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We show that an isotropic dipolar particle in the vicinity of a substrate made of nonreciprocal plasmonic
materials can experience a lateral thermal-fluctuations-induced force and torque when the particle’s temperature
differs from that of the slab and the environment. We connect the existence of the lateral force to the asymmetric
dispersion of nonreciprocal surface polaritons and the existence of the lateral torque to the spin-momentum
locking of such surface waves. Using the formalism of fluctuational electrodynamics, we show that the features
of lateral force and torque should be experimentally observable using a substrate of doped indium antimonide
(InSb) placed in an external magnetic field, and for a variety of dielectric particles. Interestingly, we also find
that the directions of the lateral force and the torque depend on the constituent materials of the particles, which
suggests a sorting mechanism based on nonequilibrium fluctuational electrodynamics.
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I. INTRODUCTION

Nonreciprocal electromagnetic surface waves can occur at
an interface between two semi-infinite bulk regions, at least
one of which breaks reciprocity. Notable examples include
surface waves at the interface between gyrotropic medium
and regular dielectric as well as one-way edge modes at the
interface between electromagnetic analogues of topological
and regular insulators [1-6]. In many cases, the existence of
such nonreciprocal surface states is linked with the nontrivial
topological behavior of the bulk region making them funda-
mentally intriguing [7-9]. They are also useful for practical
devices like isolators, circulators, phase shifters, and lasers
[10,11].

In this paper, we show that the nonreciprocal surface waves
have intriguing fundamental implications for nonequilibrium
fluctuational electrodynamics [12,13]. As illustrated in Fig. 1,
we consider an exemplary system comprising a reciprocal
nanoparticle in the vicinity of a gyrotropic plasmonic sub-
strate, consisting of a doped InSb slab in the presence of a
magnetic field applied parallel to its surface (along x-axis).
The slab supports nonreciprocal surface plasmon polaritons
(SPPs) whose asymmetric dispersion (w(k) # w(—Kk)) is de-
picted in the inset under a Voigt configuration. These SPPs
carry not only linear momentum but also spin angular mo-
mentum locked transverse to the linear momentum [14,15].
When the particle’s temperature (7,,) differs from the temper-
ature of its surroundings including the slab (7), there is a net
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exchange of thermal-fluctuations-generated photons between
the particle and the nonreciprocal SPPs. Since the resulting
exchange of linear momentum and spin angular momentum
is asymmetric with respect to forward and backward SPPs,
we find that the particle experiences a lateral nonequilibrium
force (Fy) transverse to applied magnetic field, and a lateral
nonequilibrium torque (M, ) parallel to magnetic field.

We provide a rigorous fluctuational electrodynamic anal-
ysis of these effects applicable to a particle in the vicinity
of a bianisotropic substrate, not limited to the Voigt config-
uration of the schematic. Instead of the usual trace formulas
in Casimir physics, we provide semi-analytic expressions
for force and torque, which are more transparent in cap-
turing the flow of energy, linear and angular momenta
between the particle and the SPPs. Using these expressions,
we prove that a lateral force and torque on an isotropic
particle are not possible for reciprocal substrate, or for ei-
ther reciprocal or nonreciprocal substrate under equilibrium
condition (T, = 7).

Moreover, since the particle interacts with large wave-
vector SPPs where nonlocal dielectric response cannot be
ignored, we use a nonlocal hydrodynamic magnetoplasma
model of InSb, which indicates the absence of strictly uni-
directional SPPs [16]. Our calculations show that the lateral
force and torque arise because of nonreciprocity, and do not
require strictly unidirectional states. We also clarify that our
analysis incorporates both thermal fluctuations and quantum
(zero-point) fluctuations of photons. However, the contribu-
tion of quantum fluctuations to the effects discussed in this
paper is either zero or negligible compared to the contribution
of thermal fluctuations. Therefore, although our theory cap-
tures Casimir physics for general situations involving thermal
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FIG. 1. We illustrate nonequilibrium lateral force and torque on
an isotropic dipolar nanoparticle in the near field of a doped InSb
slab placed in magnetic field parallel to its surface. We assume a
static magnetic field is applied along x axis of the geometry and
clarify the asymmetric interaction of the particle with nonreciprocal
SPPs of the slab along y axis (Voigt configuration). The asymmetric
dispersion shown in the inset reveals the unequal magnitude of linear
momentum for forward and backward SPPs of equal frequency. The
SPPs also carry transverse spin angular momentum locked to their
momentum as displayed. When the particle’s temperature 7, is differ-
ent from the temperature 7, of the rest of the system, the net exchange
of linear and spin angular momentum via fluctuations-generated
photons is asymmetric with respect to forward and backward SPPs
causing a lateral force transverse to applied field (F,) and a lateral
torque parallel to applied field (M,).

nonequilibrium, we avoid identifying the discussed fluctua-
tional phenomena as Casimir effects since they primarily rely
on the differences in thermal fluctuations at nonzero tempera-
tures.

Fluctuational electrodynamics of nonreciprocal systems
is an emerging research topic with recent theoretical pro-
posals for new fundamental effects [17-20] and practical
applications [21-24] related to thermal radiation and radia-
tive heat transfer. Other related works explored the effects of
nonreciprocity on fluctuations-induced torque and force for
quantum optical systems like excited atoms [25,26], force
between closely separated plates [27,28], and torque for a
single isolated sphere [29] or closely-separated nanoparti-
cles [30]. However, the important fundamental connection
between the asymmetric properties of nonreciprocal surface
waves and the behaviors of these nonequilibrium fluctuational

paper thoroughly explains this connection. Moreover, con-
trolled experiments probing these effects of nonreciprocity
are quite challenging. For example, for the well-known plate-
plate geometry [27,28], these effects are quite weak due to
the large inertia of the bulk plates. In contrast, our concrete
predictions for a sphere-plate geometry indicate that these
effects can be readily detected in modern Casimir [12,13,25]
and nanoscale heat transfer [31,32] experiments. We also re-
veal interesting dependence of directionalities of the lateral
features on the material composition of the particle. We note
that the lateral Casimir forces for equilibrium systems have
been studied previously in Refs. [33-37]. In these systems,
lateral force can only arise from nonuniform lateral configu-
rations. In contrast, lateral nonequilibrium fluctuational force
in our nonreciprocal system can arise despite the translational
invariance of the substrate in the lateral directions.

II. THEORY

We consider a dipolar particle characterized by isotropic
polarizability tensor o = cgl3x3 and placed at a distance d
from a generic bianisotropic planar substrate. The particle is
at temperature 7, and the entire environment surrounding the
particle, including the substrate and the vacuum half-space,
is at temperature 7,. Using fluctuational electrodynamics, the
spectral densities of the net power transfer from the particle to
the environment P(w), the force Fj(w) and the torque M;(w)
on the particle for j = [x, y, z] are [36,38]

P(@) = olm[(p] (@)E (@)} + (p}* (@E] @)], (1)
Fj() = Re[(pl(0)d,E (o)) + (P (@) EX (@))].  (2)

Mj(w) = ejuRe[(pl()E™ (@) + (PP (E! ()], (3)

where Einstein summation convention is used with j, k,[ €
[x, v, z]. (- - - ) denotes statistical ensemble average of the fluc-
tuating quantities enclosed within. These physical quantities
are expressed in SI units and the total power, force, and torque
are obtained by integrating over both positive and negative fre-
quencies as Q' = ffooo O(w)dw/2mw where Q = {P, Fj, M;}.
Here p'M = eparjx E} is the dipole moment induced in the par-
ticle by the environment field fluctuations. Ei" is the field at
the dipole location by the fluctuating dipole moment itself. In
general, the field E}"d(rz, ) at an arbitrary location r, gener-
ated by the dipole moment p‘} (r, w) at the spatial position r
is given by E}“d(rz, w) = &* oG (ra, 11, w)pg(rl, ) where
Gjk(r2, r1, ) is the Green’s function. The semi-analytic form
of Green’s function in the dipole-plate geometry consid-
ered here has been previously derived [19]. Its simplified

form as a summation over plane waves is G(ry, I, ) =

. . dzk =
forces and torques has not been discussed previously. Our [ ﬁGk(rl, r;, w) where
|
vacuum part reflected part
= . i - -
_ ik -(Ri—R ik(z-2)[a af 4 a af ik, (214 A a al A a al
Gy = ™M™ Z)E |:e @ zz)[es+es+ + ep+ep+] +el zz)[(rmeH + 1ps€p )& + (rplsy + erep+)ep—] ] 4
Z

Here r = (R, z) is the position vector. k; = (kj cos ¢, k| sin ¢) is the in-plane momentum such that ¢ is the angle with x axis
of the geometry. k, is the perpendicular wave-vector component such that kf + kﬁ = k3 where ko = w/c. rj for j k € [s, p]
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denotes the Fresnel reflection coefficient, which is the amplitude of j-polarized reflected light when unit-amplitude k-polarized
light characterized by (w, k), ¢) is incident. The polarization vectors €, for j = [s, p] for waves going along &, direction are:

+k_ sing |. Q)

The calculation of the power, force, and torque in Eqgs. (1)—(3) relies on p? and Ejﬂ, which denote statistically uncorrelated particle
dipole moment fluctuations and environment field fluctuations at the dipole location respectively. They satisfy the following
fluctuation dissipation theorems (FDTs) based on linear response theory [39]:

* o) -
(Pl @) = ——

. Gj(ry, 1y, ) —
(N1, 0 (55, 0)) = ~2—2

Olk]

ij(rZ, rla C{))

()Eo

—@(a) T,)2r)é(w — ), (6)

pow®(w, T,)2m)8(w — '), (7)

2i
where (- - -

) denotes the statistical ensemble average and O(w, T') = hw/2 + hiw/[exp(hiw/kgT ) — 1] is the Planck’s function

giving the mean energy of a harmonic oscillator of frequency w at thermodynamic temperature 7. In the derivation of the
spectral densities [Egs. (1)-(3)] from the real-valued dipole moment p;(t) = ffo do p (w)e™ ™ and electric field E i) =

0o 27 Pi

I > d‘”E e~ the factor of (277) in the above FDTs gets canceled upon integration over frequency ' and only equal frequency

oo 21

correlatlons survive. Using the FDTs and the Green’s function, we derive the following semi-analytic expressions for the spectral
densities (with intermediate steps provided in the Appendix A, B, and C):

2
P(w) = (O, — Of, )kOIm{ozo(a))}|: / dk”f d¢Im<
2
Fi(w) = —<®T,,—®T)—Im{ao<w>} / dky f d¢1m(’k

2 .
F.(w) = —(O, +®T)—Im{ao(a))} / dk; f d¢1m< ikje

2

2w
M (w) = —(Of, — ®T,,)—01m{050(w)}[ dk f d¢

2
M. (w) = (O, _®T)_Im{a0(w)}/ dkH/ d

Fy(w) = F(w, cos ¢ — sing), M, ()

Total power, force, and torque are obtained by integrating
corresponding spectral density over all frequencies as Q' =
[7, O(w)dw/2m where Q = {P, F;, M;}. The term outside
the wave-vector integration in Eq. (8) comes from the heat
transfer between the particle and the vacuum half space. Such
transfer does not lead to any force or torque for an isotropic
particle. The terms inside the wave-vector integration indi-
cate the interaction between the particle and the substrate via
quantum- and thermal-fluctuations-generated photons char-
acterized by their frequency @ and in-plane wave-vector
components (k, = kj cos ¢, k, = kj sin ¢). Electromagnetic
response of the substrate enters through the Fresnel reflec-
tion coefficients rj; for j, k € [s, p] defined above. Here we
assume that there are no relative translational or rotational mo-
tions between the particle and the substrate. In the presence of
such relative motions, Egs. (8)—(13) will need to be modified
to take into account resulting Doppler shift in the frequency
of photons being exchanged. The extension of Egs. (8)—(13)
taking into account the rotation of the particle, is provided
in Appendix D where we show that the corrections due to
such relative motions are in general quite small since these
motions are usually in the nonrelativistic regime. Therefore,
in practice, Egs. (8)—(13) are sufficient for achievable exper-

sz d

[rm + rop (2K /kg — 1)])], (8)

2ik.d

m2k;

[r&Y + rpp(2kﬁ/k§ — l)]k” cos qb), )

2ik.d
= [ros + rpp (2K /kG — )]), (10)

_ 2ik.d 2ik.d
|:cos¢lm{(rsP pr)e }+2sin¢1m{%” (11)
+ rp)e?™], (12)
= M,(w, cos¢p — 51n¢, singp — —cos¢). (13)

imental situations. We note that the phenomenon of quantum
friction or lateral force for moving slabs in relative motion
has been previously investigated in Refs. [29,40—42]. While
a moving medium can be described by a stationary nonrecip-
rocal magnetoelectric medium for analyzing electromagnetic
waves inside it [43], such a description is not applicable for
the calculation of fluctuations-induced interactions between
moving objects because it does not capture the Doppler fre-
quency shift of the exchanged photons. When all bodies are
at the same temperature (thermal equilibrium), a moving slab
can cause a lateral Casimir force on a dielectric particle in
its vicinity while a stationary nonreciprocal magnetoelectric
medium does not lead to such equilibrium lateral force on the
particle.

We note that all components of force and torque can be
separately derived by dividing the integrand in the power
spectral density [Eq. (8)] by the photon energy 7w, mul-
tiplying by linear momentum vector /i(k cos ¢, k; sin ¢, kz)
and spin angular momentum vector 7(sin ¢, —cos ¢, 0) of
polaritons, and accounting for whether the photon is emitted
or absorbed by the particle. This physically meaningful alter-
native derivation is exact for force calculation but approximate
for torque calculation because the spin angular momentum
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hi(sin ¢, — cos ¢, 0) is exact only for large wave vector polari-
tons (kj > ko) (also proved separately in the Appendix C).
The alternative derivation reveals the intimate connection be-
tween energy, linear and angular momentum transfer in our
system.

Equations (9)—(13) are consistent with some of the general
physics constraints. At thermal equilibrium (O, = Or,), all
force and torque components as predicted by Egs. (9)-(13)
are zero except the perpendicular force F;. This follows from
the observation that the Casimir free energy of the system de-
pends on the vertical displacement d between the particle and
the substrate but not the lateral displacement. For a substrate
made of reciprocal media, the Fresnel coefficients satisfy the
reciprocity constraints rg pp(kj, ¢) = 75, pp(ky, ¢ + ) and
rsp(ky, @) = —1ps(ky, ¢ + 1) [24,44]. By integrating Eqs. (9)
to (13), it follows that there is no lateral force and no lateral
torque on the particle in the near field of a reciprocal medium,
for both equilibrium and nonequilibrium scenarios. For a
nonreciprocal medium, the reciprocity constraints no longer
hold and therefore, one can expect to see nontrivial effects
for the nonequilibrium scenarios. Therefore, we consider a
substrate made of doped InSb with external magnetic field,
which results in a strong nonreciprocity in its electromagnetic
response. The reflection coefficients in equations 8 to 13 are
obtained by solving the boundary conditions at the interface
[16].

III. RESULTS

We consider both a local model and a nonlocal model
[16] for the permittivity of InSb to highlight some of the
consequences of the nonlocal dielectric response. Figure 2(a)
shows the frequency-dependent local permittivity (¢ (w) for
J,k =1[x,y,z]) of InSb slab in presence of magnetic field
B = 1T applied along x axis. The variation of diagonal
components reveals the approximate locations of the sur-
face phonon (higher branch) and plasmon (lower branch)
polaritons, henceforth denoted by the acronym SPhP and
SPP, respectively. Figure 2(b) shows the polaritonic disper-
sion (w(k)) of nonreciprocal SPPs propagating in different
directions. Since the behavior is the same for nonreciprocal
SPhPs, we focus on SPPs in this figure. As shown in the inset,
because of the Zeeman interaction between the spin magnetic
moment of nonreciprocal surface polaritons and the magnetic
field [19], the polaritons making an angle ¢ € [0, 7) with
B-field and carrying positive momentum k, > 0 experience a
redshift whereas the polaritons characterized by ¢ € [m, 27)
or k, < 0 experience a blueshift compared to the dispersion
in the absence of the magnetic field (B = 0). Based on the
momentum k,, the red-shifted polaritons can be collectively
interpreted as forward waves and blue-shifted polaritons as
backward waves. Due to these opposite frequency shifts, the
forward and backward momentum waves of equal frequency
carry very different momentum and experience unequal near-
field coupling with the particle [proportional to e~2:!¢ in
Egs. (8)-(13)], leading to a lateral force and torque.

Figure. 2(b) shows the SPP dispersion using both a non-
local model (solid lines) and a local model (dashed lines). At
large wave vectors, w(kj ) increases based on a nonlocal model
while it reaches a constant value based on a local model.
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FIG. 2. (a) The frequency-dependent local permittivity of InSb
slab in magnetic field B = 1T reveals the approximate locations of
surface polaritons. (b) Dispersion w(k;) for SPPs propagating at an
in-plane angle ¢ with B field shows redshift for ¢ € [0, ) (k, > 0)
and blueshift for ¢ € [, 2m) (k, < 0). Dispersion is plotted using
both a nonlocal model (solid lines) and a local model (dashed lines).
(c) The force spectral density calculated using a nonlocal model
for a particle at a distance d = 0.3 um from the slab and under
operating temperatures 7, = 305K, 7, = 300K is shown by black
line. Its characteristic shape follows from the collective contributions
of red-shifted (k, > 0) forward polaritons and blue-shifted (k, < 0)
backward polaritons, which are plotted separately as dashed lines.
(d) and (e) respectively demonstrate the power and torque spectral
densities (black lines). The separately plotted collective contributions
of red-shifted and blue-shifted polaritons (dashed lines) clarify the
asymmetric flow of energy and angular momenta respectively. (f)
shows the force spectral density obtained using local and nonlocal
models.

While this reveals a stark contrast between the two models
pertaining to presence or absence of strictly unidirectional
SPPs [16], we note that the lateral force and torque arise due
to opposite frequency shifts of forward and backward waves
noted above, which occurs for both local and nonlocal models
and does not require strict unidirectionality. Nonetheless, the
magnitudes of force and torque are slightly different as we
show further below. Unless noted otherwise, all results below
are generated using a nonlocal model.

To highlight the effects of the nonreciprocal surface waves,
we first calculate the spectral densities in Eqgs. (9)—(13) as-
suming a frequency-independent polarizability, Im{o(w)} =
107 m=® for the particle. We use the temperatures
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T, = 305K and 7, = 300 K. We find that F,(w), M,(w), and
M, (w) are identically zero for this configuration. We do not
discuss the perpendicular Casimir force F,(w) here since its
behavior is well known, and focus instead on the lateral
effects. Figure 2(c) demonstrates the force spectral density
(black line) when the center of the particle is at a distance
d = 0.3 um from the surface along with the separate collec-
tive contributions of red-shifted polaritons (red dashed line)
and blue-shifted polaritons (blue dashed line). In the case of
T, > T, there is a net emission from the particle to the sub-
strate. The emission to red-shifted and blue-shifted polaritons
provides a negative (F, < 0) and positive (F, > 0) contri-
bution to the force, from linear momentum conservation, as
they carry positive (k, > 0) and negative (k, < 0) momentum,
respectively. The difference in these two contributions arising
from the nonreciprocity in the dispersion of surface waves,
results in the lateral nonequilibrium Casimir force. Figure 2(d)
demonstrates the torque spectral density (black line) where the
sign of the torque follows from the separate contributions of
red-shifted and blue-shifted polaritons carrying positive and
negative transverse spin (along x axis) respectively, and based
on angular momentum conservation. And again, the differ-
ence in these two collective contributions causes the lateral
nonequilibrium Casimir torque.

Figure 2(e) also highlights the asymmetry in the net power
transfer from the particle to forward and backward nonrecip-
rocal surface waves and the resulting spectrally broadened
total contribution (black line). Figure 2(f) plots the force
spectral density based on local and nonlocal models. The
local model overestimates the magnitude of the force and
its spectrum is red-shifted compared to that obtained using
the nonlocal model. We also note that the strength of nonre-
ciprocity as characterized by the magnitude of €,, shown by
blue, green curves in Fig. 2(a) is smaller for SPhP frequencies
than for SPP frequencies. Since SPhPs experience low loss
than SPPs, the resonant enhancement of nonreciprocity is
higher for SPhPs due to higher quality factor than for SPPs,
eventually leading to comparable contributions to the spectral
densities of power, force, and torque.

To estimate the magnitude of the total lateral force and
torque in potential experiments, we consider various nanopar-
ticles (PbTe, AgBr, CdTe, AgCl, NaCl, ZnSe, undoped InAs)
of radius R = 200 nm whose polarizability response functions
are shown in Fig. 3(a). The material permittivity €(w) is ob-
tained from various references [45—47] and the polarizability
is calculated as o(w) = 4R [e(w) — 1]/[e(w) + 2] using a
dipolar approximation, which is fairly accurate since the par-
ticle radius is much smaller than the relevant wavelengths of
45-90 um (deep subwavelength regime). The stated materials
were chosen because they exhibit a strong resonant response
in the aforementioned frequency range. By comparing the
resonant frequency of the particle with the frequencies of
red-shifted and blue-shifted nonreciprocal SPPs and SPhPs of
InSb, we can deduce the directionalities of the lateral force
and torque. Assuming warm particles (7, > T), it follows that
AgBr, PbTe particles experience F, < 0 and M} < 0 since
they emit photons dominantly to red-shifted SPPs while all
other particles experience F > 0 and M. > 0 since they emit
photons dominantly to blue-shifted SPPs or SPhPs. The op-
posite force behavior for different materials suggests that it

[
=

I
=

Imag(a(w))

o
o

22
6 0 02 04 06 08 1 12 14 1.6 18
@ Distance, dS [um]

10° doped InSP

Torque, M [N.m.]

2

Rotational Velocity, Q [rad./s.]

1028 o
0 02 04 06 08 1 12 L4 16 18 0 020406 08 1 12 L4 16 18
Distance, dg [um]

Distance, d& [um]

FIG. 3. (a) We consider nanoparticles of radius R = 200 nm and
made of different materials such that they exhibit dipolar resonances
over the frequency range of interest. [(b),(c)] demonstrate the depen-
dence of force and torque on surface-to-surface distance d; = d — R
for AgBr (red) and NaCl (blue) nanoparticles for two different oper-
ating temperatures 7,, = 310K (solid lines) and 7, = 500 K (dashed
lines) assuming 7, = 300 K. (d) We consider a potential experiment
where the same AgBr and NaCl particles are trapped near InSb slab
in B = 1Tx inside a vacuum chamber of pressure 107> torr. The par-
ticles reach a steady state angular velocity at which the lateral torque
is balanced by the rotational drag of imperfect vacuum. The figure
plots the distance dependence of steady-state rotational velocities for
operating temperatures 7, = 310K and 7, = 300 K.

might be possible to use such lateral force to sort particles
based on the material composition.

Figures 3(b) and 3(c) demonstrate the distance dependence
of lateral force and torque on AgBr (red lines) and NaCl (blue
lines) particles of radius R = 200 nm for temperatures 7, =
310K (solid lines) and 7, = 500K (dashed lines) assuming
T, = 300 K. The magnitudes of force and torque increase
as the particle’s temperature increases. For both choices of
T,, their magnitudes increase as the particle-surface sepa-
ration decreases. For NaCl particle at 7, = 500K, lateral
force F! ~ 107'°N and lateral torque M’ ~ 1072 Nm are
observed when the vacuum gap spacing between the particle
and the substrate is reduced to few nanometers. Such a force
is in fact comparable to the force of gravity on the particle.
For NaCl particle of mass density p = 2.165 g/cm?, gravity
force is W = 7.3 x 107! N. For AgBr particle of mass den-
sity p = 6.47g/cm?, gravity force is W =2.17 x 10716 N,
Ultrasensitive detection of force of magnitude 1072°N and
torque of magnitude 102" Nm have been realized in experi-
ments [12,13,48,49]. Other recent experiments have measured
near-field heat transfer at nanoscale under large temperature
differentials [31,32,50-52]. In Ref. [32], temperature differ-
ences larger than 100 K were maintained between a tip and
a plate separated by 2 nm. Therefore, we are optimistic that
the experimental demonstration of our predictions should be
feasible.
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We also consider an alternative experiment where the
particle is optically levitated in the near field of InSb slab
inside a vacuum chamber. The particle at temperature T, # T,
experiences a lateral thermal-fluctuations-induced torque M,
which causes an angular acceleration about x axis. As the
particle’s angular velocity (£2) increases, there is also an addi-
tional damping torque from the residual air molecules inside
the vacuum chamber. The damping torque opposes the angular
velocity and it can be described as [53,54]

ngasn(ZR)4 2ngas
Myamp = — = —Vdamp $2 14
damp 11976\ ker, T (9

where R is the radius of the nanoparticle, mg, = 4.8 x
10726 kg is the average mass of air molecule, and Dgas 18 the air
pressure. Using the particle’s moment of inertia I, = %mPRz,
the evolution of its angular velocity follows the following
stochastic equation derived using Brownian theory [55]:

M, 2Vaampkis T,
a2 = T - Bmaar v [TEE a5

where dW is a normally distributed random number of mean
(dW) =0 and standard deviation (dW?)=dt and dt is
the time step much smaller than the relaxation timescale
Oy /Vdamp)- The term multiplying dW, also known as
fluctuation—dissipation theorem (FDT), indicates that the
strength of the fluctuations is related to the dissipation or
damping rate. This FDT characterizes the mechanical thermal
noise, which approximates the stochastic force arising from
the interaction of the particle with a large number of the
residual air molecules of the chamber. The above equation is
simulated using Euler Maruyama method over a large num-
ber of trajectories [55]. In the absence of gyrotropy-induced
lateral torque (M, = 0), the specific form of FDT ensures that
the average rotational energy of the particle given by %IXQ2
is equal to kpT,/2 at equilibrium with the environment at
temperature 7, (equipartition law). At equilibrium, the av-
erage angular velocity (2) =0 and the standard deviation
V(Q2) = kgT,/I,. For AgBr and NaCl nanoparticles in an
environment at 7, = 300 K (considered in the main text), the
typical standard deviation is /(2) ~ 10*rad/s.

In presence of nonequilibrium lateral torque (M, # 0), the
steady-state angular velocity is 25 = M /Vaamp ignoring the
mechanical thermal noise. It is straightforward to numerically
verify the intuition that this additional noise in the dynamics
can be ignored if Qg > 10*rad/s (mean standard devia-
tion due to mechanical thermal noise). For realistic vacuum
chambers of gas pressure 107 torr and lateral nonequilibrium

J

torque M, = 107" Nm attained in the near-field of InSb slab,
we find Qg > 10*rad/s. For smaller values of torque away
from the slab (M, < 1072 Nm), in general, full numerical
simulations including the mechanical thermal noise (~dW)
can be performed for calculating the steady-state mean angu-
lar velocity.

Figure 3(d) shows the steady-state rotational velocities
Qg > 10°rad/s for AgBr (red) and NaCl (blue) particles of
radius R = 200 nm in a vacuum chamber of pg,s = 1073 torr
under temperature difference of 7, — T, = 10K. For the
above parameters, the time constant I /Ygamp is of the order
of minutes for AgBr (~140s) and NaCl (~48s) particles. As
the magnetic field of 1T is turned on at r = 0, the particles
will reach these steady-state rotational velocities in few min-
utes. As displayed, the particles rotate with opposite angular
velocities and they reach rotational velocities in the MHz-GHz
range depending on their distance from the surface. Such
rotations could be detected in experiments. We note that the
nonreciprocity-induced nonequilibrium torque was recently
analyzed for a single gyrotropic particle [29] and for two
finite-size gyrotropic particles separated by small distance
[30]. The magnitude of the torque in our work is few orders
of magnitude larger than the values reported in the previous
studies due to the large density of surface polariton states in
the near field of a gyrotropic substrate [53]. We also note
that the magnitudes of the lateral nonequilibrium fluctuational
force and torque can be further enhanced using Weyl semimet-
als [56], which provide much stronger gyrotropy compared to
InSb considered here.

IV. CONCLUSION

We demonstrated that the thermal fluctuations of nonre-
ciprocal surface waves can lead to a lateral force and torque
on an isotropic nanoparticle under nonequilibrium conditions.
We clarified the origin of these effects by transparently ac-
counting for the underlying asymmetric flow of energy and
momenta. We connected the lateral force to the dispersion of
nonreciprocal surface polaritons and the lateral torque to the
spin-momentum locking. We also made predictions for po-
tential experiments to detect these nonreciprocal fluctuational
electrodynamic effects soon. Our paper indicates intriguing
opportunities at the intersection of nonreciprocity, photon
spin, nonequilibrium statistical physics, and topological ma-
terials.
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APPENDIX A: DERIVATION OF RADIATED POWER

The power exchanged with the vacuum part of the geometry corresponding to the vacuum part of the Green’s function [Eq. (4)]

is given below:

3

Pre() = %Im{ao(w)}[@n — 0]

(AD)
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The radiated power corresponding to the reflected part of the Green’s function in Eq. (4), henceforth abbreviated as
Grﬁf(r] , Iz, w), and originating from the particle dipole moment fluctuations [Eq. (6)] is

Ply(@) = o’ polm[p (r1, 0)(G3 (1, 12, 0)pe(r2, @), ]

€
_ wSMOZO@T’)Im{ao(w)}lm[Tr(Gﬁf)]
w? kydkydg ie** 2k
= §®TPIm{ao}Im[ e |:rss + rﬂl’(k_g B 1>H (A2

The radiated power corresponding to the reflected part of the Green’s function, and originating from the environment field
fluctuations [Eq. (7)] is:
P (@) = oIm[ega* (w)(E] ET)]

ref

= weoowOrIm[o (@)Im[Tr(G)]]

w? kydkyde ie**4 263
= —?(anlm{ozo}lm[ W 2kz |:rss + r,,p<k—§ - 1):|i| (A3)

The spectrum of the net radiated power from the particle to the environment provided in Eq. (8) is obtained by adding together
the above expressions.

APPENDIX B: DERIVATION OF FORCE

Because of the rotational symmetry of the spherical particle described by isotropic polarizability, the direct interaction of the
particle with vacuum does not lead to any torque or force on the particle. Therefore, we focus on the force and torque arising
from the reflected part of the Green’s function. First, we calculate the force spectrum [Eq. (2)] along x (parallel to the slab
surface) and z direction (perpendicular to the slab surface). The force originating from the environment field fluctuations is

* d *
F™(w) = Re[(egaoE] 0, ET )] = / z—wRe[(ean Elr)oy, E] (r)]
T e ——

commuting terms

= Re[(eood, EN(rDET (r2))]

r,—>r]

I—r)

= €oRe[andy, (ENrDET (r))]

ry—r)|

(—ik)Gjj(ry, r2) — (—iky )G} (12, 11)

— ®r R S JJ

EoUoVT, e|:a0 2 ]r

2T

w : d’ky ik, o . A 4 . PR
= C—2®nRe|:—zaOIm |:TI‘|: (27[ )”2 ﬁez kzd[(rssex-i- + rpsep-k)esr_ + (rspes+ + rppep+)e£_]:|:|:|

w kHdkHd(b l'k||€2ik3d 2kﬁ
= C—ZQLII’I’]{O[Q}IHII: Wz—kz COS¢) Tss + k_g —1 Fpp | |- (Bl)

Note that for reciprocal media, 7y, ,(¢) = 1y, pp(¢ + 7) because of the time-reversal symmetry. It then follows that upon
integration over the angle ¢, the integrand at ¢ cancels with the integrand at ¢ + 7 because of cos ¢ term, leading to zero
parallel force. For nonreciprocal medium, parallel force is not necessarily zero.

Similarly, the &, component of the force can be calculated. Instead of (—ik,) terms in the above derivation, we get (+ik;)
from the Green’s function, eventually leading to the following expression:

env —w kydkyde ie*" 2k
F; (a)) = C—2®nlm{a0}lm W ) Tss + k_g -1 Tpp | |- (BZ)

Note that for reciprocal media, no cancellation over angular integration occurs and the above expression leads to a force
perpendicular to the surface for both reciprocal and nonreciprocal media.
We will now calculate the force originating from the particle dipole moment fluctuations:

FP(w) = Re[(pa,E"" )]

d
= / %Re |:<p1}(1'1 )3y, (07 110G ji(r2, 1) (ry ))*>]

- r,—r
EM(r)
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= o’ poRe[{p(en)p} (0))(05,G(r2, 1), ]
= a)zuoReI:%)@TpIm{oco}S ik ((—ik )G (rp, 1)), %}

Py
= Z®T,,Im{a0}1m[ka7j(rls )]

2o, Im{ag)l kdkyd¢ ikye™! é 2k” 1 (B3)
m m COS sS - .
2 I Qr)? 2k e )

For the calculation of force along €, direction from particle dipole moment fluctuations, the partial derivative 9, leads to (—ik;)
instead of +ik, (for environment contribution) because of the complex conjugation of the Green’s function, i.e., G* (r;,rp). The
final expression for the force is

FP(0) = —2 @7 Im{ap)I / hdkdg i (K B4
z(w)—c—z T,,mOlo}m|: W 5 |:rss (E )rpp:|i|- (B4)

The net parallel and perpendicular fluctuations-induced forces acting on the particle are then obtained and provided in Egs. (9),
(10), and (13).

APPENDIX C: DERIVATION OF TORQUE

Similar to the calculation of force, we calculate the torque using the reflected part of Green’s function (indicating photons
reflected from the surface). The torque M:™ parallel to the surface and originating from the environment field fluctuations is

M™(w) = eoRelao((E,E] — E:EY))]

dow .
= / ——eoRe[ap x 2iIm{E E]}]
2w
G,, — G*,
= —Zeouoa)@nlm{ao}lm[%]
i

w o1 { }/ d2k” I kH ¢ eZikZd N . 672ikz*d lkH ¢I 21k d
—— my ¢ — COS I r ——sm my r
2 R o 2k P P ke ko " ko

- 2 orIm{a }/kudk||d¢ LN cos pIm| (ry, — 7 )& ul sin pIm{r,e*’:) (€D
e G S L T ) R oo

The torque in the direction perpendicular to the surface is

M;,nV(w) = Re[ay x lem{ExEy*}]

Gy — G},
= —2¢ouow®7,Im 2—

kydkd :
= ——G)TIm{ o} / ”(2 “)2“’5 3 MUy + rp)e™ . (€2)

The torque components M} . due to photons generated by particle dipole moment fluctuations are

MP(w) = o’ poRel( py(Goyp))* — pl(Gyep?)* )]

correlations between dipole moments

€0 * *
1o ” Or Im{ag }Re[Gzy -Gyl

w . \
= C—ZG)TPIm{otO}Im[lGZy — leZ]

G,, — G*
220 Im{ag)im | 222
c2 2i

w kydkydo k g2ikd k ;
C—2®TFIm{a0}/ H(ZT)2|: Zlgo cos qblm((rép rpS)k_z) k(ll sin (;blm{rppe2 kzd}:|. (C3)
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The torque along z direction is

Gy — G,
MP () = Z%G)Tplm{ao}hn[#}

2i
@ kydkyd¢ 1 2ik.d
= C—2®Tplm{a0}/ Wz—kolm[(rsp—i-rps)e ¢ ] (C4)

We then obtain the final expressions for the fluctuations-induced torque spectrum provided in Egs. (11), (12), and (13).

For reciprocal media, 7y, pp(0, ¢) = g5, pp(0, ¢ + ) and 75, (0, @) = —7p5(0, ¢). By summing the integrands at ¢ and ¢ + 7,
it follows that particle does not experience any torque. For InSb slab with magnetic field parallel to the surface, this is no longer
true and a lateral torque parallel to surface is observed. However, the Fresnel coefficients for this system also satisfy the condition
¥sp + 7ps = 0 [24] leading to a zero torque along z axis.

We note that all components of force and torque can be derived by dividing the integrand in the power spectrum by energy
ho, multiplying by linear momentum vector /i(kj cos ¢, kj sin ¢, kz) and spin angular momentum vector /i(sin ¢, — cos ¢, 0) of
polaritons, and accounting for whether the photon is emitted or absorbed by the particle. This physically meaningful alternative
derivation is exact for force calculation, which is evident from the final expressions of the spectra above. It is approximate for
torque because the spin angular momentum /7(sin ¢, — cos ¢, 0) is exact only for large wave-vector polaritons (kj > ko). This is
proved in the following. We can calculate the angular momentum transferred for each photon exchanged, which is characterized
by (w, kj, ¢):

I:Zk_ko cos ¢Im((rsp — r,,Q%) + 1% sin ¢Im{rpp62ikzd}]

My(w, ky, ¢) = h - (C5)
Im[fez‘“" [rys + 7 <i - 1)}
& s T I\ 2
I:Zk_ko sin ¢Im ((r“‘p — rps)%kjd> — :—% cos ¢Im{r,,,,ez”‘zd}]
My(w, ky, ¢) =h - (C6)
je2ikzd 2k;
Im[_% [rss + <— - 1”
For evanescent waves (k; > ko), k; = i|k;| is purely imaginary, which simplifies the above expressions:
|:2k§|kz Cos ¢Re( — (rep — rps)) + ]I:—(Izl sin ¢Im{rpp}i|
My(w, ky, ¢) = h (C7)
Im(rg) 4 Im(ryy) (26
2|k | 21k:| k3
[ﬁ sin ¢Re( — (ryp — r,,s)) - I’:—(‘%‘cos ¢Im{rpp}i|
My(w, ky, ¢) =h (C8)

Im(ry) , Im(ry) (26
[21«, T o (kg !

For evanescent waves carrying large momentum k;; > ko, which leads to |k,| & k|, the above expressions further simplify to:

M (w, k) > ko, ¢) = (sinp)h,

My(w, k) > ko, ¢) = (—cos p)h. (C9)
(
APPENDIX D: ANGULAR VELOCITY DEPENDENCE about x axis, the fluctuating dipole moments in the laboratory
OF THE TORQUE frame p’j are related to the fluctuating dipole moments in the
. ﬂ . . .
We note that, in the derivation provided above, the lateral ~ FOtaling frame p; (FDT is well defined in the rotating frame

torque M, is derived for a non-rotating particle. The effect [36]) as:

of the particle’s rotational velocity €2 on the magnitude of I 1[0 —iwt o —iwyt " iwt fl* iw_t

. . L. . . .. =5 e " +p e T+ p, et + e’
this torque is negligible as long as its rotational velocity is Py=13 [py"“ Pyo Py Pyo
much smaller than the emission frequencies (2 < ). For our +i pnge—"wf’ —i P?,we_iml + ip?fwe"”“ —i p?fweiw*’],
situation, @ ~ 103 rad/s while Qg ~ 107 rad/s and hence Cr o et o o
ignoring the dependence of M, on € is justified. Nonethe- pe = 3[—ipype " +ipy e —ipy e

less, we derive M, (€2) below and prove this point. We follow

- 1 ot l —iw_t fl  —iwyt % vt
the derivation similar to that of Ref. [36] for the calculation Tyt F Pu? tPw? T Pw?

of torque on rotating particles. The torque originating from + p'j*wei“’*’ ],
the particle’s dipole moment fluctuations is calculated in the o .

. . . [l —iwt 1" iwt
laboratory frame. For a particle rotating at angular velocity €2 Py = Px o€ + Pl s
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where wy = w £ Q2 and both positive and negative frequen-
cies are considered together such that the final integration is
performed only over positive frequencies ( fooo dw/2m). The
fluctuating dipole moments piw satisfy the FDTs above and
are used to calculate the resulting torque. This calculation
also requires induced electric fields, which are obtained us-
ing the Green’s function [E]i.““l = ij’wpgwme”""'"’ for w,, €
[@, w4, w_] and its complex conjugate].

The calculation of torque originating from the electric field
fluctuations requires the electric fields in the rotating frame of
the particle. For the particle rotating at angular velocity €2, the
field fluctuations E} in the rotating frame are

r__ 1 fl —iw_t fl  —iwyt fI* iwit fI* iw_t
Ey -2 [Ey,we + E}uwe + Ey,we + Ey,we

. —iw_t . —iwyt ol iwgt oIt iw_t
—iE; we +iE we T —IE; e Ik e ]’

r__ 1:pfl —iw_t _ .l —iwgt oflt ot pfl ot
E; = i[lEy’we lEy’we + lEy’we lEy’we
fl —iw_t fl —iwit fI* iw,t fI* iw_t
+E e +E e +E e +E e ],
r _ pfl —iot f1* it
E, =E, e +E 7.

Using the induced dipole moments in the rotating frame,

p;’i“d = €gapE ]’ , the torque due to electric field fluctuations
can be obtained. After some straightforward algebra, we get
the following torque due to the reflected part of the Green’s

function:

€)
Mg = =L [im(@, +a,,)Re(Gl,,, — Cly,)
+1Im(G}, + G.,)Im(et,. — at,)]. (D1)
60®T,,
MP = Tlm(aw)[lm(G’ZZ,wf -G..,.)
+ Im(G;y,w, - G;)',w+) - Re(G;Z,(wr - G[zy,er)
—Re(G,, —G.,)] (D2)

where G' = @?1oG is used for simplifying the expressions.
The subscripts indicate the frequencies at which the related
terms are to be evaluated. The required expressions for G are

kydkydg i
G~ =wiu [ 1d¢ ie

Yo ;e 2r)* 2k,
X [—(r —r )]ﬂ cos¢ — 2r, —kkzi|
R pp k(z) ]
kydkydg ie?*4
G = 19K
wo = @HO [T o ok,
2 k. .
X | 15 €OS™ @ + (rps — rsp)k— sin ¢ cos ¢
0
£
— rppg sin” ¢ |,
. ik 2
Gt _ a)zl,LO k||dk||d¢ l€2 k~dr ]ﬂ
e Qr)? 2k "k

The torque because of the vacuum part of the Green’s function
[Eq. (4)] (indicating direct interaction with vacuum half-

10-23 , . . . .
— NaCl M/
£
Z.
2“ 10240 AgBr /
5 -M
U‘ X
g
F
10»25

10° 107 108 10° 10" 10" 10"
Rotational Velocity, Q [rad./s.]

FIG. 4. Figure shows the angular velocity dependence of the
lateral nonequilibrium torque on AgBr (red) and NaCl (blue)
nanoparticle of R =200nm at a distance d; = 100nm from the
surface of InSb half-space in B = 17 magnetic field along x. The
operating temperatures are 7, = 400K and 7, = 300 K. The magni-
tude of the torque is affected appreciably at large angular velocities of
Q ~ O(10'")rad /s because the rotational Doppler effect on thermal
emission dominant at THz frequencies (w = 10'2rad/s) is non-
negligible.

space) is
y 60®T 26()3
MC,VdC — eI o — ®
i w m(e,. —a +)3neoc3
2w?
= Im(ay. — 00, )O7,, (D3)
3ncd
. €® 2(w? — &3
M)[:,Va(, — 0™'T, Im((xw) ( — +)
1) 3mepcd
20 —wl)
= ————Im(0,)0O7,. (D4)

3rwc3

In the following, we use the above expressions to compute
the lateral torque for the case of AgBr and NaCl particles
considered in the main text.

As explained in the main text, we focus on two cases
of AgBr and NaCl nanoparticles of radius R = 200 nm in
the near-field of doped InSb slab in magnetic field B = 1T
along x axis of the geometry. The particles experience oppo-
sitely directed lateral nonequilibrium torque and hence rotate
with opposite angular velocities. Figure 4 demonstrates the
dependence of the fluctuations-induced torque on the an-
gular velocity of the particle. For this demonstration, we
assumed both particles to be at surface-to-surface distance
d; = 0.1 um. from the slab surface and at temperature 7, =
400 K. The temperature of the surrounding environment is
T, = 300 K. Intuitively, it follows from the above torque
expressions containing terms such as wy = w £ Q that the
angular velocity will alter the magnitude of the torque only
when it is comparable to the emission frequencies, which lie
in the THz range. This is evident from Fig. 4 where the torque
is constant for rotation velocities less than € = 10'° rad/s.
For particles reaching the rotation speeds beyond these values,
the above expressions capturing angular-velocity-dependent
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torque must be used. However, since the damping torque of
the imperfect vacuum chamber balances the lateral nonequi-
librium torque at smaller rotation speeds in the MHz to GHz
range, it suffices to use the torque expressions derived for
steady particles. We also note that at rotation speeds beyond

10GHz where the effect of the rotation speed on the magni-
tude of the torque is noticeable, the particle may disintegrate
because of the centrifugal stress. These effects depend on the
ultimate tensile strength of the material, and must be taken
into account at these high rotational velocities [54,57].
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