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Nontopological chiral chemical potential due to the Zeeman field in magnetic Weyl semimetals
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As condensed-matter manifestations of the chiral anomaly, the coexistence of positive longitudinal magne-
toconductivity (LMC) and the planar Hall effect (PHE) is regarded as a characteristic transport signal for the
Weyl semimetal (WSM) phase. By including a finite Newtonian mass into the general linearized WSM model,
we derive an analytical expression for the chiral chemical potential, which includes a topological term of the
chiral anomaly and a nontopological term. The nontopological term stems from the Zeeman-field-induced tilt
of the Weyl cones, which breaks the symmetry of the fermion filling between the Weyl valleys of opposite
chiralities and further leads to a chiral chemical potential ∝E · B, much as the effect of the chiral anomaly. We
demonstrate that the resulting LMC is positive and can coexist with the PHE without invoking the mechanism of
the chiral anomaly. Hence, the chiral chemical potential might not be exclusively respected to the chiral anomaly.
Experimentally, one can distinguish the chiral anomaly from the proposed tilt mechanism by inspecting the
dependence of magnetoconductivity on the Fermi energy.
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Introduction. Weyl semimetals (WSMs) are novel quan-
tum states of matter, which appear as topologically nontrivial
conductors where the spin-nondegenerate valence and con-
duction bands touch at isolated points in momentum space
[1–13]. The touching points are called the Weyl nodes, as
the low-energy quasiparticles near them are described by the
Weyl equation [14–16]. In WSMs, the Weyl nodes always
come in pairs of opposite chiralities and act as the source
and sink of the Berry curvature. The projections of a pair of
bulk Weyl nodes on the surface Brillouin zone are connected
by topologically protected open Fermi-arc surface states. The
theoretical predictions and experimental discoveries of WSMs
in solid states have led to an explosion of activities in the field
of condensed-matter physics [17–27].

The Berry curvature is an analog of the magnetic field but
defined in reciprocal space, which has a significant impact on
the dynamics of the electron wave packets [28], especially in
the presence of parallel electric and magnetic fields, i.e., the
E · B term. The semiclassical description for magnetoresis-
tance in weak magnetic fields suggests that the E · B term
leads to a positive longitudinal magnetoconductivity (LMC)
and planar Hall effect (PHE) as indications of the chiral
anomaly [29–34]. The chiral anomaly means the violation
of the separate number conservation laws of Weyl fermions
of different chiralities when E · B �= 0, which creates a den-
sity difference of electrons in the two opposite Weyl nodes
and thus results in the so-called chiral chemical potential.
Combined with the chiral magnetic effect which refers to
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an electric current flowing along the direction of the applied
magnetic field triggered by the chirality imbalance in the Weyl
nodes, the chiral chemical potential gives rise to a current
∝(E · B)B, known as the chiral-anomaly origin of the positive
LMC and PHE in WSMs [34]. The chiral-anomaly-induced
magnetoconductivity is quadratic in the magnetic field, i.e.,
�σi j ∝ BiBj , which suggests the characteristic cos2 θ and
sin θ cos θ dependences of the LMC and planar Hall con-
ductivity, respectively, where θ represents the angle between
the electric and magnetic fields. For tilted WSMs, either the
chiral anomaly or anomalous velocity, all of which depend
strongly on the Berry curvature, can induce an additional
linear magnetoconductivity [35–37]. In the ultraquantum lim-
its, the positive LMC and PHE will exhibit periodic-in-1/B
quantum oscillations, originating from the oscillations of the
nonequilibrium chiral chemical potential [38–40].

The appearance of anisotropic LMC and PHE in vari-
ous systems has been attracting intense experimental and
theoretical interests [29–55], but their origins are not fully
distinguished and understood. The positive anisotropic LMC
and PHE are widely used to identify the Weyl physics, for
example, due to the emerging LMC being negative, and
the anisotropic LMC and PHE measured in type-II WSMs
[51–54] were demonstrated to have no relationship with the
chiral anomaly, while the coexistence of positive LMC and
PHE observed in the elemental semiconductor tellurium was
related to Weyl physics [55]. A major issue, therefore, is
whether there are alternate routes to the positive LMC and
PHE in WSMs, without invoking the chiral anomaly or even
the Berry curvature. This is important because the answer will
directly affect the criterion for identifying a WSM by transport
experiments.
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In addition, the local Fermi surface is determined jointly
by the particle number and the way the electrons are filled.
If the filling form of the fermions is different in the two
valleys, a chiral chemical potential may exist without the
chiral-anomaly mechanism. How this effect manifests in the
magnetotransport remains unexplored. In this Letter, by in-
cluding a finite Newtonian mass into the general linearized
WSM model, we derive a unified analytical expression for the
LMC and planar Hall conductivity. It is found that a magnetic
field will change the fermion filling by tilting the Weyl cones
and then lead to a chemical potential difference ∝E · B be-
tween the two Weyl valleys, resembling the effect of the chiral
anomaly. The resulting anisotropic LMC is positive and the
magnetoconductivity tensor obeys the characteristic relation,
i.e., �σi j ∼ BiBj , of the chiral anomaly. We also demonstrate
that the positive anisotropic LMC and PHE can coexist in
usual Dirac materials neither invoking the chiral anomaly nor
even the Berry curvature. Hence, the coexistence of positive
LMC and PHE in WSMs, or even a chiral chemical potential
with E · B dependence, might not be unique to the chiral
anomaly, the observation of which could be only a necessary
but not a sufficient condition for identifying the WSM phase.

Hamiltonian and spectrum. The low-energy fermion exci-
tation of a magnetic WSM with two Weyl nodes subjected
to a magnetic field can be characterized by an effective
Hamiltonian

H = χ h̄vF σ · k + λk2 − gμBσ · B, (1)

where μB is the Bohr magneton, g stands for the g factor,
and χ = ±1 denotes the chirality of the Weyl nodes. The
wave vector k = (kx, ky, kz ) is measured from the Weyl nodes
Kχ , vF represents the Fermi velocity, and σ = (σx, σy, σz )
accounts for the spin Pauli matrices. The k-quadratic term
with h̄2/(2λ) as the Newtonian mass describes asymmetry
between the conduction and valence band, which is inevitable
in real materials and has been widely adopted in Weyl and
topological Dirac semimetal models [5,6,26,27]. The orbital
effect of the magnetic field can be included by the Peierls
substitution k → k + e

h̄ A, where A is the vector potential. In
the absence of asymmetry, the Zeeman effect can be gauged
out and will not lead to an observable effect in the planar mag-
netotransport. Interestingly, as we will show, by interacting
with the Newtonian mass, the Zeeman field can induce a chiral
chemical potential between the Weyl valleys, akin to the effect
of the chiral anomaly.

By introducing the Dirac γ matrices γ 0 = sx, γ j = isyσ j ,
and γ 5 = sz, where sx,y,z are Pauli matrices acting on the
chirality subspace, we can represent the system in terms of
the action

S =
∫

d4x�̄

[
iγ μ

(
Dμ + ibμγ 5

) − λgi j

h̄vF
DiDjγ

0

]
�, (2)

in which Dμ = ∂μ + ieAμ/h̄ + iKμγ 5 with K = (0, K+), b =
(0, gμBB/h̄vF ), and gμν = diag(1,−1,−1,−1) is the metric
tensor. Here, we have used the Einstein summation conven-
tion for simplicity, with i, j = 1, 2, 3 and μ, ν = 0, . . . , 3 as
respectively the space and Minkowski space-time indices.
Then, we perform a chiral gauge transformation on the
Grassmann fields � → e−iθ (x)γ 5

� and �̄ → �̄e−iθ (x)γ 5
, with

θ (x) = gμBB · x/h̄vF , such that the action around the gap-
closing points can be given as [59]

S =
∫

d4x�̄i

(
γ μ − 2λbμ

h̄vF
γ 0γ 5

)
Dμ�. (3)

If λ = 0, the Zeeman field can be fully eliminated, after which
its topological effect will be transferred to the induced Chern-
Simons term for the electromagnetic field [60–62]

Scs = e2

16π2h̄2

∫
d4xθ (x)εμνλρFμνFλρ, (4)

with Fμν = ∂μAν − ∂νAμ and εμνλρ the Levi-Civita antisym-
metric tensor. The variation of Scs with respect to Aν gives rise
to the topological electromagnetic response j = e2

2π2 h̄
gμB

h̄vF
B ×

E, which contributes an out-of-plane magnetoconductivity.
The planar magnetotransport in WSMs was demonstrated to
relate closely to the chiral anomaly, which lies in the continu-
ity equation

∂μ jμ5 = − e2

16π2h̄2 εμνλρFμνFλρ = e2

2π2h̄2 E · B. (5)

The Noether current density, according to Eq. (3), is defined
as jμ5 = �̄(γ μγ 5 − 2λγ 0bμ/h̄vF )�. Within the semiclassical
description, the continuity equation takes the form [31,59]

∂μ jμ5 = e2

4π2 h̄2 E · B
∑

χ C2
χ , with Cχ = ∫

d3k
2π

(�χ · ∇kε
χ

k ) ∂ f χ

k
∂ε

χ

k

the topological charge enclosed by the Fermi surface, f χ

k the
electron distribution function, and �χ the Berry curvature.
Recently, Rylands et al. demonstrated that the right-hand side
of Eq. (5) can be modified by the fluctuations induced by in-
teracting matter [62]. Here, we find the Newtonian mass term
cannot enter the Chern-Simons term and thus will not alter
the right-hand side of the continuity equation [59]. Therefore,
the Zeeman field is trivial for the chiral anomaly, since it
will not participate in particle pumping between the Weyl
nodes. However, by renormalizing the current density, it can
mediate the planar magnetotransport. As a consequence, for
λ �= 0, chiral-anomaly-independent planar magnetotransport
could emerge in WSMs.

In fact, Eq. (3) gives a tilted Hamiltonian

H̃ = szh̄vF (σ + α) · k, (6)

where the tilt parameter α = 2λgμBB/(h̄vF )2 is modulated
by the Zeeman field. Without the Zeeman field, the pristine
Weyl cones are not tilted, as plotted in Fig. 1(a). As the
magnetic field is turned on, the Weyl cones are shifted and
tilted oppositely along the magnetic field [see Fig. 1(b)]. Even
so, the local Fermi surfaces in the two fermion pockets are
the same in height, since the filling form of electrons in the
two fermion pockets are symmetric with each other. However,
upon application of an electric field, this symmetry will be
broken and the electrons in different fermion pockets can be
relaxed by the intravalley impurity scattering toward different
nonequilibrium Fermi surfaces, without violating the separate
number conservation laws of Weyl fermions of different chi-
ralities. As a result, a nonzero chiral chemical potential, even
without the chiral anomaly, could appear between the two
Weyl valleys, as illustrated by Fig. 1(d).

Chiral chemical potential. In the presence of the external
fields, the linear-response steady-state electron distribution
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FIG. 1. Weyl cones and fermion filling in the absence (the first
column) and presence (the second column) of a Zeeman field. The
electron fillings of the positive and negative chiral fermion pockets
are denoted by the brown and blue solid regions, with E = 0 and
E �= 0, respectively, in the first and second row. A chiral chemical
potential can be established by changing (c) the particle number via
the chiral anomaly and (d) electron filling form through tilt of the
Weyl cones.

function in the χ valley takes the general form

f χ

k = feq
(
ε

χ

k

) − f ′
eq

(
ε

χ

k

)
gχ (k), (7)

where feq(εχ

k ) = 1/[e(εχ

k −EF )/(kBT ) + 1] is the equilibrium
distribution function, f ′

eq(εχ

k ) = ∂ feq(εχ

k )/∂ε
χ

k , and gχ (k) de-
scribes deviation of the electron distribution function from
feq(εχ

k ). In the relaxation-time approximation, f χ

k follows the
Boltzmann equation [38–40]

k̇ · ∇k f χ

k = −
f χ

k − f χ

k,eq

τintra
− f χ

k − feq
(
ε

χ

k

)
τinter

, (8)

where f χ

k,eq = feq(εχ

k ) − f ′
eq(εχ

k )〈gχ (k)〉χ denotes the local
equilibrium distribution function in the χ valley, and τintra

and τinter represent the transport relaxation times due to the
electron intravalley and intervalley scattering by impurities.
The average 〈· · · 〉χ runs over all electron states at the Fermi
level in the χ valley, defined as

〈· · · 〉χ =
∑

k

∫
dε[− f ′

eq(ε)]Aχ (ε, k)(· · · )∑
k

∫
dε[− f ′

eq(ε)]Aχ (ε, k)
, (9)

where Aχ (ε, k) = − 1
π

Im( 1
ε+i�−ε

χ

k
) is the spectrum func-

tion and � = (τ−1
intra + τ−1

inter )h̄/2 is the impurity-induced level
broadening. For a relatively weak magnetic field, the Lorentz
force term k̇ · ∇kgχ (k) can be ignored [34–36], so we can
derive for [59]

gχ (k) = −eE · υ̃
χ

k τintra − e2

h̄
(E · B)

〈
�χ · υ̃

χ

k

〉
χ
τinter, (10)

where υ̃
χ

k = Dk∇kε
χ

k /h̄ and Dk = (1 + eB · �χ/h̄)−1 is vol-
ume correction of the phase space due to the Berry curvature.

According to Eq. (7), gχ (k) corresponds to deviation of
the local Fermi energy in the χ = ± valleys relative to EF . It
shows that a steady-state local Fermi surface can be formed by

cooperation of the intravalley and intervalley relaxation. Gen-
erally, the former leads to tilt of the local Fermi surfaces and
the latter, related to the chiral anomaly, shifts the local Fermi
surfaces toward opposite directions in energy, resulting in a
chiral chemical potential between the Weyl vallyes, as illus-
trated in Fig. 1(c). If λ = 0, υχ

k is chirality independent, which
implies that the nonequilibrium Fermi surfaces in the two val-
leys can only be separated by the chiral anomaly. However, for
λ �= 0, the Zeeman field will introduce a chirality-dependent
term to υ

χ

k and thus can separate the nonequilibrium Fermi
surfaces as well. Moreover, since the chirality-dependent term
is modulated by the magnetic field, the finite α resulting chiral
chemical potential will be proportional to E · B, being quite
similar to the chiral anomaly.

To proceed, we assume that the Fermi level is in the
vicinity of the gap-closing points and lies in the conduc-
tion band. Around the Weyl nodes, the conduction band can
be characterized by ε

χ

k = h̄vF (χα · k+|k|), in which �χ =
−χk/(2|k|3). As we focus on the weak magnetic field regime,
i.e., �B 	 k−1

F with kF = EF /h̄vF and �B = √
h̄/|eB| the mag-

netic length, the volume correction of the phase space can
be neglected. Then, Eq. (10) can be expressed as gχ (k) =
−evF τintraE · k/|k| + χ�μ, where, at low temperatures and
in the weak impurity scattering regime, i.e., f ′

eq(ε) = −δ(ε −
EF ) and Aχ (ε, k) = δ(ε − ε

χ

k ), the chiral chemical potential is
given by

�μ = e2(1 − |α|2)2
vF τinter

2h̄k2
F

E · B − evF τintraE · α. (11)

A nonzero �μ, established by the chiral anomaly and tilt of
the fermion pockets, is displayed respectively in Figs. 1(c) and
(d). The chiral-anomaly contribution is inversely proportional
to the density of states ∝k2

F , which is in agreement with that
reported in Ref. [38]. Also, we find the chiral-anomaly con-
tribution can be suppressed by tilt of the Weyl cones. While
the E · B term is explicit in the chiral-anomaly contribution,
it can be implicit in the E · α term. Accordingly, the chiral
chemical potential, even with the E · B dependence, is only
a necessary but not a sufficient condition for identifying the
chiral anomaly.

Positive anisotropic LMC and PHE. The conductivity ten-
sor is determined by [59]

σi j = − e2

h̄

∑
χ

∫
d3k

(2π )3
εi jl�

l
χ feq

(
ε

χ

k

)

− e
∑

χ

∫
d3k

(2π )3

(
υ

χ
i + eBi

h̄
�χ · υ

χ

k

)∂ f χ

k

∂Ej
, (12)

where − ∂ f χ

k
∂Ej

= f ′
eq(εχ

k ) ∂gχ (k)
∂Ej

and �i
χ (υχ

i ) represents the ith
component of the Berry curvature (group velocity). By fixing
the electric field to be along K+ − K−, e.g., the z direction
specifically, the first term corresponding to the anomalous
Hall effect will not contribute to the planar magnetoconduc-
tivity and thus can be omitted. The magnetic field is assumed
to lie in the x-z plane, i.e., B = B(cos θ êz + sin θ êx ), where B
denotes the magnitude of the magnetic field.

At low temperatures and in the weak impurity scattering
regime, we can obtain a unified analytical expression for
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the longitudinal and planar Hall conductivity σiz = σDδiz +
�σ ch

iz (B) + �σ tilt
iz (B), where σD = nee2

h̄kF
vF τintra is the Drude

conductivity, and [59]

�σ ch
iz (B) = e2

h

e2BiBz

2π h̄2k2
F

(
1 − |α|2)2

vF τinter, (13)

�σ tilt
iz (B) =

(
�nee2

h̄kF
− e3

h

Biαz + Bzαi

π h̄

)
vF τintra, (14)

are the magnetoconductivities contributed, respectively, by the
chiral anomaly and tilt of the Weyl cones, with �ne = ñe −
neδiz, ne = (1/3π2)k3

F the carrier density,

ñe = 3ne

2(1 − |α|2)2

[
ζ δiz +

(
2 − 3ζ

|α|2 − 2

)
αiαz

]
, (15)

and ζ = 1−|α|2
|α|2 (1 − 1−|α|2

2|α| ln 1+|α|
1−|α| ). It is evident from Eq. (13)

that for λ = 0 the chiral-anomaly contribution follows
the standard relations �σ ch

iz (B) ∝ BiBz, with the positive
LMC �σ ch

zz (B) ∝ B2 cos2 θ and planar Hall conductivity
�σ ch

xz (B) ∝ B2 sin θ cos θ . While for a finite λ, the chiral-
anomaly contribution will be slightly suppressed and since α

also contains B, the B dependence of �σ ch
iz (B) becomes more

complicated. The second term of Eq. (14) is attributable to
the anomalous velocity determined by the Berry curvature,
which is relevant to the chiral magnetic effect. If λ = 0,
�ne = 0, and then �σ tilt

iz (B) vanishes. If λ �= 0, the joint effect
of the nontopological chiral chemical potential ∝E · α and
the anomalous velocity eBi

h̄ (�χ · υ
χ

k ), will induce a magne-
toconductivity proportional to the magnetic field and the tilt
parameter, which is consistent with the results reported in
Refs. [35–37]. Here, the tilt parameter is modulated by the
magnetic field, and therefore, the anomalous-velocity contri-
bution is also B-quadratic. Besides, for a finite λ, the carrier
density will be renormalized by the magnetic field, which
also enhances the nontopological magnetoconductivity. The
first term of Eq. (15) is angular independent, such that the
angular dependence of the nontopological contribution should
be ∼BiBz. To better understand this contribution, we approx-
imate �ne to leading order in the magnetic field and arrive at

�ne = |α|2
5π2

(
2δiz − αiαz

|α|2
)

k3
F . (16)

Now, it is clear that the first term of Eq. (14) would con-
tribute a positive LMC ∝λ2B2(2 − cos2 θ ) and planar Hall
conductivity ∝ − λ2B2 sin θ cos θ , both proportional to k2

F , in
sharp contrast to the 1/k2

F dependence of the chiral-anomaly
contribution, as plotted in Figs. 2(a)–2(d). By adjusting the
Fermi energy, when EF exceeds a critical value, e.g., Ec in
Figs. 2(e) and 2(f), �σ tilt

iz (B) dominates over �σ ch
iz (B) and a

π/2-phase shift will occur in oscillation of the positive LMC,
and meanwhile, the planar Hall current will reverse its direc-
tion. These behaviors can act as signatures to experimentally
distinguish the tilt mechanism from the chiral anomaly.

Conclusion and remarks. In summary, we have demon-
strated that a nontopological chiral chemical potential can
appear in WSMs, without involving the mechanism of the
chiral anomaly. The cooperation between the nontopologi-
cal chiral chemical potential and the chiral-magnetic-effect

FIG. 2. LMC (left panels) and planar Hall conductivity (right
panels) as functions of θ for |α| = λ�Z/(h̄vF �2

B ) = 0.1, i.e.,
λ/h̄vF = 0.05�0, �B = 0.8�0, and �Z ≡ 2gμB/(evF ) = 1.3�0, with
τinter/τintra = 5 and EF = (3.0, 3.5, 4.5, 5.5)h̄ωc, where ωc = vF /�B

denotes the cyclotron frequency and Ec = 3.89h̄ωc for the present
parameters. Here, for convenience, we chose σ0 = σD|kF →1/�0 and

�0 =
√

h̄
e[B=1 T] ∼ 25 nm, respectively, as the unit of conductivity and

length. The parameters are accessible in real materials, such as in
the Weyl material Cd3As2, with λ = 11.5 eV Å2, h̄vF = 0.889 eV Å
[56], and the g factor is able to reach a value about 50 [57]. The
ratio τinter/τintra ∼ ek2

0 d2
0 /2 is determined jointly by the properties of

the WSMs and impurities [58], where d0 is the characteristic length
of scatterers and k0 denotes the separation of the two Weyl nodes.

related anomalous velocity can introduce an additional mag-
netoconductivity. On the other hand, the nontopological local
chemical potential can result in an anisotropic LMC and PHE
very similar to the ones originating from the chiral anomaly.
Therefore, the chiral chemical potential, as well as the coex-
istence of the positive LMC and PHE, is not unique to the
topological properties of WSMs, the observation of which
cannot be exclusive evidence for the chiral anomaly. The
proposed tilt mechanism and the chiral anomaly are two inde-
pendent mechanisms to cause the positive LMC and PHE, and
so chiral-anomaly-like magnetoconductivity can exist even in
systems without the chiral anomaly. In Ref. [59], we consider
the cases both for the bulk and surface states of 3D topo-
logical insulators [63], where the chiral anomaly is shown
to be turned off, but the positive LMC and PHE due to the
Zeeman field still remain, whose forms are similar to that
in WSMs. Our findings suggest that, to identify WSMs by
magnetotransport experiments, further experimental work is
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needed to diagnose the chiral anomaly from other nontopo-
logical mechanisms.
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