PHYSICAL REVIEW B 104, L041402 (2021)

Berry phase induced entanglement of hole-spin qubits in a microwave cavity
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Hole spins localized in semiconductor structures, such as quantum dots or defects, serve in the realization of
efficient gate-tunable solid-state quantum bits. Here, we study two electrically driven spin-3/2 holes coupled
to the electromagnetic field of a microwave cavity. We show that the interplay between the non-Abelian
Berry phases generated by local time-dependent electrical fields and the shared cavity photons allows for fast
manipulation, detection, and long-range entanglement of the hole-spin qubits in the absence of any external
magnetic field. Owing to its geometrical structure, such a scheme is more robust against external noises than
conventional hole-spin qubit implementations. These results suggest that hole spins are favorable qubits for

scalable quantum computing by purely electrical means.
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Introduction. Spin-based solid-state quantum bits (qubits)
are among the most desirable platforms for implementing a
quantum processor as they are inherently scalable, they in-
teract weakly with the environments, and can be integrated
efficiently with electronics [1-11].

Electric fields, instead of the conventional magnetic fields,
are preferred for quantum manipulation as they can be applied
locally, can be made strong, and can be switched on and off
fast. Spins in solids, and specifically in semiconductors, can
experience strong spin-orbit interactions (SOIs) that allow
for coherent electrical spin control. Most of the implemen-
tations and proposals rely on the SOI mechanism facilitated
by the presence of a static magnetic field that breaks the
time-reversal symmetry. However, generating such a coupling
purely electrically, without breaking this symmetry, would be
advantageous as it would deactivate various dephasing mech-
anisms that rely on charge fluctuations, such as phonons and
gate voltage noise [12-16].

A variety of schemes that utilize the non-Abelian geometric
phase acquired by the spin qubit states in the presence of
SOI and external electrical fields have been proposed for ma-
nipulating geometrically spins in solid-state devices without
the need for an applied magnetic field [17-20]. Of particu-
lar interest are the hole-spin qubits realized in the § = 3/2
valence band of many semiconductors [17,20]. They possess
strong SOI, and the p-type character of the orbital wave
functions leads to a suppression of the hyperfine coupling to
the surrounding nuclei [21]. Experimentally, hole spins have
been under intense scrutiny recently [15,16,21-26], and a lot
of progress has been made implementing conventional one-
and two-qubit gates [25-30]. Building on the original works
by Avron et al. [31,32], in Refs. [17,20] it has been shown
explicitly how single geometrical hole-spin qubit gates [33]
can be implemented using only electrical fields. However,
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to the best of our knowledge, leveraging the geometry of
the hole-spin states in order to implement two-qubit gates
and create entanglement has yet to be demonstrated. Such
geometrical entanglement is potentially more robust since it is
not affected by gate timing errors and various control voltage
inaccuracies. In this Letter, we make this step and propose a
way to create entanglement between hole-spin qubits utilizing
their non-Abelian geometric structure, local electric fields,
and the photons in a microwave cavity. We show that (i)
the cavity photons become imprinted with the Berry phases
generated during the single hole-spin qubit gates, allowing for
an efficient nondestructive qubit readout, and (ii) the interplay
between photons and the non-Abelian geometry of the states
allows for long-range, entangling hole-spin qubit interactions
of a geometrical origin. Moreover, such a coupling is only
present when both qubits are electrically driven, making it
ideal for selectively coupling hole spins.

System and model Hamiltonian. We consider the system
shown in Fig. 1, which consists of two electrically driven
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FIG. 1. Left: Sketch of the two-hole-spin S = 3/2 system cou-
pled to a cavity field E. = Eo(a’ + a). Each of the two spins j = 1, 2
is driven by a classical time-periodic electrical field E;(t + T;) =
E ;(t), with T; the corresponding period. The cavity induces a time-
dependent coupling between the two spins (blue wavy line). Right:
The evolution of one of the effective qubits in the degenerate low-
energy sector on the Bloch sphere during the adiabatic driving. Here,
s,(¢) is the instantaneous direction of the effective magnetic field
quantified by the angles 6,(¢) and ¢,(¢), while in red we exemplify
one possible cyclic trajectory.
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spins 3/2 coupled to the electric field of a microwave cavity.
The minimal Hamiltonian describing the system reads [17]

Ho(t) = Y dilEjo(t) + Eoula’ +a) IT% + wpa’a, (1)
j=12

where d; is the spin-electric field coupling strength of spin
Jj=1,2,E;,() and Ey, are the @ = x,y, z components of
the j = 1,2 (time-dependent) external and cavity electric
field, respectively, while a (a') is the photon annihilation
(creation) operator, with wy being the bare cavity frequency.
Also, the matrices F;’, with n € {1, 5}, are the generators of
the SO(5) Clifford algebra for spin j [17,34]. The above
Hamiltonian is precisely that of Ref. [17] proposed to process
spin-3/2 valence band impurities in III-V semiconductors, but
accounting for a quantum electrical field stemming from the
cavity on top of the time-dependent classical drive. There,
the coupling to the electrical field originates from the linear
Stark effect allowed by the diamond 7; symmetry, as it is the
case of acceptor spins in Si [35]. In such cases, d = eapy,
with e, ap, and x being the electron charge, the Bohr radius,
and the dimensionless dipolar parameter, respectively [36,37].
More complicated terms, such as the quadrupolar couplings
[20], can be accounted for within the same framework by
extending the couplings to all the I'} matrices. For simplicity,
in the following we substitute d;Ey , = g; and take d; = 1.
In the presence of an electric field the time-reversal symmetry
is preserved and each spin 3/2 is described by two doubly
degenerate instantaneous states.

Adiabatic perturbation theory. For static external fields,
and in the absence of the cavity, the spectrum consists of (at
least) double degenerate levels, a consequence of the Kramers
theorem. In the adiabatic limit, quantified by E jal/Eja K 2¢;,
with 2¢; = 2./,
ting of hole j, as well as for weak spin-photon coupling
lg;| < le; — wol, we can treat both the dynamics and the
coupling to photons in time-dependent perturbation theory. In
the following, we extend the approach in Ref. [38] used to
single out the geometrical effects in degenerate systems to the
S = 3/2 spin system. In contrast to Ref. [38], however, we
treat the environment (cavity photons) on the same footing
with the two spins 3/2. The full technical details are left for
the Supplemental Material (SM) [34], while here we only
describe the steps and summarize the results. That entails first
performing a time-dependent unitary transformation, U (t) =
Ui (t)Ux(2), that diagonalizes each of the isolated spin-3/2
Hamiltonians, so that Hi(t) = wonpn + Y ;[H;0(t) + V()]
where H;o(t) = ¢ j(t)FJS- is the unperturbed part of the spin
j = 1,2 Hamiltonian [38], with n, = a'a, and

2 . . . .
E7,(t) being the instantaneous spin split-

Vi(t) = EjaAja + 8j.a (006 T3 + i€;[Aja T7]) Xon.  (2)

Here, A;, = —iU;r ()9, U; (1) is the non-Abelian gauge
field pertaining to the electric field E;, with d, = g, and
Xpn = (a" + a). Note that V;(t) leads to both diagonal and
off-diagonal transitions between the degenerate eigenstates
of the bare spin Hamiltonian H;o(¢). Next, we can treat the
E'_,-,a and V;(t) in perturbation theory with respect to the spin
splittings €; and photon frequency w, using a time-dependent
Schrieffer-Wolff (SW) transformation U’(z) = U{(t)U; (1),

with U’(t) =e S ~1-8;0)+ Sz(t)/Z + ---. By impos-
ing [S;(t),Hjo + wpa'al +V;(t) =0, it allows us to keep
the leading diagonal terms in the velocities E « and the
second-order corrections in g; . Then, projecting onto the low
four-dimensional energy subspace spanned by the {—¢, —¢;},
we can find an explicit expression for §;(t) (see SM for
details). That in turn allows us to obtain the low-energy spin-
photon Hamiltonian §H(¢) = Z/‘ SH (1) + Hi-2(t), with

SHj(1) = Ejug), ﬁ(}-; apXph + gj~VO§',aﬁynPh)’

281.082.8 :
Hia) = 2L E By s F ) T gy, 3)

0

representing the photon-dependent single hole-spin Hamil-
tonian and the cavity-mediated spin-spin coupling term,
respectively. Here, A}, = PiA;,Pj, with P a projector
onto the low- energy degenerate subspace of spin j, F! Gap =
Oy Al T 3]3 ot l[.A
Abelian Berry curvature and Oi is an operator that
encodes also the geometry of the states. In particular, for
wp K €] 2, this can be written as

]a, jp] 1s the corresponding non-

Ol gy = il0aAjp. Ajy ] — 205 logle 1 Fj
gl h
z(gj,ﬂy‘AJw - A; /3"4 ‘A+ ) “
where [---]' = le-[ P Gl ! 5, 1s the quantum metric in the

lowest subspace [34], and A;’,a = PJ"A m 77;’ with Pjh =1-
731 being the Berry curvature in the highest-energy subspace

of spin, and AH ) = jh(”A, aPl(h) The Hamiltonians in
Eq. (3) are the central results of thls Letter, showing that pho-
tons in a cavity can be imprinted with the individual hole-spin
Berry phases and, moreover, they can mediate interactions
between two hole spins via the geometry of their states in
the absence of any external magnetic fields. Therefore, such
effects are present only if the spins are driven, providing the
means for selectively entangling spin-3/2 qubits coupled to
the same cavity field. Notably, the above Hamiltonians depend
only on the geometry of states through their Berry connec-
tions, being thus general and applicable, we believe, to any
non-Abelian system. Although the Hamiltonian ()
E LJ,EM, the evolution operator endowed by this term is effec-
tively geometrical when the two driving frequencies €2, (in
a continuous operation mode) are incommensurate [34,39], as
we show explicitly later.

The first term in 6H;(¢) in Eq. (3) describes the leading
order coupling of the degenerate spin-3/2 subspace to the
photons, in agreement with the findings in Ref. [38]. This
term can be leveraged in order to manipulate the qubit by
driving the cavity with a classical (coherent) field. The second
contribution instead is different and accounts for the cavity
frequency shift induced by the individual hole-spin geometry
of states. Thus, we have extended the dispersive readout of
geometrical Abelian Berry phases [40,41] to the non-Abelian
realm. While seemingly complicated, the origin of each term
in O i.apy can be unraveled by using a Floquet approach for

describing the dynamics [34]. Interestingly, for wy ~ ' /€
the photons and the external driving become resonant, and
given that generally [A’ ]ZAM,] # 0, it can result in a
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different type of Jaynes-Cummings Hamiltonian that is acti-
vated by the geometry of the states. Nevertheless, we leave
this aspect for future work, and focus here on the regime
wo > Ejq/€;.

Dispersive Floquet approach. Next we utilize a Floquet
description of the hole-spin dynamics that is appropriate when
each of the spins 3/2 is driven periodically, or H;(t +T;) =
H;(t) [Hi(t) = E_,»,O,(t)Fj.‘], with Q; = 27 /T; being the driv-
ing frequency of spin j = 1, 2. In the absence of the cavity,
the time-dependent wave functions (or Floquet states) can
be written as [W3(1)) = e~ [Y3(1)), where |3t + T))) =
|1/f (t)) is found as solutions to the Schrodinger equation
Hi O 30) = TH) (@) — i /o1l30) = 1Y), and &)
are the Floquet eigenvalues for spin j that are defined up
to multiple of €;, with s =1,2,... labeling the periodic
Floquet states. In the adiabatic limit, &5 = €] + y;/T;, with
€; and y; being the instantaneous (or average) energy and
the Berry phase of the spin j in the Floquet state s. Cou-
pling the spins to the photons results in both shifts in the
individual Floquet energies and a coupling between the two
spins. The full dynamics of the two spins driven at different
frequencies is rather involved (see, for example, Ref. [39]),
and here instead we focus on the weak coupling regime in
the dispersive limit, that is, when |A‘;“' (q) — wol > |g 5|, with
A¥(q) =€ — & —qQ;| and g € Z, which allows us to
treat the spin-photon interaction in perturbation theory. Using
a time-dependent SW transformation, which is described in
detail in the SM, the cavity induced low- (quasi-)energy spin
Hamiltonian can be cast as 1 = )~ 6H; + Hi_, + Hi,,
with

, A% (q)
SH, :nphZ(—l)S’V]i“ (q)|2 s 4 0%,

Y@ e
H?_z—— Y DYV (0)ofos,

J§,pElow

Hi, _Zv12(0)v21(o>

2600

—O’+O’_—|—H.C.,
o~ [apo)

&)

where V¥ (¢) = (/T)) [y dre~ a2 (3 $(0)lg; - Ty (1)) are
the Fourler components of the spin- photon matrix elements
between states s and s’ and spin j = 1, 2. Also, aj, with
o = x, Y, z, are Pauli matrices acting in the two lowest- (quasi-
)Jenergy Floquet states of the hole spin j = 1, 2. The first term
leads to a cavity frequency shift that depends on the Floquet
state of spin j, while the second and third terms account for
an Ising and XY couplings between the lowest spin Floquet
doublets, respectively. As showed in detail in the SM, in
the adiabatic limit ; <« |E;| we find that §H; o< ©; and
’Hf‘_lz o« 22, consistent with the expressions found in the
previous section. Note that Hf’_iz depend only on the g = 0
Fourier components of yss (t) which, as argued before, result
in geometrical effects only on the evolution. All these effects
are absent in the static case and, in particular, the entangle-
ment between the Floquet states is ignited only by driving both
spins.

0
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<
o
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FIG. 2. Cavity frequency shift (8w,) due to the interaction with a
single hole spin as a function of driving frequency €2 for several cone
angles 6 and initial superposition weights 8. The solid (dashed) lines
represent the result without (with) an adiabatic approximation. The
other parameters are wy = 0.15, ¢ = 1.05, g = 0.02, and the spin-
photon coupling is set along the z axis.

Circular driving. In order to verify both the adiabatic
theory and the above Floquet approach, in this section
we consider a specific model, namely that of a circularly
driven spin 3/2. Without loss of generality in the follow-
ing we shall use parametrization, E; = €;n;(t) and n;(t) =
{—sin6; sin Q;t, sin6; cos ¢, cos §;}, where ; and 6; are
again the driving frequency and the cone angle for the jth
spin. We were able to find a time-dependent transformation
U(t) (for details, see SM) that makes the bare hole-spin
part of Hyy(¢) fully time-independent and diagonal, i.e., it
gives access to the exact solution in the absence of the
cavity. Therefore, the entire time dependence of the spin-
photon system in this frame is shifted to the spin-photon
interactions. Then, in the dispersive regime we can decou-
ple the spin and photonic degrees of freedom by means
of the second-order SW transformation in g;, and the re-
sulting low-energy spin-photon Hamiltonian assumes the
same form as in Eq. (5) with "Hl , = 0. In general, §H; =
Swo (t)ol npn and Hi_,(t) = J7_,(t)of o5, with J7_ 2(t) =
—(41/200) i (0 fo() and £+ T) = f;(0) [ef. Eq. (41)
in SM [34]]. For g = {0, 0, g;} and in leading order in ;,
we obtain [34]

2g§Qj(12612- — a)(z)) cos8; sin? 0;

S, =— , (6)
70 (42 — wd)’
22
g;isin“6;
fi =%, (7
J

while H; = (1/2)2; cosb; oz (bare low-energy hole-spin
Hamiltonian). Above, S 0 is the cavity frequency shift
pertaining to the geometncal imprints of the lowest-energy
sector, while we disregarded the (dynamical) contributions
S %o that can shift the cavity frequency by a value indepen-
dent of the qubit state [34].

In the following, we demonstrate numerically that in the
presence of the driving the cavity frequency shift provides
a readout of the non-Abelian evolution. Given an initial
hole-spin state at time r =0, [ (0)) = {/1 — B2, Be'®},
we can evaluate the geometrical contribution during the
periodic evolution as (Sw§) = (1/T)fOT(1ﬁ(t)|oz|1//(t)) Swf,
where | (7)) = U(t)|¥ (0)) with the evolution operator ()
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FIG. 3. The concurrence C[p;»(¢)] pertaining to the two-qubit
density matrix p1,(¢) as a function of time for various driving €2, /€2,
ratios. With dashed lines we mark the concurrence generated by the
effective static 7]%,. The left inset depicts the short time behavior
of the concurrence exhibiting fast oscillations, while the right inset
shows a nonmonotonic behavior of the concurrence for long times
t >~ h/Ji_, for ﬁQz = ;. We have used following parametriza-
tion: wy =0.15, g=0.02, ¢, =1.05, ¢, =0.95, 2, =0.1, g, =
2l1/2,1/2,1/V2), g = gl1//2,1/2,1/2}, 6, = /3, 6, = 7 /4,
B1 =04, and g, = 0.3.

describing the bare hole-spin Hamiltonian. In linear order €2,
we find the simple functional dependence (Swj) = (2B% —
I)Swg, which allows us to discriminate between different
qubit states. As expected, in the absence of the driving,
(8wf) = 0. In Fig. 2 we plot the total photonic frequency shift
(b)) = (Swg )+ (Bw(g)) obtained from evolving the full spin
S = 3/2 Hamiltonian and that obtained from the adiabatic,
low-energy approximation, respectively as a function of the
driving frequency €2 for various values of B [34]. We see that
the adiabatic approximation (linear in €2) describes well the
frequency shift for a wide range of parameters [34].

Finally, we demonstrate the entangling properties of the
Hamiltonian H$_,(¢). Before that, it is instructive to define an
effective static Hamiltonian, H}%, = J{%,0705 with J{'¥, =

— U /200, Where f9 = (Q;/2m) [ dfi(e) is
the g = 0 Fourier component of f;(¢). Since each closed spin
trajectory is contributing individually here, H}*, is inher-
ently geometrical (external noises affect its evolution similarly
to geometrical gates). For a given two-qubit density matrix
p12(t), the entanglement can be quantified by the concur-
rence C[p12(t)] = max[0, A1, — A3, — A3, — A%,] [42], where
the A%, are the eigenvalues of the Hermitian matrix Ry =
VA/P12P12+/P12 sorted in descending order with pj, = (0] ®
05)p (0] @ 03). The concurrence is C = 0(1) for a sepa-
rable (maximally entangled) state. Starting from a separable
density matrix at t = 0, in Fig. 3 we show C[p(¢)] as a

function of time when the evolution is generated by the full
time-dependent #Hj_,(#) Hamiltonian and by the effective
static Hamiltonian H[*,. We see excellent (poor) agreement
between the two cases when the driving frequencies are
incommensurate (commensurate), demonstrating the geomet-
rical origin of the entanglement at incommensurate drives.
Note that C[p2(¢)] increases with time, becoming maximal
for t ~ ii/J;_, (cf. the right inset of Fig. 3). Furthermore, we
also analyzed the robustness of the entanglement generation
to noises in the driving frequencies, Q2;t — ¢;(t) = Q;t +
8;(t), with §;(¢) being a Gaussian correlated noise [39]. We
have evaluated k = |Cy(t) — C(z)|, where Cy(¢) is a noiseless
concurrence and C(¢) is the mean concurrence, and we found
that « is almost two orders of magnitude smaller in the case
of incommensurate drives as compared to the commensurate
ones [34]. That is again consistent with the enhanced protec-
tion associated with geometrical qubits [33].

In order to give some estimates for the strength of the
exchange coupling induced by the dynamics presented in
this Letter, we utilize the GaAs quantum dot model pro-
posed in Ref. [20]. We assume for the hole-spin splittings
€1 = € = 0.285 meV (which corresponds to electrical fields
in the range of 10°-10° V/m), wy ~ 10 GHz, driving fre-
quency Q| = +/29, = 0.043 THz, and spin-cavity coupling
strengths g; = g» = 5.7 neV. For a cavity field parallel to the
Z axis, the spin-spin interaction is maximized for 6, = 6, =
m /2, as showed in Eq. (7), and we obtain J_, ~ 2.7 neV, or a
two-qubit gate time of 1073 s. This timescale is much shorter
than the coherence times of a single spin-hole qubit that can
be as high as 10 ms [43].

Conclusions. We have proposed and studied an all-
electrical scheme for entangling hole spins in nanostructures
using the non-Abelian character of their states and the elec-
trical field of a microwave cavity. We showed that the
Berry phases of electrically driven hole spins imprint onto
the cavity photons allowing for a dispersive readout of the
hole-spin qubit. Furthermore, we have shown that the cavity
mediates long-range entangling coupling between the non-
Abelian Berry curvatures of two hole spins when both are
electrically driven, enabling selective entanglement between
hole-spin qubits. Our work might be relevant for a plethora of
other solid-state qubits with a nontrivial geometry of states,
such as electrons localized in quantum dots or molecular
magnets.
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