1

2 k2
// .

Taking a similar procedure as in Ref. [65], one can reduce
Eq. (2) into two 2 × 2 2D models by assuming kz = 0. One of
them under the basis of | 3

2 , 3
2 〉+, | 3

2 ,− 1
2 〉+ is written as

H2×2 =
[ α+γ

4 k2
//

ω+η

4
√

3
k2
−

ω+η

4
√

3
k2
+

δ+ζ

12 k2
//

]
+ t2

5

−�

⎡
⎣ k2

//

2 − k2
−

2
√

3

− k2
+

2
√

3
1
6 k2

//

⎤
⎦+ Hanis,

(3)

with α = t1 + t3, γ = t2 + t3, δ = t1 + 4t2 + t3, ζ = 4t1 +
t2 + t3, ω = −t2 + t3, η = t1 − t3. The other Hamiltonian is its
conjugate under the basis of | 3

2 ,− 3
2 〉+, | 3

2 , 1
2 〉+. Thus, we can
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FIG. 3. (a) Phase diagram of BC8-Si under strain in the range
of (–0.5%, +0.5%). (b) The band structures of NI, the inset is
the projected band structures around H point, red and blue circles
indicate the projection to the antibonding states and bonding states,
respectively.

just study the coefficients of Eq. (3) separately to determine
the topological properties of the 2D quadratic model (see
more details in Sec. IV of SM [60]). With parameters given in
Table I, the calculated |β0|

|β⊥| ,
|βz |
|β⊥| are 0.7804 and 0.5733, which

corresponds to a phase point as marked by a red circle in
Fig. 2(c) that belongs to the nontrivial region with topological
number 1. Our numerical results strongly imply that BC8-Si is
a topological LSM, and one surface state is anticipated on the
surface. To prove that, the maximally localized Wannier func-
tions for antibonding and bonding states are constructed. The
local density of states (LDOS) on the (001) surface are calcu-
lated based on the maximally localized Wannier functions by
using Green’s function method. As shown in Fig. 2(d), one
topological surface state as a parabola going upwards at �̄

presents clearly, which confirms the topologically nontrivial
characters of BC8-Si. Such parabolic type of surface states are
different from the surface states in other topological materials
such as topological insulator or topological DSM [67,68]. We
notice that the same topological surface states can also be
observed in (100) and (010) plane due to the presence of
C111

3 . Further angle-resolved photoemission spectroscopy ex-
periment is highly desirable to verify such topological surface
states in BC8-Si.

VI. PHASE DIAGRAM

Since it has been reported that the electronic property of
BC8-Si is sensitive to lattice constant a and internal atomic
coordinate x [45,46], we further investigate their impacts
on the band structures and topological properties by first-
principles calculations. The calculated phase diagram with
various a and x consists of three subregions, NI, topological
LSM and DSM, labeled by different colors in Fig. 3(a). Our
results demonstrate that the electronic properties of BC8-Si
are more sensitive to the atomic coordinate x. In general, pres-
sure will shorten the atomic distance and compress the lattice
parameters by increasing x and compressing a concurrently
[69]. We have investigated many reported structure param-
eters of BC8-Si, and found that they are slightly different.
For the most reported parameters in atmosphere [51,52], it
falls into the topological LSM phase as marked by the red
star in Fig. 3(a). Under the pressure of 2 ∼ 10 Gpa, BC8-Si
becomes topological DSM with a = 6.6218 ∼ 6.6276 Å and
x = 0.1014 ∼ 0.1018 [48,53] as marked by red triangles in

FIG. 4. (a) Band structures of topological DSM. (b) IRRs of
DSM bands around EF . (c) Enlarged projected band structures along
P − H around the Dirac point. (d) The calculated LDOS of DSM on
its (001) surface of the unit cell, where black dot represents location
of projected Dirac point.

Fig. 3(a). In contrast, it falls into NI region with enlarging
a and decreasing x as colored by turquoise. This means that
various electronic states of BC8-Si illustrated in Fig. 3(a) can
be obtained by applying external force, as discussed in α-Sn
[70] and Cu2Se [71].

VII. NORMAL INSULATOR

Actually, different structural parameters, and even different
electronic states can be accessed by varying the synthe-
sis conditions [50–52,69]. Previous optical spectroscopy and
electrical conductivity measurements [46] indeed show that
BC8-Si fall into the semiconducting phase with an ultra
narrow direct band gap, which corresponds well to the NI
phase in Fig. 3(a). In Fig. 3(b), by using a = 6.636 Å and
x = 0.0997 as marked by a red hexagon in Fig. 3(a), we plot
the calculated band structures as a representation of the NI
state, which give rise to a direct band gap of 5 meV at H
point. Different from the topological LSM phase, the energy
difference � is positive in the NI phase, which is clearly illus-
trated by the orbital projections shown in the inset of Fig. 3(b).
Finally, we would like to emphasize that the coordinate x only
changes about 0.6% from the topological LSM in Fig. 2 to this
NI phase, which is totally feasible by changing the applied
pressure during crystal synthesis.

VIII. DIRAC SEMIMETAL

We next discuss the DSM phase, which can be obtained
by applying a compressive strain to the topological LSM
phase. The internal coordinate x = 0.1018 is adopted, which
has been reported in another experiment [53]. The calculated
band structures and corresponding IRRs of DSM are shown
in Figs. 4(a) and 4(b). As shown in Figs. 4(a) and 4(c), the
band inversion � is obviously enhanced to –256 meV in
DSM, comparing to –78 meV in LSM phase. This makes the
fourfold degenerate node lift above the EF . As a result, the

035136-4



TOPOLOGICAL LUTTINGER SEMIMETALLIC PHASE … PHYSICAL REVIEW B 105, 035136 (2022)

low energy physics is determined by the crossing between
|Jz = ± 3

2 〉+ and |Jz = ± 1
2 〉− states. In general, the SOC inter-

action would open a hybridization gap at all the crossing point
of |Jz = ± 3

2 〉+ and |Jz = ± 1
2 〉− states as shown in the inset of

Fig. 4(a). However, on the H − P path, due to the presence
of C111

3 , |Jz = ± 3
2 〉+ states have the E + E [72] IRRs, while

|Jz = ± 1
2 〉− states have E1 + E2 [72] IRRs. They could cross

each other exactly and form a Dirac point close to the EF as
shown in Fig. 4(c). According to the above discussions, the
DSM phase in BC8-Si is similar to that of Na3Bi, both of
them are protected by C3, I and T [68]. Therefore, Fermi arcs
formed by the topological surface states would be expected on
its surface. By constructed the maximally localized Wannier
functions, we carry out the Green’s function calculations on
the semi-infinite (001) surface of the unit cell, and plot the cor-
responding LDOS in Figs. 4(d) and S4, which evidently show
two Fermi arcs originated from the projected Dirac point as
have been reported in other DSMs [14,68]. We also calculate
the LDOS on the (111) surface of the unit cell, and display
them in Fig. S5. However, it is more difficult to distinguish
the Fermi arcs and their connection, because the Dirac points
and the Fermi arcs are hybridized drastically with bulk bands
(see more details in Sec. V of SM [60]).

IX. CONCLUSIONS

The electronic and topological properties of BC8-Si are ex-
plored by the first-principles calculations and model analysis.
It demonstrates that BC8-Si is a topological LSM character-
ized by the band inversion at H point and one quadratic node
is located at EF exactly, which can hold the stabilized topo-
logical surface state on its (001) surface of the unit cell. Our
calculations further suggest that LSM can be tuned to a NI or
topological DSM by tiny changing of the crystal parameters,
which can be achieved by the variation of the applied pressure
during crystal synthesis. These results can well explain the
previous contrary reports on the electronic properties of BC8-
Si. More importantly, the topological surface states in BC8-Si
could be a good connection between the topological quantum
devices and silicon chips, which will stimulate more efforts
on the promising electronic devices.
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