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In this study, we clarify the selection rules of optical transitions from the ground state to the magnetic
excited states in the quasi-one-dimensional quantum Ising-like antiferromagnet BaCo2V2O8 with spin S = 1

2
using the high-field electron spin resonance measurement with illuminating polarized electromagnetic waves. We
demonstrate that the unconventional magnetic excitation via the pair creation of quasipaticles at wave numbers
qz = π/2 and π in the field-induced quantum critical state can couple with both oscillating magnetic and electric
fields. Our density matrix renormalization group calculations indicate that the observed selection rules can
be explained by two- and four-fold periodical spin interactions, originating from the screw chain structure in
BaCo2V2O8, in addition to the magnetoelectric coupling between spins and electric dipoles.

DOI: 10.1103/PhysRevB.105.014417

I. INTRODUCTION

Low-lying magnetic excitation in a one-dimensional (1D)
antiferromagnetic quantum spin (S) chain has garnered the
interest of researchers for a long time since Bethe proposed
a method to obtain exact eigenvalues and eigenstates for the
system with S = 1

2 in 1931 [1]. For the isotropic Heisen-
berg chain with S = 1

2 , the quantum fluctuation inherent in

the system destroys the long-range magnetic order, thereby
leading to a quantum critical ground state. The magnetic exci-
tation from this considerably fluctuating ground state exhibits
marked contrast to a classical spin wave. The lowest magnetic
excitation in the quantum system at a zero magnetic field
forms an unconventional energy continuum of spin triplet
states with 2π periodicity, which consist of a pair excita-
tion of quasiparticles called spinon, i.e., a mobile quantum
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FIG. 1. (a) ESR resonance points observed in BaCo2V2O8 for H ‖ c [17]. The bold solid curves above Hc are the magnetic excitation
energies at q = 0, π/2, and, π , obtained from our previous calculations [17]. The thin solid lines below Hc are guides for the eyes. The
magnetic structure factors (b) S+−(q, ω) and (c) S−+(q, ω) obtained from the DMRG calculation for the S = 1

2 quantum Ising-like chain
with ε = 0.46 in the longitudinal magnetic field, where the total magnetization reaches to 1/4 of the saturation. The ESR signals B and L
in the quantum critical phase emerge from the psinon-antipsinon pair excitation at qz = 0 and the psinon-psinon pair excitation at qz = π/2,
respectively. The M and P originate from the two-string excitations at qz = π/2 and qz = π , respectively. For the calculation of the S+−(q, ω)
and S−+(q, ω), Jπ and Jπ/2 are not included.

domain wall carrying fractional quantum number S =
1
2 [2–7]. In the application of magnetic fields, the situation
becomes more intricate. The quantum critical ground state
with a finite magnetization in magnetic fields up to the satura-
tion field Hs is partially filled by magnons, which correspond
to overturned spins from the fully polarized spin state [8].
Then, the lowest-energy excitation is governed by scattering
states of the quasiparticles psinons and antipsinons, which
are holes and particles created into the ground state [9,10]
(see Appendix A for detail). As a result, the transverse and
longitudinal excitation owing to the pair creation of these
quasiparticles are gapless at the incommensurate soft wave
vectors qz = π , ±2πm and qz = 0, π±2πm, respectively,
where m represents the magnetization per spin [5,9–12]. Fur-
thermore, a recent theory has indicated that, in addition to
the scattering states, the string states, which are characterized
by complex rapidities in Bethe-anzats calculations [13,14],
and therefore change asymptotically to multi-magnon bound
states upon increasing the field to Hs, significantly con-
tribute to the dynamical correlation function in the magnetic
field [15,16].

The experimental verification of the nontrivial behaviors
of the S = 1

2 quantum spin chain in magnetic fields is a de-
manding task. A suitable compound for the investigations is
the quasi-1D antiferromagnet BaCo2V2O8 with the intrachain
exchange interaction described by the following Ising-like
XXZ Hamiltonian with ε �0.5 and J �65 K [17].

H = J
∑

j

{
Sz

jS
z
j+1 + ε

(
Sx

j S
x
j+1 + Sy

j S
y
j+1

)}
. (1)

Different from the Heisenberg system, the ground state of the
Ising-like chain maintains Nèel order at zero magnetic field.
However, in applied magnetic fields along the longitudinal z
direction, a quantum phase transition from the Néel ordered
state to the quantum critical state, which belongs to a univer-
sality class called Tomonaga-Luttinger liquid (TLL), as well
as that of the Heisenberg system, occurs [18]. In fact, the
spin density wave (SDW) order, for which the longitudinal
incommensurate correlation characteristic of the TLL devel-
ops to the long-range order under the influence of inevitable
interchange interactions, has been found in BaCo2V2O8 above
the transition field Hc � 3.9 T [19–22]. The energy mini-
mum of the longitudinal excitation at an incommensurate
wave vector was also observed [23]. Overall behaviors of
the magnetic excitation in the quantum critical state above
Hc were elucidated via high-field electron spin resonance
(ESR) measurements of BaCo2V2O8 up to 50 T [17]. As
shown in Fig. 1(a), six kinds of the resonance modes B, L,
M, P, QL, and QH were observed above Hc. Detailed com-
parison with the numerical calculation indicated that the B,
L, and M and P emerge from the magnetic excitations at
qz = 0, π/2, and π , respectively, as presented in Figs. 1(b)
and 1(c). The softening of L at Ha � 19 T, where the m
reaches a half of its saturation value, is a manifestation of the
TLL nature. The appearance of the QL,H above the saturation
field Hs � 22 T indicates the reopening of the excitation gap
at qz = π . From the recent terahertz spectroscopy measure-
ments of BaCo2V2O8 and its sister compound SrCo2V2O8,
it was identified that the B, L, and P originate from the
psinon-antipsinon pair, the psinon-psinon pair, and the two-
string excitations, respectively [24,25]. The excitation spectra
in energy-momentum space, observed by the subsequent
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neutron scattering measurements of SrCo2V2O8 in the
quantum critical state, was successfully explained by the
Bethe-anzats calculations [26]. However, there remains an
unresolved issue that the optical transitions to excited states at
finite wave vectors, such as the L, M, P, and QL,H, are forbid-
den by the momentum preservation law. Although the origin
of the observations of these forbidden modes certainly origi-
nates from the peculiar four-fold screw Co-O chain structure
in the compounds, the detailed mechanism of the observations
remains unclear to date. In this study, we clarify the selec-
tion rules of the excitation modes, using the high-field ESR
measurement illuminating polarized electromagnetic waves
to the single crystal of BaCo2V2O8. It turns out that the
selection rule differs from the excitation mode to the mode.
Surprisingly, the magnetic excitation in the quantum criti-
cal state couples with both oscillating magnetic and electric
fields. Our theoretical calculations clarify that the mixing of
quantum states to the ground state by two- and four-fold
spin interactions originating from the screw chain structure
and the spin-dependent electric dipole are the origins for the
observations of the magnetic excitation at qz = π/2 and π .

II. EXPERIMENT

We measured the polarization dependence of the ESR spec-
tra in BaCo2V2O8 in magnetic fields applied along the c axis,
which is the easy z axis of this compound. In the measure-
ments of the Voigt configuration, where the electromagnetic
wave propagates perpendicularly to the c axis, a wire grid
polarizer for linearly polarizing the electromagnetic wave is
put in front of the sample. For this measurement, a single
crystal, grown by a spontaneous nucleation method [27,28],
was used. The oscillating magnetic h and electric e fields
are applied along the [001] or [11̄0] by illuminating linearly
polarized electromagnetic waves to the (110) plane. We also
measured the ESR spectrum in the Faraday configuration
with the light propagation direction parallel to the c axis
by illuminating the unpolarized electromagnetic waves. For
this measurement, a single crystal, grown by a floating zone
method [29], was used. The measurements at electromagnetic
wave frequencies 730.5 GHz and 1839 GHz were performed
in pulsed magnetic fields at 1.3 K, and those at 490 GHz were
carried out by utilizing a superconducting magnet at 1.5 K.
From the measurements at these three frequencies, we can
clarify the selection rule of all the ESR modes, namely the
spinon excitation and the B, L, M, P, QL, and QH modes.

III. RESULTS

Figure 2(a) presents the ESR spectra observed in the three
different configurations at 730.5 GHz. The two sharp signals
in the Nèel ordered state below Hc come from the quantized
energy levels called Zeeman ladders, which originate from the
confinement of the spinon excitation by the interchain molec-
ular fields [30–32]. The signals from the Zeeman ladders
and the signal B, which originates from the antipsinon-psinon
excitation at q = 0, are shown to couple with h perpendicular
to the c axis as previously reported [25] because the signal
intensities significantly decrease when h is applied parallel
to the c axis. The observed behaviors are consistent with the

FIG. 2. ESR spectra observed in BaCo2V2O8 for H ‖ c at
(a) 730.5 GHz, (b) 490 GHz, and (c) 1839 GHz. The upper and
middle curves are spectra, observed by illuminating electromagnetic
waves with the magnetic component polarized parallel and perpen-
dicular to the c axis, respectively, in the Voigt configuration. The
lower curves are the spectra, observed by illuminating unpolarized
electromagnetic waves in the Faraday configuration.

fact that these signals come from excitations with transverse
spin fluctuations at q = 0, which allows the usual magnetic
dipole transition. In contrast, the polarization dependencies of
the signals originating from the excitation to qz = π/2 or π

are significantly more complicated. The experimental results
at 730.5 GHz suggest that P couples with h perpendicular to
c, as well as B, while the results at 1839 GHz in Fig. 2(c) in-
dicates M couples with e perpendicular to c. The polarization
dependence of the signal L observed below Ha is not apparent
from the ESR spectra at 730.5 GHz because the signal L
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FIG. 3. The four-fold screw Co-O chain in BaCo2V2O8.

is superimposed on the large signal of the B. However, the
results at 490 GHz in Fig. 2(b) clearly indicate that the signal
couples with e perpendicular to c. In contrast, the L above Ha

observed at 730.5 GHz around 22 T is excited by h parallel
to c. Hence, L is suggested to change from electroactive to
magnetoactive as the static magnetic field is increased. As
shown in Fig. 2(a), the signal intensities of QL and QH, which
appear above Hs, are similar to each other in the Faraday
configuration, whereas the results in the Voigt configuration
indicate that the lower field peak QL is electroactive by e ⊥ c,
while the higher field one QH is magnetoactive by h ⊥ c. The
QL and QH are considered to come from the transitions to
the excited states at q = (π π π ) and (0 0 π ), respectively,
as will be discussed below. The splitting between these two
modes results from weak exchange interactions between Co-O
chains in BaCo2V2O8, which causes weak energy dependence
of the magnon dispersion along the (qx qx π ) direction in the
reciprocal lattice space. By assuming one magnon dispersion
of a simple square lattice ferromagnet and ε = 0.46, the ef-
fective interchain interaction J ′ is evaluated to be J ′ = 2.2 K
(J ′/J = 0.034), in agreement with the result of the inelastic
neutron scattering [31].

IV. ANALYSIS AND DISCUSSION

There are two mechanisms that induce optical transitions
to the magnetic excited states at wave numbers far from q =
0. One mechanism involves mixing between the ground and
excited states by perturbative spin interactions, which yields a
finite magnetic dipole transition probability, as the staggered
fields proposed for the transition to the gapped spin triplet
state at q = π in the Haldane system Ni(C2H8N2)2Ni2(ClO4)
(NENP) [33]. The other mechanism involves coupling be-
tween spins and electric dipoles, which enables to cause
electric dipole transition [34–37]. Both mechanisms are gov-
erned by the crystallographic symmetry of the spin chain. As
illustrated in Fig. 3, the Co-O chain in BaCo2V2O8 forms
a four-fold screw structure, composed of edge-shared CoO6

octahedra [38]. The Co2+ ion is located on the two-fold rota-
tion axis parallel to the [110] under rhombic ligand fields, and
the nearest neighbor Co sites are connected by the two-fold
rotation around the [100]. Because the apical Co-O(1) bond is
inclined from the c-axis, the principal axis of the anisotropic
exchange interaction between the Co2+ spins is inclined from
the c-axis, and thereby alters the direction four-step periodi-
cally, along the chain. Previous studies demonstrated that this
four-fold periodical structure significantly influence the nature
of BaCo2V2O8 in transverse fields [39–46]. By considering
this screw chain structure, the nearest-neighbor exchange in-
teractions in the Co-O chain can be expressed as

H = Huni + Hπ + Hπ/2, (2)

where

Huni =
∑

j

J

{
Sz

jS
z
j+1 + ε

2

(
S+

j S−
j+1 + S−

j S+
j+1

)} − gμBH0Sz
j,

(3)

Hπ =
∑

j

Jπ {cos(π j)(S+
j S+

j+1 + S−
j S−

j+1)}, (4)

and

Hπ/2 =
∑

j

Jπ/2

{
cos

(
π

2
j

)(
Sx

j S
z
j+1 + Sz

jS
x
j+1

)

+ sin

(
π

2
j

)(
Sy

j S
z
j+1 + Sz

jS
y
j+1

)}
. (5)

Here Jπ and Jπ/2 represent the exchange interactions with π

and π/2 periodicity, respectively, of which detailed descrip-
tions are given in Appendix B. The x, y, and z are defined to
be parallel to the [100], [010], and [001], respectively. The Hπ

and Hπ/2 mix the quantum state at q = 0 with those at qz = π

and π/2, respectively, thereby resulting in finite probabilities
for magnetic dipole transitions between the states. Next, we
consider the electric dipole transition. From the studies on
magnetoelectric effect, the electric polarization that depends
on a vector spin chirality P j = C̃(S j × S j+1) is wildly recog-
nized [35,47–51]. Here P j is the electric polarization on a pair
of spins at the j and j + 1 sites, and C̃ is a second rank axial
tensor, of which the form is restricted by the crystallographic
symmetry between the two spin sites [51]. In the case of the
Co2+ spin pair with a two-fold rotational symmetry, C̃ is given
as

C̃ =
⎛
⎝ 0 CXY 0

CY X 0 CY Z

0 CZY 0

⎞
⎠, (6)

where the Z and Y are parallel to the nearest-neighbor Co-Co
bond and the [010], respectively, and X is perpendicular to
both Y and Z . By considering the inclination of Z from the
c-axis, P j are expressed in the xyz coordinates as follows:

Px
j = (Acos(π j) + D)

(
Sz

jS
x
j+1 − Sx

j S
z
j+1

)

+ (B − E )sin

(
π

2
j

)(
Sx

j S
y
j+1 − Sy

j S
x
j+1

)
, (7)
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FIG. 4. Results of the DMRG calculations for (a) Sx (q = 0, ω), (b) Sz(q = 0, ω), (c) T x
π/2(ω), and (d) T x

π (ω) obtained with J = 65 K,
ε = 0.46, Jπ/J = 0.2, Jπ/2/J = 0.2, and g = 6.2. The calculated intensities are presented with the scale given in color bar. The symbols are
the experimental resonance points obtained from the previous ESR measurements [17].

Py
j = (Acos(π j) + D)

(
Sy

j S
z
j+1 − Sz

jS
y
j+1

)

− (B − E )cos

(
π

2
j

)(
Sx

j S
y
j+1 − Sy

j S
x
j+1

)
, (8)

Pz
j = (B + E )

[
sin

(
π

2
j

)(
Sy

j S
z
j+1 − Sz

jS
y
j+1

)

− cos

(
π

2
j

)(
Sz

jS
x
j+1 − Sx

j S
z
j+1

)]
, (9)

where, A, B, E , and D are constants, determined by Cβγ

with β, γ = X,Y, Z , and the angle between the z and Z
(see Appendix C). Owing to the π and π/2 periodicities of
P j , the uniform oscillation of the electric fields can couple
with magnetic excitation at qz = π and π/2, thereby result-
ing in electric dipole transitions. We examine the above two
mechanisms by numerical calculations via the density ma-
trix renormalization group (DMRG) method with parameters
J = 65 K, ε = 0.46, Jπ/J = 0.2, Jπ/2/J = 0.2, and g = 6.2.
The dynamical DMRG ran with 128 sites and the number of
states kept in the renormalization steps was 40. We calculate
the dynamical structure factor given by

Sα (q, ω) = − 1

π
Im〈�G|Sα†

q

1

ω + EG − H + iη
Sα

q |�G〉, (10)

where Sα
q represents the Fourier transform of the α component

of the spin, |�G〉 depicts the ground state and η is a small
broadening factor set to 0.05 in the unit of J . For Sz(q = 0, ω),
a Lorentzian peak at zero energy is subtracted because of finite
magnetic moments induced by the magnetic field. We also

calculate the transverse structure factor for the electric dipole
transition given as

T x
π,π/2(ω)=− 1

π
Im〈�G|Px†

π,π/2

1

ω + EG − H + iη
Px

π,π/2|�G〉,
(11)

where Px
π = ∑

j cos(π j)(Sz
jS

x
j+1 − Sx

j S
z
j+1) and Px

π/2 =∑
j sin( π

2 j)(Sx
j S

y
j+1 − Sy

j S
x
j+1). Figure 4 display the

comparisons between the calculations and the experimental
resonance points. As shown in Fig. 4(a), in Sx(q = 0, ω),
which gives the probability for the transitions by oscillating
magnetic field along the x, weak intensity appears for the
P mode in addition to the strong intensity for the spinon
excitation and B mode, as observed in the experiment. The
calculation suggests that in the fully spin-polarized state
above Hs, the slope of P becomes twice as large as those
of the one magnon excitation modes such as QL,H, L, and
B. This indicates that P unambiguously originates from the
two-string excitation, which changes to the two magnon
bound state above Hs. Different from the experimental results,
Sx(q = 0, ω) gives no intensity for the QH above Hs. Because
a state at qz = π with a flip of two neighboring spins from the
fully spin-polarized state is mixed with the ground state by the
S−

j S−
j+1 term in Hπ , one magnon excitation at qz = π from

this mixed ground state seems to be feasible by oscillating
magnetic field along the x. However, the magnetic dipole
transition between one magnon and such two-spin flipped
states at qz = π is prohibited by the parity difference between
these two states. The former and the later states possess
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fixed parities of odd and even, respectively. The magnetic
dipole transition between such parity different states is
prohibited because the Sα

q with q = 0 has even parity. One
possible mechanism for the finite magnetic dipole transition
probability for the QH in the experimental situation is the
second nearest-neighbor exchange interaction with inclined
principle axes, which may perturb the parity symmetry of the
two-magnon states mixed in the ground state. In contrast, the
T x

π (ω), shown in Fig. 4(d), indicates the finite probability of
the electric dipole transition for the QL. As aforementioned,
we consider that the excitation to the one-magnon state at
q = (π π π ) is induced by the electric dipole transition.
Because the nearest-neighbor Co-O chains in BaCo2V2O8 are
transferred by the space inversion of each other, the signs of
the coefficients Cβγ are opposite between the nearest-neighbor
chains. Therefore, the spin oscillations with opposite phases
between the nearest-neighbor chains to each other, induced
by the magnon excitation at q = (π π π ), cause a uniform
oscillation of the electric polarization, resulting in the electric
dipole transition, whereas the magnon at q = (0 0 π ), which
induces the spin oscillations with the same phase between
the chains, is observed by the magnetic dipole transition.
Next, Sz(q = 0, ω) and T x

π/2(ω) shown in Figs. 4(b) and 4(c),
respectively, indicate that as the magnetic field is increased,
the L gradually changes from electric dipole active by e ⊥ c
to magnetic dipole active by h ‖ c around 16 T, in agreement
with the experiment. A slight deviation of the resonance points
from the intensity peak of Sz(q = 0, ω) above Hs comes from
the fact that the second nearest-neighbor interaction, which
was included in our previous analysis [17], is neglected in the
present DMRG calculations. Figure 4(c) also demonstrates
that the M is electroactive, as observed in the experiment.
The rather strong intensity of the two-magnon bound state
is observed in Sz(q = 0, ω) for H > Hs, as presented in
Fig. 4(b), owing to the mixing of this bound state to the fully
spin-polarized ground state by Hπ . We also consider that
the observations of the excitations at q = π/2 with large
gaps at zero magnetic field by the far-infrared spectroscopy
measurements in SrCo2V2O8 [52] are also owing to the
perturbative interactions from the four-fold screw structure of
the Co-O chain.

The above discussions show that the DMRG calculations,
considering the four- and two-fold periodical interactions
and the spin-dependent electric polarization, elucidated the
general results of the high-field ESR experiments. These
perturbative interactions are also considered to affect the
ground-state properties of BaCo2V2O8. Figure 4(d) presents
the finite intensity of the T x

π (ω) at zero frequency in the
field region from approximately 12 T to Hs. The Bethe an-
zats calculation indicated that the staggered correlation of
the transverse spin component develops more dominantly in
the quantum critical ground state than the incommensurate
longitudinal correlation in this field region [20]. This stag-
gered correlation plus longitudinal magnetization along the
z-axis, induced by the external magnetic field, generates the
vector spin chirality S j × S j+1, which is directed perpendicu-
larly to z. Because this vector spin chirality change its sign
alternatively along the chain reflecting the staggered corre-
lation, the Px

π shows positive correlation in the ground state,
resulting in the finite intensity of the T x

π (ω) at ω = 0 seen

in Fig. 4(d). When this staggered spin correlation develops to
the long-range transverse Nèel order owing to the interchain
interactions as suggested from the previous neutron diffrac-
tion [53], the static electric polarization perpendicular to c
should appear in a chain. Hence, the transverse Nèel ordered
state, which appears in a higher field region than the SDW
phase, is considered to be antiferroelectric state, in which the
electric polarizations in the chains align oppositely between
the nearest or second nearest-neighbor chains in BaCo2V2O8.
From the NMR measurements, rather complex phase diagram,
in which the magnetic order is significantly suppressed around
Ha, was reported [54]. We consider that this suppression is
attributable to the softening of the magnetic excitation L at
qz = π/2, observed around Ha. The mixing of the magnetic
excited state with π/2 periodicity to the ground state by Hπ/2

is enhanced around Ha, as indicated by the enhanced intensity
in Sz(q = 0, ω) for L. This enhanced mixing probably disturbs
the staggered magnetic ordering around Ha. A tiny hump in
the magnetization curves around Ha in BaCo2V2O8 [17] must
also emerge from this mixing.

V. CONCLUSION

In conclusion, we clarified the optical selection rules of the
magnetic excitation in BaCo2V2O8, in longitudinal magnetic
fields by measuring the polarization dependence of the ESR
spectra. The spinon and the psinon-antipsinon excitation, la-
beled as B, at q = 0, which are allowed for magnetic dipole
transition, are induced by the transverse oscillating magnetic
field. In contrast, the psinon-psinon excitation L at qz =
π/2 changes from electroactive by e ⊥ c to magnetoactive
by h ‖ c around Ha. The two string excitation P at qz = π

is magnetoactive by h ⊥ c, whereas the M at qz = π/2 is
electroactive by e ⊥ c. The one magnon excitation QH at q =
(0 0 π ) and QL at q = (π π π ) in the fully spin-polarized state
are suggested to be magneto- and electroactive, respectively.
These results indicate overall agreement with our calculations,
considering the mixing of the quantum states by two- and
four-fold periodical interactions, generated from the four-fold
screw structure of the Co-O chain and the spin-dependent
electric dipoles. This work has demonstrated that the screw
chain structure, which generates periodic perturbative interac-
tions, in addition to the coupling between spins and electric
dipole, offers novel opportunities to explore unconventional
low-lying magnetic excitation in quantum magnets with high
accuracies via high-field ESR and terahertz spectroscopy mea-
surements.
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excitation. IF = N/4 − M/2-1/2 is the maximum Bethe quantum number, which is occupied by the magnon in the ground state. Thus, a region
shown by a bold curve is occupied by the magnons in the ground state. Note that the energy dispersion ε is not precisely depicted and is
nonlinearly renromalized by changes in the distribution of the Ij’s due to the interaction effect amoung spins.
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APPENDIX A: MAGNETIC EXCITATION OF THE S = 1
2

ANTIFERROMAGNETIC QUANTUM SPIN CHAIN
IN MAGNETIC FIELDS

In the Bethe ansatz calculation for the S = 1
2 antiferromag-

netic quantum spin chain, a state with the spins fully polarized
along the magnetic field is taken as the reference state, namely
the vacuum state. Then the all eigenstates are obtained by in-
ducing magnons, which correspond to overturned spins from
the fully polarized spin state, into the vacuum. The induced
magnons are labeled by the Bethe quantum numbers I j ( j = 1
∼ M), where the M is magnetization. The I j takes an integer
or half-integer depending on the total number N of spins in
the chain and M. The ground state with the magnetization M
is specified by a set of the I j’s [9,10]

{I j}G =
{
−N

4
+ M

2
+ 1

2
, . . . ,

N

4
− M

2
− 1

2

}
. (A1)

The distribution of I j in the ground state is somewhat anal-
ogous to the momentum distribution of spinless fermions as
shown by bold curves in Fig. 5. The lowest magnetic excita-
tion from the ground state with finite M is obtained by pair
creation of the quasiparticles psinon and/or antipsinon. The
psinon (antipsinon) is hole (particle) created inside (outside)
the {I j}G as shown in Figs. 5(a) and 5(b) [9,10]. By substi-
tuting a set of the Bethe quantum numbers for magnons and
antipsinons to the Bethe ansatz equation, a set of real rapidities
{
 j} are derived, and then the eigenenergy, wave function,
and momentum of the quantum spin chain are obtained from
the {
 j}. There are also the solutions with complex rapidities,
which is known as the n-string state (n � 2). The n-string is
given by a set of n rapidities, expressed as 
 j = 
̃ + i(n +
1-2 j) for j = 1 ∼ n, where 
̃ is real [8,13–15]. The Bethe
quantum number, which specifies the complex rapidity for two
string state is denoted by a hexagon in Fig. 5(c). Upon increas-
ing the magnetic field, n-string state changes asymptotically
to the n magnon bound state in the fully polarized spin state
above the saturation field.

APPENDIX B: EFFECTIVE HAMILTONIAN FOR THE
FOUR-FOLD SCREW SPIN CHAIN

We derive the effective intrachain exchange interactions
for the four-fold screw spin chain in BaCo2V2O8 by taking
into account the inclination of the principal axes of the CoO6

octahedra. The anisotropic exchange interaction between the
j and j + 1 sites on the chain, is given as

H j = S j J̃S j+1, (B1)

with

J̃ =
⎛
⎝Jξ 0 0

0 Jη 0
0 0 Jζ

⎞
⎠. (B2)

The ξηζ -coordinate system is inclined from the xyz-system
by an angle θ around the y-axis, and then is rotated by φ =
(π/2) j around the z-axis, where the ξ, η, ζ and the x, y, z are
the principal axes of the anisotropic exchange interaction and
those of the crystal lattice with x, y and z parallel to the [100],
[010], and [001], respectively. J̃ in the xyz-coordinate system
is expressed by a symmetric tensor

⎛
⎜⎝

Jxx Jxy Jxz

Jxy Jyy Jyz

Jxz Jyz Jzz

⎞
⎟⎠, (B3)

with

Jxx = (Jξ cos2θ + Jζ sin2θ )cos2φ + Jηsin2φ, (B4)

Jyy = (Jξ cos2θ + Jζ sin2θ )sin2φ + Jηcos2φ, (B5)

Jzz = Jξ sin2θ + Jζ cos2θ, (B6)

Jxy = (Jξ cos2θ − Jη + Jζ sin2θ )sinφcosφ, (B7)

Jxz = (Jζ − Jξ )sinθcosθcosφ, (B8)

Jyz = (Jζ − Jξ )sinθcosθsinφ. (B9)

The total Hamiltonian H for the screw spin chain is obtained
by taking a sum of H j through the chain. As described in the
main text, the H is expressed as

H = Huni + Hπ + Hπ/2, (B10)
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with

Huni =
∑

j

J

{
Sz

jS
z
j+1 + ε

2
(S+

j S−
j+1 + S−

j S+
j+1)

}

− gμBHSz
j, (B11)

Hπ =
∑

j

Jπ

{
cos(π j)(S+

j S+
j+1 + S−

j S−
j+1)

}
, (B12)

and

Hπ/2 =
∑

j

Jπ/2

{
cos

(
π

2
j

)(
Sx

j S
z
j+1 + Sz

jS
x
j+1

)

+ sin

(
π

2
j

)(
Sy

j S
z
j+1 + Sz

jS
y
j+1

)}
. (B13)

Here J , Jπ Jπ/2 and ε are given as

J = Jzz, (B14)

Jπ = 1
4 (Jξ cos2θ − Jη + Jζ sin2θ ), (B15)

Jπ/2 = 1
4 (Jζ − Jξ )sin2θ, (B16)

ε = Juni/Jzz, (B17)

with

Juni = 1
2 (Jξ cos2θ + Jη + Jζ sin2θ ). (B18)

APPENDIX C: SPIN-DEPEMDENT ELECTRIC
POLARIZATION IN THE SCREW SPIN CHAIN

IN BaCo2V2O8

The electric polarization P j , which depends on the vector
spin chirality S j × S j+1 between the two nearest-neighbor
spins on the j- and j + 1-sites, is generally expressed as

P j = C̃(S j × S j+1), (C1)

where C̃ is a second rank axial tensor [34]. The form of the
C̃ is restricted by the crystallographic symmetry between the

two spin sites [51]. In the spin chain of BaCo2V2O8, the
nearest-neighbor Co2+ sites are connected by the two fold
rotation around the [100] or [010] axis [38]. In this case, C̃
is given as

C̃ =
⎛
⎝ 0 CXY 0

CY X 0 CY Z

0 CZY 0

⎞
⎠, (C2)

where the Z parallel to the nearest neighbor Co-Co bond, Y
parallel to the [010], and X perpendicular to both Y and Z .
Similar to the J̃ , mentioned in the above section, the principal
axes of C̃ are inclined by an angle ψ around the y-axis, and
then are rotated by φ = (π/2) j around the z-axis. The C̃ is
expressed in the xyz-coordinate as⎛
⎜⎝

−Asin2φ Acos2φ + D (B − E )sinφ

Acos2φ − D Asin2φ −(B − E )cosφ

(B + E )sinφ −(B + E )cosφ 0

⎞
⎟⎠, (C3)

where

A = Cs
XY cosψ + Cs

Y Zsinψ, (C4)

B = Cs
XY sinψ − Cs

Y Zcosψ, (C5)

D = Ca
XY cosψ − Ca

Y Zsinψ, (C6)

E = Ca
XY sinψ + Ca

Y Zcosψ, (C7)

where Cs
βγ and Ca

βγ (β, γ = X,Y, Z) are the symmetric and
asymmetric components of the C̃, namely,

Cs
βγ = 1

2 (Cβγ + Cγ β ), (C8)

Ca
βγ = 1

2 (Cβγ − Cγ β ). (C9)

Therefore, the electric polarization P j is expressed in the xyz-
coordinate as following:

Px
j = [Acos(π j) + D](S j × S j+1)y + (B − E )sin

(
π j

2

)
(S j × S j+1)z, (C10)

Py
j = [Acos(π j) + D](S j × S j+1)x − (B − E )cos

(
π j

2

)
(S j × S j+1)z, (C11)

Pz
j = (B + E )

[
sin

(π j

2

)
(S j × S j+1)x − cos

(π j

2

)
(S j × S j+1)y

]
. (C12)
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