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Muon sites in PbF2 and YF3: Decohering environments and the role of anion Frenkel defects
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Muons implanted into ionic fluorides often lead to a so-called F–μ–F state, in which the time evolution of the
muon spin contains information about the geometry and nature of the muon site. Nuclei more distant from the
muon than the two nearest-neighbor fluorine ions result in decoherence of the F–μ–F system, and this can yield
additional quantitative information about the state of the muon. We demonstrate how this idea can be applied
to the determination of muon sites within the ionic fluorides α-PbF2 and YF3, which contain fluoride ions in
different crystallographic environments. Our results can be used to distinguish between different crystal phases
and provide strong evidence for the existence of anion Frenkel defects in α-PbF2.
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Muon spin rotation (μSR) is a technique which in-
volves implanting spin-polarized positive muons (lifetime
τμ = 2.2 μs) in samples to probe the local magnetic environ-
ment [1,2]. This technique has been applied very successfully
to measure vortices in superconductors [3], explore the
ground state of magnetic materials [4,5], probe the physics
of hydrogen-like defect states in semiconductors [6–8] and
in many other situations. To quantitatively analyze the data
obtained from μSR experiments, one needs to know the final
stopping site of the implanted muon within the crystal, and the
extent to which the muon perturbs the local crystallographic
and electronic structure. Density-functional theory (DFT) cal-
culations have recently been used to address this question
[9–11]. The muon is placed at a randomly chosen site in the
unit cell and the structure relaxed, with all atoms and the muon
allowed to move until convergence is reached and the final en-
ergy evaluated; repeating this for many initial muon positions
and identifying the minimum-energy configuration yields an
estimate of the muon site and allows the local distortions of
the structure to be identified. This method is often referred to
as “DFT + μ.”

Ionic fluorides are a useful class of materials for the study
of muon stopping sites and the muon-induced perturbation on
the local crystallographic environment [9,12]. Fluorine, being
the most electronegative element [13], is a very attractive
atom for the incoming μ+ and, in ionic fluorides, the muon
commonly stops between two fluorine anions, adopting a
F–μ–F state, somewhat analogous to a bifluoride ion (HF−

2 ).
Following implantation, the muon spin becomes entangled
with the spins on nearest-neighbor fluorine nuclei, and the
muon’s polarization then evolves with time as governed by
the magnetic dipolar Hamiltonian, producing a characteristic
beating oscillatory signal in the measured positron asymmetry
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[12,14] that allows the muon site to be identified. The muon’s
polarization also decoheres into the environment (the spin
system consisting of all the other nuclei in the compound),
becoming lost in an irreversible process, which causes a relax-
ation in the beating oscillatory signal. It has been shown very
recently that this can be quantitatively modeled to produce ex-
cellent agreement with experimental data in the simple cubic
fluorides CaF2 and NaF [15].

In this Letter, we extend the method used for CaF2 and NaF
[15] and apply it to two ionic fluorides: YF3 [16] and α-PbF2.
These were chosen because they have structural phases with
a more complicated structure than the simple cubic phases
considered previously and thereby show that this method can
be utilized in conjunction with DFT + μ to provide an insight
into structural phase transitions and defect states, allowing us
to gain a fuller understanding of the nature of the perturbation
of the muon on the surrounding nuclei.

When a muon is implanted in a sample, it interacts with
the surrounding nuclear spins by means of the dipole-dipole
Hamiltonian H, given by

H =
∑
i> j

μ0γiγ j

4π h̄|ri j |3 [si·s j − 3(si·r̂i j )(s j ·r̂i j )], (1)

where ri j is the vector linking spins i and j, and all other
symbols having their usual meanings [17]. For the case of a
muon interacting with a spin- 1

2 fluorine (19F) nucleus (γF =
2π × 40.061 MHz T−1), the muon’s polarization evolves in
an observable pattern of beats (the frequencies of which pro-
vide information on the surrounding nuclei, due to the ri j

dependence of the Hamiltonian), with a relaxation which is
due to the system decohering with the environment of further
nearest-neighbors, which have a weaker, but non-negligible
coupling to the muon. Including all the nuclei in the sample
directly in Eq. (1) is not possible since the dimension of
H grows exponentially with the number of spins included.
Therefore, following Ref. [15] we cut off our Hilbert space
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to include enough nearest-neighbors to describe the main fea-
tures of the μSR asymmetry and then rescale the coupling
to the k ions most distant to the muon using a parameter ζk

which is chosen so that the second moment of our reduced
system matches that of the infinite system. The variance of
the field distribution at the muon site caused by M spins is
(σM/γμ)2 = 2

3 ( μ0

4π
)2h̄2 ∑M

j=1 γ 2
j I j (I j + 1)/r6

j , where r j is the
distance from the muon to the jth nucleus with spin I j and
gyromagnetic ratio γ j , γμ(=2π × 135.5 MHz T−1) is the
muon gyromagnetic ratio, and the sum converges as M → ∞.
We then calculate ζk from

σ 2
∞ = σ 2

nn + 2

3

( μ0

4π

)2
h̄2γ 2

μ

∑
j∈k

γ 2
j I j (I j + 1)

(ζkr j )6 , (2)

and then evaluate our exact calculation of the muon polariza-
tion to the restricted set of muon, nearest-neighbors and the
set of k ions (with the distance between the ion and the muon
rescaled by ζk).

In many fluorides, an additional relaxation component is
also present in the μSR asymmetry. The origin of this com-
ponent has up until now been unidentified, but we believe
that in PbF2 this is due to diamagnetic Mu− states located in
anion vacancies, the origin of which are due to anion Frenkel
defects (AFDs). There have been a number of examples in
the past of muons becoming trapped in vacancies in metallic
systems, where the signature of the trapped muon is a change
in the relaxation rate of the muon asymmetry. Fe [18] and
quenched Al are classic examples of this effect, where for the
latter case, the extra relaxation remains down to temperatures
as low as 10 K [19]. These cases however relate to μ+, and
requires significant muon diffusion in order for it to reach the
vacancies [20]. On the other hand, in ionic fluorides, although
μ+ diffusion tends to require fairly high temperatures of about
200 K [21] due to the strength of the F–μ–F bonds, this is not
necessarily the case for Mu−.

The likelihood of AFDs forming is quantified by the defect
formation energy gF, which is usually of the order of a few eV,
meaning that a large abundance of these defects often occur in
equilibrium at temperatures of the order of hundreds of kelvin,
but some can be “frozen in” to the material and therefore still
be present at low temperatures. We utilized DFT to estimate
the anion Frenkel defect formation energy, with an approach
similar to that undertaken before in pyrochlores [22]: We
created a supercell composed of 2 × 2 × 2 conventional unit
cells, and one of the anions was displaced to a new site of high
symmetry, and the cell relaxed. The location of the defects
which had the lowest energy is shown in Fig. 1. We found that,
if the anion is placed in an interstitial site sufficiently far away
from the vacancy, the atoms would not relax to their original
positions. The final relaxed energies of the supercells contain-
ing the defect were compared with those without defects to
obtain an estimate for gF, and these energies are tabulated
in Table I alongside the experimental values where available,
which agree well with our calculations. From this, one can
conclude that both structural phases of PbF2 are much more
likely to contain Frenkel defects than YF3 and CaF2, a result
which is supported by the absence of evidence of such defect
states in those compounds in our μSR experiments.

We obtained samples of both YF3 and PbF2 commercially,
and used an x-ray diffractometer to confirm that they did not
contain any significant impurities (see Supplemental Material
[23]) and that the PbF2 sample adopted the α phase. These
samples were then wrapped in silver foil and measured with
the MuSR spectrometer at the ISIS facility [27]. The muon
decay asymmetry was calculated from the number of counts
in the forward and backward detectors, and high-statistics data
were collected for both YF3 and PbF2 (274 and 358 million
decay events, respectively).

The stopping sites of the muon were calculated using
DFT + μ for YF3, and both the α and β phases of PbF2 (see
Supplemental Material for details [23]). The sites which had
the lowest overall energy are depicted in Fig. 1 [28]. The
stopping sites of the Mu− ions in the vacancies caused by
the AFDs were also calculated and are shown in the figure;
they were found to be very close to the positions of the
anion vacancies, as expected. The PbF2 data were fit with the
function

A(t ) = Ar[(1 − cAFD)Pμ(rnn1, rnn2, rnnn1, rnnn2, ζ4; t )

+ cAFDPMu−
(t )] + Abge−(λt )2

, (3)

assuming the α phase and also, to test the robustness of
the procedure, assuming the β phase. The first term Pμ(. . .)
describes the muon polarization calculated from the dipo-
lar Hamiltonian (1), using the muon site calculated with
DFT + μ, where rnn1 and rnn2 represent the distance from
the muon to the two nearest-neighbor fluorines, and rnnn1 and
rnnn2 are the distances to the next-nearest-neighbor fluorines.
The second term PMu−

(t ) is the polarization of the negatively
charged muonium ion in an AFD site, and the final term
e−(λt )2

represents a slow relaxation of the muon polarization
due to the weak nuclear moments in the Ag sample holder.
Because Pb has a very weak moment (the only isotope with
spin, 207Pb, has μ = 0.584μN with 23% abundance), only the
nearest ten fluorine nuclei were included in the calculation of
the muon polarization (see the Supplemental Material for the
positions of the included nuclei [23]) and so the Hamiltonian
was described by a matrix of size 2048 × 2048.

The results of the fits to both the α and β phases are shown
in Fig. 2(a), along with simulations for which cAFD was fixed
to zero (i.e., ignoring AFDs). From this, one can see that the
best fit is obtained including the presence of AFDs and with
PbF2 adopting the α phase. The superiority of the α-phase fit
is especially apparent for the data at longer times (>8 μs),
where the polarization function strongly deviates from the
data for the β phase. Further evidence supporting the validity
of the model applying to the α phase of the compound is
obtained by considering the second moment rescaling factor
ζ . The fit for the α phase obtained a value of ζ4 = 0.834(5),
very close to the calculated value of 0.838. However, for the
β phase, the fitted value of ζnnn = 0.804(4) strongly deviates
from the calculated value of 0.896. The structural distortions
obtained from this fit, and the comparison to the values ob-
tained with DFT + μ, are in Table II. To test our hypothesis
of Mu− stopping in AFDs, we also used DFT + μ to cal-
culate the effect of another possible Mu− state, which is in
the pristine (defect-free) PbF2 lattice. In this case, the Mu−

finds a 4c site, with position (0.25, 3
4 , 0.274), but the resulting
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FIG. 1. Muon sites in PbF2 and YF3, calculated with DFT. The left-hand side shows the muon site calculated with the DFT + μ method,
as described in the text. In all cases, the muon (black sphere) sits in between two fluoride ions (red spheres), and the transparent (solid) spheres
show the locations of the surrounding ions before (after) the perturbation of the implanted muon. The center column shows the position of the
defect fluorine in the perfect lattice, and the final (initial) relaxed positions of the surrounding ions are displayed as solid (transparent) spheres.
Finally, the right-hand column shows the site of the Mu− (black sphere) in the vacancy created by such a defect, and the effect of this on the
surrounding ions.

muon polarization (plotted in the Supplemental Material [23])
relaxes rather quickly due to the stronger coupling between
the muon and the fluoride ions, in disagreement with our data.
The slower relaxation found for the Mu− state in the AFD
matches well with the slow background relaxation observed
in the data (the nearest F to the Mu− in the AFD state is
2.78 Å away, but for Mu− in the perfect lattice the nearest
fluorine is 2.29 Å away, a difference which nearly doubles

TABLE I. Anion Frenkel defect energies gF calculated by DFT
(also showing the experimental values where available, using the
method described in the text).

gF (eV) gF (eV)
Compound (calculated) (experimental)

YF3 3.70
CaF2 2.17 2.2–3.1 [24,25]
α-PbF2 1.55 1.12 [26]
β-PbF2 1.05 0.9–1.1 [24,26]

the leading-order term of the Hamiltonian), providing strong
evidence for the presence of AFDs in our sample. Our results
demonstrate that the details of the oscillatory signal are able to
correctly distinguish between the two related crystallographic
phases of PbF2 and also determine the origin of the diamag-
netic muonium signal. Note that the sensitivity of μSR data to
these local differences is only revealed clearly in the late-time
data (obtained well after ≈5τμ where, because of the muon

TABLE II. Muon-induced structural distortions in PbF2, compar-
ing the values obtained with the fit to experimental data with the
values obtained using DFT + μ.

Parameter Experimental DFT + μ Difference

rnn1 (Å) 1.1419(4) 1.0967 +0.0452
rnn2 (Å) 1.2601(7) 1.2057 +0.0544
rnnn1 (Å) 2.68(3) 2.89 −0.21
rnnn2 (Å) 3.01(7) 3.27 −0.26
ζ4 0.834(5) 0.838 −0.004
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(a) (b)

FIG. 2. α-PbF2 Results. (a) shows the zero-field μSR data obtained for our sample of PbF2, and the solid (dashed) lines corresponding to
fits of the data with (without) taking into account the Mu− entering into a defect state. (b) shows the data obtained with a longitudinal field
applied, plotted with the muon polarization as described in the text.

decay, the data rate is more than two orders of magnitude
lower than that obtained immediately after implantation). This
result highlights the necessity for obtaining high-statistics
μSR data so that these small late-time features in the data can
be carefully resolved.

The best fit to the zero-field data was obtained assuming
that 9.2(2)% of the diamagnetic fraction of the signal in
α-PbF2 was due to AFD states. To further quantify the effect
of these weak diamagnetic states, we applied a series of small
longitudinal fields to the sample. Applying such fields adds
an additional Zeeman term to the Hamiltonian, which, for
AFD Mu− states, tends to be much larger than the dipole
interactions, and hence PMu−

(t ) ≈ 1. These results, along with
plots of the polarization function for α-PbF2, using parame-
ters obtained from the aforementioned fit and including the
longitudinal field, are shown in Fig. 2(b). One can see that
our model continues to describe the data very well, and the
field indeed removes much of the effect of the defect states on
the polarization (which would not happen to the same extent
for Mu− in a pristine crystal because the dipole interactions
are stronger). Distinguishing between Mu− and μ+ states,
however, is notoriously difficult because there is no intrinsic
spectroscopic difference between the two [29]. Previous stud-
ies [30,31] have found Mu− states forming at temperatures of
around 200 K and above; however, there is some experimental
evidence of a Mu− state forming in H-doped perovskites at
temperatures as low as 15 K [32]. This state was discovered
by observing the Mu−–H dipole entanglement, extracting the
muon–H bond length and finding it to be too large to be due to
a μ–H state [32], a somewhat analogous situation to the case
of α-PbF2 considered here.

As our data for YF3 did not show any slow relaxing back-
ground, and the DFT results show that AFDs are less likely to
form than in PbF2, we did not need to include AFDs in our

fits of the data. Therefore, we fit our YF3 data to a simpler
functional form given by

A(t ) = ArP
μ(rnn1, rnn2, rnnn1, rnnn2, ζ6; t ) + Abg, (4)

where all symbols have the same meaning as before. As with
PbF2, the ten nearest fluorine nuclei were included in the
calculation (Y has only one natural isotope, 89Y, with a neg-
ligible moment of 0.137μN), leading again to matrices of size
2048 × 2048 (see the Supplemental Material for the details
of the included nuclei [23]). The site which was predicted
by DFT to have the lowest energy (using both the LDA and
PBE functionals) was used to calculate the muon polarization,
the fit of which is depicted as the green line in Fig. 3. The
values obtained from the fit, and their DFT counterparts, are
tabulated in Table III, where it can be seen that the nearest-
and next-nearest-neighbor perturbations of the fluorines due
to the muon are in excellent agreement.

Note that, for both the measured muon-induced distortions
of PbF2 and YF3, the discrepancy between the DFT values and
the fitted values increases with the muon-fluorine distance,
and that DFT slightly underestimates the bond lengths for

TABLE III. Muon-induced structural distortions in YF3, compar-
ing the values obtained with the fit to experimental data with the
values obtained using DFT + μ.

Parameter Experimental DFT + μ Difference

rnn1 (Å) 1.173(1) 1.10 +0.073
rnn2 (Å) 1.278(2) 1.22 +0.058
rnnn1 (Å) 2.24(3) 2.15 +0.09
rnnn2 (Å) 2.40(1) 2.49 −0.09
ζ6 0.849(5) 0.907 −0.058
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FIG. 3. YF3 results: The results of our μSR experiment, with the
fitted muon polarization using the muon site obtained by DFT. This
site is displayed on the YF3 crystal structure in the inset, with the
atom positions unperturbed for simplicity.

nuclei close to the muon and slightly overestimates these for
those nuclei further away. While the PBE functionals tend to
slightly underestimate bond lengths, the effect further from
the muon may be due to the size of the supercell.

In conclusion, we have shown how the analysis of μSR
data on complex fluorides allows one to obtain a wealth of
useful information about the muon stopping site and the en-
vironment of the muon, information which was previously
not obtainable when phenomenological relaxation functions
were used to analyze the data. We have also shown how
the longer-time data are particularly useful for understanding
the nature of the muon site. Additionally, we have shown
that it is possible to measure anion Frenkel defects using
μSR in a model system, an important result which can
be extended to the analysis of magnetic systems, where
the effects of defects on the electronic structure could be
important.
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