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Significant interlayer coupling in bilayer graphene and double-walled carbon nanotubes:
A refinement of obtaining strain in low-dimensional materials
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This paper solves a longstanding debate: Raman measurements on double-walled carbon nanotubes appear to
show that significantly more pressure than expected can be transmitted to the inner tube. We reinterpret those
Raman spectra consistently reported in the literature, by assigning the Raman peaks to coupled vibrational modes
of both walls, instead of individual contributions from the inner and outer tubes. These coupled vibrational
modes are important for the correct interpretation of the Raman shift from strained layered 2D materials (we
demonstrate it on bilayer graphene as an example), for researching the mechanical properties, thermal expansion,
and strain engineering of two-dimensional materials.
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I. INTRODUCTION

There is a long-standing debate about the response of
double-walled carbon nanotubes (DWCNTs) to external pres-
sure [1]. Many papers report shifts in the Raman G band which
are interpreted as the consequence of substantial pressures
both on the external tube and on the internal tube [1–5].
However, the individual tube walls are very stiff in plane
(along their axis and around their circumference) because
of the strong sp2 bonds [6]. Under external pressure, the
in-plane strain of an outer tube is small, and so is the re-
duction of its diameter (i.e., radial strain). Inner and outer
tubes interact by weak van der Waals (vdW) forces [7], and
pressure is transmitted to an inner tube via the outer tube.
However, due to a small change in distance between the walls
(defined by nuclear positions) and a weak interwall interac-
tion, the pressure on an inner tube is expected to be close to
zero [8]. Taking the Young’s modulus of graphene (1 TPa) [6]
as the in-plane stiffness of a nanotube, and the out-of-plane
stiffness of graphite (40 GPa) [9] as the interwall (radial)
stiffness in a DWCNT, a crude estimate of the proportion of
the external pressure transmitted to an inner tube might be
at most about 8%. This is not consistent with the numerous
research papers that report two in-plane vibrational modes
in the Raman spectra of DWCNTs, the one of lower fre-
quency shifting about two-thirds as fast as the other mode with
external pressure. These two modes have been assigned to
individual vibrations of the outer and inner tubes, and imply a
60:40 ratio of the pressures supported by the two tubes [1–5].
We solve this puzzle by considering the mechanics of the
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pressure transmission in more detail, and by reinterpreting the
reported Raman spectra as coupled vibrational modes of both
walls.

This paper is more generally about correctly extracting
strain from Raman measurements on layered two-dimensional
(2D) materials. Research on many fundamental properties of
these materials involves application of strain, such as their me-
chanical properties [10], thermal expansion, etc. [11], which
can be further tuned by strain for various applications [12].
Also in applications where strain is inevitable, such as a
graphene sensor on human skin [13], an accurate determina-
tion of strain is important and, for that, Raman spectroscopy is
a powerful and convenient tool, compatible with other simul-
taneous measurements (e.g., thermal, electrical, mechanical,
etc.) [14].

For a layered material having large anisotropy (strong co-
valent bonds in plane and weak vdW out of plane), one can
measure its in-plane phonon frequencies to obtain the in-plane
strain [see Eq. (4), which will be introduced later] [14]. When
the layers are at different strain, the Raman peaks for the
in-plane phonons (e.g., in multilayer graphene, the G-mode
at 1580 cm−1) split [15]. When bilayer graphene is deposited
on a substrate and later strained, the adhesion between the
bottom graphene layer and the substrate is usually different
from that between the two graphene layers. This results in the
strain transferred from the substrate to the bottom layer being
different from the strain transferred from the bottom layer
to the top layer [15]. The split Raman peaks are commonly
assigned to the layers at different strain, respectively [15],
and the coupling between vibrational modes is ignored. This
assignment is straightforward and works well when the in-
plane vibrational frequencies are significantly different in
neighboring layers (e.g., in heterostructures, isotopes) [16],
or the coupling between layers is weak (e.g., with intercalated
molecules, functional groups). Here we quantify the impact of
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the coupling between the vibrational modes of adjacent layers
in homostructures to show when it becomes important.

II. STRAIN DETERMINATION IN BILAYER GRAPHENE

We start by relating in-plane phonon frequencies to strain
in a simple case, a monolayer graphene. The dynamical equa-
tion for the optical in-plane phonon modes is [17]

∑
β

Kαβuβ = ω2ua, (1)

where u = (u1, u2) is the displacement of the two carbon
atoms (α, β is 1 or 2) in the unit cell, ω is the phonon
frequency, and K is the force constant matrix. Taking a phe-
nomenological approach, we write the force constant matrix
as (ω

2
0 0

0 ω2
0
), giving one eigenvalue ω2

0 for the two degenerate
modes of unstrained graphene, along the equivalent in-plane x
and y directions, respectively. The zero off-diagonal elements
reflect that there is no interaction between in-plane vibrations
along orthogonal directions.

In a bilayer graphene, the force constant matrix be-
comes [18]

⎛
⎜⎜⎝

ω2
0 0 C 0

0 ω2
0 0 C

C 0 ω2
0 0

0 C 0 ω2
0

⎞
⎟⎟⎠, (2)

where C is for the coupling between vibrations along the
same direction in the two layers. For bilayer graphene, or
graphite, the in-plane out-of-phase vibration of two layers
in a unit cell is a Raman-active E2g mode and the in phase
is a Raman-inactive E1u mode [19]. The eigenvalue of the
Raman-active modes is ω2

0 − C. This should be diagonalized
here, then the coupling parameter C can be obtained from the
difference in frequencies of unstrained monolayer and bilayer
graphene (or graphite), ideally measured or calculated in the
same experimental or simulation setup.

When there are two layers under different strain, we can
introduce the effect of strain by expanding the diagonal ele-
ments in matrix (2) in terms of the corresponding strains [17].
We demonstrate this using an example of an excellent ex-
periment: Wang et al. deposited bilayer graphene on a SiO2

substrate, suspended across a circular hole. The hole was pres-
surized to put the suspended graphene layers under tension.
The top layer was able to slide over the bottom layer, and with
sufficient pressure, the bottom layer started to slide over the
substrate [15]. Much useful information can be extracted from
this experiment. The first step is to relate the recorded Raman
frequencies to strain. The shear strength at the graphene-SiO2

interface (1.64 MPa) was reported to be very much larger
than between graphene layers (40 kPa) [15]. Considering the
center of the blister, which is under isotropic biaxial tension,
εxx = εyy, matrix (3) simplifies to

⎛
⎜⎜⎝

ω2
0 + Aε 0 C 0

0 ω2
0 + Aε 0 C

C 0 ω2
0 0

0 C 0 ω2
0

⎞
⎟⎟⎠, (3)

FIG. 1. Calculated phonon frequencies of the coupled in-plane
vibrations in bilayer graphene are plotted as a function of ten-
sile isotropic strain in one layer, whereas there is no strain in
the other. The frequencies of the two-plane out-of-phase vibra-
tion (Raman-active, black solid) and two-plane in-phase vibration
(Raman-inactive at zero strain, blue dashed) are the square root of
the eigenvalues of matrix (3). The orange dash-dotted line is obtained
by ignoring the unstrained layer (equivalently a strained monolayer).
The vibrations in the two layers decouple when the black and orange
lines overlap at strains more than 0.5%. The initial shift rates of the
phonon frequencies of the Raman-active modes with isotropic strain
are presented.

where ε is the biaxial in-plane strain in the bottom layer, and
A is the linear coefficient. The strain in graphene is related to
its in-plane phonon frequencies by the Grüneisen parameter γ

and shear deformation potential (SDP) [20]:

�ω

ω0
= γ (εxx + εyy) ± 1

2
SDP(εxx − εyy), (4)

from which we obtain A = 4γω2
0. We plot the two distinct

eigenvalues of matrix (3) with isotropic in-plane strain (where
the SDP does not need to be considered) in Fig. 1, taking
ω0 = 1582 cm−1 for the graphitic mode (GM) of monolayer
graphene and

√
ω2

0 − C = 1578 cm−1 for bilayer graphene
in the paper by Wang et al. [15]. We also take γ = 2 from
Mohiuddin et al. [10]. The difference in frequencies at strains
less than 0.2% (requiring a tensile stress of about 2 GPa) is
evident (29% difference in average slope) between including
(black) and ignoring (orange) the coupling. The initial shift
rates are −33.0 cm−1/% (black) and −63.5 cm−1/% (orange,
consistent with that of a monolayer). In other words, if one
measures Raman frequencies of such a bilayer, chooses a
linear shift rate with biaxial strain from a previous experiment
on monolayer graphene (e.g., −63.5 cm−1/% from Ref. [10]),
and does not consider the coupling, an error up to 29% in the
obtained strain (for <0.2% strain) is then expected. Beyond
a strain ∼0.3% of one layer, the in-plane vibrational fre-
quencies in the two layers become increasingly different, and
therefore the impact of the coupling becomes insignificant.
The originally Raman-inactive in-phase vibration becomes
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Raman-active because of the break of the symmetry, and its
frequency approaches the GM of the top layer at zero strain
alone, whereas the frequency of the out-of-phase vibration
approaches that of the strained layer.

III. STRAIN DETERMINATION IN DWCNTs

There are additional complexities in DWCNTs, from the
tube wall curvature. The pressure transmitted to an inner tube
from an external compression should be small, because of
the large in-plane stiffness of the outer tube and the weak
intertube interaction. In this section, we first quantify the
small amount of pressure transmitted to the inner tube from
the mechanical elastic behavior, and estimate the contribution
from the squeezing of π orbitals, using density functional
theory (DFT). We then provide a corrected assignment of the
measured Raman peaks, following the approach introduced
above, that accounts for the coupling of the vibration between
tube walls, to solve the long-standing debate.

A. Anisotropic and inhomogeneous thick-walled cylinders

Two models of DWCNTs under pressure are presented. In
the first model, graphene is considered as a highly anisotropic
continuum material, very stiff in plane and very soft in the
third direction. Rolled up as a nanotube, it is soft in the radial
direction. In the second model, graphene is considered as a
very stiff 2D sheet, with soft isotropic material on both sides
(corresponding to the π orbitals). For both models, we require
the classic Lamé equations for thick-walled tubes under pres-
sure [21]. We begin with the derivation of these equations,
modified for an anisotropic material, as this does not appear
to have been given previously.

1. Lamé equations for anisotropic material

Consider a thick-walled tube under pressure (external or
internal or both); by symmetry the material of the tube is
displaced radially by an amount u(r). There is no tangential
displacement. The axial stress will be considered later, but
generally it is half the hoop stress. Then we have hoop, radial,
and axial strains and stresses, defined and related by

εH (r) = u(r)

r
= σH (r)

Y
− νσA(r)

Y
− νσR(r)

Y⊥
,

εR(r) = du(r)

dr
= σR(r)

Y⊥
− ν⊥σH (r)

Y
− ν⊥σA(r)

Y
,

εA(r) = σA(r)

Y
− νσH (r)

Y
− ν⊥σR(r)

Y⊥
. (5)

We simplify immediately by assuming the elastic constant
ν⊥ = 0, as for graphite. Then from εR and from ε′

H we have
two expressions for u′ which we can equate (and multiply by
Y ), so that

Y σR

Y⊥
− σH − rσ ′

H + νσA + rσ ′
R = 0. (6)

The axial strain is everywhere the same, as it expresses the
change in length of the tubes under pressure, so

Y ε′(r) = σ ′
A − νσ ′

H = 0.

FIG. 2. The radial (blue curves, 0 < y < 1) and hoop stresses
(brown curves to large positive and negative values) are plotted
against radius for a material as anisotropic as graphene, for inter-
nal pressure Pa = 0, external pressure Pb = 1 (dashed curves), for
Pa = 1, Pb = 0 (chain-dotted curves), and for hydrostatic pressure
Pa = 1, Pb = 1 (solid curves). The outer diameter is unity, and the
inner diameter is 1

2 .

Using this to eliminate σ ′
A, together with the equation of

equilibrium (force balance) in polar coordinates, σH = σR +
σ ′

R, to eliminate σH , Eq. (6) becomes a lengthy and intractable
expression including terms in σA and the parameters describ-
ing the anisotropy. At this point, if the material is isotropic
(i.e., Y⊥ = Y and ν⊥ = ν) a very simple expression is ob-
tained. If, on the other hand, we retain Y⊥ and put ν⊥ = ν = 0,
we obtain (Y σR

Y⊥
− 1

)
σR − rσ ′

R + rσ ′
H = 0. (7)

For Y⊥ = Y this simplifies to the simple isotropic equation
which may be integrated, and the Lamé equations obtained
directly. Here, we can substitute for σ ′

H from the differential
of the equilibrium equation, to obtain the differential equation
in σR, (Y σR

Y⊥
− 1

)
σR − rσ ′

R − 2rσ ′
R + rσ ′′

R . (8)

This has the solution

σR(r) = C1r−1−√
Y/Y⊥ + C2r−1+√

Y/Y⊥ . (9)

Putting in the boundary conditions for a tube with an
internal radius a and pressure Pa and external radius b and
pressure Pb, solving Eq. (9) for C1 and C2 with σR(a) = −Pa

and σR(b) = −Pb gives

C1 = (ab)
√

Y/Y⊥

(
ab

√
Y/Y⊥Pa − ba

√
Y/Y⊥Pb

b2
√

Y/Y⊥ − a2
√

Y/Y⊥

)
,

C2 = a1+√
Y/Y⊥Pa − b1+√

Y/Y⊥Pb

b2
√

Y/Y⊥ − a2
√

Y/Y⊥
. (10)

Then the equilibrium equation gives

σH (r) =
√

Y/Y⊥r−1−√
Y/Y⊥ (C1 + C2r2

√
Y/Y⊥ ). (11)

Thick-wall model. These solutions give stresses very dif-
ferent from isotropic material. In Fig. 2 they are plotted for an
internal radius of a = 1

2 , external radius b = 1, for Y/Y⊥ = 30
(as for graphene) and for three cases of internal and external
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FIG. 3. As Fig. 2, but for a material with radial stiffness 30 times
the tangential stiffness.

pressures of 0 and 1, 1 and 0, and 1 and 1. The hoop stresses
near the inner and outer surfaces are much larger than in the
isotropic case.

The anisotropy has resulted in a separation of the responses
of the material. The material near the inner bore responds
to the inner pressure, and the material near the outer surface
responds to the external pressure, each nearly independently
of the other. This is most dramatically seen with equal inner
and outer pressures (Fig. 2). In this case, an isotropic mate-
rial would have simply hydrostatic pressure throughout, with
σR = σH = −1 everywhere. The anisotropic material has a
large tensile σH near the inner bore, large compressive σH near
the outer surface, and both radial and compressive stresses
dropping to low values near zero in between, in material that
is shielded from both internal and external pressures by the
large hoop stiffness that carry most of the load near the inner
and outer surfaces.

The reverse anisotropy is less dramatic. With a tangential
stiffness 30 times less than the radial stiffness, all stresses are
much closer to the isotropic case, as shown in Fig. 3. Perhaps
the only observation of interest is that in the hydrostatic case
the radial stress rises a little above the applied hydrostatic
pressure.

Approximations. The effects of the approximations we
made to get these solutions should be considered. It is rather
remarkable that the Poisson’s ratio of an isotropic material
does not enter into Lamé’s equation for the stresses, but we
may use that as a justification for supposing that the Poisson’s
ratios for the anisotropic material are similarly unimportant.
Certainly, as far as the gross features of Figs. 2 and 3 are
concerned, there is no reason to believe that Poisson’s ratios
would affect the stresses. Of course, in calculating the strains,
the Poisson’s ratios will have some effect.

Multiwalled tubes. In this model, the stresses are unaffected
by the tube being single walled or multiwalled [unless there
are interface gaps or interference fits (pressures) at ambient
pressure, but this not considered here]. The question, how
much of an external pressure is supported by the outer tube
and how much by the inner tube—and what would be the
effects on the Raman spectra of inner and outer tubes—can be
addressed by calculating the hoop strain εH (r) and averaging
it over the inner tube, and over the outer tube. A good approx-
imation may be found by averaging the hoop stress instead.

However, most directly, the radial stress at the interface should
simply be the pressure exerted by the outer tube on the inner.
For a DWCNT under external pressure Pb = 1, Pa = 0, with
the outer tube sp2 diameter 1.65 nm, inner tube diameter
0.95 nm, and taking the graphene thickness as 0.35 nm, the
hoop stress averages for the outer tube and inner tube are
respectively −2.58 and −0.273 [from Eq. (11) and the bound-
ary condition], so that 0.095 of the pressure is supported by
the inner tube. The radial stress at the interface is −0.147.
We consider that the latter is the correct value, as the two
tubes have different ratios of wall thickness to diameter, and
this should affect the relationship between pressure and hoop
stress (less stress for the same pressure when the tube diameter
is smaller relative to the wall thickness).

2. Isotropic 3D π material and 2D sp2 material

Thin-wall model. Here we use the Lamé equations for the
same DWCNT modeled as three soft isotropic thick-walled
tubes, separated by two stiff 2D tubes. In particular, we use
the solutions Eqs. (9)–(11) with Y/Y⊥ = 1. We calculate the
hoop strain εH (r) of the outer π -orbital tube with Pb = P1 =
1 GPa and Pa = P2 kept as a variable. Then we calculate
εH of the outer tube with its internal pressure P3 as a vari-
able. Equating these two hoop strains at r = 0.65 nm lets
us eliminate P2, expressing it as a function of P1 and P3.
Continuing across in this way we eliminate the pressures P3,
P4, and P5 until we reach the inner bore of the inner tube,
with the variable pressure P6. Equating this to zero solves for
all the pressures. They are P6 = 0, P5 = 4.01 MPa, P4 = 216
MPa, P3 = 147 MPa, P2 = 1.18 GPa, and P1 = 1 GPa. The
pressure on the inner tube is the radial stress at the interface
at r = 0.65 nm, which is 168 MPa (P3 1

2
). The hoop and

radial stresses across the radius of a DWCNT are plotted in
Fig. 4.

Note that the 2D tubes are under substantially higher pres-
sures than the pressures applied to the outside of their π

orbitals. A physical interpretation of this effect is that under
hydrostatic pressure the soft material contracts much more
than the stiff 2D tubes. Consequently, to keep its inner radius
the same as the radius of the 2D tubes, it has to be stretched—
and the softer it is, the more it has to be stretched, so the
force is largely independent of its elastic modulus—and this is
sufficient to return the hoop strain much closer to zero. This is
a combination of hydrostatic pressure plus hoop tension. The
hoop tension then applies extra pressure above the hydrostatic
pressure to the 2D tube inside it.

B. DFT estimate of pressure transmission in DWCNTs

We employed DFT [22] to examine how much pressure
could be transmitted to the inner tube via the squeezing of
π orbitals under external compression, in addition to the
above classical mechanics analysis. Under external pressure,
the π orbitals of an outer tube are expected to be squeezed
inwards through the tube wall, which increases the overlap
of π -electronic orbitals between inner and outer tubes, which
results in pressure being transmitted to the inner tubes. The
calculation setup was the same as in our previous work on
graphite and bilayer graphene [23]. We modeled three layers
of Bernal stacked graphene. We fixed the position of the
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FIG. 4. The hoop (top graph) and the radial (bottom graph)
stresses in the 3D material are plotted against radius, from the outer
surface of the outer tube to the inner bore of the inner tube.

bottom two layers and displaced the top layer towards the
bottom two. The bottom two layers simulated a DWCNT with
interlayer distance fixed at 3.4 Å. External pressure to the
bilayer graphene at the bottom was applied by the approaching
top layer.

We calculated the stress on the bottom layer at each posi-
tion of the top layer (defined by its distance to the fixed middle
layer), as shown in Fig. 5(a). 3.4 Å is slightly smaller than the
calculated equilibrium interlayer distance and therefore the
bottom layer is under a small repulsive stress. Our interest
is the change of it with the displacement of the top layer.
When the top layer was displaced from 3.4 to 2.5 Å close
to the middle layer, this results in a pressure applied to the
middle layer of about 50 GPa, whereas the repulsive stress on
the bottom layer was reduced by only 0.1 GPa. This indicates
that the stress transmitted through the middle layer (an outer
tube) to the bottom layer (an inner tube) by the squeeze of
π electrons is negligible. Furthermore, it was not repulsion,
but a small attraction that was applied to the bottom layer.
This can be explained by the change in valence charge at each
interlayer, as shown in Fig. 5(b). The valence charge between
the top and middle layer was reduced as expected, when the
top layer approached the middle. These charges were evenly
squeezed to the bottom-middle interlayer region, and outside
the top layer. Consequentially, the bottom layer had an overall
negative charge, and was therefore attracted by the middle
layer of positive charge, as it loses more charges on one side
(above) than gaining on the other (below). So it seems that the
only mechanism by which pressure is transmitted to the inner
tube is through the mechanical elastic behavior of Sec. III A.

FIG. 5. In a trilayer graphene, the top layer is displaced towards
the fixed bottom two layers with an interlayer distance of 3.4 Å.
(a) The repulsive stress on the bottom layer is plotted with the
distance between the top and middle layer. (b) The valence charge
between the top and middle layer (blue open circles), between the
middle and bottom layer (orange crosses), and outside the top layer
(black solid squares) in a unit cell is plotted with the distance between
the top and middle layer.

C. Interwall vibrational coupling in DWCNTs

Placing the model of Sec. III A 2 under hydrostatic pres-
sure, we obtained the radial and hoop stress σR(r) and σH (r).
This model provides refined pressure transmission to the inner
tube and much clearer underlying physics, compared to the
existing understanding [1,24].

The axial stress is fully supported by the two stiff tubes.
Using the three stress components, and the compliance con-
stants s11 and s12 of graphene, the hoop and axial strains are
then obtained for the stiff tubes [24]. The hoop strain of the
inner tube is typically 0.1 to 0.2 of the strain of the outer
tube. This cannot explain the reported shift rates of the GMs
with pressure in DWCNTs, if the two modes were assigned
to inner and outer tubes correspondingly. Below we propose
and explain an interpretation that accommodates the small
pressure transmission to the inner tube, for the large amounts
of consistent published data on DWCNTs.
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For a DWCNT, matrix (3) becomes⎛
⎜⎜⎝

ω2
A + AεAo + BεTo 0 C 0

0 ω2
o + BεA + AεTo 0 C

C 0 ω2
A + AεA + BεTi 0

0 C 0 ω2
i + BεAi + AεTi

⎞
⎟⎟⎠. (12)

The subscript A is along the tube axis, T is around the circum-
ference, o is for an outer tube, and i is for an inner tube. A and
B can be obtained similarly as in a bilayer graphene with the
same γ = 2 and SDP = 1. ωo and ωi depend on the diameter
of outer and inner tubes, respectively. The axial strains of the
inner and outer tubes are the same, because the ends remain
together.

We note that the in-plane elastic stiffness of a nanotube
surface is nearly isotropic (i.e., s11 = s22, s12 = s21) despite
a curved tube wall, as the difference of a few tens of cm−1

between the G+ (along tube axis) and G− (along tube cir-
cumference) vibrational frequencies puts an upper limit of
only a few percent on any difference in the stiffness along the
two in-plane directions [25]. With −s12/s11 = 0.13 and s11 +
s12 = 1/1250 GPa−1 [24], we plot the frequencies [square
root of the four eigenvalues of matrix (12)] as a function of
external pressure in Fig. 6, taking ωax = 1591 cm−1, ωout =
1574 cm−1, and ωin = 1543 cm−1 for a DWCNT with an
outer diameter of 1 nm, the same as in the above stress analy-
sis, using the established relationship between tube diameters
and ωT [25].

The key information we extract from Fig. 6 is as follows.
The in-phase vibrational mode of the two walls along the axial
direction is Raman inactive at zero pressure. But with less

FIG. 6. Phonon frequencies of the coupled in-plane vibrations in
a DWCNT (outer radius 1 nm of the outmost soft tube as an exam-
ple) are plotted as a function of external hydrostatic pressure. The
frequencies are square root of the four eigenvalues of matrix (12),
the corresponding eigenmodes to which are coupled vibrations of
the outer and inner tubes. Whether the coupled vibration is axial
or tangential, and in-phase or out-of-phase, are labeled. The dashed
lines are for Raman-inactive modes when the inner and outer tubes
are coupled. The solid lines are for Raman-active modes.

coupling between the tube walls under increasing pressure, the
Raman intensity of this mode increases and its frequency ap-
proaches the G+ of the outer tube. These two frequencies are
the same when the in-plane vibrations in the outer and inner
tubes decouple at roughly over 5 GPa (see Fig. 1 for the de-
coupling condition). The out-of-phase vibrational mode of the
two walls along the axial direction is a Raman-active mode,
and its frequency approaches the G+ of the inner tube when
the vibration of the two walls decouples. Along the tangential
direction, because of the very different wall curvature between
inner and outer tubes, the vibration is already decoupled at
zero pressure and therefore the frequencies of the out-of-phase
and in-phase modes are very close to the G− of the outer and
inner tubes, respectively. In an experimental Raman spectrum,
at low pressure there should be a main peak of the axial
out-of-phase mode at higher frequency, and weak tangential
peak(s) at lower frequency depending on the quality of the
spectrum; at high pressure (e.g., above 5 GPa), there should be
a broad profile consisting of three peaks in a relatively small
frequency range (axial in-phase, tangential in-phase, and axial
out-of-phase modes) at higher frequency, and a separate single
peak of the tangential out-of-phase mode at lower frequency.
These are consistent with the commonly observed spectra
in the literature [1–5]. As seen from Fig. 6, the shift rates
with pressure of the vibrations along the axial direction are
4.4 and 2.9 cm−1 GPa−1, for in- and out-of-phase modes,
respectively. The shift rates for the tangential modes are 5.0
and 3.81 cm−1 GPa−1, respectively. The reported large shift of
the lower-frequency Raman in-plane mode of a DWCNT with
pressure is due to the misassignment of peaks, and therefore
no longer suggests a puzzling large strain of the inner tube.
Hence the long-standing debate on this issue has been solved.

IV. CONCLUSION

In conclusion, we demonstrate the significant impact of
interlayer coupling between vibrational modes on obtaining
the strain of layered 2D materials from Raman measurements.
In a representative example, an error of about 30% (for up to
0.2% isotropic strain) is expected in the strain determination
in bilayer graphene, if this coupling is ignored. We also solve a
long-standing debate concerning Raman measurements under
high pressure on DWCNTs, by interpreting the Raman spectra
in terms of the coupled vibrations of both walls along the tube
axis and circumference, rather than to the separate vibrations
of the inner and outer tubes. The widely reported large shifts
of both in-plane Raman peaks in DWCNTs with external
pressure, no longer contradicts the reasonable expectation that
the strain of the inner tube should be considerably smaller than
that of the outer tube. Finally, we quantify the amount of the
pressure that can be transmitted to the inner tube by squeezing
the electronic orbitals and find it to be negligible.
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