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We study the time evolution of spin squeezing in the one-dimensional spin-1/2 XY model subject to a sudden

quantum quench of a transverse magnetic field. The initial state is selected from the ground state phase diagram
of the model, consisting of ferro- and paramagnetic phases separated by a critical value of the transverse field.
Our analysis, based on exact results for the model, reveals that by a proper choice of protocol, a quantum quench
from an unsqueezed state can create spin-squeezed nonequilibrium states. Moreover, we identify a nonanalyticity
in the long-time average of the spin-squeezing parameter when quenching to the equilibrium quantum critical
point. This suggests that the ferro- and paramagnetic phases also define distinct phases for how the transverse
field redistributes quantum fluctuations among the spin components away from equilibrium.

DOL: 10.1103/PhysRevB.105.024425

I. INTRODUCTION

As is well known, noncommuting observables in quantum
systems are subject to intrinsic uncertainty. The Heisenberg
uncertainty principle puts a limit on the product of variances
of such observables—the different components of a spin op-
erator being prime examples. A minimum-uncertainty state
where all components of the collective spin operator of an
ensemble of spinful particles have the same variance is called
a coherent spin state [1]. The phenomenon of spin squeez-
ing refers to the redistribution of quantum fluctuations in a
minimum-uncertainty state whereby the variance of one of
the spin components becomes smaller than those of the other
components [2—4].

The study and experimental use of spin squeezing has
attracted a lot of interest in recent years. Examples of the
latter include spin squeezing as a tool to produce [5] and detect
[6-8] quantum entangled states. Within the field of quantum
metrology [9], spin squeezing has figured prominently as a
means to improve on atomic precision measurements beyond
the standard quantum limit (defined as the maximum phase
sensitivity achievable with separable states) [3,10-23]. The
last two decades have also seen advances in the theoretical
understanding of various aspects of spin squeezing [6,24—
39]—from its creation by interactions in optical lattices [24]
to its use in protocols for programmable quantum sensors
[36]. Insights thus gained touch on fundamentals, such as the
recognition that extreme spin squeezing appears at the quan-
tum critical point of the Ising model in a transverse field,
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signaling an enhanced growth of entanglement at quantum
criticality [34].

The prototype setting for spin squeezing is modeled
by the one-axis twisting (OAT) Hamiltonian [2,4], built
from uniform, infinite-range Ising interactions. Experimen-
tal implementations include collisional interactions between
delocalized atoms [40,41], and interactions mediated by cou-
pling to phonons [42,43] or cavity modes [44-46]. In an
idealized protocol, the system is initialized in a coherent state
of N polarized spins. The OAT Hamiltonian is then applied,
causing a shear of the Gaussian-type spin distribution, leading
to a spin-squeezed state with a reduced variance along some
axis. The dynamics controlled by the OAT Hamiltonian can
be solved analytically, making this model widely used and
studied. However, experimental platforms relying on uniform
infinite-range interactions come with their own challenges,
spurring interest in more easily controllable realizations or
simulations of OAT-type models where the spin interactions
fall off with distance as a power law [47-49] or extend only
to nearest neighbors [50]. Of special interest is to find out
under what conditions short-range or power-law interactions
can produce spin squeezing that scales with the system size
[51,52], with an eye toward applications with cold atomic
gases [53,54], Rydberg atoms [55], and trapped ions [42]. This
line of research also aims to find out about the dynamics of
spin squeezing, largely motivated by advances in experiments
on cold atoms and trapped ions out of equilibrium [56].

Here we try to contribute to this effort by studying the
time evolution of spin squeezing realized in a spin-1/2 XY
chain in a transverse magnetic field after a sudden quench,
with the transverse field Ising chain contained in the model
as a special case. Different from the standard spin-squeezing
protocol where the system is initialized in a coherent state [4],
we conceive the system to be prepared in the ground state of
the initial Hamiltonian—which may or may not be coherent.
After a sudden change of the strength of the magnetic field, the
presence of spin squeezing is looked for as the state evolves
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with time. Our choice of the XY chain as a case study is
motivated by its simplicity, allowing for a well-controlled
study, but also because the model is integrable. This means
that it does not thermalize once having been taken out of
equilibrium [57,58]. This is so since the quasiparticles excited
by a quench do not follow the standard Gibbs distribution but
rather a generalized Gibbs ensemble (GGE) [59]. While not a
main theme of our work, it does provide a link to future studies
of spin-squeezing dynamics in the realm of GGE physics.

The equilibrium phase diagram of the XY chain at zero
temperature exhibits two regions: a ferromagnetic phase with
a spontaneously broken Z, symmetry in the thermodynamic
limit, separated from a paramagnetic phase by a quantum
phase transition at a critical value 7 = h, of the magnetic field
[60,61]. Depending on the strength of the magnetic field z and
the amount of anisotropy of the spin interaction, measured
by a parameter §, the ground state can further be classified
as being unsqueezed, spin coherent, or spin squeezed. By
studying the dynamics of spin squeezing we show that by
properly adjusting the control parameter / (keeping § fixed)
we are able to achieve squeezed states from a quantum quench
even when the initial state is neither coherent nor squeezed.

Our results reveal that the long-time average &2 of the
parameter which quantifies the amount of time-dependent
spin squeezing in the system — the spin-squeezing parame-
ter £2(t) [2] — exhibits a nonanalyticity at the equilibrium
quantum critical point z=h,. This ties in to a recent finding
of a nonanalyticity in the spin-squeezing parameter at the
quantum critical point of the Lipkin-Meshkov-Glick model
[62] and suggests that the way the transverse field redistributes
quantum fluctuations among the spin components undergoes
a phase transition at h=h,.

We also establish that there is a universality in the revival
times for the spin squeezing in a finite system. Specifically, the
revival times do not depend on the initial state or the size of the
quench and are given by integer multiples of the revival period
Tiey = N/2vp,, with N the system size and vy, the maximal
group velocity of quasiparticles excited by the quench. This
mirrors known results for revival times for the Loschmidt echo
[63—65] and maximal quantum Fisher information [66—68] for
quenched quantum many-body systems.

The rest of the paper is laid out as follows: In Sec. II we
present the model and review its exact solution. Section III
presents the key formulas and theoretical approach that un-
derpin our analysis. Results, with numerical plots illustrating
the dynamics of the spin-squeezing parameter for various
quench scenarios, are presented in Sec. IV. This section,
which is separated into three parts corresponding to squeezed,
unsqueezed, and spin-coherent initial states, also contains nu-
merical results for the time dependence of the variance of the
mean spin direction. Section V presents results for the revival
structure of the spin-squeezing parameter, with focus on the
universality of the revival time. Section VI, finally, contains a
summary and outlook.

II. XY CHAIN IN A TRANSVERSE FIELD

The Hamiltonian of the one-dimensional spin-1/2 XY
model in the presence of a transverse magnetic field is given

by

N N
H=—I) [A+8SS,+1 =SS ]—h) S,
n=1

n=1
(1)

where the components of the spin operators S¥ on site n
are represented by Pauli matrices, S¥ = o/ /2 for u = x, y, z,
J > 0 denotes the ferromagnetic exchange coupling, and §
and h are the anisotropy parameter and magnitude of the
magnetic field, respectively. We here consider the case of pe-
riodic boundary conditions, Sr’f N = Sk, with N the number of
lattice sites. We further restrict the anisotropy parameter to the
interval (0,1], with § = 1 the Ising chain in a transverse field.
Note that we have excluded the case 6 = 0, corresponding to
the gapless XX model, not to be addressed in this work.

The model exhibits a quantum phase transition in the ther-
modynamic limit N — oo at h, = J, from a ferromagnetic
(FM) phase (h < J) to a paramagnetic (PM) spin-polarized
phase (7 > J) [60]. When the system is finite, the FM phase
is characterized by intermediate-range (long-range) longitu-
dinal spin correlations for 0 < & < J (h = 0), while “true”
macroscopic ordering, with a finite value of the longitudinal
magnetization, sets in only in the thermodynamic limit where
the Z, symmetry (invariance under m rotations around the
z axis) gets spontaneously broken. Intriguingly, the finite-
size exponentially small splitting of the twofold-degenerate
ground state at i = 0, caused by tunneling driven by the trans-
verse field when & # 0, collapses on the circle 4> 4+ (J§)?> =
J? where the degeneracy is fully restored [69]. Here the
ground state gets factorized into a direct product of single spin
states [70]—also known as a coherent spin state [1]—with
implications for the spin squeezing, to be discussed below.

The Hamiltonian in (1) is integrable and, as first shown
by Lieb et al. [71], in the absence of a magnetic field can be
mapped onto a system of free spinless fermions by a Jordan-
Wigner (JW) transformation,

n—1 n—1
ot = H(l - 2a,a¢)a,, 0, = 1_[(1 — Za;;ag)a;,
=1 =1

i =2d'a, — 1, 2)

where, as usual, 0F = (0} +i0;)/2, and @ and a, are the
fermionic operators. One thus obtains

N
J
H= LS e + a4 He)

n=1

N
—hY (aja, —1/2). 3)

n=1

We have here discarded the boundary term induced by the
JW transformation since it contributes only to O(1/N) in
the energy spectrum and hence is negligible for large N
[72]. By this, we study what is known in the literature
as the c-cycle problem of the XY model [71]. Perform-
ing a Fourier transformation @, = Y, e"*"q;, followed by

a Bogoliubov transformation a; = cos(6y ) + i sin(@k)afk,
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yields the quasiparticle Hamiltonian

H=> alajo—1/2). )
k

with energy spectrum

e = A + B, 5)

where Ay = cos(k) + h and By = J sin(k) are related to the
Bogoliubov angle 6; by tan(26;) = By /.Ax. The summation in
Eq. (4) runs over k = 2rm/N, withm = 0, £1, ..., £3(N —
1) [m=0,%1,...,£(AN — 1), iN] for N odd [N even]
(having imposed periodic boundary conditions on the JW
fermions). Here, and in what follows, we have put J = 1.

As we shall see in the next section, all information about
the dynamics of the spin squeezing can be extracted from
the spectrum in Eq. (5), using known formulas for the spin
correlation functions of the model.

III. DYNAMICAL SPIN SQUEEZING

A. Spin-squeezing parameter

A simple way to quantify the amount of spin squeezing in
a state [ (1)) =e~ |y (0)) time-evolved by the Hamiltonian
‘H in (1) is suggested by the spin-uncertainty relation [4],

(AL (AT = ()24, (6)

with AJy = /(J2) — (J4)?, and with the expectation values
calculated for
N
Jo=) St a=uxy.z ©)
n=1

and similarly for AJg and AJ, . From here on, and for brevity,
we write time-dependent expectation values and equal-
time spin correlation functions using the notation (...) :=
(Y (@)|...|¥()) (unless otherwise stated).

From the above one may conclude squeezing is present
as soon as one of the fluctuations on the left-hand side of
(6) satisfies (AJ,)? < [(J,)]/2, implying a squeezing param-
eter ESZ =2(AJ, )2/|(Jy)| (o # y) which signals a squeezed
state when 53 < 1. However, as is easily verified, a change
of basis may spuriously lead to €2 < 1 also for a coherent
spin state. To amend for this, Kitagawa and Ueda [2] defined
an improved squeezing parameter £2, with a “built-in” fixed
reference direction, reflecting the fact that fluctuations in a
coherent spin state are to be defined with respect to the mean
spin direction 7ig = (J)/[{J)[:

4(AT;,)?
= N

Here the subscript 7i; defines the direction perpendicular to
7ip where the minimal value of the variance (AJ)? is obtained,
with J;, = J -7ii. A coherent spin state corresponds to Sf =
1, with the inequality £2 < 1 indicating that the system is spin
squeezed. Let us mention that the definition of spin-squeezing
parameter in (8) is not unique; other definitions have been
proposed, e.g., in Ref. [3], adapted to Ramsey spectroscopy
experiments. In this work we apply the construction in (8),
usually favored in theoretical studies of model systems.

£ 8)

Let us now go back to the XY model in (1) and extract an
expression for &2 to be used in our calculations. The unbroken
Z, invariance for finite N (to be assumed from now on) implies
that the in-plane magnetization vanishes,

(x) = (5y) =0, ®
and similarly,
o) = (U Jo) =0, a=x,y. (10)

It follows that the magnetization for 4 > 0 is always along the
z direction, with full polarization developing for large /4 in the
PM phase i > h.. Consequently, J;, = cos(£2)J, + sin(£2)J,,
with €2 to be chosen so as to minimize

(AT, ) = (U5 )%) — Uz )’
= ([cos(Q)J, + sin(2)J,1%), (11)

where the second identity follows from Eq. (9). Combining
Egs. (8) and (11) one finds that

£2 = % min ({J2 + 72) + cos Q2 - 72)

+5inCR)y + 1))

2
=N ((sz “3)—\/ (72 =J2) + (1., +Jny>2).

(12)
Given Eq. (10),
N—1
(Judg) = N(SYS))+NY G2, a,p=x.y.z (13)
n=1

with G%f := (S‘l"S’IS +n) @n equal-time spin correlation function
and where we have taken advantage of translational invariance
to simplify the expression. Using that (S¢SY) = 1/4, Egs. (12)
and (13) yield a closed expression for the spin squeezing
parameter S‘YZ (¢) in terms of the correlation functions ijﬂ ():

N—-1

E0) =142 (GrO)+G1)

n=1

N-1 2 N1 2
-2 [Z(fo‘(t)—G%”(t))} +[Z<Gﬁy(t)+G%*<r))} :

n=1 n=I

(14)

To remind the reader that we are exploring To prepare for
exploring the out-of-equilibrium dynamics after a quantum
quench, we have expressly inserted the time argument in
Eq. (14).

B. Quench protocols

Quantum simulators have provided experimental access to
the real-time dynamics of quantum matter at an unprecedented
level of control and now make possible high-precision studies
of the nonequilibrium dynamics of isolated quantum systems
[56,73-75]. Here quantum quenches play an important role
[76]. In the standard quench protocol, the system is prepared
in an eigenstate |Wy) (usually the ground state) of some
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Hamiltonian, call it H(h;), with h; the value of a tunable
control parameter. The system is then taken out of equilib-
rium by a sudden change of the control parameter from its
initial value /; to a different value h,, yielding a postquench
Hamiltonian H(h,) which now governs the time evolution,
|W(t)) = e ") ). Here we shall do quantum quenches
on the Hamiltonian (k) in (1), using the magnetic field &
as control parameter and choosing different initial states, all
being ground states of H(h). Depending on the particular
choice of & = hy, an initial state may be coherent, squeezed, or
unsqueezed, as diagnosed by the value of the spin-squeezing
parameter in (14) when ¢ = 0. The resulting spin-squeezing
dynamics after a quench h; — hy, coded by £2(t), is then
monitored by numerically calculating the time dependence of
the correlation functions in (14). For this we need some more
results, to be reviewed next.

C. Dynamics of spin squeezing

To determine S‘f(t) in Eq. (14), we need to calculate the
two-point functions Gﬁﬂ = (S} (t)S’ngrn(t)), with a, B = x, y.
Because of the nonlocal nature of the Jordan-Wigner transfor-
mation, this calculation is quite nontrivial. For the diagonal
two-point functions G;*(¢) and G’ (t) one can rely on known
results for the time-independent case where the calculation
is reduced to one of Toeplitz determinants [71,77]. By time
evolving the fermionic correlators that make up these deter-
minants, one obtains exact expressions for G*(¢) and Gy, (¢).
The calculation of the off-diagonal two-point functions G, (¢)
and G} (t) can be carried out in a similar vein, also here using
the Wick theorem to express correlators of fermion operators
as Pfaffians [78]; for details see the Appendix.

To illustrate the core of the rather long analysis in the
Appendix, let us consider one of the off-diagonal two-point
functions, say G, (¢). Introducing A, = a/ +a, and B, =
al — a, with a and a, the JW fermions in Eq. (2), a direct
calculation yields an expression for Gy’ (¢) on the form (again
suppressing the time argument),

Gy = —Z (13 .. da).

where (@123 ...¢o,) can be written as the Pfaffian of a
skew-symmetric matrix [77],

15)

(D102)  (P193)  (P1¢s) (D1024)
(2p3)  (P294) (D26024)
pf (Pp3b4) (¢3¢2n) , (16)
<¢2n—‘1¢2n>
with the operators ¢;, j = 1,2, ...2n, identified from
(910203 . . . P2n—2G2n—1P2n)
= (BIAZBZAS v Bn—lAanBn-H)- (17)

Carrying out a Bogoliubov transformation to the post-quench
diagonal basis and time evolving the matrix elements one
obtains closed expressions for the matrix elements in (16); see
Egs. (A15)—(A17) in the Appendix.

The calculation of the other two-point functions which ap-
pear in Eq. (14) proceed analogously, with details accounted
for in the Appendix. Assembling the results and calculating

— N=400

FIG. 1. Equilibrium zero-temperature behavior of the spin-
squeezing parameter of the XY chain as a function of the transverse
field 4 when 8 = 0.8 for chain sizes N = 100, 400. The intersection
with the black dashed line, £2 = 1.0, corresponds to a spin-coherent
state at & = 0.6, with unsqueezed (squeezed) spin states for A <
0.6 (h > 0.6).

the Pfaffians numerically we finally obtain the time evolution
of spin squeezing after a quench h; — h,, represented by a
plot of £2(t) given the pre-quench ground state of the XY
chain for 2 = h;. To this we turn next.

IV. TIME EVOLUTION OF SPIN SQUEEZING
AFTER A QUENCH

As a backdrop to our results for the postquench behav-
ior of the spin-squeezing parameter, let us first look at its
dependence on the transverse field # in the ground state of
the model, i.e., before a quench. From Eq. (14), using the
results in the Appendix to implement the computation of
the pre-quench spin correlation functions at ¢+ = 0, we find
that the ground state phase diagram separates into two re-
gions: one fully within the FM phase and bounded by h <
V1 — 82 where there is no spin squeezing (2 > 1), with
the other, complementary region & > +/1 — §2, featuring spin
squeezing (£2 < 1). The boundary between the two regions,
h = +/1— 82, supports spin coherence (£ =1). In Fig. 1
we illustrate the situation by plotting 2 as a function of
h, choosing § = 0.8. As one tunes §, the magnitude of the
transverse field for which the spin squeezing is at its largest
(smallest é;‘Sz) gets shifted from 4 ~ 1.14 when § = 1 (trans-
verse field Ising model) to the quantum critical point A, = 1
when § — 0 (isotropic XX limit). As transpires from Fig. 1,
the prequench equilibrium squeezing parameter is effectively
size-independent, in agreement with the finding in Ref. [31].
While the same holds true also for the squeezing parameter of
the postquench nonequilibrium states at short and intermedi-
ate timescales [79], its size dependence will grow with time
and eventually become visible. We shall explore this latter
phenomenon in Sec. V, but for now, in this section, we can
choose to work with a fixed system size, in the subsequent
numerical plots taken to be N = 100.

In this context, and in the light of works which have
exploited spin squeezing as a means to identify quantum en-
tangled states [6-8], let us point out that the spin-squeezing
parameter here fails to detect the ground state entanglement.
This is so since it is known that there is no qualitative change
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of the entanglement across the boundary 4 = +/1 — §2 in this
model, not for the two-spin entanglement of formation [80,81]
and also not for the entanglement entropy for two blocks [82].

In the following we explore the time-dependent behavior
of the squeezing parameter after a quench from squeezed,
unsqueezed, and coherent ground states of the XY model.
Most interestingly, we find that we can achieve squeezed
states—also at large times—from initial states that are neither
coherent nor squeezed.

We also present results for the time-dependent variance of
the mean spin direction, v(J,(1)) = (J2) — (J.)? , intriguingly
showing a dynamical covariation with the spin-squeezing pa-
rameter for some quench scenarios, but not for others. It can
be calculated from

1 N-1
V0) = N(7+ ) Gim) = (NM0)', (18)
n=1

with M,(t) = (J;)/N the time-dependent magnetization.

To set the stage, we shall begin to study the case when
the initial state is squeezed. This allows us to cover all three
possible types of initial states of the model—FM, critical, and
PM——providing a helpful context to the more interesting cases
when the initial states are unsqueezed or coherent (allowing
only for a ferromagnetic initial state; cf. Fig. 1).

A. Squeezed initial state

In this first section we consider altogether fourteen differ-
ent quench scenarios, taking off from three distinct squeezed
initial states, all being ground states of a (prequench) XY
Hamiltonian: (I) one in the FM phase, at #; = 0.8; (II) one
exactly at the quantum critical point, #; = 1.0; and (IIT) one
in the PM phase, at #; = 2.0. For each of these initial states
we then perform quenches by choosing a postquench XY
Hamiltonian with a ground state which is (a) unsqueezed; (b)
spin coherent; (¢) squeezed and in the same phase as the initial
state; and (d) squeezed and in the other phase than the one to
which the initial state belongs. In addition, we consider (IV)
a quench from a squeezed FM and PM phase, respectively, to
the equilibrium quantum critical point (i.e., with the ground
state of the postquench XY Hamiltonian being squeezed and
critical). Note that while the ground state of a postquench
Hamiltonian is an equilibrium state, the actual time-dependent
(postquench) states are nonequilibrium states, expected to
equilibrate to a (mixed) GGE state in the thermodynamic limit
at large times [59]. While it should be obvious that ground
states, postquench states, and GGE states have very different
characters, we point this out only to avoid confusion when
referring to the various quench scenarios above.

The time dependence of the spin-squeezing parameter
£2(¢) for the various quench scenarios is plotted in Figs. 24,
with the panels (a)—(d) corresponding to the protocols (a)—(d)
above, and Fig. 5 with panels (a) and (b) belonging to a quench
to the critical point. In all cases, the anisotropy parameter has
been set to § = 0.8, implying a spin-coherent state at 2 = 0.6,
with unsqueezed (squeezed) spin states for 2 < 0.6 (h > 0.6).
The horizontal and vertical black dashed lines in the plots
mark £2 = 1.0 (boundary between squeezed and unsqueezed
states and corresponding to a spin-coherent state) and h, =

(a) hy=02 — g

: L (b) m=0s  —e
— v(Jz)

20 1.0

(d m=20  — g

T T T T O RS IR R Y
4 8 16

t t

FIG. 2. Time evolution of the spin-squeezing parameter £2(¢)
(blue) and the variance of the mean spin direction v(J,(¢)) (red) at
& = 0.8 for quenches from the FM state at 4, = 0.8 to (a) h, = 0.2,
(b) hy = 0.6, (c) h, = 0.9, and (d) h, = 2.0.

1.0 (quantum critical point between FM and PM phases),
respectively. Let us now walk through the different cases.

() Ferromagnetic initial state, Fig. 2. A notable feature in
the time evolution of the squeezing parameter £2(¢), illustrated
in Fig. 2 (blue color), is its oscillation, manifest beyond an
early transient time and most easily visible in panels (a), (b),
and (d): S_f(t) oscillates around a mean value with an ampli-
tude which decreases with time—faster or slower depending
on the type of quench—and with a quench-dependent period
Tose-

It is also interesting to note the increase of £2(t) at short
time scales after the quench in panels (a), (b), and (d). One
may think of this as caused by the modes suddenly excited
by the quench, which scramble the quantum fluctuations so
that the spin squeezing decreases. Depending on the particular
protocol, squeezing may then be permanently lost, Fig. 2(d),
or recovered only transiently, Figs. 2(a) and 2(b). Only if the
initial state and the ground state of the postquench Hamilto-
nian are both squeezed and belong to the FM phase are the
postquench states squeezed for all times, Fig. 2(c).

Turning to the variance in the mean spin direction, v(J,(¢))
(red color in Fig. 2), one notes a perfect antiphase variation

(a) h;=02 — & b (b) h;=0.6 — &

30

[ e e e
IS
®
-
IS

(c) h;=08 — &

35

o
<

30

T T T T R R R MR S
4 8 12 16
t t

<
=
SrgTTTITTTITT
-
°
~
S
o T T T

FIG. 3. Time evolution of é_f(t) (blue) and v(J.()) (red) at 6 =
0.8 for quenches from the critical state at iy = h, = 1.0 to (a) h, =
0.2, (b) h, = 0.6, (c) h, = 0.8, and (d) i, = 2.0.
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(a) h,=0.2 — &2 i L (b) h,=0.6 — g 4

[ © m=08  — g L (@ m=1s g

FIG. 4. Time evolution of £2(¢) (blue) and v(J,(¢)) (red) at § =
0.8 for quenches from the PM state at #; = 2.0 to (a) h, = 0.2,
(b) h, = 0.6, (¢c) h, = 0.8, and (d) h, = 1.5.

with respect to the spin-squeezing parameter in panels (a)—
(c), but not in (d). As we shall see, this loss of covariation
is generic when quenching across the quantum critical point,
from the FM to the PM phase or vice versa.

(II) Quantum critical initial state, Fig. 3. Features from
case (I) show up also when the initial state is critical: the
oscillations of Sf(t), and an increase of éf(t) at short time
scales after the quench. Different from the previous case (I),
none of the panels in Fig. 3 display a covariation between
Sf(t) and v(J,(¢)). As indicated by numerical results from
other choices of quench parameters (not shown here), one
is led to infer that a quench from the quantum critical point
always corrupts the covariation [79].

(IIT) Paramagnetic initial state, Fig. 4. The overall structure
of the quench dynamics is recognizable from cases (I) and (II):
With the exception of panel (d) of Fig. 4, the spin squeezing
decreases at short time scales (barring a transient behavior
right after the quench). Further, the spin squeezing parameter
Ssz(t) exhibits an oscillating behavior in all panels (a)-(d).
Note also that different from panel (a) there is no distinct
covariation between Ef (t) and v(J,(t)). As evidenced by other
choices of parameter values (not shown here), this is generic
for any quench from the PM phase to the unsqueezed region
in the FM phase [79].

(IV) Quench to the quantum critical point, Fig. 5. The two
cases displayed in Fig. 5(a) (FM initial state) and Fig. 5(b)
(PM initial state) are markedly different from the previous
cases (I)—(III). The oscillating behavior in the time evolution
of £2(t) seen in all quench scenarios of (I)—~(IIl) is absent.
Instead, a steady-state spin squeezing becomes apparent at
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FIG. 5. Time evolution of Ssz(t) (blue) and v(J,(¢)) (red) at § =
0.8 for quenches from (a) #; = 0.8 (FM) and (b) #; = 2.0 (PM) to
hy = h, = 1.0.

the larger intermediate times covered in the plots (i.e., before
a revival eventually sets in; cf. Sec. V), with an enhanced
(reduced) squeezing as compared to the initial FM (PM) state.
Note also the covariation of v(J,(¢)) with ész(t) in both panels.

Long-time average of the spin-squeezing parameter, Fig. 6.
To obtain a deeper insight into the quench dynamics of the
system it is instructive to compute the time average &2 of the
spin-squeezing parameter,

T
£2 = lim 1 £2(1)dt. (19)
s T—ooo T 0 s

In Fig. 6 we have plotted &2 as a function of the transverse
field A, in the postquench Hamiltonian, with initial squeezed
states (a) in the FM phase, (b) at the quantum critical point,
and (c) in the PM phase. Figures 6(a) and 6(b) reveal that by
fine-tuning h, to one of two possible values one may achieve
a spin-coherent state in the long-time equilibrium state, pro-
vided that the initial state is not in the PM phase. In contrast,
if the initial state is in the PM phase, Fig. 6(c), the spin will
always be squeezed at large times, independent of the choice
of h2 .

Most strikingly, all quenches performed onto the quantum
critical point, i, = 1.0, lead to a squeezed state with a nonana-
lyticity in £2, suggestive of a nonequilibrium phase transition
with h, as control parameter. This is somewhat reminiscent
of results for the transverse field Ising chain with long-range
interaction where it has been argued that the long-time average
of the magnetization may disclose nonequilibrium criticality
when quenching across an equilibrium quantum critical point
[83]. For related results, see Refs. [67,84,85]. Note, however,
that in the present case a nonanalyticity appears only when the
ground state of the postquench Hamiltonian itself is critical.

B. Unsqueezed initial state

In this section we consider ten types of quench scenarios,
taking off from one of two unsqueezed initial states (always in
the FM phase; cf. Fig. 1): the ground states of a prequench XY
Hamiltonian with § = 0.8 (as before), now choosing #; = 0.2
(Fig. 7) and h; = 0.5 (Fig. 8), respectively. The five types of
ground states of the postquench Hamiltonian (also with § =
0.8 but with different transverse fields /,) are chosen as (a)
an unsqueezed state at i, = 0.4; (b) a coherent state, i.e., a
state at i, = 0.6; (c) a squeezed state in the FM phase at i, =
0.8; (d) the squeezed state at the quantum critical point , =
1.0; and (e) a squeezed state in the PM phase at hy = 2.0.
The time dependencies of the spin-squeezing parameter &2(¢)
and the variance of the mean spin direction v(J,(¢)) for the
different quench scenarios are plotted in Figs. 7(a)-7(d) and
8(a)-8(d), with the panels labeled according to the protocols
(a)—(d) above.

Features from the plots in Figs. 2-5 where the initial state
was squeezed are also present in one or several of the panels
of Figs. 7 and 8: the increase of §f(t) on short time scales
after the quench (panels (b)-(e)); and oscillations of éf(t) with
a quench-dependent period (panels (a) and (b)). As for the
variance of the mean spin direction, v(J,(¢)), one observes a
near-perfect antiphase variation with &2(¢) for the quenches in
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0.7, 0.8, 0.9 (FM), (b) h; = h. = 1.0 (critical), and (c) by = 1.5,2.0, 3.0 (PM).

panels (a) and (b), with a weakly perturbed covariation seen
in (¢) and (d).

The expectation that a quench from an initially unsqueezed
state can produce only unsqueezed postquench states at large
times is met in all cases unless the transverse field in the
prequench Hamiltonian is chosen not too far from that which
results in spin coherence, e.g., #; = 0.5 as in Fig. 8. With
that choice, a quench to the same FM phase, Fig. 8(c), or
to the quantum critical point, Fig. 8(d), will yield a squeezed
postquench state. Moreover, in the latter case the squeezed
state is quasistationary (i.e., a state where the spin squeezing is
approximately constant at intermediate timescales—here with
extremely small fluctuations not captured by the plots—before
a quantum revival sets in at later times; cf. Sec. V). This
surprising outcome of quench dynamics is also strikingly seen
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FIG. 7. Time evolution of the spin-squeezing parameter £2(f)
(blue) and the variance of the mean-spin direction v(J,(¢)) (red)
when 6 = 0.8 for the initial state at A; = 0.2, with a quench into
(a) an unsqueezed state (h, = 0.4); (b) the coherent state (h, = 0.6);
(c) a squeezed state at h, = 0.8 < h,; (d) a squeezed state at the
quantum critical point h, = h. = 1.0; and (e) a squeezed state at
hy = 2.0 > h,. Panel (f) displays plots of the long-time averages 5?
(blue) and v(J;) (red) versus A, of the spin-squeezing parameter and
the variance of the mean spin direction, respectively, for a quench
started from i; = 0.2, also with § = 0.8. The dotted blue line marks
g=1

in the time average &2, plotted in Fig. 8(f). In addition, this
figure also illustrates that one may produce, in the mean, a
coherent spin state from an unsqueezed state by a judicious
choice of the quench parameter, i.e., by adjusting the value
of h,. Taken together, this shows that a quantum quench may
redistribute quantum fluctuations in such a way as to produce
spin coherence or spin squeezing from an initially unsqueezed
state. This surprising effect should in principle be controllable
in an experiment as it is induced by a tuning of an applied
magnetic field.

C. Coherent initial state

A spin-coherent state is defined to be a minimum-
uncertainty state where the variance of the many-particle spin
operator is equal in all directions [1]. It is often described
as a state which has dynamics that closely resembles that
of a classical harmonic oscillator. Accordingly, it can appear
as a ground state factorized into a direct product of sin-
gle spin states. For the Hamiltonian (1), the factorization is
realized at h = /1 — §2 [70] so that for § = 0.8, its value
will be & = 0.6, a result that we have used repeatedly in
Secs. IV A and IV B. The results for the time dependence of
the spin-squeezing parameter after a quench from an initial
ground state of the XY chain at #; = 0.6 are illustrated in

() =04 —= (b) h2=0.6 —=

— viz)

[ — vz)

11

1.0

P T Y R R E RAR AT S Y T RS R R
21 22
0950 5 10 15 20 090 5 10 15 20

P T M1
N
=

20
200 %%
t hy

w L

FIG. 8. Same as Fig. 7 but with initial state at #; = 0.5.
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FIG. 9. Time evolution of the spin-squeezing parameter &2(¢)
(blue) and the variance of the mean-spin direction v(J,(¢)) (red)
when 6 = 0.8 for quenches from the coherent state at 7, = 0.6 to
(@)h, =0.2,(b) h, =0.8,(c) h, = h. = 1.0, and (d) h, = 2.0. Panel
(e) displays plots of the long-time averages STZ (blue) and v(J;) (red)
versus h, of the spin-squeezing parameter and the variance of the
mean spin direction, respectively, for a quench started from i; = 0.6.
The dotted blue line marks £2 = 1.

Fig. 9. We here consider quench scenarios with four differ-
ent postquench fields: (a) h, = 0.2 [FM unsqueezed ground
state of H(hy)]; (b) hp, = 0.8 [FM squeezed ground state of
H(hy)]; (¢) hy = h, = 1.0 (critical point); and (d) h, = 2.0
[PM squeezed ground state of H(h;)].

While a quench to 4, is seen to induce coherent (squeezed)
states at repeated times (time intervals), Fig. 9(a), the quench
to i, = 2.0 in Fig. 9(d) never returns a coherent or squeezed
state. Differently, and disregarding a short-time transient be-
havior, a quench to i, = 0.8, or to the critical point, produces
squeezed postquench states at all times, Figs. 9(b) and 9(c).
As expected from Fig. 8(d)—corresponding to a quench from
a moderately unsqueezed state to the critical point—as well
as from the “standard spin-squeezing protocol” (where the
system 1is initialized in a coherent spin state [1]), in quench
scenario (c) the spin squeezing becomes quasistationary (cf.
the discussion in the previous subsection).

The time average &2 in the thermodynamic limit as a
function of the quench field A4, is shown in Fig. 9(e). Most
interestingly, the plot of ? reveals that there is a region of
values for the postquench field &,, in an interval around the
critical field h. = 1.0, yielding spin-squeezed states in the
long-time limit. As is also seen in the figure, by fine-tuning
to a particular value of /,, a coherent quasistationary state can
also be produced on average.

As in previous quench scenarios—starting from squeezed
or unsqueezed ground states—the nonanalyticity of &2 at the
equilibrium quantum critical point s, = 1.0 again suggests
that the ferro- and paramagnetic phases also define distinct
phases for how the transverse field redistributes quantum fluc-

tuations among the spin components away from equilibrium.
No such behavior is seen in the long-time average v(J;).
Turning to the time dependence of v(J,(¢)), one notes a covari-
ation, Figs. 9(a) and 9(b), or a weakly perturbed covariation,
Fig. 9(c), with £2(¢).

V. UNIVERSALITY OF THE REVIVAL TIMES

A useful concept in the study of quantum quenches is
that of the Loschmidt echo [86] which measures the overlap
between prequench and postquench states. Numerical finite-
size studies have revealed that the time dependence of the
Loschmidt echo of several models exhibits a periodic pattern
after a quantum critical quench—a “revival structure”—
formed by sudden large deviations from its mean value when
quenching to a quantum critical point [8§7-90], i.e., in the
language of the XY chain, choosing 4, = h. = 1.0. The am-
plitudes of these revivals may decay with time; however,
it has been argued that under certain conditions the revival
structure may be periodic in time, with a universal expression,
Tiev = N/2vy,, for the period T, which is independent of the
initial state and the size of the quench [63,64,66]. Here N is
the number of sites of the periodic lattice, with v, generically
being the magnitude of the maximum group velocity of quasi-
particles of the postquench Hamiltonian. However, there are
exceptions [91-93]. For example, when the postquench XY
Hamiltonian is tuned to criticality (7 = 1.0), v, = § < Vg max
[93]. Analogous results have been found also for revivals of
the maximal quantum Fisher information in the transverse
field Ising chain (corresponding to § = 1 in the XY chain)
[67].

Could it be that the spin-squeezing parameter £(¢) in the
present model also exhibits a revival structure for large times
(as compared to the short and intermediate times examined in
Sec. IV)? If so, will its revival period also follow the universal
expression Trey = N/2v,?

Here, focusing on the case where the ground state of the
postquench Hamiltonian is critical, i.e., with 4, = 1.0, the
answer is yes. Figure 10 exhibits the time dependence of
£2(t) over large time intervals for quenches from a ferro-
magnetic (paramagnetic) squeezed ground state of the XY
chain with § = 0.8 at &y = 0.9 (h; = 1.1) to the equilibrium
quantum critical point, i, = 1.0. Results are shown for dif-
ferent system sizes N = 80, 100, 150, 200, 250. Inspection of
Fig. 10(d) shows that the spin-squeezing dynamics manifests
the same universal revival structure as that of the Loschmidt
echo [63,64,660], with a linear scaling of the revival time
Tiey With system size N. The numerical data yield a slope
0.625 £ 0.005, implying that the formula Ti, = N/2v, pre-
dicts that v, ~ 0.8 = §, in excellent agreement with Ref. [93].

VI. SUMMARY

Quantum technologies currently receive an enormous
amount of attention because of their potential beyond classical
limits. Spin squeezing is one of the most promising strate-
gies for attaining a quantum advantage in practical sensing
applications. The idea of squeezing aims to reduce quantum
uncertainties intrinsic to noncommuting observables, and by
that, to achieve high-precision measurements. A question that
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system size, i, = kN. To within numerical accuracy, k = 0.625 £ 0.005, consistent with the expected revival structure (cf. main text).

is only now beginning to be addressed is how to understand
the time dependence of spin squeezing in the nonequilibrium
dynamics of a quantum many-body system [47,49,51,62].

In this paper we have tried to add to this line of research by
studying the dynamical spin squeezing after sudden quenches
in the spin-1/2 XY chain with a transverse magnetic field.
This model is exactly solvable [72], allowing access to well-
controlled results, and also, making our study of interest for
understanding nonequilibrium phenomena of integrable sys-
tems.

We have found that the postquench nonequilibrium states
in a finite system typically fluctuate between squeezed, coher-
ent, and unsqueezed states at short timescales—as measured
by the spin-squeezing parameter [2]—and may then settle for
one of these types at intermediate times, before a revival sets
in. Intriguingly, a proper choice of the quench protocol makes
it possible to produce squeezed spin states starting off from
a ground state of the XY chain which is neither coherent nor
squeezed, the sole requirement being that the magnitude of the
applied transverse magnetic field lies within a certain interval.
This suggests an alternative to the standard spin-squeezing
protocol—exploited in most experiments [4]—where one ini-
tializes a system in a coherent state and then applies a
Hamiltonian which shears the spin distribution. To find out
for what specific experimental setups, applications, or tasks
it may prove advantageous to forego a spin-coherent ini-
tial state—a viable option according to our finding—requires
more work, both theoretical and experimental. Let us here
point to a recently proposed quantum simulator of 1D spin-
exchange models—including the XY chain in a transverse
magnetic field—making use of circular Rydberg atoms as a
platform [94]. Its realization holds great promise for future
high-precision experimental tests of our predictions, including
that of a covariation between spin squeezing and the variance
of the mean spin direction in certain quench scenarios.

The time average &2 of the spin squeezing parameter fea-
tures a non-analyticity when quenching to the equilibrium
quantum critical point of the model. This resembles the situa-
tion seen for other spin models where the long-time average of
the magnetization discloses a nonequilibrium quantum phase
transition when quenching across an equilibrium quantum
critical point [67,83,84]. It would be interesting to uncover
the properties of this putative nonequilibrium transition, in

the present case signaled by a cusp in Q as a function of the
quench parameter 4. Another interesting problem is to under-

stand how the properties of coherence and spin squeezing are
imprinted in the limit of very large times [95], where, in the
thermodynamic limit, the post-quench states are expected to
equilibrate to a mixed state governed by a generalized Gibbs
ensemble [59].

In conclusion, more theoretical work is certainly needed to
fully understand the underlying physics of the various quench
scenarios uncovered in this work. Their realizations would be
fascinating, opening an experimental window into the use of
quench dynamics as a tool for producing squeezed spin states,
different from existing paradigms.
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APPENDIX: TIME-DEPENDENT TWO-POINT
FUNCTIONS IN THE PFAFFIAN, EQ. (16)

To obtain the spin squeezing parameter Sf(t) in Eq. (14),
and also the variance of the mean spin direction v(J,(¢))
in Eq. (18), we need expressions for the two-point func-
tions G2 :=(S¢SV ), &, f = x,y,z. (Here, as in the main
text, we have suppressed the time argument, using the nota-
tion (...) := (¥ (¢)|...|¥()).) Introducing A, = az + a, and
B, = a! — a,, with a and a, the JW fermionic operators in
Eq. (2), a direct calculation using this same equation shows
that

1
Gﬁx = (S)lc )1(+,1> = Z<B1A2B2-~AanAn+1)

: : -
G = (8180 =

(A1B2A>...B,ApByy1)

(AD)

1
G = (Si55.,) = g A1B1A 1 Byi)
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G, =(S{S14,
. i(—1y"
Gr=(sist) ="

—i
) = I (B1A2B;... A BB+ 1)

(AIBZA2~- -BnAnArH-l > . (A2)

For «, B = x,y, we can write these relations on the generic
form

GiP = D3P (p1¢as... 02202 12m) (A3)
with
D)fle D? = (b
n 4’ n 4 ’
. (—1)
DZ’VZ—I, Dﬁle( ) , (A4)
4 4
and where each operator ¢;, j =1,2,...,2n, is identified

with either an A or B operator with the proper index by a com-
parison with the corresponding expression in (Al) or (A2).
For completeness we may wish to write also G%* on the same
form,
1
G, = Z<¢'¢2¢3¢4>’ (A5)
where ¢1 = Al’ ¢2 = Bl» ¢3 == An+1» ¢4 = Bn+1~
The 2n-point functions [4-point functions] in ¢-operators
in Eq. (A3) [Eq. (A5)] can be expressed as Pfaffians by the
use of the Wick theorem [78]. For ij’s in Eq. (A3) one has

(G192)  (D19p3) (P19a) (P1P2)
(23)  (P204) (D20021)
Gzﬁ = Dgﬁpf (¢3¢4) <¢3¢2n)
<¢2n—'l¢)2n>
(A6)

where we have written the skew-symmetric matrix on stan-
dard abbreviated form. G%* in Eq. (AS5) takes the simpler form,

1 (D192)  (P193)  (P1¢4)
Gy = pr (P2h3)  (P26ha) (A7)
(P3¢4)

The Pfaffians for the diagonal spin correlation functions with
o = B = x,y reduce to Toeplitz determinants [77,96], well
known from the seminal work on the XY chain by Lieb et
al. [71] and allowing for an analytical solution when there
is no time dependence. Results for the XY-chain two-point
functions of spins at different sites and times, including the
off-diagonal cases o # 8, have also been obtained in the
asymptotic limits of infinite spatial or time separation [97].
Here, however, we are interested in the equal-time correla-
tions in Egs. (A1) and (A2) at finite spatial separation and at
nonequilibrium following a quantum quench. For this reason
we keep the Pfaffians in Egs. (A6) and (A7), insert the appro-
priate expressions for the four types of two-point functions
(AjAm), (BiBn), (A1B,,) and (B;A,,) that appear as elements in
the corresponding skew-symmetric matrices, and then com-
pute the Pfaffians numerically. Note that the result that ensues
will be exact, with no approximation invoked. (For a recent
analytical approach to spin correlations out of equilibrium in
a “coherent ensemble” of the XY chain in a transverse field,
see Ref. [98].)

Writing out the four types of two-point functions in terms
of the JW fermionic operators, we have

(AiAn) = (@] al) +aan) +aan) +aal)  (A8)
(BiBy) = (a]a},)+(aian) — (a]an) —(aia})  (A9)
(AiB) = (@ al) —(aan) — (@] an) +(aal)  (A10)
(BiAn)=(a]a})+{aan) —(a an) —(@a))  (All)

Let us begin by analyzing (a;am). Since 1 <1< m in (A8)-
(A1l), we can write (a;am) as (aiT ay+,) wWith r a non-negative
integer. As a point of reference we consider the pre-quench
expectation value (Wo.p, |a1T aiyr|Wop, ), with |Wo.;, ) the ground
state of the XY chain with /; the magnitude of the trans-
verse field. Taking advantage of translational invariance
to write (Wo., |a) aryr | Wop, ) = ,%,ZK‘I’O;h, |a] @y, |Woy,) and
then Fourier transforming, one obtains
(Wou af ar.r | Won, ) (A12)
= }v D (Won, lajar|Woy,) cos(kr),
keBZ

using that the imaginary part of the sum vanishes.

We now introduce time-dependence into the two-point
function by conceiving a quench at time ¢ =0 and let-
ting the post-quench Hamiltonian H, with h=h, time-
evolve the initial state |Wo.,): [ Wou, (£)) =e =72 Wy, ); cf.
Eq. (3). Carrying out a Bogoliubov transformation a;=
cos(@,ﬁz))ﬂk+i sin(@,ﬁz))ﬂkT and using our compact nota-
tion for time-dependent expectation values (here adapted
to the time-evolved ground state |[Wo., (¢)), i.e., (...):=
(Wou, ()] - . . |Wou, (2))), it follows from Eq. (A12) that

1 +
(@lacer) = 5 3 (B[ cos™ @) + (BB ) sin*(6)

keBZ
(B_iBi)e k)
(A13)

. o ie®
+i((BI BT et —

x cos(6>) sin(9,§2>)) cos(kr),

with 9,52) = —§sin(k)/(cos(k) + hy) the Bogoliubov angle
which diagonalizes H,. We have here used that

(2)1

ei’Hzlﬂke—i’Hzt — 'Bke—iak (A14)

with &) = v/(cos(k) + h2)? + 82 sin®(k), exploiting the di-
agonalized form of the post-quench Hamiltonian, H, =
> el BB —b).

Next, we rewrite Eq. (A13) in terms of the Bogoliubov
operators o and oez introduced in Sec. II, related to B by B =
cos(Py)ay — isin(@k)aik, with &, = 9,52) — 9,51). Here 0,51)
is the Bogoliubov angle which diagonalizes the pre-quench
Hamiltonian H;, defined by Eq. (2) with & = h;. Using that
the pre-quench ground state |W.,) (assumed to be normal-
ized) serves as a vacuum state for oy, i.e., ag|Wo;,) =0,
a tedious but straightforward calculation finally returns an
expression for (a;a.,) with the Bogoliubov quasiparticle
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two-point functions eliminated:

(@apsn) = ( sin(2d;) sin(26,2)) cos(2¢ )

2N keBZ

+cos(2®y) cos(ze,?)))cos(kn). (A15)

Repeating the calculational steps above for the other two-
point functions (aia;), (aja,,), and (alafn) that appear in
Eqgs. (A8)—(All), putting m =1+ r, we obtain the desired
closed expressions for the expectation values that enter into
the Pfaffians in Eqs. (A6) and (A7):

(AjAryr) = (BiBiyr)

- ]ivzsin(kr) sin(2®) sin(26. 1), (A16)
k

1
AiBLiy) = > (cos(26 + kr) cos(2dy)
k

+5in(2®y) sin(20>) + kr) cos(2¢{71)), (A17)

1
(Bidryr) =~ > (o267 — kr) cos(20y)
k

+ sin(2®;) sin(26>) — kr) cos(26{71)),  (A18)

where [=1,2,...,n;r=0,1,2,...n [[=1,n+1;r=0,n]
in (A6) [(A7)]. Inserting (A16)—(A18) into (A6) and (A7), the
Pfaffians can now be computed, yielding exact results for the
post-quench spin correlations in Egs. (A1) and (A2). For this
purpose we have used a Python code which implements an
algorithm in Ref. [99]. Note that in (A16) we have used that
for both (A4;A;,,) and (B;B;.,) there is no situation in which
r = O, otherwise, (A[A1> = —(B[BZ>
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