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Signatures of multifractality in a periodically driven interacting Aubry-André model
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We study the many-body localization (MBL) transition of Floquet eigenstates in a driven, interacting fermionic
chain with an incommensurate Aubry-André potential and a time-periodic hopping amplitude as a function of the
drive frequency wp using exact diagonalization (ED). We find that the nature of the Floquet eigenstates change
from ergodic to Floquet-MBL with increasing frequency; moreover, for a significant range of intermediate wp,
the Floquet eigenstates exhibit nontrivial fractal dimensions. We find a possible transition from the ergodic to this
multifractal phase followed by a gradual crossover to the MBL phase as the drive frequency is increased. We also
study the fermion autocorrelation function, entanglement entropy, normalized participation ratio (NPR), fermion
transport, and the inverse participation ratio (IPR) as a function of wp. We show that the autocorrelation, fermion
transport, and NPR display qualitatively different characteristics (compared to their behavior in the ergodic and
MBL regions) for the range of wp which supports multifractal eigenstates. In contrast, the entanglement growth
in this frequency range tend to have similar features as in the MBL regime; its rate of growth is controlled by wp,.
Our analysis thus indicates that the multifractal nature of Floquet-MBL eigenstates can be detected by studying
autocorrelation function and fermionic transport of these driven chains. We support our numerical results with
a semianalytic expression of the Floquet Hamiltonian obtained using Floquet perturbation theory (FPT) and

discuss possible experiments which can test our predictions.
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I. INTRODUCTION

It is well known that noninteracting fermions in one-
dimension with short-range hopping exhibit localization
for arbitrary weak disorder potential [1,2]. In contrast,
fermion chains subjected to quasiperiodic potential exhibit
a localization-delocalization transition at a finite potential
strength [3—15]. Localization in such 1D fermion chains with
quasiperiodic potentials has been studied extensively in the
past [3-20]. In recent times, such systems have also been
experimentally realized using ultracold atom chains [21-24].
The simplest of such models with quasiperiodic potential is
termed as Aubry-André (AA) model [3—6]. The Hamiltonian
the AA model is given by

Hni = Hy + Hy,
J N
Hy = -5 ZC}(CJ'+1 +cj1),
J
Hy =) Vycos2mnj + ¢)cic; (1)

J

where ¢; denotes fermionic annihilation operator at site j,
nj= cle j 1s the corresponding fermion number operator, J
is the nearest-neighbor hopping amplitude of the fermions, n
is an irrational number usually chosen to be the golden ratio
(+/5 = 1)/2, Vy is the amplitude of the AA potential, and ¢ is
an arbitrary global phase. The model exhibits a localization-
delocalization transition at Vy = 7.
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More recently, nonequilibrium dynamics of interacting
quantum systems has been extensively studied [25-33]. A
class of such studies has concentrated on periodic drive for
which the properties of the system is controlled by its Floquet
Hamiltonian [34]. The Floquet Hamiltonian Hy of a periodi-
cally driven system contains information about its properties
at stroboscopic times nT, where T = 27 /wp is the drive
period, wp is the drive frequency, and n is an integer. This
feature stems from the fact the evolution operator for such
systems satisfy U (nT, 0) = exp[—inHpT /h], where & is the
Planck’s constant. It is well known that an interacting quan-
tum systems without the presence of quasiperiodic potential
or disorder also undergoes dynamical localization [35-41],
exhibits dynamical freezing [42—47], and can display viola-
tion of eigenstate thermalization hypothesis (ETH) [48-51]
due to quantum scars [52-61] whose signature can also be
found using periodic drives [62,63]. However, the origin of
such drive controlled localization or ETH violation is quite
different from that found in traditional many-body localiza-
tion (MBL) [23,51,64-90].

The dynamics of noninteracting quasiperiodic systems has
also been studied recently [91-94]. It has been shown that
a driven noninteracting fermionic chain with an incommen-
surate Aubry-André potential and a time-periodic hopping
amplitude exhibits a dynamical transition separating single-
particle delocalized Floquet eigenstates from localized and
multifractal states in the Floquet spectrum. These multifrac-
tal Floquet eigenstates typically occur around the transition
frequency. Moreover, the driven quasiperiodic chain with AA
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potential, in contrast to its nondriven counterpart, displays a
sharp mobility edge separating the delocalized and localized
or multifractal states near the transition [93]. However, the fate
of these features remain unclear for the driven AA chain in the
presence of interaction.

In the absence of a drive, an interacting fermion chain with
quasiperiodic potential or random disorder undergoes a transi-
tion between ergodic to MBL phases. The MBL phase, which
breaks ergodicity of an interacting system and hence violates
ETH, has been extensively studied in the recent past; it is well
known that it leads to qualitatively different long-time behav-
ior of correlation functions which stems from the absence of
ergodicity [20,65,66,89,90]. Moreover, the transition between
the ergodic and MBL phases in 1D interacting systems has
also attracted recent attention. Several studies have shown
the existence of a multifractal phase [95-99] near the critical
point of MBL transition. The fate of such multifractality in
the thermodynamic limit remains an open question [100];
moreover, the existence of such states for driven interacting
quasiperiodic systems have not been studied so far.

The study of dynamics in systems near MBL transition
has also been discussed extensively in literature [90,101,102].
Several such experimental and theoretical studies have been
carried out for periodically driven MBL system both experi-
mentally and theoretically [85,103]. Moreover, slow dynamics
in the ergodic phase of a driven MBL in a kicked spin 1/2
Ising chain have been reported [104]. Recently a many-body
critical phase in the one-dimensional interacting AA model
was also predicted; such a phase turns out to have different
properties from both ergodic and MBL phases [95,105]. This
seems to suggest that such quantum system may host three
different phases in the thermodynamic limit [95,105]. Unusual
correlators have also been reported in nonequilibrium steady
states in strongly interacting AA model implying several dy-
namical phases between the much studied thermal and many
body localized phases [106]. However, none of these works
have studied the nature of the Floquet eigenstates near the
ergodic to MBL transition point.

In this work, we study a weakly interacting AA model
whose hopping strength is driven by a square pulse protocol.
We show that the Floquet Hamiltonian(Hp) for such a driven
system has extended ergodic eigenstates at low frequencies;
in contrast, they are many-body localized at large drive fre-
quency. Moreover, Hr supports multifractal eigenstates over
a range of driving frequency wp in the intermediate drive
frequency regime. Our results, within the range of system
sizes which could be numerically accessed, seem to indicate
a transition from the ergodic to this multifractal regime at
a critical drive frequency wp = w,. followed by a gradual
crossover to the MBL phase as wp, is increased. The multifrac-
tal eigenstates that we obtain possess qualitatively different
characteristics from their ergodic and many-body localized
counterparts as is evident from computation of their IPR and
Shannon entropies. We note that such multifractal eigenstates
have been found for disordered many-body spin and inter-
acting AA Hamiltonians [95-97,106]; however, to the best
of our knowledge, they have not been reported earlier for
a periodically driven interacting model. Our study therefore
provides the possibility of tuning multifractality of quantum
many-body states using drive frequency.

The other results obtained from our study are as follows.
First, we study the dynamics of representative initial states
in different frequency regimes under the influence of the
driven Hamiltonian. We show that in the intermediate drive
frequency regime (which supports multifractal Floquet eigen-
states) they display nonergodic and non-MBL behavior. This
is evident from the study of both fermion autocorrelation
function and NPR. We find super-exponential decay of the
fermion autocorrelation functions, albeit to a nonzero value,
in this regime; the NPR also shows such intermediate behav-
ior. Second, we study the half-chain entanglement entropy S
which shows a§ ~ alnt + b growth with a monotonically de-
creasing with wp in the intermediate-frequency regime. This
growth happens at sufficiently long times; in this time range,
the fermion autocorrelation displays steady oscillation around
a constant value. Third, we find that the half-chain entangle-
ment of the multifractal eigenstate states show logarithmic
growth (S ~ Int) similar to their MBL counterparts; however,
the coefficient of Inz is controlled by average multifractal
dimension of the eigenstates and can be tuned by wp. Fourth,
we discuss the steady state behavior of such a driven system.
In particular, we study the fermion autocorrelation function
and fermion density in the steady state starting from a domain
wall initial state (for which all particles are initially localized
to the left half of the fermion chain). Our results indicate
that both the autocorrelation and the steady state fermion
density displays a signature of the multifractal dimensions
and thus can be used to detect multifractal eigenstates. Fifth,
we compute the steady state number entropy starting from a
fermionic product state and discuss its behavior as a function
of the drive frequency. Sixth, we obtain a semianalytic Flo-
quet Hamiltonian using a Floquet perturbation theory (FPT)
which reproduces the qualitative features of the driven system
obtained using exact numerics. Our results thus constitutes
an analytic Floquet Hamiltonian which supports multifractal
many-body eigenstates. Finally, we discuss experiments that
can test our theory.

The plan of this paper is as follows. In Sec. II, we discuss
the drive protocol that we used throughout our work. Next, in
Sec. III, we chart out the phase diagram demonstrating the
existence of multifractal Floquet eigenstates for a range of
wp. In Sec. IV, we study the short- and intermediate-time dy-
namics of the model. We also discuss the transport properties
of the fermions in the driven interacting AA chain beginning
from a domain wall initial state as well as the steady state
entanglement properties. This is followed by Sec. V where
we use FPT to compute a semianalytic, perturbative Floquet
Hamiltonian. Finally, in Sec. VI, we discuss the main results
and point out possible experiments which can test our theory.

II. THE HAMILTONIAN

We consider a lattice model that describes 1D fermions
with Aubry-André (AA) potential and nearest-neighbor
density-density interaction. The Hamiltonian for such a model
is

H=Hx+ Y Vi, (@)
J
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where Vi, is the interaction strength. We consider the half-
filling case for which the ratio of the numbers of fermions N
and the lattice sites L is fixed to N/L = 1/2. The Hilbert space
dimension is denoted by V. The system is driven by a periodic
square pulse drive protocol described by

= Jo,

where T = 27 /wp is the time period. In this study we shall
restrict ourselves to the parameter regime Vi, < Jo. This is
done to ensure that the system remains in the ergodic phase in
the quasistatic limit.

In order to study the localization properties of the driven
chain in the Hilbert space, we first need to evaluate the
time evolution operator U(T,0) = 7,‘exp[—if0T dtH(t)/h].
To this end, we define Hx = H[J = £J]; the eigenvalues
and eigenvectors of H. is given by

HL|gS) = ef|EE). 4)

In terms of these quantities and for the square pulse drive
protocol [Eq. (3)], U(T', 0) is given by

t<T)2
t>T)2, A3)

U(T.0) = o~ iH+T/(2h) ,—iH_T /(2h)

i(et—e T /(2R) +— —
=) TRy e, ©)
p.q

where the coefficients c;“q‘ = (f;”;“ |€, ) denote overlap between
the two many body eigenbasis. In what follows, we shall
compute € and |£F) by exact diagonalization (ED). We also
use ED to obtain eigenvalues A,, and eigenvectors |,,) of
U (T, 0). The eigenspectrum of the Floquet Hamiltonian Hp is
found from the relation U (T, 0) = exp[—iHpT /h]. Then one

can write

UT,0) =Y nl¥m)Wnls  Aw=e""/" " (6)

F
where ¢,

V).

The knowledge of U(T, 0) allows us to compute strobo-
scopic dynamics starting for an arbitrary initial state |Yini).
The state at time ¢, = nT', where 7 is an integer is given by

Y (nT)) = U T, O)linia) = Y A [Ym), (D)

are the quasienergies which satisfy Hp|y,,) =

where "' = (4, |¥inic). Thus the expectation value of any
operator O at stroboscopic times are given by

(DOl (nT)) = Y chmiteimite=me =T/ (yr 0]y,

Pq
(®)

In the steady state, only the terms corresponding to p = g in
the sum (8) contribute leading to

(O)seaty = Y _ 1M (W, Olry). )
4

We shall use these expressions for study of Floquet dynamics
in the subsequent sections.

III. PHASE DIAGRAM AND THE PROPERTIES OF
FLOQUET EIGENSTATES

In this section, we shall use the properties of the many-
body Floquet eigenvalues and eigenvectors to study the phase
diagram of the driven chain of length L [91,93] in the presence
of small interaction. First we shall present an exact numerical
study for L < 18 where we have used ED to obtain the exact
Floquet eigenvalues and eigenvectors.

A. Inverse participation ratio and fractal dimension

In order to study the drive induced transition from the
ergodic to the MBL phase in the many-body Fock space basis,
we calculate the inverse participation ratio (IPR) defined as

N
4
I, = E |Cmn| s (10)
n=1

where ¢, = (n|¥m), |¥n) is a Floquet eigenstate and |n)
denotes Fock states in the number basis. The IPR I,, ~ N ~1(©
ind = 1 for aergodic (MBL) phase and thus acts as a measure
of localization of a many body eigenstate in the Fock space.
This property follows from the fact that a generic many-body
ergodic eigenstate of Hr is expected to have finite overlap
with a large number of Fock states; in contrast, in the MBL
phase, it is almost diagonal in the Fock basis. Thus the behav-
ior of I, in the Fock space mimics that inverse participation
ratio of single particle Floquet eigenfunctions function in real
space for the noninteracting driven AA Hamiltonian studied
in Ref. [93].

The analysis of I,, leads to the phase diagram shown in
top left panel of Fig. 1, where I,, is plotted as a function
of eigenvector index m/N and wp. The plot shows that
the driven AA model with interaction exhibits a transition
from the ergodic to the MBL phase. For low drive frequen-
cies hwp/(wrJy) < 0.4, all Floquet eigenstates are ergodic
with I, ~ (1/N)). A transition from ergodic eigenstates to
a phase where the eigenstates states with 0 <1, <1 oc-
cur around hiwp /(Jomr) ~ 0.4. These eigenstates (which have
0 < I, < 1) persist for a wide range of frequencies 0.4 <
hop /(w Jo) < 1.5.For hwp /(7 Jy) > 1.5, the Floquet eigen-
states become completely localized (I,, > 1) signifying the
onset of the MBL phase.

To study the nature of states having 0 < I, < 1, we com-
pute

N
I =Y eyl (11)
1

n=

where 1, = I?. It is well known I\ ~ N~ where the
exponent 7, is related to the fractal dimension D, by D, =
7,/(g — 1). We note that for MBL states, we expect D, =
0, whereas for ergodic states, D, = 1. The intermediate ¢
dependent values of D,, that is D, = 1,/(qg — 1), signify
multifractality while D, is independent of g for a fractal
eigenstate.

To analyze the nature of the Floquet eigenstates further, we
first plot 7, as a function of eigenvector index m/AN and wp in
the top right panel of Fig. 1. From this plot, we find the pres-
ence of ergodic and MBL states for low (fwp/(r Jp) < 0.4)
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FIG. 1. (Top left) Plot of I, as a function of the normalized
many-body eigenfunction index m/N and wp/(m Jy) showing the
localized/delocalized nature of the Floquet eigenstates |,,) for
L = 14. (Top right) Plot of 7, as a function of m/N (after sorting
in increasing order of 1,,) and wp /(7w Jy) showing the presence of
delocalized states for wp/(w Jp) < 0.4, multifractal states for 0.4 <
wp/(mJp) < 1.5 and fully localized states for wp /(7w Jp) > 1.5. The
system sizes used for extracting 7, are L = 10, ..., 18 in steps of 2.
(Bottom left) Plot for In/,, vs In L used for extracting 1, for several
representative frequencies for the state corresponding to m/N = 0.5.
The behavior of perfectly delocalized (green dots at wp/(7 Jp) =
0.025) and localized (red dots, wp /(7w Jy) = 3) can be distinguished
from that of a multifractal states (blue dots wp /(7 Jo) = 0.5). (Bot-
tom right) Plot of D, as a function of wp /(7w Jy) for m/N = 0.5. We
have set Jy = 1, Vo/Jo = 0.05, Vi /Jo = 0.025, scaled all energies
and frequencies in units of Jy (with 7 set to unity). See text for
details.

and high (fiwp/(wr Jp) > 1.5) drive frequencies respectively.
In between, one finds the state with 0 < 1, < 1 signifying
their nonergodic and non-MBL nature. We note that for this
plot, we sort the eigenstates in the increasing value of I,,.
Thus we find that the states, which had 0 < I,, < 1, also have
0 < 1 < 1; these states are natural candidate for multifractal
Floquet eigenstates.

In what follows, we extract 7, from the plot of In /,, versus
In NV as shown in the bottom left panel of Fig. 1 for m/N =
0.5. For hwp /(7 Jy) = 3, the state is many-body localized and
we have 7, ~ 0 as evident from the flat red line in the bot-
tom left panel of Fig. 1. In contrast, at hwp/(r Jp) = 0.025,
we have 7, = 1 (a green line in the bottom left panel of
Fig. 1) signifying the ergodicity of the state. In between, at
hop/(TJy) = 0.5, 7, = 0.4 (a blue line in the bottom left
panel of Fig. 1) indicating the presence of nonergodic and
non-MBL nature of the state.

The plot of the multifractal dimension D, is shown in
the bottom right panel of Fig. 1 for states corresponding to
m/N = 1/2. For all points in these plots, D,, is obtained from
values of 7, that are, in turn, extracted from the correspond-
ing plots of Inl, versus In /. From the plot, we find that
for 0.35 < liwp/(w Jp) < 1.5, 0 < D, < 1; this indicates the
presence of multifractal states in the spectrum. Other states
with different m/N also show similar features. The behavior
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—L=14 0.0
—L=16

L=18 5-05

-1.0

"0.0 05 1.0 1.5 20 2.5 3.0
wpl(7t To)
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FIG. 2. (Left) Plotof S/ In A as a function of wp /(7 Jy) showing
the presence of the ergodic to MBL transition at wp /(7w Jy) ~ 0.44.
(Right) Plot of b; as a function of wp/(wrJy) showing b; < 0 in
the ergodic phase, whereas b; > 0 in the MBL phase. The plot
in the right panel shows that b changes sign at wp /(1w Jy) ~ 0.45
suggesting a critical point. All other parameters are same as in Fig. 1.
See text for details.

of D, shown in the bottom right panel of Fig. 1 indicates
that the driven fermion chain exits the ergodic phase for
hop /(T Jy) = 0.4. We note here that our numerical analysis
shows that D, is almost independent of g for g < 4; this indi-
cates the possibility of fractal nature of these states. However,
ascertaining this property would require computation of t, for
all ¢ and we do not attempt this in the present work.

B. Shannon entropy

To further establish the presence of the ergodic, multi-
fractal, and MBL phases as a function of frequency and to
find out the nature of the transition between them, we study
the Shannon entropy of the Floquet eigenstates. The Shannon
entropy of the mth Floquet eigenstate is given by

1
Sm = — Z |Cmn|21n |Cmn|2a S = /T[ ZSm’ (12)

where S is the mean entropy. We note that for fiwp/(w Jp) >
1, ¢ = 8un leading to S, >~ 0; thus S — 0 indicates many-
body localized eigenfunctions. In contrast for hwp /(7 Jy) K
1 when all Floquet eigenstates are ergodic, ¢, >~ 1/ VN for
all m leading to the maximum entropy of S = Sy.x =~ In N.

The left panel of Fig. 2 shows the plot of Shannon entropy
normalized by In NV as a function of fiwp / Jy for different sys-
tem sizes. Note that the plots for different system sizes cross
each other around Zwp/Jy ~ 0.437; this seems to indicate
a transition between the ergodic and multifractal phases. To
understand this feature further, we note that the functional
form of S can be written as [96]

S=DInN +b, (13)

where D, is the fractal dimension. It is known that b; is
expected to change sign at the transition from ergodic to MBL
phase. This results in a crossing point between the curves of
S of different sizes at the critical frequency [96]. The plot of
b is shown in the right panel of Fig. 2. It indicates that in the
delocalized phase, b; < 0 whereas in the MBL phase, b; > 0.

It is also instructive to study the fluctuations of entan-
glement entropy [85], as they have been shown to provide
a useful probe of the delocalization to MBL transition. The
fluctuations of S is defined as

AS = V(S = (S))?). (14)
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FIG. 3. Plot of AS as a function of (7w.J)/wp showing that
the transition from the ergodic to multifractal phase takes place at
T Jo/wp ~ 2.3 or wp/Jy ~ 0.434m. All other parameters are same
as in Fig. 1. See text for details.

It is known that AS is small deep inside both the ergodic
and MBL phases. In the ergodic phase, all Floquet eigenstates
are highly entangled with § = S,.x. Thus the system exhibits
small fluctuation around this value. In the MBL phase, S
follows an area law and is hence small (compared to that in the
ergodic phase where it follows volume law). In addition, since
all states have low S, the fluctuations are small. In contrast, at
the transition S has a broad distribution leading to maximal
value of AS. Thus, the delocalization to MBL transition can
be detected by the location of the peak in AS.

Figure 3 shows the plot of AS as a function of 7w Jy/hwp
and confirms that such a peak appears at (7w Jy)/hwp ~ 2.3.
We note that the peak gets sharper with increasing system
size with a slight shift towards higher T'; this indicates that
a drive may possibly induce a transition between ergodic and
nonergodic(multifractal) states which shall survive for larger
L. Combining the results of D, and AS, we seem to find
that within the finite system sizes that we can access, there
is possible transition around Ziwp /(7w Jy) =~ 1/2.3 = 0.434. A
more definite characterization of this possible transition would
require access to larger system size which is outside the scope
of the present work.

IV. QUANTUM DYNAMICS

In this section, we discuss dynamical signatures for the
multifractal states in the region of intermediate frequencies.
We divide this section to study three different timescales,
namely, short-, intermediate-, and long-time steady state. We
analyze the behavior of different correlation functions and
entropies in different regimes. This analysis is expected to be
useful from an experimental standpoint since achieving short-
time coherent dynamics is easier in experiments. Thus the
signatures of multifractal states visible in those time-scales,
if any, is much easier to detect experimentally.

A. Short-time dynamics

In this section, we shall study the evolution of a product
initial state in the basis of H in the short-time regime, ny <
10? cycles. We look for possible signatures of multifractal
eigenstates of Hr in dynamics which are different from the

1.0 1.0
0.8 —L=12 08 \%
0.6 e 06 \%
- L=16 . S S e SPEL
% 0.4 —te S, e T
) —L=20 .
0.2 —L=22 0.2
0.0 .00
0 20 40 60 80 0
ny no

FIG. 4. Plot of the temporal autocorrelation function as a func-
tion of number of cycles ng. (Left) Solid lines correspond to
wp/(Jo) = 0.1 (ergodic phase), while the dashed lines pertains
to wp/(wJp) = 2.5 (MBL phase). (Right) Solid lines correspond to
wp/(wJo) = 0.4 near the transition from the ergodic to the multi-
fractal regime, while the dashed lines pertains to wp /(7w Jp) = 0.7
(multifractal regime). All other parameters are same as in Fig. 1. See
text for details.

dynamics induced by either ergodic and MBL eigenstates.
Unless otherwise mentioned, all the quantities in this section
are calculated by averaging over Ny product initial states. We
choose Ny = 500 for sizes L = 12, 14, Ny = 100 for sizes
L =16, 18, and Ny = 18[20] for L = 20[22]. We have chosen
Np such that the error bars are smaller than the size of points.
To evolve the system, we have used standard Krylov subspace
techniques [107].

We show several features that appear to be intermediate
between ergodicity and MBL in the range of frequencies
where multifractality appears in the Floquet spectrum. These
features are present for all L studied here and their presence
is therefore expected to be independent of L at least for the
range of system sizes studied in this work. It is important to
note that while the eigenstate properties are calculated for size
L = 10-18, the absence of significant deviation in results for
all L < 22 seems to justify our claim of the presence of a
nonergodic multifractal regime for larger system sizes than
what can be accessed by ED.

1. Autocorrelation function

In order to distinguish between ergodic, multifractal, and
MBL phases, we resort to the measurement of temporal
autocorrelation function. The autocorrelation function is a
measure of retention of memory of system’s initial state [76]
and is given by

Aj(0) = 2(n;(1)) — D(2(7;(0)) — 1), 5)

where A;(¢) is the temporal autocorrelator at site j and time
t =noT and (n;(t)) = (Ut (neT, 0)n;(O)U (noT, 0)) is the ex-
pectation value of fermion number operator at site j and time
t = nyT. We average this single site operator over different
sites and over different random product initial states

1 L
Ar) = Z[Z Ajm}, (16)
j=1

where the square brackets indicate initial state averaging.

We can distinguish between the three phases using the A
versus 1 plot as indicated in Fig. 4 where n( denotes the num-
ber of drive cycles. It is known that for short-range systems, .A
displays exponential decay in the ergodic phase. This behavior
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FIG. 5. Plot of the temporal autocorrelation function as a func-
tion of wp /(1 Jy) after a fixed number of cycles ny = 80 for different
L. All other parameters are same as in Fig. 1. See text for details.

is seen at low frequencies hiwp /(7w Jy) = 0.1, as shown in the
left panel of Fig. 4 (solid lines). The temporal autocorrelation
function reduces to 1/L rapidly over a short interval of time.
Due to the long range nature of the Floquet Hamiltonian,
the decay deviates a bit from the usual exponential decay. In
contrast, in the MBL phase at fiwp /(1 Jp) > 1.5, the system
is supposed to retain the memory of it’s initial state for a
very long time. For short timescales (no < 100) studied in this
section, the autocorrelation does not decay significantly. This
feature is seen at a high frequency of fiwp /(7 Jy) = 2.5 in the
left panel of Fig. 4 (dashed lines).

For the region of multifractal frequencies, it is not im-
mediately clear how A should behave as the wave functions
are extended but the system cannot be called ergodic. Our
numerical result in the right panel of Fig. 4 shows that for
hwp /(7 Jy) = 0.4 (solid line) and 0.7 (dashed line), A shows
a decay initially but then oscillates around a value which is
intermediate to 1/L and 1. The value of wp, which controls
the multifractal dimensions of the eigenstates of Hr, has effect
on both the rate of the decay of A and its final value. This
will be analyzed in details in subsequent sections. We note
that for all L considered,there is no significant finite size
effect as can be seen from Fig. 5. Thus the behavior of A(ng)
shown by Figs. 4 and 5 definitely points to the presence of the
nonergodic and non-MBL phases in the region of intermediate
drive frequencies which supports multifractal eigenfunctions
of H F-

2. Normalized participation ratio

One of the most common quantity to characterize
delocalization-MBL transition is the measurement of the nor-
malized participation ratio (NPR) which provides information
about the volume of phase space explored by the system
during dynamics [76]. The NPR is defined as

N (1) = ¢"@) =N @, (A7)

P,(ON’
where A\ is the Hilbert space dimension, ¢ € noT, and P,,(¢) =
> lda(t)]*™ is the dynamical IPR. In Eq. (17), d,(t) =
(Xal¥"), where [') = U(noT, 0)|¥init) and | x,,) are the com-
putational basis states. Here we choose several initial states
|¥init) and average ¢(¢) over all such initial states. Also,
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|
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FIG. 6. Plot of ¢ as a function of ny for wp /(7 Jy) = 0.1 corre-
sponding to the ergodic regime (top left panel) and wp /(7 Jy) = 0.4
near the transition from the ergodic to multifractal regime (top right
panel). The bottom left panel corresponds to wp /(7w Jy) = 0.7 (mul-
tifractal regime) and the bottom right panel pertains to wp /(7w Jp) =
2.5 (MBL phase). All other parameters are same as in Fig. 1. See text
for details.

for the rest of this section, we shall denote ¢ (1) = [¢®(¢)] for
clarity.

We note that ¢ (t) denotes the fraction of the configuration
space that the system explores. In the delocalized phase, we
expect ¢ () to be independent of L and to reach the maximum
value of zero when the system is uniformly ergodic. In the
high-frequency regime, when the system is in a MBL phase,
¢ (¢) varies with L. Figure 6 shows the plot of ¢ as a function
of number of drive cycles ny for different frequencies. For
hwp/(w Jy) = 0.1, in the delocalized region, as shown in the
top left panel of Fig. 6, P, — 1/N and hence ¢ — 0. The
plots for various system sizes therefore converge together to
a L-independent near-zero value signifying ergodicity. In con-
trast, in the localized region, I,, — 1 and hence { — —In /.
Thus ¢ varies with L as shown in the bottom right panel of
Fig. 6 for hwp /(t Jy) = 2.5.

In the intermediate-frequency regime, as shown for
hop/(wJy) = 0.4(0.7) in top right(bottom left) panel of
Fig. 6, we find — In A < ¢ < 0. This behavior, seen through-
out the intermediate-frequency range, shows that the phase
space exploration originating from multifractal eigenstates of
Hp is faster than that due MBL eigenstates but slower than the
ergodic ones. If the frequency is closer to the ergodic region
where 1, is closer to unity, ¢ for different L converge with
increasing wp. However, this behavior is different from the
complete convergence found for ergodic Floquet eigenstates.
As the drive frequency is increased, 7, obtained from eigen-
states of Hp decreases. This leads to an increased separation
(at the timescales studied here) of ¢ for different L; moreover,
the magnitude of change of ¢ becomes smaller compared
to the initial value. This intermediate behavior of ¢ also points
to the presence of nonergodic and non-MBL states in agree-
ment that seen from analysis of .A.
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3. Entanglement entropy

In this section, we introduce half-chain von-Neumann en-
tanglement entropy [109], denoted by S,y for the driven chain.
S,y can be defined in terms of the reduced density matrix
pa of the chain after ng drive cycles. This is computed by
tracing out the density matrix p = | (noT)) (Y (noT )| (Where
[W(noT)) = U (ngT, 0)|¥inic)) over half the chain. In terms of
this reduced density matrix p,4, one then obtains

Sun(noT) = =Tr[pa(noT ) In pa(noT)]. (18)

For MBL states, Synv(noT) ~ Inng if one starts from a ho-
mogeneous initial state[75,79,110]; in contrast S,y ~ ng for
ergodic states. For systems that support multifractal states
there have some studies of how multifractal dimensions of
states determine the entanglement entropy [108]. For the
present case, we note that the driven interacting fermion chain
supports Floquet eigenstates of different multifractal dimen-
sions controlled by wp. Moreover, for a fixed wp, it supports
a spectrum of 7, (Fig. 2). This suggests that the behavior of
S,y for such eigenstates may be unconventional. However,
one requires to probe into much larger timescales than that
discussed in this section to probe the precise ny dependence
of S,n. This will be addressed in the next section where we
discuss intermediate-time behavior. Moreover, the measure-
ment of S,y in experiments is a difficult task. In contrast, very
recently, a different kind of entropy called number entropy has
been shown to be experimentally measurable [112]. We shall
therefore study the short-time behavior of the number entropy
in the rest of this section.

In systems where the total particle number is conserved
(which holds for the present case), the von-Neumann Entropy
can be split into two parts [112]:

Sov =S¢ + Sy, 19)

where S, is the configuration entropy and Sy is the number
entropy. Sy characterizes particle number fluctuation in the
subsystem under consideration and is defined as

Sy == p(n) Inp(n), (20)

where p(n) is the probability of finding n fermions within
the subsystem (half chain for our case). It is expected that in
ergodic phase, Sy ~ In¢. Moreover, it was numerically shown
recently that in MBL phase (in contrast to the previously
prediction of system size independent saturation), Sy ~ Inlnz
[111], with a hint at a possible ergodic phase at long times.
However,a further study points [113] out that such a slow
growth possibly vanishes at large disorder and steady state
quantities show features consistent with localization of the
system at high disorder. The study of the temporal dependence
of Sy to confirm such In# (or InIn¢) behavior and steady state
behavior will be taken up in the following sections. Here,
we plot Sy as a function of the number of drive cycles ng
for different representative drive frequencies at short times
and discuss whether there are any markers of the multifractal
phase. The solid lines in the left panel of Fig. 7 shows the be-
havior of Sy for hwp /(7 Jy) = 0.1 (ergodic regime); here Sy
seems to display a fast logarithmic growth before it saturates
to an L dependent value. The dashed lines in the left panel of

0 20 40
Ny ny

FIG. 7. Plot of Sy as a function of ny. The solid lines in the
left panel correspond to the ergodic phase (wp/(w Jp) = 0.1) while
the dashed lines pertains to the MBL phase [wp/(7Jp) = 2.5].
The solid lines in the right panel correspond to wp/(7Jy) = 0.4
(near the transition from the ergodic to the multifractal regime) and
the dashed lines pertains to the multifractal phase [wp /(7 Jp) = 0.7].
All other parameters are same as in Fig. 1. See text for details.

Fig. 7 shows that for hiwp/(wr Jy) = 2.5 (MBL phase) Sy is
almost a constant.

In the multifractal region, for hwp/(wJp) = 0.4 (solid
line) and 0.7 (dashed line) as shown in the right panel of Fig. 7,
Sy displays a sublogarithmic growth followed by oscillations
around a constant value. The amplitude of these oscillations
increases with L within the range of system sizes studied here.
These features distinguish the multifractal phase from both
the ergodic and the MBL phases and shows that Sy carries
signature of the multifractal phase realized at intermediate
drive frequencies.

We conclude this section by reinforcing how the short-time
behavior of .4 and Sy show differences in different regions of
the drive frequency. To this end, in the left panel of Fig. 8,
we plot A for L =22 and several representative wp. The
plot displays the nature of the decay of A in different drive
frequency regimes. The slope of the decay gradually decreases
with increasing frequency. The position of the first dip also
slowly shifts towards higher ng with increasing wp. Thus we
find that for sufficiently large ng, A settles to a frequency
dependent value. The right panel shows a plot of Sy for the
same set of parameters and paints a similar qualitative picture.
However, in contrast to the behavior of A, here the change
of growth is much sharper. This can be attributed to the fact
that Sy changes from logarithmic to sublogarithmic growth
with variation of wp and grows very slowly in the nonergodic

1.0 15
0.8 ' —wp=021Jy —wp=nT,p
! —wp=0417y, —wp=rT,
5 0.6 210 wp=rTo —wp=1tTp
(%)
0.4

0.5 ‘
0.0: 0.0: ‘
0 20 40 60 80 0 20 40 60 80
ny ny

FIG. 8. (Left) Plot of the temporal autocorrelation function
for different frequencies within the range 0.1 < wp/(7 Jp) < 2.5
(shown by the legend on the right panel) as a function of the number
of drive cycles ng. (Right) Similar plot of the number entropy Sy as
a function of ny. All other parameters are same as in Fig. 1. See text
for details.
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FIG. 9. (Top left) Plot of S,y as a function of ny for wp /(7w Jp) =
0.1 (ergodic regime). (Top right) Plot of S,y as a function of Inng
for wp/(w Jy) = 0.4 near the transition from the ergodic to the mul-
tifractal regime. (Inset) Plot of .4 for the same parameters. (Bottom
left) Same as top right panel but for wp/(r Jo) = 0.55 (multifractal
regime). (Inset) Plot of A for the same parameters. (Bottom right)
Same as top right panel but for wp/(7 Jy) = 1.0 (MBL phase). All
other parameters are same as in Fig. 1. See text for details.

phase which is achieved at higher wp. We note that growth rate
is frequency independent and we shall discuss this feature in
detail in the next section.

B. Intermediate-time dynamics

In this section, we discuss the dynamics of the driven
interacting AA chain at intermediate stroboscopic time, i.e.,
for ny ~ 103. This corresponds to a timescale which is an
order of magnitude higher than that of the last section. We
shall mainly concentrate on S,y, which shows scaling laws
in this time regime and also briefly discuss the behavior of
Sy. Other quantities, such as A, do not show any additional
features and shall not be addressed here.

For this section, we start from the Neel or CDW initial state
given by |¢) = [1010...). Such a choice is motivated by the
results of Ref. [114], where it has been shown that the inho-
mogeneities in the initial state cause changes in the In t growth
of Syn. In fermionic systems the most homogeneous state
is expected to be the [000...) or [111...). However, such
initial states do not show any time evolution since the Floquet
Hamiltonian conserves the total particle number. Thus, in the
particle sector N/2, which constitutes the largest fraction of
the Hilbert space, the most homogeneous product state is the
CDW state. Starting from |v), Fig. 9 shows the growth of
Syn with ngy for two different system sizes L = 16 and 24.
As seen from the top left panel for hwp/(w Jy) = 0.1, Sy,
in the ergodic phase, shows the expected initial linear growth
followed by saturation to a L dependent value. In contrast
in the MBL phase, as shown in the bottom right panel for
hop/(wJy) = 1.0, we find a Int growth of the entanglement,
albeit with a very small slope. We note that in the high-
frequency regime, each cycle represents a much smaller time
step; in addition, the higher frequency also causes inherent dy-
namical localization [41] which stretches the time the system

2.0

1.5

Sy

1.0

0.5

In ng

FIG. 10. (Left) Plot of Sy as a function of ng for hiwp/(wr Jy) =
0.1 (ergodic regime) showing In# behavior. (Right) Plot of Sy as a
function of In ng for wp /(7 Jo) = 0.55 (multifractal regime) showing
that the number entropy grows slower than Inz in this regime. All
other parameters are same as in Fig. 1. See text for details.

requires to reach the steady state than that expected from an
equilibrium MBL setup. This shows up as large oscillations
in the plot. We also find that L = 16 shows slightly faster
growth in late times than L = 24 for higher frequencies. This
can be attributed to local effects of the Aubry-André potential
which become prominent due to localization(both dynamical
and many-body) as frequency is increased.

For the multifractal region as seen from the top right and
the bottom left panels of Fig. 9 [fiwp /(7w Jo) = 0.45 and 0.55,
respectively], S,y is still found to follow a Inny growth. We
note that the Inng growth of S,y at these frequencies shows
up approximately at times after A has decayed towards its
long-time value. In this regime, .4 oscillates around a nonzero
frequency dependent steady state value. This signifies pres-
ence of two different timescales in the problem and shows
that the logarithmic growth of S,y need not be a feature just
of MBL states for which the autocorrelation does not decay.
Instead, it can also be feature of systems which are interme-
diate between ergodic and MBL. This points to a behavior
Syn ~ alnng + b with a and b dependent on wp.

Next, in Fig. 10, we address the behavior of Sy as a func-
tion of ng. The left panel of Fig. 10, for Aiwp /(7 Jy) = 0.1
(ergodic regime), we find a logarithmic increase in Sy in the
same timescales where S,y increases linearly with ny (Fig. 9).
We find that Sy = 1.46 4 0.03 In ny provides an accurate de-
scription of the behavior of Sy in the ergodic regime. It is to
be noted that the initial sharp rise in both S,y and Sy is due
to local effects and is not the long-time behavior we intend
to study. In this long-time regime, the growth is expected to
be ~ Inlnt as discussed in some recent MBL studies [115].
However, with the numerically accessible system sizes that
we have, while we can confirm that the entanglement growth
appears to be sublogarithmic (the black line in the right panel
of Fig. 10 shows a logarithmic fit), much larger system sizes
and timescales are required to determine the exact form of the
growth.

As seen from Fig. 9 the evolution of entropy can be
fit to Syv(np) ~alnny+ b where a and b are frequency
dependent constants. We found that a decreases as the fre-
quency wp is increased for 0.45 < hiwp /(7w Jy) < 0.8 (in the
multifractal regime). a decreases sharply after the transition
(around hwp /(7w Jy) = 0.43) from the ergodic to the multi-
fractal regime. For hiwp /(7w Jy) > 0.7 a approaches zero and
becomes almost independent of wp signifying the onset of
MBL region.
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FIG. 11. (Left) Plot of S,y/L averaged over Int[9000/T] —
Int[10000/T] cycles as a function of wp /(1w Jy) for different L. The
plots indicate crossing at wp/(w Jy) ~ 0.45 for different L which
may signify a transition from the ergodic to multifractal regime.
(Right) Plot of S,y/L averaged over Int[9000/7] — Int[10000/T]
cycles as a function of L for representative frequencies. All other
parameters are same as in Fig. 1. See text for details.

Finally, we study the plot of $*¥, which is average of S,n /L
over Int[9000/T] < ny < Int[10000/T] cycles (where Int[x]
denotes nearest integer to x), as a function of frequency. The
corresponding plot is shown in the left panel of Fig. 11. Here,
instead of looking at equal number cycles ny, we study the
behavior of the quantities averaged over equal span of stro-
boscopic time ng7 . This is done in the regime where ny7T is
large compared to other timescales in the model. As seen from
the plot, we find a crossing around 7iwp /(7 Jy) ~ 0.4. This is
indicative of the transition from the ergodic to the multifractal
regime as also seen earlier from the behavior of the Shannon
entropy. The presence of such a crossing may be understood
as follows. In this MBL regime, the system takes an exponen-
tially long time to reach the steady state where the average S
(S*) obeys a volume law. Thus, for a fixed time, S,, decreases
with system size since it stays closer to its steady state value
for smaller L. In contrast, for the ergodic regime S*" reaches
its steady state value at relatively short times. Hence S*' yields
the steady state value which increases with L in this regime.
The fact that one finds a crossing between S*' for different
L is indicative of a length-scale independent transition point
between the ergodic and the multifractal regimes. Finally, we
note that S* ~ ayL in the steady state, which indicates that it
follows a volume law in this regime. However, ay depends on
the drive frequency and approaches zero as we enter the MBL
regime. This is indicative of the large timescale required to
approach the steady state as discussed earlier.

C. Steady state

In this section, we study the steady state properties of
the system directly from the eigenfunctions of Hr. While in
MBL regime it is extraordinarily difficult to experimentally
reach this state due to the enormous timescales, it is still an
important aspect to look at as features embedded in Hr show
up most prominently in this regime. In what follows, we shall
study fermionic transport, autocorrelation function, and the
number entropy in the steady state.

1. Transport
To study transport in the system, we start from a domain
wall initial state defined in the fermion number basis by

[Winit) = mi=1,...npp=1L,np41 =0,...n, =0),
2D

1 1.0
0.8
< —~
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204
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FIG. 12. (Left) Plot of Ny as a function of j/L and wp/(7w Jp)
showing fermion density profile at all sites of the chain in the steady
state as a function of wp /(7w Jp). (Right) Plot of N,,(T) as a function
of wp/(w Jp) in the steady state showing 0 < N, (T) < 1 for 0.3 <
wp/(wJo) < 1.5. All other parameters are same as in Fig. 1. See text
for details.

where the system size L was considered to be an even inte-
ger (chain with even number of sites) and n; = (#;) denotes
fermion occupation number on the jth site. The wave function
after n drive cycles is then given by

¥') = UMT, 0)limi) = Y _ cple ™0 /My, (22)
where [,,) denotes Floquet eigenstates with L/2 fermions
and ¢™ = (Y, |Yinie)- Using this state, we study the following
quantities in order to further establish the MBL transition:

Noj(T) = (2(h; — 1/2)),

4 X
No(T) = 7 3 Ty = 1/2))”, (23)

j=1.L

where the average is taken with respect to the steady state
reached under a Floquet drive starting from |iy;¢). In terms of
the Floquet eigenfunctions |v,,) and the overlap coefficients
¢t [Eq. (22)], these can be expressed as

Nof(T) = 3 || (Wi 28 — 1/2) ).

m

2
4 - -
No(T) =7 3 (Zlcﬁfi“ (Yullh — 1/2)|¢m>) :

j=1.L \' m
(24)

We note that for the initial state |(in|2(7 i—1 /2| Winio) |> =
—1 for j < L/2 and |(Ynic|2(R; — 1/2)[¥imie)|> = 1 for j >
L/2, while for free fermions, the ground state with Jy > V,
(2(7i; — 1/2)) = 0. Thus N,y (T') provides a measure of degree
of delocalization of the driven chain. A similar reasoning
shows that Ny; — 0 for all sites in the delocalized regime
and Ny; = 1[—1] for j < [>]L/2 in the localized regime; in
contrast, in the presence of a mobility edge, Ny; takes values
between 0 and 1 at different sites.

A plot of Ny as a function of j/L and wp, shown in the left
panel Fig. 12, indicates that the transition from the ergodic
to the multifractal and MBL regions leaves it signature in
fermion transport. We find that the steady state value of Ny
in the MBL (high-frequency) regime is ~ =+ 1 for the left
and right halves of the chain, respectively. This indicates that
the steady state is close to the initial state as expected in the
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FIG. 13. (Left) Plot of A, as a function of j/L and wp/(7Jy)
showing the autocorrelation at all sites of the chain in the steady
state as a function of wp /(7 Jp). (Right) Plot of A2"® as a function of
wp/(™Jy). All other parameters are same as in Fig. 1. See text for
details.

MBL regime. In contrast, Ng = 0 for all j/L in the ergodic
(low-frequency) regime which indicates that the system has
reached the infinite temperature steady state as expected for
a driven ergodic many-body system. In between, the system
displays a range values of Ny for different j which indicates
the intermediate behavior in the multifractal regime. This
is also reflected in the plot of N,, which shows a kink in
the multifractal regime and indicates a transition between
the localized and delocalized regimes. We note here that the
steady state localization here happens due to both MBL nature
of the Floquet eigenstates and dynamical localization due to
the drive; thus fermion transport may not solely reflect MBL
properties in the high-frequency regime.

2. Autocorrelation function

We define the steady state autocorrelation function at site j
as

Al = (2n5 = 1)(2n9 = 1), (25)
where

n = Z ’clmt 1shm|n h[,m)

the steady state value of (7;) and n? = (Vinie|Aj| ¥inie) 18 the
initial value. We average this single site operator over different
sites to compute A = % > Al

The left panel of Fig. 13 shows the plot of steady state value
of the autocorrelation function as a function of j and wp. This
value is computed by averaging over Ny = 50 product initial
states in the basis of H for L = 10-14 and Ny = 10 such states
for L = 16. Below hwp/( Jy) ~ 0.25, the value of autocor-
relator remains zero indicating n; = 1/2 for all j in the steady
state. In contrast at high drive frequencies, one expects n; =
n} leading to A™ =~ 1. In between 0.25 < fiwp/(mJo) < 1,
the behavior is intermediate to that of delocalized or MBL
phase. Thus 0 < A < 1 indicates that the system is in a
multifractal phase. As the frequency is increased beyond that,
Ay — 1 indicating the onset of localization. As before, we
point out that this localization receives contribution from both
the MBL nature of the Floquet eigenstates and the dynamical
localization due to the drive.

0.5 1. 15 2. 00 05 10 15 20
wpl(1T o) wpl(1t Jo)

FIG. 14. (Left) Plot of (S}) as a function of wp/(7w Jy) showing
the decrease in number entropy with increasing frequency. For sizes
L =10, 12, 14, we have averaged over all possible product initial
states, for L = 16 we have averaged over several random product
states such that the error bar is smaller than line width. (Right) Plot of
Sy vs wp /(7 Jo) for |y ) being the Neel state. All other parameters
are same as in Fig. 1. See text for details.

3. Number entropy

In this section, we shall show the steady state behavior of
Sy denoted by S3,. We divide the system into two subsystems
A and B and we integrate over subsystem B. To compute the
number entropy, we first denote the states in the fermion num-
ber basis as |xx). Since these are eigenstates of the number
operator, for each of them, one can compute the total number
of fermions 7 in subsystem A: ng, = ZjeA<Xk|ﬁj|Xk>' Using
the notation of Eq. (22), we can write in the steady state

" = 1) P Z|c‘"“||xk|wm. (26)

Using Eq. (26), we can then obtain

AR

k=k'

ps(n) =

)

Zm(n)lnp;(n) ()= ZSN(o @7)

where k” denotes all states with ns, = n. Here, (S3) denotes
averaged number entropy where the average is taken over N
product states. For an initial Neel state, we denote the entropy
by Sy since no averaging is involved.

Figure 14 shows the steady state behavior of Sy for dif-
ferent drive frequencies. The left panel shows the average
behavior when we take ¢ product states: |Vinic) = |x¢). We
compute (Sy) by averaging over these states. In the low-
frequency regime where ergodicity is expected, (Sy) is large
and monotonically increases with L. However with increasing
frequency as the system becomes nonergodic, it decreases
and there is no clear monotonicity with L. This is similar
to the behavior seen in Ref. [115]. A similar behavior is
also seen on the right panel where |{y¢) is taken to be the
Neel state. For these plots, we have chosen the AA potential
to be V; = Vycos(2nnj + ¢) and have averaged over ¢ to
smoothen out possible local fluctuations. These local fluctu-
ations tend to arise in Sy at high frequencies as the steady
state values heavily depend on the local potentials near the
half-chain cut. To prevent this from affecting our overall
result, we perform the averaging in this scenario. From the
plot, we find that at large drive frequencies (i.e., in the local-
ized regime), the steady state curves for different L almost
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overlap. In contrast, in the ergodic regime, there is a clear
increase of Sy with system size. The plot confirms that the
system is localized at high frequencies but not at intermediate
frequencies.

V. FLOQUET PERTURBATION THEORY

In this section, we aim to obtain a semianalytic, albeit
perturbative, understanding of several features of the driven
interacting AA model found via exact numerics using a Flo-
quet perturbation theory which is known to provide accurate
results at intermediate frequencies provided that the term in
H (¢) with largest amplitude is treated exactly [34,41]. In the
present case, since Jy > Vp, Vint, One needs to treat the drive
term exactly. Thus one obtains

Uo(t, 0) = o' 2eesilh p LT /2,
= NT=D2am/h ¢ > T2, (28)
J

_ eiTjnal(quq)/ﬁ)

v Z 27h(1
~ Ve Thaki.g)

+ Vi Y

(milH ng)

f(q)é

n/‘ ”k +q

2A(1 — e'T Joar (ki kz, DIy
—l
a5 kl S

P T Joar(ky, ka, q)

ai(ky, q) = cosky — cos(k; + q),

where f(gq) = Z exp[—ijg]cos(2mwnj). We note that for
T — 0, the Floquet Hamiltonian reduces to that obtained
from the first-order Magnus expansion H( T — 0) ~

H™" = H, + H,. However, at 1ntermed1ate frequencies,

the frequency dependence of H, fpl) is much more compli-
cated. Moreover, a similar calculation shows that U, (T, 0) =
U, (T, 0)? /2;thus H ;2) =0and H ;]) represents the sole contri-
bution to Hr to O(T?). These features allow one to expect that
it shall provide at least qualitatively accurate description of the
dynamics of the system at intermediate drive frequencies.

Next, we use Eq. (30) to numerically compute matrix el-
ements of Hy () petween Fock states in the position basis. A
numerical d1agonahzat10n of the matrix thus obtained yields
the eigenvalues and eigenvectors (in the real space Fock basis)
for comparison with our exact results.

The results obtained from the above-mentioned procedure
is depicted in Fig. 15. From Fig. 15, we find that the results
obtained from FPT agrees with those from exact numerics dis-
cussed in Sec. III. The top left panel of Flg 15 shows the plot
of I,,, obtained from eigenvectors of HF using Eq. (10), as a
function of wp. The top right panel shows the corresponding
plot for 7. We find that both the plots show similar multifrac-
tal behavior as seen in Figs. 1 and 2 within similar range of
wp /(1w Jp). In particular, we find that the eigenvectors of H D
exhibit delocalized eigenstates for wp/(w Jp) < 0.45, mul—
tifractal eigenstates states for 0.45 < wp/(wJp) < 1.5 and
localized eigenstates for wp /(7 Jo) > 1.5. The plot of D, as a
function of wp, shown in the bottom left panel of Fig. 15, also
shows qualitatively similar behavior to that obtained from ED
shown in the bottom right panel of Fig. 1; however, we note

where U is the exact evolution operator corresponding to
H=Hy=J) ;€ and € = —2cosk for the fermion
chain with nearest-neighbor hogpmg From Eq. (28), we find
that Uy(T, 0) = I indicating H

Next, we compute the first-order Floquet Hamiltonian H
To this end, we note that within first-order perturbation theory,
the correction to the evolution operator is given by [34]

o8

T
UN(T, 0) = 7’/ dtU] (¢, 0)(H, + Hy)Uo(z. 0),
0
HY = Ly, o
F=7 (T, 0). (29)

The computation of H, () can be done in a straightforward
manner following the method discussed in Refs. [34,41]. The
matrix elements of H ) between Fock states in momentum

space, denoted by |n;) = |n(1) ceonn kN)>’ are given by

-1

6 k: k: 8 ko — ko — 8 k4 k4
n,.z,n.z—l "/2 q,n,.z 41 n/1 ",nil 141

ay(ky, ka, q) = cosky + cosk, — cos(k; + g) — cos(ky, — q), 30)

(

that the change in D, signifying the transition to multifractal
phase is seen around hop /(7w Jy) =~ 0.6. Thus the position of
the transition is not accurately captured by H (D Nevertheless,

H}l) does predict the transition to the multifractal phase as
seen in the bottom right panel of Fig. 15, where a plot of AS
as a function of wp shows a distinct peak. The peak becomes
sharper with increasing L which is consistent with the result
obtained from ED. Thus we conclude that H. (1), computed
using FPT, constitutes a semianalytic Floquet Hamiltonian
which shows a transition from ergodic to multifractal regime
at intermediate frequencies.

VI. DISCUSSION

In this work, we have studied a driven fermionic chain
with an AA potential and nearest neighbor density-density
interaction between the fermions. Our analysis constitutes a
detailed study, both numerical and semianalytic, of the Flo-
quet Hamiltonian of such a system as a function of drive
frequency in the limit of large drive amplitude.

We have shown that such a driven system supports mul-
tifractal many-body Floquet eigenstates for a range of drive
frequencies in the intermediate drive frequency regime. We
find that the eigenstates are ergodic in the low frequency and
many-body localized in the high drive frequency regime. In
between, for system sizes accessible in our numerics, results
indicate a possible transition from the ergodic to multifractal
phase at wp = w, >~ 0.437 /h. Upon further increasing the
drive frequency, the eigenstates become many-body localized
via a smooth crossover. The presence of the transition from
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FIG. 15. (Top left) Plot of I, as a function of the normalized
many-body eigenfunction index m/N and wp/(7 Jy) showing the
localized/delocalized nature of the Floquet eigenstates |v,,) for
L = 14. (Top right) Plot of 1, as a function of m/N (after sort-
ing in increasing order of I,) and wp/(7w Jy) showing the presence
of delocalized states for wp/(w Jy) < 0.45, multifractal states for
0.45 < wp/(rJp) < 1.5 and localized states for wp/(w Jp) > 1.5.
The system sizes used for extracting 1, are L = 10, ..., 16 in steps
of 2. (Bottom left) Plot of D, as a function of wp/ (7w Jy) for m/N =
0.5. (Bottom right) Plot of AS as a function of (7 Jy)/wp. All these
plots has been done using FPT and parameters are same as in Fig. 1.
See text for details.

ergodic to the multifractal phase seems likely due to two
reasons. First, the plot of entropy fluctuation AS as a function
of T shows a peak at the transition which gets sharper with
increasing system size. Second, b; [Eq. (13)] changes sign at
this point which is indicative of a transition from the ergodic
phase. However, we need that one needs finite size numerics
with larger system sizes to settle this issue; this has not been
attempted in this work.

Our analysis indicates that several dynamic quantities that
we study can distinguish between the multifractal ergodic
and MBL phases. These include the fermion autocorrelation
function and the short-time behavior of the normalized partic-
ipation ratio. The former quantity decays sharply to zero in the
ergodic phase due to the spreading of the system in the Hilbert
space. In the MBL phase, it remains close to its initial value
since the system retains its initial memory. In the multifractal
phase, we find an initial sharp decay of the autocorrelation
function, followed by oscillation around a steady state value
which is intermediate between its ergodic (zero) and the MBL
(unity) counterparts. The latter quantity shows system-size
independent behavior as a function of the number of drive
cycles in the ergodic phase and displays a clear L dependence
in the MBL phase. In contrast, it shows intermediate behavior
with oscillations as a function of ng in the multifractal phase.
We note that in contrast, the entanglement entropy and the

number entropy do not distinguish between the multifractal
and the MBL eigenstates.

We have also studied steady state properties of the driven
system, starting from a domain wall initial state, by computing
transport properties, autocorrelation function, and the num-
ber entropy. We find all of these quantities reflect a change
from localized to delocalized regime as a function of drive
frequency. However, the localization seen in transport also re-
ceives contribution from dynamical localization at high drive
frequencies [41]. We also find that near the transition fre-
quency, the distribution of the number density of fermions in
the steady state acquires a large width; this suggests a possible
signature of the multifractal regime in fermion transport. A
similar feature is seen in the steady state value of autocorre-
lation function which satisfies 0 < A < 1 in the multifractal
phase; this is in sharp contrast to its values zero and unity in
the ergodic and MBL phases, respectively. The plot of steady
state number entropy also show a sharp drop at the transition
which becomes sharper with increasing L.

We have also obtained similar qualitative features for the
driven fermionic chain from a semianalytic, albeit perturba-
tive, Floquet Hamiltonian computed using FPT. Remarkably,
this perturbative Floquet Hamiltonian reproduces multifrac-
tality of the Floquet eigenstates and also points towards a
transition from the ergodic to the multifractal regime. Our
results thus constitutes an analytic Floquet Hamiltonian which
support ergodic, multifractal and MBL eigenstates depending
on the drive frequency.

Our results could be relevant for ultracold interacting
fermions in the presence of an 1D optical lattice [33]. The
realization of the AA potential can be done using techniques
discussed in Refs. [23,24]. The drive can be implemented by
appropriate tuning of the strength of the laser used to create
the optical lattice. We suggest measurement of density-density
autocorrelation of the fermions. Our results suggest that the
short-time behavior of this autocorrelation function would be
sufficient to distinguish between the ergodic, MBL and the
multifractal phases. In particular, in the intermediate drive
frequency regime, we expect the autocorrelation function to
exhibit a sharp drop followed by oscillations around a finite
nonzero value.

The fate of the multifractal phase that we obtain in the
thermodynamic limit remains an open question. The phase
remains stable within the system sizes that we could access
within ED; however, it is possible that it might either shrink
for large L leading to a direct ergodic-MBL quantum phase
transition. An investigation of the stability of the multifractal
phase in the thermodynamic limit is beyond the scope of the
present paper. We note however, that the finite-sized chains
that we study in this paper may possibly be experimentally
realized using ultracold atoms in optical lattices.
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