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Unified theory of spin and charge excitations in high-Tc cuprate superconductors:
A quantitative comparison with experiment and interpretation
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We provide a unified interpretation of both paramagnon and plasmon modes in high-Tc copper-oxides, and
verify it quantitatively against available resonant inelastic x-ray scattering (RIXS) data across the hole-doped
phase diagram. The three-dimensional extended Hubbard model, with included long-range Coulomb interactions
and doping-independent microscopic parameters for both classes of quantum fluctuations, is used. Collective
modes are studied using VWF+1/N f approach which extends variational wave function (VWF) scheme by
means of an expansion in inverse number of fermionic flavors (1/N f ). We show that intense paramagnons
persist along the antinodal line from the underdoped to the overdoped regime and undergo rapid overdamping
in the nodal direction. Plasmons exhibit a three-dimensional character, with minimal energy corresponding
to antiphase oscillations on neighboring CuO2 planes. The theoretical spin- and charge excitation energies
reproduce semiquantitatively RIXS data for (Bi, Pb)2(Sr, La)2CuO6+δ . The present VWF+1/N f analysis of
dynamics and former VWF results for static quantities combine into a consistent description of the principal
properties of hole-doped high-Tc cuprates as strongly correlated systems.

DOI: 10.1103/PhysRevB.104.L020510

I. INTRODUCTION

A profound problem in condensed matter physics is to
unveil the microscopic structure of both the single- and many-
particle excitations in high-temperature (high-Tc) cuprate
superconductors (SC) as they evolve from antiferromagnetic
(AF) insulator, through the SC phase, to a Fermi-liquid normal
state [1]. At low doping, localized holes coexist with col-
lective spin-wave excitations which are now well understood
within the framework of Heisenberg-type models [2,3]. Much
less is known about the microscopic mechanism governing
single- and many-particle excitations at moderate- and high
doping levels, where no AF or charge order occur. Itinerant
carriers are expected to cause Landau overdamping of spin-
wave modes, particularly after AF order has been suppressed.
On the contrary, resonant inelastic x-ray scattering (RIXS)
and inelastic neutron scattering experiments demonstrate that
robust paramagnons persist across whole hole-doping phase
diagram [4–20]. In addition, RIXS provides evidence for
low-energy charge modes (acoustic plasmons) in both hole-
and electron-doped cuprates [21–26]. Over the years, several
distinct high-Tc SC mechanisms, based either on fluctuations
(magnetic [17,27,28] and charge [29,30]), or local correlations
[31], have been proposed. In effect, a unified quantitative the-
ory of the equilibrium thermodynamic properties, as well as
correlated single-particle and collective excitations in high-Tc

copper-oxides, is now in demand to single out the microscopic
SC pairing scenario.
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The current theoretical frameworks, used to interpret RIXS
data for copper oxides, encompass determinant quantum
Monte Carlo (DQMC) [19], the Hubbard-operator large-N
limit [32–34], random-phase-approximation (RPA) [7], and
spin-wave theory (SWT) [3,10]. Those have been success-
ful in explaining certain aspects of experiments, yet none
of them provides a unified description of both spin and
charge excitations within a single microscopic model with
fixed parameters. Specifically, DQMC yields well controlled
imaginary-time susceptibilities, but suffers from the sign
problem and requires analytic continuation of numerical data,
which reduces its reliability in regard to dynamics. More-
over, due to lattice-size limitations, DQMC cannot account for
long-range Coulomb repulsion that is considered essential for
plasmon physics in high-Tc materials [35]. On the other hand,
the Hubbard-operator large-N limit with long-range interac-
tions included, reproduces measured plasmon spectra [26],
but it is intended for the strong-coupling situation (t-J/t-J-V
models) and seems to overestimate correlation effects, such
as bandwidth renormalization. This has been compensated
by adopting bare nearest-neighbor (n.n.) hopping scale |t | ≈
0.5–0.75 eV [34,36], larger than accepted values |t | ≈ 0.3–
0.4 eV. Also, the Hubbard-operator 1/N expansion does not
treat the collective modes on the same footing and privileges
charge- over spin excitations [37,38]. On the other hand, the
RPA approach requires adopting unphysically small on-site
repulsion U ∼ 1.5|t | [7,39]. Finally, accurate fits to the para-
magnon spectra are obtained by applying SWT to extended
Heisenberg models, including both cyclic- and long-range
exchange [3,10]. Yet, SWT disregards charge excitations,
and the underlying large-spin approximation yields magnetic
order at high doping, in disagreement with experiment. In
effect, a consistent theoretical picture of spin- and charge
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FIG. 1. (a) Layered square lattice with in-plane lattice constant
a and interlayer spacing d . Model parameters are marked inside:
green and orange arrows indicate hopping integrals and interactions,
respectively. Only two out of infinite number of long-range Coulomb
integrals, V , are shown. (b) First Brillouin zone with marked �-X -M-
�-Z-R-A-Z contour.

dynamics in metallic high-Tc cuprates has not been reached
so far.

We fill-in this gap and reconcile quantitatively both para-
magnon and plasmon excitations in hole-doped cuprates
within a single microscopic model with realistic and doping-
independent microscopic parameters. We start from a three-
dimensional Hubbard Hamiltonian, with long-range Coulomb
repulsion included, and analyze it using recently developed
VWF+1/N f scheme [40,41] that combines Variational Wave
Function (VWF) approach with expansion in an inverse num-
ber of fermionic flavors (1/N f ). This allows us to account
for both spin- and charge quantum fluctuations around the
correlated ground state on the same footing, which is needed
for an unbiased analysis. Explicitly, we show that intense and
propagating paramagnons persist in the metallic phase along
the antinodal (�-X ) Brillouin zone (BZ) direction in wide
doping range, but become rapidly overdamped along the nodal
(�-M) line. This reflects the experimental trends for multi-
ple copper-oxide families [4–19]. Also, plasmons are shown
to exhibit a substantial three-dimensional character. The re-
sults agree semiquantitatively with available RIXS data for
(Bi, Pb)2(Sr, La)2CuO6+δ . In effect, VWF+1/N f emerges as
a platform for quantitative interpretation of spectroscopic data
for strongly correlated materials, and combines with former
equilibrium VWF results [31,42–46] into a consistent overall
description of high-Tc cuprate superconductors.

II. MODEL AND METHOD

We employ extended Hubbard model Hamiltonian

Ĥ =
∑
i jσ

ti j ĉ
†
iσ ĉ jσ + U

∑
i

n̂i↑n̂i↓ + 1

2

∑
i �= j

Vi j n̂in̂ j, (1)

where ĉ†
iσ (ĉiσ ) are creation (annihilation) operators on site

i for spin σ , n̂iσ ≡ ĉ†
iσ ĉiσ , and n̂ ≡ n̂↓ + n̂↑. The model is

defined on a stacked two-dimensional square lattice (200 ×
200 × 16 sites) with in-plane spacing a, and interlayer dis-
tance d (cf. Fig. 1). We adopt standard values of in-plane
nearest-neighbor (n.n.) and next-nearest hopping integrals,
t = −0.35 eV and t ′ = 0.25|t |, respectively, and small out-

FIG. 2. Representative SGA f + 1/N f results for δ = 0.16. Blue
points and lines are the calculated imaginary parts of spin [(a), (c),
(e), (g)] and charge [(b), (d), (f), (h)] dynamical susceptibilities for
wave vectors detailed inside the panels. On the left, the green-shaded
areas represent incoherent contribution, whereas blue-shaded area is
the harmonic oscillator peak [cf. Eq. (3)]. The red line is the sum
of the two, and black dotted lines represent Lindhard response. Note
emergence of the coherent plasmon peaks close to the BZ center.

of-plane one tz = −0.01|t |, reflecting substantial interlayer
distance in Bi2201. The on-site Coulomb repulsion is set to
U = 6|t |, which is backed by recent estimates of effective
U ∼ 6-9 |t | [47], and has been adopted in a single-layer model
study [40]. The last term accounts for long-range Coulomb
repulsion. At large distances, Vi j may be obtained as a solution
of a discretized Laplace equation [48], yielding in k space

Vk = Vc

γ�(kx, ky) + 1 − cos (kzd )
, (2)

where �(kx, ky) ≡ 2 − cos(kxa) − cos(kya), Vc =
e2d/(2a2ε⊥ε0), γ = ε||d2/(ε⊥a2), and ε|| (ε⊥) are in-plane
(out of-plane) dielectric constants. We select γ = 10 and
Vc = 46|t |, which assumes a dominant lattice-anisotropy
effect on γ (see Ref. [26]) and yields ε⊥ ≈ 4.66, comparable
with the high-energy values ε⊥ ≈ 4–4.5 reported for Bi2201
[49]. Also, the resulting n.n. repulsion V/|t | ≈ 2.03 is
consistent with ab initio [50] estimates for related materials
(2.36 for HgBa2CuO4 and 2.30 for La2CuO4). Note that the
plasmon gap can be estimated as �2

p = 2h̄2Vcnc/(m∗a2γ ),
with m∗ and nc being the correlation-renormalized carrier
mass and concentration, respectively. The scale of �p is thus
sensitive to Vc/γ = 4.6|t |. Hereafter we set the temperature
to kBT = 0.4|t | to stay clear of broken-symmetry [51] states.

The model (1) is solved using the VWF+1/N f scheme
which has been elaborated extensively in a methodological
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FIG. 3. Paramagnon energies for (Bi, Pb)2(Sr, La)2CuO6+δ along the M/2-X -�-M Brillouin-zone contour. Top panels [(a)–(c)] show the
propagation energy, ωp, as obtained from SGA f + 1/N f approach (red solid lines) and experiment [19] (circles) at three hole-doping levels,
δ = 0.21, δ = 0.16, and δ = 0.11. The color maps represent calculated imaginary part of dynamical spin susceptibility, ranging from blue (low
intensity) to white (high intensity). Panels (d)–(f) and (g)–(i) show the bare paramagnon energies and damping rate (ω0 and γ , respectively).
Lines and circles are SGA f + 1/N f results and RIXS data [19], respectively.

paper, see Ref. [41]. In brief, the method is based on the
energy functional Evar ≡ 〈
var|Ĥ|
var〉/〈
var|
var〉, defined
in terms of the variational state |
var〉 ≡ P̂var (λ)|
0〉, where
|
0〉 is an uncorrelated wave function. The operator P̂var (λ)
adjusts weights of many-body configurations in |
var〉 and
depends on a vector composed of variational parameters,
λ, subjected to additional constraints [41]. By application
of linked-cluster expansion in real space, Evar = Evar (P,λ)
becomes a functional of “lines”, Piσ jσ ′ ≡ 〈ĉ†

iσ ĉ jσ ′ 〉, and λ.
We use the Statistically consistent Gutzwiller Approximation
(SGA) [52] to truncate diagrammatic series for Evar, which
results in a SGA f + 1/N f variant of VWF+1/N f . We also
approximate the long-range part of the Coulomb energy as
〈V̂ 〉 ≈ 1

2

∑
i �= j Vi j〈ni〉〈n j〉, effectively disregarding nonlocal

lines which is justified at large distances. As a second step,
P → P(τ ) and λ → λ(τ ) are promoted to (imaginary-time)
dynamical fields. Finally, the Euclidean action for P(τ ), λ(τ ),
and other auxiliary fields, is constructed and used to gen-
erate dynamical spin- and charge- collective susceptibilities,
χs(k, iωn) and χc(k, iωn), respectively. Analytic continuation
is carried out as iωn → ω + i0.02|t |.

To make a comparison with experiment, it is necessary to
extract paramagnon energies and their damping rates from the
calculated spectra. This is done by damped harmonic oscilla-
tor modeling [53] of the imaginary part of the dynamical spin
susceptibility

χ ′′
s (k, ω) = 2A(k)γ (k)ω[

ω2 − ω2
0(k)

]2 + 4γ 2(k)ω2
+ χ ′′

s,in(k, ω), (3)

where A(k), ω0(k), and γ (k) denote the amplitude, bare en-
ergy, and damping rate, respectively. Crucially, ω0(k) does
not represent the physical paramagnon energy, and it re-
mains nonzero even if magnetic excitations are overdamped.
The relevant parameter is thus the real part of the quasipar-

ticle pole, ωp(k) =
√

ω2
0(k) − γ 2(k) if ω0(k) > γ (k), and

zero otherwise. The last term represents the incoherent part,
χ ′′

s,in(k, ω), providing background to the oscillator peak. We
model χ ′′

s,in(k, ω) as the Lindhard susceptibility (defined as
the loop integral, evaluated with Landau quasiparticle Green’s
functions), multiplied by a linear function of ω to allow for
spectral-weight redistribution between the coherent- and inco-
herent parts. Thus, χ ′′

s,in(k, ω) ≡ [B(k) + ωC(k)] · χ ′′
0s(k, ω),

where B(k) � 0 and C(k) are free k-dependent parameters.
This form of χ ′′

s,in(k, ω) reflects the fermiology of the under-
lying correlated electronic system.

III. RESULTS

Representative least-squares fits of imaginary parts of
the SGA f + 1/N f susceptibilities over the energy range ap-
proximately encompassing nonzero values of χ ′′

s (k, ω), are
displayed in left panels of Fig. 2. Blue circles in (a), (c),
(e), and (g) represent calculated χ ′′

s (k, ω) for k = (0.5, 0, 0),
(0.5, 0.5, 0), (0.03, 0, 0), and (0.03, 0.03, 0), respectively.
The green and blue regions are the incoherent and har-
monic parts, respectively. The red line marks the sum of
the two, reproducing faithfully the SGA f + 1/N f result. For
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completeness, by black dotted lines we depict the Lindhard
susceptibility, character of which varies across the BZ. A
substantial directional anisotropy of spin dynamics is appar-
ent, with coherent oscillator peaks appearing only along the
antinodal line. In the right panels, the corresponding charge
response, χ ′′

c (k, ω), is plotted. A clear distinction between the
incoherent part and plasmon peak should be noted for the
experimentally relevant regime of small in-plane momentum
transfers, hence we identify the plasmon energy with the peak
position in χ ′′

c (k, ω).
We now proceed to a unified quantitative analy-

sis of both paramagnon and plasmon dynamics in
(Bi, Pb)2(Sr, La)2CuO6+δ . In Fig. 3 we compare the
calculated SGA f + 1/N f paramagnon characteristics with
RIXS data for hole-doping levels δ = 0.21 [(a), (d), (g)],
δ = 0.16 [(b), (e), (h)], and δ = 0.11 [(c), (f), (i)]. Top panels
[(a)–(c)] show the SGA f + 1/N f (red solid lines) and RIXS
[19] (solid circles) paramagnon propagation energies, ωp(k).
Color maps represent imaginary part of the dynamical spin
susceptibility, with blue and white colors mapping to low- and
high-intensity regions, respectively. The agreement between
theory and experiment is semiquantitative for all doping
levels, with the exception of the �-M direction for δ = 0.11.
In the latter case, SGA f + 1/N f yields overdamped magnetic
dynamics (ωp(k) = 0), whereas RIXS data corresponds to a
substantially damped, but still resonant response. A significant
anisotropy between the nodal (�-M) and antinodal (�-X )
directions is consistently observed both in SGA f + 1/N f

and experimental data. Namely, the antinodal paramagnons
persist across the entire doping range, but become rapidly
overdamped with increasing doping along the nodal line. We
note that a comparable agreement with RIXS paramagnon
spectra has been recently achieved within a single-layer model
[40]. This points towards a predominately two-dimensional
character of spin excitations, which is also supported by
investigation of the static response, detailed below.

In Figs. 3(d)–3(f) and 3(g)–3(i), we carry out an analysis
of the underlying bare paramagnon energies and damping,
ω0(k) and γ (k), respectively. Solid lines mark the parameters
extracted from SGA f + 1/N f spin susceptibilities, with the
use of model (3), whereas solid circles are the RIXS data
of Ref. [19], processed in an analogous manner. The overall
agreement of both quantities with experiment is semiquan-
titative across the phase diagram, with the exception of the
�-M line in the underdoped case, where SGA f + 1/N f yields
larger damping rates, and close to the � point for the over-
doped situation.

We turn next to the discussion of charge excitations for
the same model parameters as those used to generate Fig. 3.
The wave-vector transfers are hereafter represented as k =
(h 2π

a , 0, l 2π
c ), with c taken as 2d to account for two primitive

cells in a crystallographic cell [54]. In Fig. 4(a), the calculated
plasmon energies as a function of l are displayed for h = 0.03
(blue line) and h = 0.05 (red line), and compared with the
corresponding RIXS data [26] for Bi2Sr1.6La0.4CuO6+δ . For
reference, in panel (b) we show raw imaginary part of the
SGAλd + 1/N f charge susceptibility for h = 0.03, used to
obtain theoretical dispersion curve [blue line in (a)]. Panel
(c) exhibits in-plane plasmon dispersion relations for two
fixed values of the out-of-plane wave-vector transfer, l = 1.5

FIG. 4. Plasmon dispersion in Bi2Sr1.6La0.4CuO6+δ at doping
δ = 0.16. Lines and symbols are SGA f + 1/N f results and the RIXS
data of Ref. [26], respectively. Panel (a) shows the data as a function
the out-of-plane momentum transfer, l , for fixed h = 0.03 (blue
color) and h = 0.05 (red color). In panel (c), two in-plane cuts for
l = 1.5 (blue) and l = 1.75 (red) are displayed. In (b) and (d), the
corresponding raw SGA f + 1/N f dynamical charge susceptibilities
are shown. Wave vectors are expressed as k = (h 2π

a , 0, l 2π

c ), with
c = 2d .

and l = 1.75, as a function of h. In panel (d), we display
unprocessed χ ′′

c for l = 1.5. The agreement between theory
and experiment is quantitative along all BZ contours. As is
seen in Fig. 4(a), plasmon modes disperse strongly along the
out-of-plane direction, with the minimum energy for l = 1,
corresponding to antiphase charge fluctuations on neighboring
CuO2 planes.

For the sake of completeness, we also examine the sta-
bility of the paramagnetic metallic state against fluctuations.
In Fig. 5, static spin [panel (a)] and charge [panel (b)]
susceptibilities are displayed along the �-X -M-�-Z-R-A-Z
contour (cf. Fig. 1) for the three doping levels, δ = 0.21, 0.16,
and 0.11. The susceptibilities remain finite along the high-
symmetry directions, with an increasing tendency towards
antiferromagnetic instability as half-filling is approached [en-
hanced values of χ ′

s(k, ω = 0) at the M point; cf. panel (a)].
On the other hand, the charge response [panel (b)] depends
only weakly on doping, indicating that the system stays clear
of charge-density wave (CDW) order in the considered tem-
perature range. As is seen in Fig. 5, spin fluctuations are
two-dimensional with barely distinguishable �-X -M-� and
Z-R-A-Z profiles, whereas charge response exhibits qualita-
tively distinct behavior around the � and Z points. Our results
support the physical picture of at most moderate screening
of the nonlocal Coulomb interaction, so that the plasmon
excitations are influenced by its algebraic tail. On the other
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FIG. 5. Calculated static spin [panel (a)] and charge [panel(b)]
susceptibilities for hole doping δ = 0.21 (red solid lines), δ = 0.16
(green dashed line), and δ = 0.11 (blue dash-dotted line). The uni-
versal feature at point M [in the case (a)] and at � [in the case (b)]
should be noted.

hand, the paramagnons are weakly affected by the nonlocal
terms. The three-dimensional extension of the Hubbard model
with inclusion of the long-range interactions is thus required
primarily to quantitatively describe charge excitations. The
impact of those terms on equilibrium properties has been
discussed elsewhere [46].

IV. OUTLOOK

We have carried out a quantitative analysis of collective
spin- and charge excitations in a microscopic model of high-Tc

copper oxides. Those modes are present in wide temperature
and doping range and, in particular, in the regime where
no long-range spin-density-wave or CDW order occur. The
principal difficulty in describing them is due to the strongly
correlated character of the underlying electronic states.
This circumstance necessitates a generalization of Moriya-
Hertz-Millis-type approach to incorporate fluctuations into
a nonstandard reference state and going systematically be-
yond the renormalized mean-field theory (RMFT) [41]. The
dynamical effects are included by 1/N f expansion around
the variationally determined saddle-point solution, repro-
ducing the experimental data semiquantitatively within a
single scheme and for once fixed microscopic parameters
[cf. Figs. 3(a)–3(c) and 4(a) and 4(c)]. In conjunction with

the former comprehensive VWF analysis of the static- and
single-particle properties of high-Tc cuprates [31,42–46], en-
compassing SC/CDW phases, Fermi-velocity/wave-vector,
quasiparticle masses, and kinetic energy gain at SC transition,
we arrive here at a consistent semiquantitative description of
both static- and collective dynamic properties of hole-doped
high-Tc materials. Those aspects should be studied further
within a more realistic three-band model of high-Tc SC, either
in the Hubbard or t-J-U -V form [31].

The untouched questions comprise pseudogap formation
and temperature-dependence of electrical resistivity, when the
quantum fluctuations are tackled explicitly along the lines
presented here. This requires supplementing the present ap-
proach with calculations of single-particle self-energy and
subleading fluctuation free-energy corrections, all in a fully
self-consistent manner. Such a task poses a substantial chal-
lenge. Finally, within the strong-correlation picture, both the
real-space pairing and AF correlations in the cuprates share
the same source: kinetic exchange interaction ∝ ŜiŜ j − 1

4 n̂in̂ j ,
that may be equivalently expressed in terms of singlet pairing
operators b̂†

i j ≡ 1√
2
(ĉ†

i↑ĉ†
j↓ − ĉ†

i↓ĉ†
j↑) [55]. The considered here

paramagnetic ground state is also spin singlet, and the elemen-
tary paramagnon excitations are associated with singlet-triplet
(S = 0 to S = 1) transitions. Their robustness in hole-doped
cuprates supports thus indirectly also the exchange-driven
real-space pairing viewpoint, calling for an extension of the
VWF+1/N f approach to incorporate the SC state. This re-
quires accounting for the SC gap fluctuations through the
anomalous lines, Siσ jσ ′ = 〈ĉiσ ĉ jσ ′ 〉 [31,44,56], introducing
additional complexity to the problem, and should be treated
separately.

To recapitulate, the VWF solution going systematically
beyond RMFT (Diagrammatic Expansion of the Gutzwiller
Wave Function, DE-GWF, scheme [31,42–46]), combined
with the present VWF+1/N f approach, supports in a quanti-
tative manner a mutual relationship between strong-electronic
correlations and collective dynamics in high-Tc cuprates. A
separate question concerns the analysis of the t-J-model limit
for U → ∞. This can be carried out within the generalized
t-J-U model [31], covering both the Hubbard (for J = 0) and
t-J model (U → ∞) limits [57].
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