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Josephson junctions have broad applications in metrology, quantum information processing, and remote
sensing. For these applications, the electronic noise is a limiting factor. In this work we study the thermal noise
in narrow Josephson junctions using a tight-binding Hamiltonian. For a junction longer than the superconducting
coherence length, several self-consistent gap profiles appear close to a phase difference 7. They correspond to
two stable solutions with an approximately constant phase gradient over the thin superconductor connected by a
27 phase slip, and a solitonic branch. The current noise power spectrum has pronounced peaks at the transition
frequencies between the different states in each branch. We find that the noise is reduced in the gradient branches
in comparison to the zero-length junction limit. In contrast, the solitonic branch exhibits an enhanced noise and
areduced current due to the pinning of the lowest excitation energy to close to zero energy.
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Introduction. Since the theoretical prediction [1] and the
first experimental demonstrations [2], the Josephson effect
between superconductors at different superconducting phases
has attracted a great interest [3]. The Josephson current be-
tween two superconductors has been used to redefine the
measurement standards and to measure precisely magnetic
fields or electromagnetic radiation [4]. More recently, it has
become one of the successful platforms for quantum informa-
tion processing and remote sensing [5,6].

When the superconducting contact is smaller than the
Fermi wavelength, a limited number of channels dominate
the electron transport [7]. In this regime, Andreev bound
states (ABSs) appear at the interface between the two super-
conductors due to the multiple electron-hole reflections [8].
These states, with energies smaller than the gap, dominate the
transport properties of the junction [3]. ABSs have been pro-
posed to be used for quantum information processing [9,10].
The field of mesoscopic superconductivity has experienced a
revival after the proposals for engineering Majorana quasi-
particles at the ends of one-dimensional superconductors [11]
(for recent reviews, see [12,13]).

Despite the nondissipative character of the current be-
tween two superconductors, it exhibits fluctuations [14,15]
that might hinder their use for applications [16]. These fluc-
tuations are dominated by the multiple Andreev reflections at
the interface. At finite bias, the noise to current ratio exhibits
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integer steps as a function of the applied voltage, reflecting
the transference of several charges at a time [17,18]. In the
equilibrium situation, the supercurrent noise is due to thermal
agitation being peaked at the frequencies matching the energy
difference between the occupied and empty states [19,20].
The current fluctuations can be measured by embedding the
junction into a superconductor loop, inductively coupled to a
resonator [21-23].

In long and thin superconductors compared to the super-
conducting coherence length, the junction exhibits two stable
states which carry opposite supercurrent for a given supercon-
ducting phase difference [24-26]. Transitions between these
two states, so-called quantum phase slips, can occur due to
thermal fluctuations [27,28] or quantum tunneling [29-33].
They lead to an increase of the electrical resistance of the
junction [30,31,34-36] and a suppression of the supercurrent
[32]. Quantum phase slips have been measured in thin super-
conductors embedded into superconducting rings [37-39]. In
some cases, the phase slips are suppressed at sufficiently low
temperatures, leading to a multivalued supercurrent that can
be used to design long-lived quantum memories [40].

The existence of multiple values of the supercurrent is
due to a renormalization of the order parameter along the
thin superconductor. Therefore, the description of the system
requires a self-consistent treatment of the order parame-
ter [41-44]. These methods also predict the existence of a
metastable solution characterized by a suppression of the or-
der parameter at the center of the nanowire: a soliton. The
formation of this soliton leads to a suppression of the super-
current through the system [41-44].

In this work, we calculate the supercurrent fluctuations
in long and thin superconducting nanowires in the absence
of phase slips at constant superconducting phase difference.
Complementary works have studied the current noise in the
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FIG. 1. Sketch of the lattice setup. The magnitude A and phase
6 of the SC OP is fixed at the ends of the wire (solid blue and red
regions) and relaxed in the winding region of length L. The hopping
element between the ends of the leads, #;, controls the transparency
of the junction.

regime where quantum phase slips occur at constant phases
[45,46]. We study the noise spectrum for the stable and the
solitonic solutions, showing that self-consistent effects lead to
a suppression of the noise to current ratio in the system.

Model. We model the junction as a flux-biased one-
dimensional wire with a discrete number of sites. The wire
is superconducting and is described by the mean-field Hamil-
tonian % = Huop + Ha — 1 ) _; ni, Where

Hhop = — Z{Ii e Pl cine +Hel, (1a)
i,o

and ®; ;4 = flg’“ A - dx is the magnetic flux drop on the
bond between sites i and i + 1. Assuming that this flux drop
is evenly distributed among L bonds in the winding region
W, the current that is conjugate to the applied flux is eval-
uated as a variational derivative over the bond fluxes I =
_1% Y iew 8Hnop/8Pi iy1. We fix the hopping elements to be
equal to ¢, except in the middle bond of the winding region
where it has a value #;, Fig. 1, controlling the transparency
of the junction, 7 =[5 f(’t'l//’l)z]z [42], and the strength of the
inverse proximity effect.

The superconducting Hamiltonian corresponds to an on-
site, spin-singlet pairing:

2
Ha=) (Aic) ], +He)+ ) %. (1b)
i iew

Here, A; are the complex superconducting order parame-
ters (SC OPs) at site i and U is an on-site pairing strength.
We note that there is gauge freedom due to the choice of
the electron annihilation operators ¢, — €% c;,. It involves
a simultaneous transformation of the bond fluxes &, —
®; iv1 + (xi+1 — xi) and the phases of the SC OPs A; —
e?e%i A;. We explore this freedom to fix the flux bonds to zero
[multiples of ; i.e., the magnetic flux quantum ®y = h/(2¢)]
and vary the SC OPs in the winding region V. We impose the

necessary condition for extremum of the free energy:

SF [Ha\ A .
O (Sﬁ;k <82T> U <cl,¢Cqu)’ leW ( )

After obtaining the site-dependent SC OP A;, we can diag-
onalize the Bogoliubov—de Gennes matrix Hgqg that enters in
the commutator:

—[H, ¥] = Hpgg - ¥, 3)

with the Nambu spinor ¥ = (¢, ch)T describing a spin-
singlet pairing. The BAG eigenvectors [Y ™) = (u”, v™)T
correspond to the eigenvalues E,, and particle-hole symmetry
implies that [Y ") = [—(v™)*, (u)*]T is an eigenvector
corresponding to the eigenvalue —E,. Then, the expectation
value in Eq. (2) can be evaluated as

(ciycip) = Z Mﬁn)(v;n))* ng(E,), 4

where nr is the Fermi distribution function.

The second-quantized expression of the current operator
can be written as a quadratic form / = wt. J. U, with the
current operator matrix:

. ( Ju O
Jk,l - <0 _j[,k ) (Sa)
A e 1 —ie ®; 141 1 * _ie®; i1
Joi =~ E <hiem TS 8 — St e T Sk i1 00 of
L - i I
iew
(5b)

where k and [ are site indices. Using the BAG eigenvectors
and eigenvalues, the expectation value of the current operator
() is

(=2 (@1 u®™) np(E,). (6)
At the same time, the current noise spectrum S(£2) at finite

frequency 2 is given by the double sums over the eigensys-
tem:

S(Q) =Y YUY )W, (), (7a)
Wun(2) =11—t h<E—m>t h<é>
m _[ —m o ) MM ar }
n

Q-EntEN 70
where 7 is a smearing factor for the numerical implementation
of a Dirac delta function via a Lorentzian, taken to be much
smaller than any other energy scale. The derivation of Eq.
(7) is outlined in the Appendix of Ref. [20], and the result
coincides with the one from Ref. [22].

Self-consistent solutions. We obtain the SC OP by self-
consistently solving Egs. (2), (3), and (4) for each site of the
winding region V. In order to make contact with experiment,
we express lengths in units of the zero-temperature SC coher-
ence length &, and energies in units of the zero-temperature
magnitude of the SC OP A . We choose the chemical potential
u = 0, corresponding to half-filling, although our results do
not depend on this choice. The pairing strength is adjusted
to U/t = 1.37 so that Ay/t = 0.0836, which corresponds to

&/a= —”222_”2 = 24.0. In order to avoid edge effects due
to open boundary conditions, we fix the magnitude and phase
of the SC OP to the bulk values on leads with length of the
order of & on each end; see Fig. 1.

The gradient (stable) branch is obtained by scanning the
phase bias, starting from zero bias, with the initial guess for
A; given by the solution of the previous step. We find that
the BdG equations have two stable solutions for L greater
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FIG. 2. (a) Supercurrent as a function of the phase bias for the
gradient (solid blue), the solitonic (dashed red), and the gradient after
a phase-slip event (dotted green). We also show the L — 0 result,
corresponding to a quantum point contact (dash-dotted gray). (b) SC
OP magnitude and (c) phase profiles at the 6 value denoted by the
thick point in panel (a). The transparency is T = 1, the length is
L/& = 4/3, and the temperature is T /Ao = 0.10. For these parame-
ters, the phase slip occurs at 6y /7 = 1.28.

than but similar to & for a superconducting phase difference
2w — 6y < 8 < 6y and having a single solution otherwise. At
6 the system undergoes a discontinuous phase slip, character-
ized by a change of 27 on the accumulated superconducting
phase in the winding region [26]. The value of 6, becomes
closer to 7 for lower values of transparency t or lower values
of the ratio L/&. The last case may be achieved either by
shortening the leads or by increasing the temperature, which
decreases the bulk value A and increases &. For a phase bias
where more than one stable solution to Eq. (2) is possible, a
solitonic solution appears. This solution is metastable and the
gradient descent method is not able to find it. For this reason,
we use Broyden’s good Jacobian approximation [47,48]. To
obtain this solution, we start at phase bias w with a real SC
OP crossing zero in the middle of the junction.

Results. The BAG equations (3) have three different solu-
tions that coexist close to & = 7 for L larger than but similar
to £. This leads to a multivalued tunneling current Eq. (6) and
SC OP, as shown in Fig. 2.

The current in the two gradient (stable) branches is the
same after a phase-slip event occurs, i.e., a shift of 27 in
the superconducting phase difference [3]. This is better illus-
trated by the order parameter, Figs. 2(b) and 2(c), where the
magnitude of the SC OP is constant in the gradient branches,
while the phase acquires an extra 2w factor. We show that
the self-consistent effects on the SC OP lead to a reduction
of the current in the gradient branches. Also, the current in
these solutions is maximal at 6y > m, being finite at 7r. This
is in contrast to the current in short atomic contacts [3]. We
note that a non-self-consistent approach, where the SC OP
is taken constant and the phase jumps at the weak link, is
not a good solution to the problem for L > &, as it violates
current conservation. Finally, the solitonic branch shows a
lower supercurrent, consistent with the suppression of the SC
OP towards the center of the wire [41-44].

The effect of a self-consistent treatment of the problem
in the BdG excitation spectrum of the thin superconductor
is shown in Fig. 3. For short and high-transmitting junctions,
the lowest excitation energy approaches E = 0 at phase 7. In
contrast, the lowest excitation energy in the gradient branches
does not approach E =0 at m. It shows instead a higher
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FIG. 3. Lowest positive eigenvalues E}, E,, and Ej3, from bottom
to top, of the BdG Hamiltonian as a function of phase bias. We show
results for the upper gradient (solid blue), solitonic (dashed red), and
the lower gradient branches (dashed green). We also show the L — 0
limit (dash-dotted gray). The parameters are the same as in Fig. 2.

value, becoming minimal at 6y, consistent with the behavior
of the current. In contrast, the lowest excitation in the solitonic
branch is pinned close to zero energy in the whole phase
coexistence region. The excitation spectrum indicates that
the gradient solution is energetically favorable compared to
the non-self-consistent or solitonic solution. Finally, we note
the small differences found between the non-self-consistent
solution and the other branches for the states with E > Ay,
indicating that it is a good approximation for the states above
the bulk gap.

The current noise spectrum, Eqgs. (7), for the gradient
branches is shown in Figs. 4(a) and 4(b). It exhibits a dis-
continuous jump due to a phase slip at 6. We note that the
noise spectrum for 6 > 6, is similar to the one shown for
0 < 2w — 6y. The dominant peaks correspond to excitation of
two quasiparticle states due to transitions between occupied
and empty states, indicated by orange lines in Figs. 4(b)—4(d).
They appear at the sum between two excitation energies in
Fig. 3 due to electron-hole symmetry [49]. There is another
set of peaks appearing at the difference between two excitation
energies. They correspond to transitions between two excited
states, indicated by red lines in Figs. 4(b)—4(d). The strength
of these peaks is proportional to the population of the lower
excited state and, therefore, suppressed at zero temperatures.
We note that transitions, such as the ones between the first and
third to the second BdG eigenstate, are forbidden by selection
rules for the current operator, imposed by the symmetry of the
model under Andreev reflection relative to the middle point of
the junction.

In panels (c) and (d) of Fig. 4 we compare the noise
spectrum in the gradient and in the solitonic branches. The
pinning of the lowest BAG excitation at low energies leads
to an increase of the line intensities associated with E;. In
particular, we note the increase on the intensity of the line
at E5 — E; due to a finite equilibrium population of the lowest
excited state in the BdG spectrum in Fig. 3.

The most transparent comparison of noise in the different
branches is in terms of the zero-frequency noise; see Fig. 4(e).
The gradient branches exhibit a lower noise than the L — 0
solution, missing the double peak feature around phase 7. The
noise becomes appreciable at the coexistence region for the
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FIG. 4. (a) Current noise spectrum at a phase bias 8 /7 = 0.4. (b) Density plot of the current noise spectrum as a function of the phase
and frequency for the gradient branches. The white vertical line is the phase bias corresponding to panel (a). Panels (c) and (d) show the noise
spectrum in the coexistence region for the upper gradient and solitonic branch, respectively. In (b)—(d) we mark the dominant peaks between
the eigenvalues with opposite sign (dashed orange) and subdominant peaks between the eigenvalues with equal sign (dotted red) shown in
Fig. 3. (e) Zero-frequency noise as a function of the phase for the upper (solid blue) and lower (dotted green) gradient branches, solitonic
branch (dashed red), and the L — 0 limit (dash-dotted gray). The choice of parameters is the same as in Fig. 2.

gradient branches, becoming maximal at 6, when the lowest
BdG excitation approaches zero energy. In contrast, the soli-
tonic branch exhibits an enlarged current noise with respect to
the gradient solutions at high transmissions. This is due to the
pinning of the lowest BdG excitation to close to zero energy.
This increase on the noise to current ratio is another indication
of the metastability of the solitonic branch, also shown by the
BdG excitation spectrum in Fig. 3.

In the main text, we have focused on the perfect trans-
mission situation. However, the conclusions remain valid for
different v values, as shown in the Supplemental Material
[50], where we show results for a lower transmitting junction.
By reducing the transparency, 6y tends to approach 7 and the
gradient branches become less dependent on the supercon-
ducting phase difference. In the limit v < 1, self-consistent
effects are not important and the solution converges to the
non-self-consistent result.

Conclusions. In this work, we have analyzed the current
and the current noise through a long and thin junction between
two phase-biased superconductors. A self-consistent treat-
ment of the Bogoliubov—de Gennes (BdG) Hamiltonian leads
to three different solutions for superconductors longer than
their coherence length. The two gradient (stable) solutions
show an almost constant superconducting order parameter,
while the phase winds smoothly over the whole length of
the wire, leading to a finite current at phase difference 7.
Above m, the system exhibits a discontinuous phase slip, a
discontinuous jump of 27 in the phase difference, character-
ized by a transition between the two gradient branches. The
BdG Hamiltonian predicts also the existence of a solitonic
(metastable) solution, characterized by a suppression of the

superconducting order parameter, reducing the current. This
metastable solution shows a pinning of the lowest Bogoli-
ubov excitation energy close to zero energy. We find that
self-consistent effects tend to reduce the noise-to-current ratio
in the gradient branches. The noise reduction is due to the
increased value of the lowest Bogoliubov excitation energy
given by the self-consistent solution with respect to the non-
self-consistent one. In contrast, the low-energy state in the
solitonic branch leads to an enhancement of the current noise
at finite temperature, due to the excitation of quasiparticles to
this state.

We believe that the noise reduction in thin superconductors
as a function of their length can be tested in superconduct-
ing nanowires, where deterministic phase slips have been
observed [40], using noise spectroscopy techniques [21,23].
The reduced noise to current ratio found in these junctions
makes thin superconductors an attractive alternative for de-
signing Josephson electronic devices with controlled sources
of dissipation and decoherence.
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