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Spin current at a magnetic junction as a probe of the Kondo state
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We investigate the spin Seebeck effect and spin pumping in a junction between a ferromagnetic insulator and
a magnetic impurity deposited on a normal metal. By performing a numerical renormalization group calculation,
we show that spin current is enhanced by the Kondo effect. This spin current is suppressed by an increase in
temperature or a magnetic field comparable to the Kondo temperature. Our results indicate that spin transport
can be a direct probe of spin excitation in strongly correlated systems.
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Introduction. Spin current at a magnetic junction driven
by spin pumping (SP) [1,2] or the spin Seebeck effect
(SSE) [3,4] has been studied intensively in the field of
spintronics [5]. Recently, it has been recognized that these
effects can be utilized to detect spin-related properties in
nanoscale systems [6], such as long-range spin transport
due to spin-triplet pairs at a ferromagnetic interface [7] and
the antiferromagnetic phase transition of a magnetic thin
film [8]. It is remarkable that measurements of spin cur-
rent at a magnetic junction are more sensitive even for
such a nano-scale thin film than conventional bulk measure-
ment techniques such as NMR and neutron scattering. This
implies that SP and SSE as well as nonlocal spin valve
measurements [9] will enable more detailed measurements
of nanoscale spin systems [5,10] that have been consid-
ered to be difficult with the conventional bulk measurement
techniques.

In this letter, we focus on the Kondo effect, which is one
of the most significant many-body phenomena in condensed
matter physics. We consider magnetic impurities on a metal
surface and examine how SP and SSE detect their spin excita-
tion. The Kondo effect of transition-metal atoms or molecules
containing them on a metal surface has been studied for a
long time by scanning tunneling microscopy (STM) [11–20].
In these STM experiments, the signatures of the Kondo effect
were studied by using the differential conductance that reflects
the local density of states of magnetic impurities. In compari-
son with STM, the present proposal based on SP and SSE has
an advantage in that it can access spin excitation in the Kondo
state directly.

Model. We consider a junction between a ferromag-
netic insulator (FI) and a magnetic impurity deposited on
the surface of a normal metal (NM) (see Fig. 1). The
model Hamiltonian consists of three terms, H = HA + HFI +
HI. The magnetic impurity and the NM are described
by the impurity Anderson model, whose Hamiltonian is

given as

HA =
∑

σ

εd d†
σ dσ + Ud†

↑d↑d†
↓d↓ − h̄γ hdc

2
(d†

↑d↑ − d†
↓d↓)

+
∑
kσ

εkc†
kσ

ckσ +
∑
kσ

(Vkd†
σ ckσ + H.c.). (1)

Here, dσ is the annihilation operator of an electron in
the magnetic impurity with spin σ (=↑,↓) and ckσ is that
of a conduction electron in the NM with wave number k
and spin σ . The energy level of the magnetic impurity and
the on-site Coulomb interaction are denoted by εd and U ,
respectively, and the chemical potential of the NM at equi-
librium is set to be the origin of the energy. The effect of
the magnetic field is incorporated in the Zeeman energy for
the magnetic impurity with gyromagnetic ratio γ and static
magnetic field hdc. The magnetic impurity is hybridized with
a conduction band with an energy dispersion εkσ through
the coupling constant Vk. Here, it is convenient to intro-
duce the hybridization function � ≡ π

∑
k |Vk|2δ(h̄ω − εk).

Assuming a k-independent hybridization (|Vk| ≡ V ) and the
wide-band limit, the hybridization function becomes constant,
� = πV 2/(2W ), where W is the conduction bandwidth. In
this letter, we neglect the spin-orbit coupling (SOC) in the NM
as it hardly affect the Kondo effect [21].

The FI is modeled by localized spins with a Heisenberg-
type exchange interaction

HFI = J
∑
〈i, j〉

Si · S j − h̄γ hdc

∑
i

Sz
i , (2)

where Si is a localized spin operator at site i, J (< 0) is the
ferromagnetic exchange coupling constant, and 〈i, j〉 indicates
a pair of nearest-neighbor sites.
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FIG. 1. Schematic model considered in this letter. A magnetic
impurity deposited on a normal metal (NM) is weakly coupled with a
ferromagnetic insulator (FI). The spin current from the FI is induced
either by a temperature gradient between the NM and the FI (spin
Seebeck effect) or an external ac magnetic field applied to the FI
(spin pumping).

The exchange interaction between the magnetic impurity
and the FI is described by

HI =
∑

k

(KkS+
k s−

d + H.c.), (3)

where s±
d = sx

d ± isy
d is the spin ladder operator of the mag-

netic impurity and S±
k is the Fourier transformation of the spin

ladder operator S±
j = Sx

j ± iSy
j . For simplicity, we assume that

the exchange interaction is independent of k, i.e., Kk ≡ K .
Here, we dropped the z-component term, K

∑
k Sz

ksz
d , which

describes an exchange field, i.e., an effective magnetic field
added in the Anderson-type Hamiltonian (1) after replacing
Sz(r = 0) with an averaged one 〈Sz〉. This approximation,
that neglects the proximity effect from the FI to the magnetic
impurity [22], is justified when the exchange coupling is suf-
ficiently weak, K � kBTK. We note that this exchange field
may affect spin current in general when K � kBTK.

Spin-wave approximation. Here, we employ the spin-wave
approximation (SWA) based on the Holstein-Primakoff trans-
formation [23]. Assuming that the spin magnitude S0 is
sufficiently large and that the temperature is much lower than
the transition temperature, the Hamiltonian of the FI is ap-
proximated as noninteracting magnons,

HFI ≈
∑

k

h̄ωkb†
kbk, (4)

where bk is a bosonic annihilation operator. The magnon dis-
persion is described as h̄ωk = Dk2 + E0 with spin stiffness
D = |J|S0a2 (a is the lattice constant) and Zeeman energy
E0 = h̄γ hdc.

Spin current. The operator for spin current flowing from
the FI is defined as Is ≡ h̄ṡz

tot, where sz
tot is the z component of

the total spin of the conduction electrons in the NM [24–26].
Using the Keldysh formalism, the spin current is calculated
within second-order perturbation with respect to the interac-
tion K as [24–28]

〈Is〉 =2h̄K2

π

∫ ∞

−∞
dω Im[χR(ω)]Im[GR(ω)]

× [nFI(ω) − nNM(ω)]. (5)

Here, χR(ω) and GR(ω) are the Fourier components of the
retarded spin correlation functions of the magnetic impurity
and the FI, defined as

χR(t ) = 1

ih̄
θ (t )〈[s+

d (t ), s−
d (0)]〉A, (6)

GR(t ) =
∑

k

1

ih̄
θ (t )〈[S+

k (t ), S−
k (0)]〉FI, (7)

where 〈· · ·〉A/FI denotes the thermal average with respect to
HA/FI. The nonequilibrium distribution function of the FI
is defined with the lesser component of the spin correlation
function, G<(ω), as nFI(ω) = G<(ω)/(2iIm[GR(ω)]), while
nNM(ω) is the Bose-Einstein distribution function of the NM
with temperature TNM.

Spin Seebeck effect. Let us first consider the case that the
FI is in equilibrium in the absence of a dc magnetic field
(hdc = 0). In this situation, nFI(ω) becomes the Bose-Einstein
distribution with the temperature TFI. Now, let us suppose
that the temperature difference between the NM and the FI,
δT = TFI − TNM, is small enough that the spin current can be
expanded with respect to it as 〈Is〉 ≈ GsδT + O(δT 2), where
Gs is the linear spin conductance [24,25],

Gs = Gs,0

∫ ∞

0
d (h̄ω)

Im[χR(ω)]√
h̄ω/Ec

[
(h̄ω/2kBT )

sinh(h̄ω/2kBT )

]2

. (8)

Here, Gs,0 = 6kBNFIS0(K/Ec)2, Ec = (6π2)2/3D/a2 is the
cutoff energy, and T is the average temperature of the NM
and the FI.

Spin pumping. To consider SP, we take a weak ac magnetic
field hac into account by an additional Hamiltonian,

V = − h̄γ hac

2

√
NFI(e

−i�t S−
0 + ei�t S+

0 ), (9)

where � is a microwave frequency [29]. The nonequilibrium
distribution of the FI, nFI, can be evaluated from the lesser
and retarded components of the correlation function within
second-order perturbation. Accordingly, we obtain the analyt-
ical formula of the spin current induced by the ac magnetic
field as [24,25]

〈Is〉 = Is,0
E3

c Im[χR(�)]

(h̄� − E0)2 + (αh̄�)2
, (10)

where Is,0 = 2NFI(KS0h̄γ hac)2/E3
c and α is a phenomenolog-

ical parameter describing the Gilbert damping [30]. Here,
we have assumed that the temperatures of the NM and the
FI are the same, i.e., T = TNM = TFI. We stress that this
setup indeed enables us to access the imaginary part of the
dynamic spin susceptibility Im[χR(ω)] [31–34] directly by
measuring the spin current [see Eq. (10)]. In the case of SP,
in order to stabilize the magnetization of the FI against the
external dc magnetic field, we introduce a uniaxial magnetic
anisotropy by adding a term Haniso = −h̄d/(2NFIS0)

∑
i(S

z
i )2

to the Hamiltonian of the FI. It changes the magnon dispersion
to E0 = h̄γ hdc + h̄d . For simplicity, we assume that the uniax-
ial magnetic anisotropy is so strong that the dc magnetic-field
effect is negligible, i.e., E0 � h̄d .

Numerical renormalization group method. To evaluate the
spin current, we need to calculate the imaginary part of the
retarded spin correlation function of the magnetic impurity
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FIG. 2. Temperature dependence of linear spin conductance cal-
culated by the NRG method for u = U/(π�) = 4, 5, and 6 with
�/W = 0.005, εd = −U/2,  = 2.0, Nkept = 1024, and b = 0.7.
The dotted line represents the low-temperature asymptote given by
Eq. (11). The inset shows a normal scaled view for the y-axis of the
main panel.

Im[χR(ω)]. To do so, we employed the numerical renor-
malization group (NRG) method [35,36] using the reduced
density matrix approach associated with the complete Fock
space basis [37–39]. In addition, to obtain smooth curves
for the dynamical correlation function, we use the broaden-
ing kernel that interpolates between two common broadening
functions: Gaussian and logarithmic Gaussian (see [40] for
more details). For the NRG data presented in this letter, we
chose typical values of the logarithmic discretization param-
eter, number of kept states, and broadening width parameter,
i.e.,  = 2.0, Nkept = 1024, and b = 0.7, respectively. More-
over, the numerical results were calculated at large u =
U/(π�) � 4 for which the Kondo singlet is well devel-
oped in small magnetic fields and at low temperatures. The
Kondo temperature TK was determined numerically from the
static spin susceptibility at zero temperature via χ0(T = 0) =
1/(4TK ).

Results for spin Seebeck effect. The spin current induced
by the spin Seebeck effect is shown in Fig. 2. All the results
for u = 4, 5, and 6 fall on one universal curve if the temper-
ature and spin conductance are scaled by TK and (kBTK )−1/2,
respectively. This scaling is an indication of the Kondo effect.
The spin conductance has a peak near the Kondo temperature
and shows a power-law behavior with exponent 3/2 at low
temperatures. The low-temperature power-law behavior is ex-
plained by the Korringa relation [41] for the imaginary part
of the low-frequency spin susceptibility. In fact, it gives as
asymptotically exact expression for the spin conductance,

√
kBTK

Ec

Gs

Gs,0
∼ πc√

2

(
T

TK

)3/2

, (11)

where c = ∫ ∞
0 dxx5/2/ sinh2 x ≈ 1.58. Our numerical calcu-

lation agrees with this asymptotic expression for T � TK, as
shown in Fig. 2.

FIG. 3. (a) Spin current as a function of the resonant frequency
� evaluated with the NRG calculation for u = U/(π�) = 4, �/W =
0.005, εd = −U/2, h̄d/kBTK = 103, α = 0.1, and different magnetic
fields, hdc > 0 (solid lines) and hdc < 0 (dashed lines), at zero tem-
perature. The dotted line represents the low-frequency asymptote
using the Korringa relation. (b) The difference in spin current � 〈Is〉
between hdc > 0 and hdc < 0. The NRG parameters are as in Fig. 2.

Results for spin pumping. Next, let us examine the spin
current induced by SP. Figure 3(a) shows the spin cur-
rent for u = 4 as a function of the resonant frequency �

when |h̄γ hdc/kBTK| = 0, 0.01, 0.05, 0.1, 0.5, 1, and 5. The
solid and dashed curves correspond to the cases that the
dc magnetic field is in the same direction (hdc > 0) and
in the opposite direction (hdc < 0) to the magnetization of
the FI, respectively. Note that the magnetization of the FI
is fixed in the +z direction because of the uniaxial mag-
netic anisotropy. At small magnetic fields compared with the
Kondo temperature, |h̄γ hdc| � kBTK, the spin current has a
peak at h̄� � kBTK and linearly depends on the resonant
frequency at low frequencies, as expected from the Korringa
relation [41]. When the dc magnetic field becomes compara-
ble to the Kondo temperature scale, |h̄γ hdc| � kBTK, the peak
of the spin current shifts to a high frequency corresponding to
the magnetic field. At the same time, the spin current deviates
rapidly from the Korringa relation and is suppressed strongly,
as shown in Fig. 3, because the Kondo singlet is broken by
the magnetic field. This strong suppression of spin current is
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a clear indication of the Kondo effect in the SP measurement.
Comparing the spin currents for hdc > 0 and hdc < 0 reveals
the asymmetric property for reversal of the dc magnetic field
with respect to the magnetization. The magnitude of the spin
current at the maximum value, h̄� � max(kBTK, h̄γ hdc), is
estimated as (e/h̄)Is ∼ 104 Am−2 for relevant materials, YIG
for the FI, Cu for the NM, and Co adatoms for the mag-
netic impurity, where the parameters are taken as TK = 92 K
[15], S0 = 16, γ = 1.76 × 107 Oe−1s−1, hac = 0.11 Oe, a =
1.24 nm, D = 9.02 × 10−39 Jm2 [42], NFI ∼ 1014 m−2, and
K = 0.01kBTK.

Figure 3(b) shows the difference in spin current between
positive and negative dc magnetic fields, � 〈Is〉 = 〈Is〉hdc

−
〈Is〉−hdc

as a function h̄�/(kBTK ). We find that for a weak
magnetic field γ hdc � kBTK, the numerical results fall on
a universal curve when the horizontal axis is scaled by
h̄γ hdc/(kBTK h̄d )2. When the dc magnetic field becomes com-
parable to the Kondo temperature scale, � 〈Is〉 is suppressed
and is no longer on the universal curve [43]. This behavior
of the spin current is also an indication of the Kondo effect.
Note that the asymmetric part of the spin current with respect
to the magnetic field is related to the dynamic spin correlation
function between the x and y components.

Finally, we show the magnetic-field dependence of the spin
current induced by SP at zero temperature for h̄�/(kBTK ) =
10−2, 10−1, and 100 in Fig. 4. The NRG results for u = 4, 5,
and 6 fall on one universal curve for a fixed h̄�/(kBTK )
when the Zeeman energy and spin current are scaled by kBTK

and (kBTK )−3, respectively. From Fig. 4, it is clear that the
spin current is almost constant for small magnetic fields,
|h̄γ hdc| � kBTK, but decays when the Zeeman energy exceeds
the Kondo temperature [44].

Effect of direct NM-FI exchange coupling. In general, spin
current induced by direct exchange coupling between the NM
and the FI should exist in addition to the spin current through
the magnetic impurity. From Eq. (5), its contribution can be
evaluated by replacing the imaginary part of the dynamic spin
susceptibility of the magnetic impurity Im[χR(ω)] with that
of the NM, Im[χR

NM(ω)] = π h̄ω/(2W )2. Since Im[χR(ω)] ∼
π h̄ω/(2kBTK )2  Im[χR

NM(ω)], the spin current induced by
direct NM/FI coupling is sufficiently small compared with
that through the magnetic impurity when u is large enough to
satisfy kBTK � W . This also indicates that the spin current is
largely enhanced by the Kondo effect. In experiments, this en-
hanced spin current can be detected by examining dependence
of concentration of magnetic impurities or by observing its
strong suppression due to the breakdown of the Kondo effect
by the magnetic field or the increase of the temperature.

Summary. We considered spin transport in a junction be-
tween a ferromagnetic insulator and a magnetic impurity
deposited on a normal metal (NM) and investigated the
spin current due to either the spin Seebeck effect or spin
pumping using numerical renormalization group calculations.
We found Kondo signatures in the spin transport at suffi-

FIG. 4. DC magnetic-field dependence of the spin current eval-
uated with the NRG method for different u = 4, 5, and 6 and
h̄�/(kBTK ) = 10−2 (blue), 10−1 (green), and 100 (red) for (a) hdc > 0
and (b) hdc < 0. The other parameters are as in Fig. 2.

ciently low temperatures, T � TK, and small magnetic fields,
|h̄γ hdc| � kBTK. A large magnetic field, which breaks the
Kondo singlet, strongly suppresses the spin current. The setup
studied here can also be realized in a quantum dot system
coupled to a FI. We hope that our paper will motivate de-
velopment of a new probe to investigate strongly correlated
systems, such as in the Kondo problem, in spin transport.
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