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It has been recently shown how the tensorial nature of real-time path integrals (PIs) involving the Feynman-
Vernon influence functional can be utilized with matrix product states, taking advantage of the finite length of
the bath-induced memory. Tensor networks (TNs) promise to provide a unified language to express the structure

of a PI. Here, a generalized TN specifically incorporating the pairwise interaction structure of the influence
functional and its invariance with respect to the average forward-backward position or the sojourn value in
the form of the blip representation is derived and implemented. This pairwise connected TNPI (PC-TNPI) is
illustrated through applications to typical spin-boson problems and explorations of the differences caused by the
exact form of the spectral density. The storage and performance scalings are reported, showing the compactness
of the representation and the efficiency of the contraction process. Finally, taking advantage of the compressed
representation, the viability of using PC-TNPI for simulating multistate problems is demonstrated. The PC-TNPI
structure can be shown to yield other TN algorithms currently in use. Consequently, it should be possible to use
it as a starting point for deriving other optimized procedures.
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I. INTRODUCTION

Tensor networks (TNs) are designed to be compact fac-
torized representations of high-ranked tensors. Probably the
most common use of TNs in physics is related to repre-
sentations of the quantum many-body wave function which,
in general, is also a high-ranked tensor. This use has been
widely demonstrated in a multitude of methods such as the
density matrix renormalization group (DMRG) [1,2], which
uses a matrix product state (MPS) [3,4] representation, and the
multiconfiguration time-dependent Hartree (MCTDH) [5] and
its multilayer version (ML-MCTDH) [6-8], which use tree
TNs. For multidimensional systems, an extension of MPS to
multiple dimensions called projected entanglement pair states
[9] is used. For systems at critical points, an MPS repre-
sentation does not work because of long-range correlations
necessitating the use of the so-called multiscale entanglement
renormalization ansatz [10,11]. TNs, since their introduction,
have proliferated in various diverse fields requiring the use
of compact representations of multidimensional data like ma-
chine learning and deep neural networks.

While quantum dynamics at zero temperature can of-
ten be simulated using wave-function-based methods like
time-dependent DMRG [2,12,13] or MCTDH, at finite tem-
peratures, owing to the involvement of a manifold of
vibrational and low frequency rotranslational states in the
dynamics, they suffer from an exponentially growing compu-
tational requirements. Feynman’s path integral (PI) provides a
very convenient alternative for simulating the time-dependent
reduced density matrix (RDM) for the system. The vibra-
tional states of the solvent introduced as harmonic phonon
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modes under linear response [14] are integrated out, leading to
the Feynman-Vernon influence functional [15]. An identical
influence functional also arises in dealing with light-matter
interaction through the integration of the photonic field.

The primary challenge in using influence functionals and
PIs is the presence of the nonlocal history-dependent memory
that leads to an exponential growth of system paths. Many
recent developments have helped improve the efficiency of
simulations [16—19]. Most notably, the recently developed
small matrix decomposition of PIs (SMatPIs) [20-22] re-
duces the storage requirement to multiple matrices of the
size of the RDM. However, all these methods utilize very
different and deep insights into the structure of PIs. It has
recently been shown that the MPS representation can also
be very effectively utilized to reformulate real-time PIs in-
volving the influence functional leveraging the finite nature
of the nonlocal memory [23-26] in condensed phases and
the consequently low entanglement between well-separated
time points. More recently, such TN-based ideas have been
extended to a two-dimensional TN that can simulate the dy-
namics of extended quantum systems coupled with dissipative
media [27].

While the MPS structure is the simplest TN that can be
used to describe the so-called path amplitude tensor, the
one-dimensional topology is probably not optimal when the
bath-induced memory spans a large number of time steps
and suffers from growing bond dimensions. In this paper, an
alternate generalized TN is introduced that directly captures
the pairwise interaction structure of the Feynman-Vernon
influence functional and its independence with respect to
the average forward-backward or sojourn position by utiliz-
ing the so-called blip representation [17-19]. This pairwise
connected TNPI (PC-TNPI) has an extremely compact rep-
resentation that can be efficiently evaluated. We show how
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the previous MPS representations can be thought of as special
refactorings of the current PC-TNPI. TNs show great promise
in being a unifying language for formulating and thinking
about PI methods. The goal of this paper is to introduce a
TN that can act as this unified basis for further developments
and explorations in usage of TNs for simulating open quantum
systems.

The construction and evaluation of the TN is discussed in
Sec. II. The computational and space complexity has been rig-
orously derived to prove the feasibility of contraction of this
TN. In Sec. III, we illustrate some typical applications of the
algorithm. Because of usage of the blip representation, despite
being the most naive implementation of the idea, it performs
on par with a blip-summed PI [17,18]. The implementation
of this method utilized the open-source ITENSOR [28] library
for tensor contractions, allowing for extremely efficient tensor
contractions using highly efficient BLAS and LAPACK libraries.
We end the paper in Sec. IV with some concluding remarks
and outlook on future explorations.

II. METHODOLOGY

Consider a quantum system coupled to a dissipative envi-
ronment described by a Caldeira-Leggett model [29-31]:

I:I = ﬁO + ﬁenv([% )C), (1)
2 AN 2
A Pj 1 2 CjS
Henv s - = “m;w; i T 5 s 2
(p. x) ; Ty T 2" (x, ma? @)

(splpNADIsy) = D> UsHIO s sy 10 1s§ o) -

£ & +
So 5 SN-1

where F [soi, sli, .

Here, U is the short-time system propagator for Az, and the
system forward and backward paths are discretized in steps of
At. The forward and backward states of the system at the jth
point of time are denoted by s}“ and s . The system would be
represented by D states. How D is determined is dependent
on the type of the system [31]. If the system is discrete by its
very nature, D is easily known (D = 2 for a spin system). For
problems that are not intrinsically discrete, a discrete variable
representation can be employed [34-36]. In such cases, the
value of D would be chosen to accurately simulate the par-
tition function at the given temperature. The dimensionality
of a forward-backward state at the jth time point, denoted
as sf, consequently is D?. While the forward-backward state
of the system at time point j is typically denoted by sf,
for the sake of notational convenience, here, we use s; as
a shorthand, especially when the forward-backward state is
used as an index of a tensor. The Feynman-Vernon influ-
ence functional F [s(ﬁf, el sﬁ] [15] is dependent on the full

1
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where Hy is the Hamiltonian of the D-dimensional system of
interest shifted along the adiabatic path [32]. If the quantum
system can be described by a two-level Hamiltonian, then
Hy = €6, — iQ6,, where 6, and 6, are the Pauli matrices.
Here, H.,y represents the Hamiltonian of the reservoir or en-
vironment modes which are coupled to some system operator
3. The strength of the jth oscillator is ¢;. While we are using
a time-independent Hamiltonian for simplicity, time depen-
dence from an external field in the system Hamiltonian can
be captured through the corresponding system propagator in a
straightforward manner.

For a problem where the environment is in thermal equi-
librium at an inverse temperature § = ,(BLT, and its final states
are traced out, the interactions between the system and the
environment are characterized by the spectral density [14,29]:

2
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In fact, the spectral function S(w) corresponding to the col-
lective bath operator X = — ), ¢;x; is related to the spectral
density as follows [33]:

20 (w)
1 — exp(—Bhw)

For environments defined by atomic force fields or ab initio
calculations, it is often possible to evaluate the spectral density
from classical trajectory simulations.

If the initial state can be expressed as a direct product of
the system’s initial RDM and the bath’s thermal density, then
the dynamics of the system RDM is given by
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system path discretized as s(jf, sli, el slﬁf, and the bath re-

sponse function that is discretized as the n coefficients
[34,35,37]. The influence functional depends upon the history
of the system path, leading to the well-known non-Markovian
nature of system-environment decomposed quantum dynam-
ics. Notice that it can be factorized based on the range of
interaction in the following manner:

N
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The influence functional creates pairwise interactions be-
tween points that are temporally separated. As it has been
shown, if MPS and matrix product operators (MPO) are used
to model the influence functional, the fact that these inter-
actions can spread across long temporal spans leads to an
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FIG. 1. Diagram for P\" for a five-step propagation. Dark brown
circles represent the K tensors.

increase in the effective bond dimension. Here, the goal is to
create a structure that naturally and efficiently accounts for
the pairwise interactions that span long temporal separations
while not being associated with any one particular represen-
tation. To motivate the TN representation, first consider the
Markovian part of Eq. (5), involving just the propagators and
the terms of the influence functional coupling consecutive
time points. These terms can be simply rearranged as

Ps(ol,lN = K51 Ky 55 - - - Ky sy ©)
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Here, we are implicitly summing over repeated indices that
do not appear on both sides of the equation. Once again, the
= labels on the forward-backward states that act as the site
indices of the tensors are omitted for convenience of notation.
The superscript 1 on P is there to denote the maximum dis-
tance of interaction that we have incorporated. Equation (9)
is already a TN; more specifically, it is a series of matrix
multiplication, as shown in Fig. 1. Let us now bring the
next-nearest neighbor interactions /), . Clearly, it is not
possible to directly contract the Is(fz_)zqu tensor to the PV tensor
because the internal s; have already been traced over. To make

it possible to incorporate the I®® tensors, we augment the K
tensors as follows:

K;‘,.s, = KYOJ'I(SX(JJI’ (12)
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The topology of the K tensors are demonstrated in Fig. 2.
It is convenient to think of lower indices as the input indices
and the upper indices as the output indices, though there is
no other mathematical significance to the positioning of the
indices. Also, in the context of the diagram, the / and r indices
point to the left and right directions, respectively. With this

FIG. 2. Diagrams for the K tensors. The edge tensor is on the left
and the internal tensors on the right. For the edge tensor, the output
index is a left index if it is a right edge tensor [Eq. (13)] and a right
index if it is a left edge tensor [Eq. (12)].

S0 S5

FIG. 3. Diagram for P for a five-step propagation. The darker
circles which form the base represent the K tensors. The compara-
tively lighter red squares forming the second layer represent the 7
tensors.

input-output convention in mind, it is easy to see that the
internal augmented K tensors duplicate and flip the order of
the input indices s;. This ensures that indices that differ by
two time steps are now placed adjacent in the output layer.
Now the Markovian terms and the I® terms can be combined,
and we get

p@ KN
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which is depicted in Fig. 3. Notice that the index s; still con-

nects K and K, ., as in P"), but now there is another

connection that goes through the I®® tensor in a triangular

form. This feature of an I® with a higher « acting as a bridge

between K or 7 tensors with smaller values of « would become

a recurring motif in this TN.

The pattern for inclusion of the rest of the nonlocal inter-
actions is quite similar. Note that, in Fig. 3, if we did the same
trick of duplicating and flipping the order of the inputs, in the
next layer, indices that differ by three time points, like sy and
s3, 1 and s4, are going to be adjacent. The augmented influ-
ence functional tensors are denoted by I, and their diagrams
are shown in Fig. 4. Hence, this can now be multiplied by
1Y, ;. Continuing like this, we can complete the network. The
diagram is shown in Fig. 5 [38]; these augmented tensors are
going to be written as K, I®, ... The TN shown in Fig. 5,
which we will conventionally denote by P, represents the
final Green’s function for the propagation of the system RDM
having incorporated the nonlocal influence from the environ-
ment. Thus, p(t) = P p(0).

In Fig. 5, all the indices have D? dimensionality corre-
sponding to each of the possible combination of forward-
backward states. However, this is not optimal. The influence
functional tensors for a time difference of « can be massaged

8j=1:8

FIG. 4. Diagrams for the I tensors. The edge tensor is on the
left and the internal tensors on the right. The exact color would
vary to indicate the distance of interaction encoded by the influence
functional term. The same conventions as in Fig. 2 apply.
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FIG. 5. Diagram for the final Green’s function for a five-step
propagation. Dark brown circles represent the K tensors. The various
red squares represent the I tensors for different separations. The
lighter shades of red show a larger separation between interacting
time points. The indices that point to the top-left from the base of the
triangle would be said to be a left index, and those that point to the
top-right would be said to be a right index carrying on the convention
set up for the K tensors.

in the following manner:
L9 = expl=Asc(Mii-aSi_q — Mot )]s (16)

where Asy = s,‘f — s .- This expression depends only on the
difference coordinates or blip values Asi. Thus, currently,
we are carrying over more information than we need to. By
transforming this coordinate s,f to average or sojourn values
and difference notation 5, = %(S/j + 5, ) and As, respectively,
it can be seen that there is a symmetry with respect to the aver-
age forward-backward position or the sojourn value of the lat-
ter or the kth time point. The blip-summed PI (BSPI) method
[17,18] formulation achieves a complete transformation of
the real-time PI algorithm in terms of these blip and average
value coordinates, allowing for effective grouping, filtering,
and summing of paths according to the distribution of these
blips. However, with PC-TNPI, a partial transformation is
possible, where only the latter time point & is transformed into
its blip value, and the earlier time point still continues in the
forward-backward form. In fact, significant compaction and
performance gain can be achieved with minimal change in the
TN discussed until now, simply by reducing the dimensional-
ity of all the left indices that carry the excess information.

To do that, we need to start by redefining the K tensors.
In Eqgs. (12)—-(14), the output indices / and r are exactly the
same as the input indices except flipped in order. The / indices,
consequently, carry the full information about the forward-
backward state that occurs later in time, which is unnecessary.
Now these tensors can be modified such that the / indices carry
only the blip value or the value of As as follows:

K. =Kg.50 (17)
Ki}l\\ll:llny = KSN*lsSN(SS;_X&,lN—I ’ (18)

Ly, o
Ko\ =Koy vSs— 1,85,y iTj # Land N. - (19)

FIG. 6. Optimized diagram for the final Green’s function for a
five-step propagation. Dashed lines have dimension B, and solid lines
carry dimension D?. Blue arrows show the order of contraction.

Notice that the upper-right output indices in the diagrams
remain exactly the same. Only the upper-left output index
of K changes. Therefore, the tensor K{ = remains un-
changed. The dimensionality of the / indices is the number
of unique values of the blips As = st — s~ that the system
can have. For the most general D-level system, this value is
B = D? — D+ 1 instead of D?; however, the actual symme-
tries present in the system might reduce this even further.
Finally, the influence functional tensors must be changed
to be consistent, viz. HS(:‘_)H’A“ = eXP{—%ASk[nk,(kfa)S,f_a —
M. (k—a)Sk—oJ}- Even with these changes, the basic topology
of the network remains the same. The new network with the
different dimensions is shown in Fig. 6. Here, we introduce a
bit of terminology to facilitate the discussion of the network.
The solid edges in Fig. 6 carry the full information of the
forward-backward state and hence would be said to belong
to the forward-backward space. On the other hand, the dashed
lines carry only the information of As and hence shall be said
to belong to the As space or the blip space.

Having discussed the TN, now let us turn to the job of con-
tracting it. Typically, many TNs are constructed using singular
value decomposition (SVD) and evaluated via the truncation
of the singular values [23,26]. The PC-TNPI is constructed
without resorting to any SVD calculations and consequently
exact. The goal now is to find an optimal contraction scheme
that preserves this exactness. The storage cost S is also evalu-
ated at the end of every step. The canonical contraction order
that we discuss below has been marked out in cyan arrows in
Fig. 6. For a simulation with N time steps:

(1) Start with I%") “and contract it with IV-1. Thus,
S=D’B%.

(2) Multiply by I{V-2) Thus, § = D*B°.

(3) Multiply all I*) followed by KKy, , oy, At this stage,
the storage cost is S = D?BV~!. It is interesting to note the
various indices at this stage. The index corresponding to the
zero time sy has been completely contracted away, s is in the
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forward-backward space, while all the other sites carry only
the information about As.

(4) Contract the second edge sequentially, starting from
K, 5,- Thus, S = (D?)*BV~2,

(5) While contracting the remaining N — 3 tensors on
the second edge, the storage cost remains constant at S =
( D2 )2 BN -2 .

(6) Lastly, the topmost tensor on the second edge needs to
be contracted. The storage drops to § = D?BV~2. Again, after
contracting the second edge, the resulting tensor does not have
the s and s; indices, s, is in the forward-backward space, and
everything else is in the As space.

(7) Continuing in the same fashion, the storage require-
ments of contracting the internal tensors of the jth edge is
S = (D?)*BN~/ when j < N.

(8) After contracting the final tensor on the jth edge, the
storage drops to § = D*BN~/.

(9) Finally, the last tensor K, , ;. is contracted.

In the above contraction scheme, we multiply the initial
condition pg, and get the final RDM. While this leads to a
more efficient algorithm in terms of the storage and compu-
tational cost, it is possible to reformulate the scheme in terms
of the Green’s function by not involving the initial condition
in the contractions and evaluating P°. An in-depth analysis
of the memory and computational cost is given in Appendix.
Of course, the storage requirement grows to a maximum
of (D*)?BN~2 before decreasing continuously. As shown by
the computational and storage cost (derived in detail in Ap-
pendix), the PC-TNPI is already quite usable, exponentially
outperforming traditional iterative quasi-adiabatic propagator
PI (QuAPI) [34,35] and performing on par with the iterative
BSPI [17-19]. However, it does not address the problem
of storage, which continues to scale exponentially. In future
work, filtration schemes on top of the PC-TNPI, giving it a
row-wise matrix-product representation, will be introduced
that can not only deal with this problem but will also avoid
the construction and storage of the full tensor. The focus of
this paper is, however, on the general TN, which is quite
performant even in the most naive implementation.

A short discussion of the connection of this TN with the
traditional QuAPI and the newer TN-based PI approaches
would be helpful in better explaining the structure. While
most methods are based on the ability to assign an amplitude
to either a single path or a group of paths collectively, here,
however, it is not possible in a simple manner. As the TN
is evaluated, there is no point in time where all the points
along the discretized system path are available simultane-
ously. The complete evaluation of the network finally yields
the time-propagated RDM or the Green’s function depending
on whether the initial state is incorporated during contraction
or not. More precisely, the so-called path-amplitude tensor for
a Pl of N steps is a tensor with indices sy, s1, . . ., sy that gives
the amplitude corresponding to a particular discretized system
path. The contraction algorithm is built in a way that at no
point is such a tensor available.

The existing TN methods are based on MPS and MPO
[23,39]. One can think of them as different approaches of
representing the base of the triangle in Fig. 5 or Fig. 6 in
the matrix product form. It is currently not known if this is
the most optimal representation possible. While in this paper

FIG. 7. Diagram for the final Green function for a five-step prop-
agation with memory length L = 3.

we have outlined and analyzed the optimal brute force con-
traction scheme, it is by no means the only way to evaluate
the network. Because this PC-TNPI can be contracted di-
rectly, it can form a basis for future investigations for different
decompositions of the same. It is possible that the optimal
filtering procedure built on top of the PC-TNPI would lead
to a completely different matrix product representation of the
problem.

It is well known that, in condensed phase dissipative en-
vironments, the nonlocal memory of the influence functional
dies away with the distance between the points, allowing
for a truncation of memory. This idea is commonly used
both in Nakajima-Zwanzig generalized quantum master equa-
tions [40-42] and iterative QuAPI [34,35]. The length of
this nonlocal memory is related to the the time scales of the
bath response functions. Computationally, it is treated as a
convergence parameter, which is increased until the dynam-
ics stops changing. In the framework of the PC-TNPI, the
length of the memory is equal to the depth of the resultant
network. The topmost tensor encodes the interaction between
the most distant points, while the bottom-most tensor captures
the Markovian interactions coming through the propagator
and the I terms. At two time steps of memory, that is, L = 2,
we basically get Fig. 3. In Fig. 7, we show the structure of the
network for a five-step propagation with L = 3. Because sy
does not interact with s4 or ss, it is not necessary to store
and evaluate the full diagram at once, but it can be built
iteratively. The first edge corresponding to interactions with
so is contracted and multiplied by the second edge using the
canonical contraction scheme discussed previously. As soon
as this is done, the storage of the first edge can be freed, and
the third edge can be contracted. This iteration scheme turns
out to be identical to the iteration scheme in any iterative
PI method like the iQuAPI or the iBSPI. The first steps of
the iteration algorithm is pictorially outlined in Fig. 8. First,
the left-most edge is contracted as shown in Fig. 8(a). This
is followed by contraction of the second edge from the left
[Fig. 8(b)]. Note that in the iterative regime, both the left-
most edge and the second edge from the left have the same
number of tensors. Finally, the rest of the TN is contracted
in an identical fashion to the contraction discussed before for
the full memory simulations. This is schematically shown in
Fig. 8(c).

Makri [17] has shown that it is possible to think of the
memory as arising from two different causes. The influence
functional F' can be rewritten in terms of the real and imagi-
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(b) Contract result with all influence functionals with s;. No-

tice that the external index with s; from the previous step has

been contracted out and now the bottom-most external index
is S2.

S92 S3
(c) Contract result with remaining terms to get RDM.

FIG. 8. First steps of algorithm for iteration. The basic contrac-
tions are done in the same way as described for the full path part.

nary parts of the n coefficients as

F[s(jf, ST, AU sﬁ]
1 o~
= exp |:—% Z Asi Z(mnkk’Ask’ - ZISnkk'Sk'):|, (20)
k K<k

where As; = s —s; and 5 = 3(s;” + s ). The part of the
influence functional that arises from R is called the
classical decoherence factor. It corresponds to stimulated
phonon absorption and emission [43]. This can also be ob-
tained through classical trajectory simulations and reference
propagators [44,45] in a Markovian manner. All effects of
temperature are captured in the classical decoherence term.
The term with the Iy is the backreaction that leads to quan-
tum decoherence. This part of the memory is truly nonlocal
and temperature independent.

The inclusion of solvent trajectory-based reference prop-
agators is trivially possible in the PC-TNPI using the
framework of harmonic backreaction [43]. However, it is in-
teresting to note that it is possible to increase the efficiency
of the approximate simulations involving only the classical
decoherence even without these reference propagators by ju-
diciously using the TN structure. This approximate dynamics
would become increasingly accurate as the temperature of the
simulation rises. In this, the full i coefficients are used only
when k =k’ or kK’ + 1, and otherwise, the imaginary part of
Nk 1s ignored. Effectively, we are modifying the Iv(k‘")?k oper-
ators to be exp[—1/AN () Asy Asp] when o =k — k' > 2.
Just like before when the s; lines carried unnecessary infor-

mation, now the s lines carry more information than they
need to. We only need to know about Asy. Thus, we can
make the required changes to the dimensionality of the indices
by putting in the corresponding projector operators in the K
tensors, thereby reducing the cost of computation even further.
The network for the classical decoherence simulations would
have exactly the same structure as Fig. 5 with all edges except
the base ones being B dimensional. This approximation is
especially accurate at short times.

The scaling of the naive contraction algorithm has been
derived in Appendix. For a simulation of N time steps with a
memory length of L, the computational complexity scales as
O[(N — L)B-~1], and the storage complexity scales as O(B"),
where B is the number of unique blip values corresponding to
the system.

III. RESULTS

As illustrative examples, we apply the PC-TNPI to a
two-level system (TLS) coupled bilinearly to a dissipative
environment:

Hy = €6, — hQ6,, (21)

where 6, and &, are the Pauli spin matrix. The TLS model is
not just useful for describing spins but also for deep tunneling
processes where the lowest doublet is enough to describe the
entire process.

The dissipative environment is chosen to be defined by
Ohmic model spectral densities, which are especially useful
in modeling the low frequency rotranslational modes. We use
the very common Ohmic form with an exponential cutoff:

14 1)
J(w) = —htwexp (——), (22)
2 [OR
where £ is the dimensionless Kondo parameter, and w, is the
characteristic cutoff frequency; and the Ohmic form with a
Drude cutoft:

J(®) = k. (23)

0? + w?’
where « is a measure of the coupling strength. Generally,
these model spectral densities are often thought to be fully
characterized by a reorganization energy:

x:szﬂﬂah (24)
T J) o @

and the cutoff frequency w.. The reorganization energies for
the exponential and the drude cutoff spectral densities are as
listed below:

Aexp = 28 @, (25)
ADrude = 2k. (26)

As we demonstrate through the examples, though the re-
organization energy and the cutoff frequency are same, the
exact dynamics of the RDM is highly dependent on the form
of the decay function. Consider a symmetric TLS (¢ = 0)
and Q2 = 1 interacting strongly (§ = 2) with a sluggish bath
(w. = ) initially localized on the populated system state 1.
The bath has a reorganization energy of A =4 and is held
at an inverse temperature of 728 = 1. The dynamics was
converged at At = 0.125 and a memory length L = 16 for

024309-6



PAIRWISE CONNECTED TENSOR NETWORK ...

PHYSICAL REVIEW B 105, 024309 (2022)

1 I

r L =10 1

0.95 - L=13 7
0.9 L=15 i

r L =16 . 1

= 0.85 —
g 08 -
0.75 —
0.7 — —
0.65 . | | | | | ]

Qt

(a) Convergence with respect to memory length, L.

(t)

—
—
QU

0.95
0.9
0.85
0.8
0.75
0.7
0.65
0.6
0.55

L B
L L=38 ]
r L =10 N
L L =12 4
[ L=14 ]
r L=16 . 7]
L \ \ \ \ \ \ \ ]
0O 05 1 15 2 25 3 35 4

Qt

(a) Dynamics corresponding to spectral density with exponen-

tial decay functions

1 R S

0.95 B Exponential B

=0 Drude — |

0.9 — =

0.85 =

< . i

- 08 =

g L i

0.75 =

0.7 — .|
0.65 —

06 o \ \ \ \ \ ]

0 0.5 1 1.5 2 2.5 3

Qt

(b) Comparison between spectral densities with exponential
and Drude decay functions.

FIG. 9. Dynamics of a symmetric two-level system (TLS) in-
teracting with a bath with 1 =4, w, = Q at an inverse temperature
QB = 1.

the time scales shown. The convergence is shown in Fig. 9(a)
for an Ohmic bath with an exponential decay. Full quantum-
classical PI simulations for this parameter have been reported
for this short time interval [45]. Converged results up to equi-
libration requires much larger memory lengths of L ~ 100,
which cannot be achieved without some form of filtration.
These results have been reported using the SMatPI [22] and
reproduced by the augmented propagator-based TNPI [26]. If
the Drude form of decay is used, the dynamics changes quite
significantly. The comparison between the dynamics arising
from the two spectral densities is shown in Fig. 9(b).

Next, consider a case where not only is the dynamics
different between the two different decay functions, but the
converged memory length is different as well. The dynamics
of the same TLS as above (¢ = 0, 2 = 1) is now simulated in
a bath with the reorganization energy A = 8 and a character-
istic cutoff frequency w, = 5. The bath is equilibrated at an
inverse temperature of 28 = 5. The time step is converged
at QAr = 0.125. The convergence of the dynamics of the
RDM on changing the memory length L is shown in Fig. 10.
While the memory length for the exponential decay function
spectral density is quite close to convergence at L = 14, for
the Drude spectral function, it converges at L = 10.
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(b) Dynamics corresponding to spectral density with Drude
decay functions

FIG. 10. Convergence with respect to memory length for the
spectral density with an exponential cutoff.

InFig. 11, we consider a TLS coupled to a strongly coupled
Ohmic bath with an exponential cutoff (§ = 1.2, w, = 2.5Q)
equilibrated at a high temperature 2228 = 0.2. The converged
time step is At = 0.125. The classical memory calculations
converge at a comparatively lower memory length L and agree
quite well with the full simulations at short times.
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FIG. 11. Comparison between the classical and full memory cal-
culations for a strongly coupled high-temperature bath.

024309-7



AMARTYA BOSE PHYSICAL REVIEW B 105, 024309 (2022)
0.3 T peos ooy . 1 e
L . 1 Site 1l —
0.25 — 0.8 Site 2 ——— |
- [ 1 L Site 3 ]
n 0.2 — . o
g I | '5 06 Site 4 B
= 015 - — % 3 1
g [ 1 c'04 =
o 0.1 T=30K. — | a, | |
\ L T=600K —— -
0.05 f T=1200K ——r - 02 g
{ T = 2400 K 1 1
0 { | | L | L | L | | 0 | | |
0 20 40 60 80 100 120 140 0 5000 10000 15000 20000

t (fs)

FIG. 12. Rate according to the nonequilibrium flux function.
Markers: Classical memory approximate simulations. Line: Full sim-
ulations without any approximation.

For many processes that have timescales too long to be
simulated directed, rate theory provides a computatonally ef-
ficient alternative. Quantum rate theory is formulated in terms
of equilibrium correlation functions involving reactive flux
[46-48]. Recently, it has also been shown that it is possi-
ble to get the same information from nonequilibrium initial
conditions and simulations [39,49]. Consider a model of a
typical symmetric proton transfer or isomerization reaction
where the tunneling splitting is significantly smaller than the
vibrational frequencies of the environment. We consider the
symmetric TLS (¢ = 0) studied in Refs. [49,50] with A2 =
0.000525 cm~!. The strongly coupled bath is characterized by
an Ohmic spectral density with an exponential cutoff at the
cutoff frequency of w, = 500cm~! and £ = 0.5. The rate is
obtained as a long-time limit of the nonequilibrium flux func-
tion corresponding to the reactant state |1), £ = %[1-70, [1)y(1]],
whose time evolution at different temperatures ranging from
T = 300 to 2400 K is shown in Fig. 12. As can be seen, at
all the temperatures, the timescales indicated by the classical-
memory-only simulation, though not exactly accurate, are
consistent with the full-rate-theory calculations. It is also seen
that the accuracy of the classical memory simulations increase
with temperature.

As a final example, consider a molecular wire described by
the tight-binding Hamiltonian involving D sites:

Hy= Y €lop)ojl =iV Y (o) (o)l + lojs1) (o).

1<j<D 1<j<D

27)

The site energy of the jth site is €;, and the nearest neighbor
couplings are V. The sites are separated by unit distance
such that |o;) are eigenstates of the position operator §|o;) =
(j — Dlo;). The site energy of all but the first site is chosen
to be zero €; =0 for j # 1 and €; = 1. The intersite cou-
pling is chosen as V = 0.025 [51]. The computational cost
grows exponentially with the number of sites. To test the
efficiency of the basic contraction scheme outlined here, we
use a system with D = 4 sites. The bath is characterized by an
Ohmic spectral density with an exponential cutoff, Eq. (22)
with w, =4 and & = 0.12 [26], equilibrated at an inverse
temperature of § = 0.1. As discussed in Sec. I, the scaling

t

FIG. 13. Population dynamics corresponding to an initially pop-
ulated first site. Lines: full simulations, markers: classical memory
simulations. For full decoherence, L = 6; for classical decoherence,
L=4.

of the algorithm would go as B < D?. The symmetry of the
Hamiltonian enforced by the global bath in this case ensures
that the number of unique values of As, B = 7 for this 4-state
system, which is even less than the D*—D+1=13for a
completely general Hamiltonian. The population dynamics
of all the states is shown in Fig. 13. An initial state with
only the first site populated was used. Because of the high
temperature of the bath, the classical decoherence simulation
produces practically identical dynamics but converges at a
smaller memory length L.

IV. CONCLUSIONS

A generalized TN is introduced to perform PI calculations
involving the Feynman-Vernon influence functional. Not only
does this PC-TNPI capture the pairwise interaction structure
of the influence functional, but it also benefits from the blip
symmetry present in the Feynman-Vernon influence func-
tional [17,18]. The PC-TNPI can be contracted efficiently and
minimizes the storage requirements as far as possible without
resorting to various path filtration algorithms. Iterative decom-
position of the memory is also possible in an elegant manner.
Analysis of the space and time complexity of the PC-TNPI
shows that it scales like the iBSPI, clearly taking advantage of
the blip symmetry.

Recently, TNs have proved to be very useful in simulat-
ing the dynamics of open quantum systems [23,26,27]. The
PC-TNPI provides an alternative to the commonly used MPS
representation [23,26], serving as a small step in further elu-
cidating the deep relation between TNs and PIs. While no
path filtration scheme has been developed, the PC-TNPI is
already quite usable. It can easily incorporate classical trajec-
tories through harmonic backreaction quantum-classical PlIs
[43—45,52,53], thereby making it possible to include anhar-
monic effects of the environment in an approximate manner
without any additional cost. Additionally, harmonic backreac-
tion also leads to an increase in the converged time step and a
decrease in the effective memory length such that some ultra-
fast reactions can be simulated directly. The combined method
could simulate systems with strongly coupled sluggish realis-
tic solvents with high reorganization energy. This promises
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to be a fruitful avenue of research in terms of applications to
electron and proton transfer reactions.

The most important aspect of the PC-TNPI is that it gives
a framework to unify and develop other TN algorithms for
simulating real-time PIs. Algorithms based on MPS represen-
tations of the augmented reduced density tensor [23] or of the
augmented propagator [26] can be thought of as particular
optimized refactorizations of the PC-TNPI network. These
methods can be thought of as different approaches of repre-
senting the base as an MPS. We have also established the via-
bility of evaluating the PC-TNPI in a brute force manner. This
suggests that using the PC-TNPI directly to generate other
optimized representations might also lead to methods whose
performance should significantly outstrip that of the brute
force evaluation of the TN. In this context, there are optimized
algorithms for doing calculations with MPSs and MPOs. It
would be an interesting future research direction to figure out
the optimal representation of the system using an MPS.

While ideas of path filtration were not a consideration of
this paper, schemes based on the SVD can be incorporated
with the PC-TNPI, leading to a method that significantly re-
duces the storage since the full tensor would not need to be
computed and stored. This development will be discussed in
a future publication, further optimizing the framework of the
PC-TNPIL
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APPENDIX: COST OF CONTRACTION

Consider the TN corresponding to a full path simulation
spanning N time steps. To calculate the cost of contraction, the
left edge of the triangular network is first considered. Consider
contracting ﬂg}”, for j > 2, with two D? indices and one B
index, as schematically indicated in Fig. 14(a). The part that
has already been contracted has one D? index and (N — j) B
indices. Therefore, the cost of contraction is (D?)?BN—/*1,
The space requirement at this stage is D>’BY~/*!, To finish the
contraction of the left-most edge of the triangle, we need to
multiply by Ky, , 0s,» leading to the TN shown in Fig. 14(b).
The resultant tensor does not have an index corresponding to
so because that has been traced over. The computational cost
of this step is C = (D?)*BY~!, and the storage becomes S =
D?BV~!. Now the second parallel edge is to be contracted.
This step, however, is started from the bottom, i.e., from
Kx],xz~ The first contraction, shown in Fig. 15(a), is the most
costly step in the entire algorithm. The computational cost
of this step is C = (D*)*BV~!, and the storage requirement
increases to § = (D?)*BY~2. Continuing with the other inter-
mediate tensors of the first parallel edge, notice that the cost
of contraction remains constant at C = (D?)*BY~!, and the
space required remains constant at S = (D?)>?BY~2. Finally,
the last, top-most tensor of this edge is to be contracted.
This is illustrated in Fig. 15(b). The computational cost is
C = (D*)’B"~!. The storage cost now drops to § = D*BN~2.

(a) Contraction of internal tensor along the left edge (j > 2).
C = (D%)2BN-itl §=D2BN-itl

(b) Contraction of Ksy,s,ps0- C = (D2)2BN-1. § =
D2BN-1,

FIG. 14. Contraction along the left edge of the triangle. Dashed
lines show the B-dimensional indices, and solid lines show the D?-
dimensional indices.

Now consider contracting a general diagonal edge, say, the
jth one. The resultant tensor from the previous contraction
has one D? index and (N — j + 1) B indices. Contracting the
K tensor leads to a tensor with two D? indices and (N — j)B
indices. The cost of this contraction is C = (D?)’BY~/*!, and
the storage is S = (D*)?BY~/. For all the intermediate tensors
at this stage, once again, both the computational and storage
costs remain the same. On contracting the last tensor of this
diagonal, the storage drops to S = DBV,

Below, we list the total computational cost for contract-
ing each of the parallel edges. The edge number is given

(a) Contracting the first tensor of the next parallel edge. C =
(D2)3BN_1. S = (DQ)QBN_Q.

(b) Contracting the last tensor of the next parallel edge. C =
(DQ)QBN_I. S = DQBN_Q.

FIG. 15. Contraction along an intermediate edge, say, the one
next to the left-most edge.
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as the subscript:

N-1
Cl — (DZ)ZBN71 + Z(D2)23N7j+1
j=2
BZ BN—2 -1
_ oy g BEE =D (A1)
B—1
Ci= DB 1+ WN - j)D*, 2<j<N. (A2

The prefactor of the computational and storage costs is
lower for classical decoherence simulations: It goes from a
power of D? to the corresponding power of B. It is clear that
the complexity of the entire contraction goes as O(BV~!),
and the peak storage requirement is O(B"~2). Beyond mem-
ory, the computational cost scales linearly with the number of
time steps simulated.
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