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The generation of spin-entangled electrons is an important prerequisite for future solid-state quantum tech-
nologies. Cooper pairs in a superconductor can be split into separate electrons in a spin-singlet state, however,
detecting their entanglement remains an open experimental challenge. Proposals to detect the entanglement by
violating a Bell inequality typically require a large number of current cross-correlation measurements, and not
all entangled states can be detected in this way. Here, we instead formulate an entanglement witness that can
detect the spin-entanglement using only three cross-correlation measurements of the currents in the outputs of
a Cooper pair splitter. We identify the optimal measurement settings for witnessing the entanglement, and we
illustrate the use of our entanglement witness with a realistic model of a Cooper pair splitter for which we
evaluate the cross-correlations of the output currents. Specifically, we find that the entanglement of the spins can
be detected even with a moderate level of decoherence. Our work thereby paves the way for an experimental
detection of the entanglement produced by Cooper pair splitters.

DOI: 10.1103/PhysRevB.104.245425

I. INTRODUCTION

Cooper pair splitters are promising devices for generating
spin entanglement between separated electrons in solid-state
systems. A Cooper pair splitter takes advantage of the en-
tangled electrons that naturally form as Cooper pairs inside
a superconductor [1,2]. The pairs can be extracted from
the superconductor by coupling it to quantum dots with
strong Coulomb interactions, which force the pairs to be split
between them. Several experiments have demonstrated the
extraction and splitting of Cooper pairs in different solid-state
architectures [3–18] involving quantum dots [5,8,10], carbon
nanotubes [6], or graphene nanostructures [14,15,17,19]. The
splitting of Cooper pairs has been confirmed through measure-
ments of the nonlocal conductance or the low-frequency noise
[7,11], and very recently with single-electron detectors [18].
Still, a direct detection of the spin entanglement remains an
outstanding experimental challenge.

Detection schemes based on Bell inequalities [20–27] or
full quantum state tomography [28] have been proposed and
formulated in terms of current cross-correlations measure-
ments [29] However, these schemes typically rely on a large
number of measurements, for instance, each of the four cor-
relators in a standard Bell inequality requires four different
cross-correlation measurements, such that a total of 16 dif-
ferent measurements are needed [20–24,26]. Moreover, Bell
inequalities are designed to test the concept of local realism,
and some entangled states cannot be detected in this way [30].
Thus, to provide an alternative path towards the detection
of entanglement, the use of entanglement witnesses [31–34]
has been proposed [35–38]. An entanglement witness is an
observable whose expectation value for one entangled state
is different from the expectation values of all separable states
[31]. Earlier work has found that certain spin-entangled states

can be witnessed using only two cross-correlation measure-
ments [38]. However, it is also known that the singlet state,
which is maximally entangled, surprisingly cannot be detected
in this way [38,39].

In this work, we consider the Cooper pair splitter illus-
trated in Fig. 1(a) and formulate a witness that can detect
the entanglement of split Cooper pairs using merely three

FIG. 1. (a) Schematics of a Cooper pair splitter consisting of a
superconductor (blue) that emits electrons into a double quantum
dot (light green) at the rate γ . The energy levels εi of the dots
i = A, B are detuned so that elastic cotunneling with amplitude κ is
suppressed, |εA − εB| � κ . The decoherence rate inside the quantum
dots is denoted as �d . The dots are coupled at the rate � to two
pairs of ferromagnetic leads (green), which act as spin-sensitive
detectors A and B. The entanglement witness Ŵ is based on three
different current cross-correlation measurements between the output
currents in the leads denoted by A+ and B+. (b) The expectation
value of the entanglement witness with optimal detector settings as a
function of the ratio �d/�. Here γ = κ , � = 100γ , εA = −εB = 5γ ,
and the (unknown) detector efficiencies are ζA = ζB = 1 (green),
ζA = ζB = 0.9 (blue), and ζA = ζB = 0.8 (red). The gray-shaded area
indicates the expectation values that can be obtained from separable
(nonentangled) states.
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current cross-correlation measurements. We find that the op-
timal settings of the detector systems are to position the
polarization vectors for each of the three measurements ra-
dially symmetrically in a plane. Importantly, for spin readout
with ferromagnetic leads, this means that it is not necessary
to rotate the magnetic polarization in all three dimensions.
We illustrate our entanglement witness with a model of a
Cooper pair splitter, which allows us to evaluate the current
cross-correlations and investigate the effects of decoherence
on the detection of entanglement. In Fig. 1(b), we show the en-
tanglement witness as a function of the decoherence rate over
the coupling to the leads, and we see that the entanglement can
be detected even with moderate levels of decoherence com-
pared to the tunneling rates. These results were obtained for
three unknown detector efficiencies, and as we will see in the
following, the detector margin improves further, if the detector
efficiencies are experimentally known. We will also discuss
the experimental perspectives of detecting the entanglement
generated by a Cooper pair splitter using our entanglement
witness. As such, our work provides a feasible way towards
the experimental detection of the entanglement produced by
Cooper pair splitters.

The rest of the paper is organized as follows. In Sec. II,
we introduce the model of a Cooper pair splitter including
the detector systems and decoherence. In Sec. III, we eval-
uate the average currents and their cross-correlations using
methods from full counting statistics. Based on the current
cross-correlations, we formulate in Sec. IV an entanglement
witness that can detect the entanglement of pairs of electrons
in a singlet state. In Sec. V, we go on to investigate the
properties of the witness and identify the optimal settings
that maximize the detection margin. In Secs. VI and VII, we
consider the entanglement detection of other pure states than
the singlet state as well as of mixed states, respectively. In
Sec. VIII, we return to the model of a Cooper pair splitter
and discuss the experimental perspectives of detecting the
entanglement produced by Cooper pair splitters. Here, we find
that the entanglement can be detected even with a moderate
level of decoherence in the system. Finally, in Sec. IX, we
summarize our work.

II. COOPER PAIR SPLITTER

We consider the Cooper pair splitter in Fig. 1(a), consist-
ing of two single-level quantum dots in close proximity to
a conventional spin-singlet s-wave superconductor. The su-
perconductor acts as a source of Cooper pairs, which injects
pairs of electrons in a singlet state into the quantum dots.
The pairs are split into different dots due to strong on-site
Coulomb interactions that prevent each quantum dot from
being occupied by more than one electron at a time. Each
quantum dot is also tunnel-coupled to two ferromagnetic leads
with opposite polarizations, serving as drains for the split
Cooper pairs. The leads act as spin-sensitive detectors, with
the probabilities for an electron to tunnel into each lead set
by the spin projection onto the polarization vectors. Electrons
in the quantum dots may also interact with the environment,
leading to decoherence.

For a large superconducting gap, the transport between the
superconductor and the quantum dots is dominated by Cooper

pair splitting and elastic cotunneling whose (real) amplitudes
we denote by γ and κ , respectively. The coherent dynamics of
the quantum dots is then described by the effective Hamilto-
nian [40–43]

Ĥ =
∑
�σ

ε�d̂†
�σ d̂�σ −

(
γ d̂†

S +
∑

σ

κ d̂†
Aσ d̂Bσ + H.c.

)
, (1)

where ε� is the energy level of dot � = A, B, d̂†
�σ is the creation

operator for an electron with spin σ =↑,↓, and

d̂†
S ≡ (d̂†

A↓d̂†
B↑ − d̂†

A↑d̂†
B↓)/

√
2 (2)

is the creation operator for the two-electron spin-singlet state.
The detuning |εA − εB| � κ is taken so large that elastic co-
tunneling is strongly suppressed, while εA + εB = 0 so that
Cooper pair splitting is on-resonance.

With a large bias driving electrons unidirectionally out of
the dots to the leads, the full time-evolution of the quantum
dots, with the ferromagnetic leads and decoherence included,
is described by the Lindblad equation [44–47]

d

dt
ρ̂t = Lρ̂t = − i

h̄
[Ĥ, ρ̂t ] + Dferρ̂t + Ddecρ̂t , (3)

where L is the Liouvillian, ρ̂t is the (time-dependent) density
matrix of the quantum dots, Dfer is a dissipator describing the
ferromagnetic leads, and Ddec is a set of dissipators describing
environment-induced decoherence.

The dissipator for the ferromagnetic leads reads [47]

Dferρ̂t = �
∑
�σ

(∑
mσ ′

J σσ ′
�m ρ̂t − 1

2
{ρ̂t , d̂†

�σ d̂�σ }
)

, (4)

where � = A, B and m = +,− correspond to the four leads in
Fig. 1(a), and � is the rate at which electrons tunnel from the
quantum dots to the leads. We have also introduced the jump
operators

J σσ ′
�m ρ̂t ≡ d̂�σ ρ̂t d̂

†
�σ ′ (Q̂�m)σσ ′, (5)

where

Q̂�m = 1
2 (1 + mζ�k� · σ̂), (6)

and k� is a unit vector describing the polarization of de-
tector system � = A, B, with detector efficiency ζ�, and σ̂ =
(σ̂x, σ̂y, σ̂z ) contains the Pauli matrices. The jump operator
describes the transfer of an electron from dot � to lead �m. For
the two-detector systems, we denote the polarization vectors
as kA = a and kB = b, respectively. For perfectly polarized
leads, we have ζA = ζB = 1, and the spin fully determines the
probability for an electron to end up in either of the leads.
However, for partially polarized leads with 0 � ζA, ζB < 1,
there is a finite probability 1 − ζA,B that an electron ends up in
either of the leads regardless of its spin.

The dissipator for local interactions between the dots and
the environment is of the form

Ddecρ̂t = �d

2

∑
�σσ ′

(
L̂σσ ′

� ρ̂t L̂
σσ ′†
� − 1

2

{
ρ̂t , L̂σσ ′†

� L̂σσ ′
�

})
, (7)

where �d is the decoherence rate (which for the sake of sim-
plicity is assumed to be the same for both quantum dots) and
L̂σσ ′

� is a generic Lindblad jump operator. We will primarily
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FIG. 2. (a) The average current 〈I〉, normalized by the current I0 at �d = 0, as a function of the decoherence rate �d over the tunnel
coupling � for γ /� 
 1 (green), γ /� = 0.5 (blue), and γ /� = 1 (red). (b) The cross-correlation S++ for antiparallel (green), orthogonal
(blue), and parallel (red) polarizations vectors at A and B. The detector efficiencies are ζA = ζB = 1 (solid lines) and ζA = ζB = 0.9 (dashed
lines), respectively. (c) The cross-correlation S++ as a function of ζ = ζA = ζB for antiparallel (green), orthogonal (blue), and parallel (red)
polarization vectors at A and B. The decoherence rate is �d/� = 1 (solid lines) and �d/� = 0.2 (dashed lines), respectively. In both panels
(b) and (c), we consider the regime γ 
 � and |εA − εB| � κ .

focus on decoherence in terms of depolarization, for which the
jump operator reads L̂σσ ′

� = d̂†
�σ d̂�σ ′ . However, we note that

other kinds of decoherence can easily be included, such as
pure dephasing described by the jump operator L̂σσ ′

� = d̂†
�σ d̂�σ

[26].

III. CURRENTS AND CORRELATIONS

To investigate how the entanglement of the split Cooper
pairs is manifested in the cross-correlations of the drain
currents, we consider the relation between the current cross-
correlations and the state of the electrons in the dots. To
this end, we use techniques from full counting statistics and
decompose the density matrix as

ρ̂t =
∑

m

ρ̂t (m), (8)

so that P(m, t ) = tr{ρ̂t (m)} is the joint probability that m =
(mA+, mA−, mB+, mB−) electrons have been collected in each
lead during the time span [0, t] [48,49]. From the Lindblad
equation [Eq. (3)], we then obtain a hierarchy of coupled
equations for ρ̂t (m). The equations are decoupled by in-
troducing counting fields χ = (χA+, χA−, χB+, χB−) via the
transformation

ρ̂t (χ) =
∑

m

ρ̂t (m)eim·χ. (9)

In this way, we obtain a generalized master equation for ρ̂t (χ)
with a χ -dependent Liouvillian L(χ), obtained by substituting
J σσ ′

�m → eiχ�mJ σσ ′
�m in Eq. (4) [43].

The moment generating function for the number of elec-
trons transferred from the superconductor to the leads during
the time span [0, t] now reads

M(χ, t ) = tr{ρ̂t (χ)} = tr
{
eL(χ)t ρ̂st

}
, (10)

where ρ̂st is the stationary state fulfilling L(0)ρ̂st = 0. The
cumulants of the currents are then given by derivatives of
the scaled cumulant-generating function with respect to the
counting fields, evaluated at χ = 0,〈〈

Ik
�mIl

�′m′
〉〉 = ∂k

iχ�m
∂ l

iχ�′m′ F (χ)
∣∣
χ=0, (11)

where the scaled cumulant-generating function

F (χ) = lim
t→∞ ln[M(χ, t )]/t = max

j
{λ j (χ )}, (12)

is given by the eigenvalue of L(χ) with the largest real part
[45,50]. For instance, the first cumulant is the average current
in lead �m and it reads (here with e = 1)

〈I〉 ≡ 〈〈I�m〉〉 = ∂iχ�m F (χ)|χ=0. (13)

The average current is shown in Fig. 2(a) as a function of
the decoherence rate �d , for three different values of the
amplitude of Cooper pair splitting over the coupling to the
leads, γ /�. As seen in the figure, the current decreases as the
decoherence rate increases. The decrease is more pronounced
for smaller ratios of γ /�. Importantly, the average current
is independent of the detector efficiencies ζA and ζB and the
polarization vectors a and b. For γ 
 �, we find the simple
expression

〈I〉 = γ 2

� + �d
. (14)

The current cross-correlations between lead A± and lead
B± are obtained as the second derivatives

S±± ≡ 〈〈IA±IB±〉〉 = ∂iχA±∂iχB±F (χ)
∣∣
χ=0. (15)

Focusing on the regime γ , �d 
 �, where the emissions of
Cooper pairs are well-separated and uncorrelated, we find that
the cross-correlations can be expressed as

S±± = 〈I〉
2

tr
{
(1 ± ζAa · σ̂ ) ⊗ (1 ± ζBb · σ̂)ρ̂ (2)

st

}
, (16)

which is consistent with earlier works [38,47]. Here, we
have projected the stationary state onto the two-particle sec-
tor, which is given simply by the singlet state ρ̂

(2)
st = ρ̂S =

d̂†
S |0〉〈0|d̂S . Importantly, we see that, in this limit, a correlation

measurement gives direct access to the statistical properties of
the individual pairs, and by changing the polarization vectors
a and b, one can probe the correlations of the two-particle
state. By contrast, if the rate of Cooper pair splitting is on the
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order of the coupling to the drains, γ � �, the Coulomb inter-
actions will introduce correlations between the split Cooper
pairs, and a correlation measurement will no longer only re-
flect the correlations within each split Cooper pair.

A similar situation arises, if the decoherence rate is on
the order of the coupling to the drains, �d � �. In that case,
the cross-correlations in Eq. (16) cannot be expressed only
in terms of the two-particle sector of the stationary state.
Specifically, there will be additional correlations that arise
after the first electron has left the quantum dots, and the spin
has been projected along the corresponding polarization axis.
The spin of the remaining electron will be projected into the
opposite direction. However, before this electron tunnels into
the drains, its spin may undergo further decoherence, which
influences the measured correlations. Still, it turns out that the
correlations again can be written as in Eq. (16) provided that
the stationary state is replaced by the state

ρ̂ (2) =
∫ ∞

0
dt1 p(�, t1)eD

(1)
dec⊗1t1

∫ ∞

0
dt2 p(2�, t2)eDdect2 ρ̂S,

(17)
which takes into account how the singlet state decoheres in
two steps. In this expression, p(�, t ) = �e−�t is the distri-
bution of the time it takes an electron to leave the quantum
dots, and D(1)

dec is the dissipator in Eq. (7) acting only on one
of the particles. The integral over t2 describes the average
over the time-evolution of the system, while both particles are
still in the quantum dots. On the other hand, the integral over
t1 describes the average over the time-evolution, when there
is only one particle left in the quantum dots. For local dis-
sipators, which cannot produce entanglement, the decohered
state is always less entangled than the initial two-particle state
injected by the superconductor (here, the singlet state). Thus,
while the entanglement witness formulated below is based
on expectation values with respect to the decohered state in
Eq. (17), any signature of the witness signaling entanglement
in the decohered state also indicates that the initial state is
entangled. In turn, with a large decoherence rate, the state in
Eq. (17) may not be entangled, even if the emitted electrons
in fact are entangled.

In Fig. 2(b), the current cross-correlation S++ is shown as
a function of the decoherence rate �d for different choices of
the polarization vectors. While orthogonal measurements are
insensitive to decoherence, parallel and antiparallel measure-
ments converge to the uncorrelated value S++/〈I〉 = 1/2 as
the decoherence rate increases. Nonideal detector efficiencies
have a similar effect as shown in Fig. 2(c). In other words,
both decoherence and imperfect detectors lead to a reduction
of the measured correlations.

IV. ENTANGLEMENT WITNESS

We are now ready to formulate our entanglement witness
based on the correlators in Eq. (16). To this end, we introduce
an operator representing N current cross-correlation measure-
ments (up to a constant 〈I〉/2) [38,47]

Ŵ (N ) =
N∑

i=1

(1 + ζAai · σ̂) ⊗ (1 + ζBbi · σ̂), (18)

where ai and bi are the polarization vectors of the ith mea-
surement setting, and we recall that ζA and ζB are the detector
efficiencies. To ensure that the measurements are as simple
as possible, we only consider cross-correlations between one
pair of leads, in this case, A+ and B+, as illustrated in
Fig. 1(a).

Our main aim for the rest of the paper is now to investi-
gate under what conditions the expectation value of Ŵ (N ) can
be used to detect the entanglement that is generated by the
Cooper pair splitter. Specifically, the witness Ŵ (N ) needs to
yield an expectation value for the singlet state or, in general,
any state ρ̂e whose entanglement we wish to detect, that is
different from the expectation values that can be obtained
for all separable states ρ̂sep. As the set of separable states is
convex, this condition implies that the expectation value of the
entangled state has to be either larger or smaller than all the
ones that can be obtained with the separable states. Without
loss of generality, we consider the upper bound condition,

tr{Ŵ (N )ρ̂e} > max
ρsep

tr{Ŵ (N )ρ̂sep}. (19)

To keep the results as general as possible and independent
of our specific model of a Cooper pair splitter, we include
all possible separable states in the maximization carried out
in Eq. (19), even those that may not be directly relevant for
our model. Furthermore, we define the detection margin as
the difference between the expectation value of the entangled
state we want to detect and the closest expectation value that
any separable state may yield


 ≡ tr
{
Ŵ (N )ρ̂e

} − max
ρsep

tr
{
Ŵ (N )ρ̂sep

}
. (20)

The entanglement of ρ̂e is detectable by Ŵ (N ) whenever the
detection margin is strictly positive 
 > 0.

Aiming at making the entanglement detection as experi-
mentally feasible as possible, we wish to minimize the number
of measurements settings ai and bi needed to detect the en-
tanglement. For only one measurement setting, N = 1, Ŵ (1)

is a tensor product of local operators, and such an operator
cannot detect any entanglement as the largest (smallest) ex-
pectation value can always be produced by a separable state.
By contrast, for N = 2, earlier work [38] has showed that
Ŵ (2), for certain choices of detector efficiencies and polar-
ization vectors, can detect any entangled pure state, except
the maximally entangled ones. Since the expected state to be
produced in a Cooper pair splitter—the singlet state—is max-
imally entangled, we consider N = 3 measurement settings in
the following and for the sake of brevity we set Ŵ ≡ Ŵ (3).

V. WITNESSING THE SINGLET STATE

Without decoherence, each pair of electrons injected into
the quantum dot system is in a maximally entangled singlet
state. To find the conditions under which Ŵ can detect the
entanglement of the singlet state together with the optimal
settings that maximize 
, we consider the explicit expressions
for the expectation values of the singlet state and all the sepa-
rable states in Eq. (19). To this end, we introduce a spherical
coordinate system, with angles θA, φA, and ϕA, such that the
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FIG. 3. The detection margin for the singlet state for ζ ≡ ζA = ζB = 1 (green), ζ = 0.95 (blue) and ζ = 0.9 (red), with known detector
efficiencies. (a) As a function of θ , with φ = 2π/3 and ϕ = 0. (b) As a function of φ, with θ = π/2 and ϕ = 0. (c) As a function of ϕ, with
θ = π/2 and φ = 2π/3. The insets show the positioning of the polarization vectors at A for each setting.

polarization vectors read

a1 = (cos[φA] sin[θA], sin[φA] sin[θA], cos[θA]),

a2 = (cos[φA] sin[θA],− sin[φA] sin[θA], cos[θA]),

a3 = (cos[ϕA] sin[θA], sin[ϕA] sin[θA], cos[θA]),

(21)

for detector system A, with similar expressions for detector
system B in terms of the angles θB, φB, and ϕB. Here, we have
defined the coordinate system so that the first two polarization
vectors have symmetric projections on the xy-plane as indi-
cated in the insets in Fig. 3.

As shown below, the optimal setting is given by the polar-
ization vectors of the two detector systems being antiparallel,
and radially symmetrically positioned in a plane for each
detector system. The difference in Eq. (20) between the ex-
pectation value of the singlet state and the largest expectation
value of a separable state is then maximized. Depending on
whether or not the detector efficiencies of a device are known,
the optimization over the expectation values of the separable
states has to be done either only for those particular values
of the detector efficiencies, or for all detector efficiencies. For
known detector efficiencies, we find that the detection margin
is


 = 3
2ζAζB, (22)

which is strictly positive whenever ζA, ζB > 0. By contrast, for
unknown detector efficiencies, the detection margin decreases
and becomes


 = 3(ζAζB − 1/2), (23)

which means that the entanglement of the singlet state is
detectable only if ζAζB > 1/2.

Below, we derive these central results of our work by max-
imizing the difference between the expectation value for the
singlet state and the largest expectation value for the separable
states.

A. Expectation value of the singlet state

In terms of the angles in Eq. (21), the expectation value of
Ŵ with respect to the singlet state reads

〈Ŵ 〉e =3 − ζAζB(3 cos θA cos θB + sin θA sin θB[2 cos (φA−φB)

+ cos (ϕA − ϕB)]). (24)

This expectation value is maximized when

θA = π − θB ≡ θ, φA = φB ± π ≡ φ,

ϕA = ϕB ± π ≡ ϕ, (25)

for which it takes on the maximum value

max
{ai},{bi}

〈Ŵ 〉e = 3(1 + ζAζB). (26)

We note that the condition in Eq. (25) means that the ex-
pectation value with respect to the singlet state is maximized
whenever the polarization vectors of the two detector systems
point in opposite directions. This is expected as the singlet
state by its nature yields maximal correlations for measure-
ments carried out along opposite directions. Furthermore, we
note that the singlet state is an eigenstate of Ŵ for the settings
in Eq. (25) with the expression in Eq. (26) as its eigenvalue.

B. Optimization over the separable states

We note that the maximal expectation value of Ŵ over the
convex set of separable states ρ̂sep is obtained for a pure sep-
arable state ρ̂sep = |�sep〉〈�sep|; any mixed state only yields a
weighted average over pure states. It thus suffices to maximize
only over the pure separable states

max
ρ̂sep

tr{Ŵ ρ̂sep} = max
|�sep〉

〈�sep|Ŵ |�sep〉. (27)

Every pure separable state may be represented by two unit
Bloch vectors nA and nB that describe the local state at each
quantum dot. The expectation value of Ŵ for a pure separable
state then becomes

〈Ŵ 〉sep =
3∑

i=1

(1 + ζAai · nA)(1 + ζBbi · nB). (28)

As shown in the Appendix, we find that the detection margin
is maximized for the detector settings

∑
i ai = ∑

i bi = 0 and
ai = −bi, for which the largest expectation value over the
separable states is

max
ρ̂sep

〈Ŵ 〉 = 3(1 + ζAζB/2). (29)

In terms of our introduced angles, the optimal settings corre-
spond to θ = π/2, φ = 2π/3, and ϕ = 0, or, geometrically,
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FIG. 4. (a) The detection margin for pure states as in Eq. (30) with the optimal settings and known detector efficiencies. (b,c) The optimal
detection margin 
 for the Werner state in Eq. (33) as a function of p and the detector efficiency ζ ≡ ζA = ζB for known (b) and unknown
(c) detector efficiencies.

that the polarization vectors are positioned radially symmet-
rically in a plane, and with opposite directions at A and B.
By subtracting Eq. (29) from Eq. (26), we directly obtain the
maximal detection margin for a setup with known detector
efficiencies [see Eq. (22)]. For unknown detector efficiencies,
the measured expectation value has to be compared with the
largest expectation value that any separable state, for any
detector efficiencies, can yield. Thus, the maximal detection
margin in this case [see Eq. (23)] is obtained by subtracting
Eq. (29), with ζA = ζB = 1, from Eq. (26).

To understand how the detection margin changes due to
deviations from the optimal settings, we plot it in Fig. 3 as
a function of the angles θ , φ, and ϕ. Indeed, we see that
the detection margin is maximized for θ = π/2, φ = 2π/3,
and ϕ = 0. A deviation from the optimal setting reduces the
detection margin, however, the entanglement of the singlet
state may still be detected as the detection margin is positive
also in a region around these parameter values. Lower detector
efficiencies decrease the tolerance for deviations from the op-
timal settings, showing the importance of having high detector
efficiencies, if the polarization vectors cannot be accurately
controlled.

VI. ENTANGLEMENT OF PURE STATES

In addition to detecting the entanglement generated by the
Cooper pair splitter, our witness can be used to detect the
entanglement of pure states of the form

|�〉 = cos(ϕ/2)|↑〉A|↓〉B − sin(ϕ/2)|↓〉A|↑〉B (30)

with the optimal settings for the singlet state and with known
detector efficiencies. Here, the angle 0 � ϕ � π determines
the degree of entanglement of the pure state; for ϕ = 0, π

the state is separable, while it is maximally entangled for
ϕ = π/2. In this case, the analytic expression for the detection
margin reads


 = 3ζAζB[sin(ϕ) − 1/2], (31)

which is strictly positive for π/6 < ϕ/π < 5π/6. It is thus
possible to detect the entanglement of many other pure states
than just the singlet state, however, not of all of them. Fur-
thermore, we see that the detection margin is maximized for
the singlet state. A value close to 
 � 3/2 thus indicates not
only the presence of an entangled state in the Cooper pair

splitter, but also that the state is highly entangled. In addition,
the detection margin is reduced, if the detector efficiencies are
not known. In that case, the detection margin reads


 = 3[ζAζB sin(ϕ) − 1/2]. (32)

For a symmetric setup with ζ ≡ ζA = ζB, it is then possible to
detect the entanglement of pure states with sin(ϕ) > 1/(2ζ 2).
In Fig. 4(a), we show the detection margin for pure states and
known detector efficiencies.

VII. ENTANGLEMENT OF MIXED STATES

Coming back to our Cooper pair splitter, we now focus on
the influence of decoherence on the detection of entanglement.
With a finite decoherence rate, the singlet state degrades into a
less entangled state, and the entanglement may eventually be
lost altogether. In the presence of depolarization [see Eq. (7)],
we find from Eq. (17) that the two-particle state probed by the
current cross-correlations is a Werner state [30]

ρ̂ = pρ̂S + (1 − p)1/4, (33)

where p = 1/(1 + �d/�)2 determines the weights of the sin-
glet state ρ̂S and the maximally mixed state 1/4. The Werner
state is entangled for p > 1/3.

Importantly, the expectation value with respect to the sec-
ond term in Eq. (33) does not depend on the detector settings.
The expectation value for the Werner state is thus maximized
for the same detector settings as the singlet state. Specifically,
we find that is becomes

〈Ŵ 〉e = 3(1 + ζAζB p), (34)

which generalizes the result for the singlet state in Eq. (26).
For known detector efficiencies, the resulting optimal detec-
tion margin becomes


 = 3ζAζB(p − 1/2). (35)

In Fig. 4(b), the detection margin is plotted as a function
of p and the (known) detector efficiency ζ ≡ ζA = ζB. For
p = 1 and ζ = 1, we indeed recover the maximal detection
margin 
 = 3/2 for a singlet state. However, for p < 1, the
detection margin gradually decreases and at p = 1/2 it be-
comes negative. Thus, the entanglement of Werner states with
1/3 < p � 1/2 is not detectable. The noise tolerance is still
significantly better than for entanglement detection with only
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two current cross-correlation measurements, for which the
entanglement cannot be detected for any Werner state with
p � 0.8 [38].

For unknown detector efficiencies, we instead find


 = 3(ζAζB p − 1/2), (36)

which is plotted in Fig. 4(c). We see that the Werner states
whose entanglement can be detected with unknown detector
efficiencies is much smaller than with known detector effi-
ciencies, and entanglement detection is only possible for p >

1/(2ζAζB). Moreover, for ζAζB < 1/2, entanglement cannot be
detected for any value of the mixing parameter 0 � p � 1.

VIII. EXPERIMENTAL PERSPECTIVES

Finally, we comment on the experimental perspectives of
detecting the entanglement generated by a Cooper pair splitter.
Based on our analysis, we have found that three current cross-
correlation measurements suffice to detect the entanglement
of the singlet state. The polarization vectors should be po-
sitioned symmetrically in a plane with the angles θ = π/2,
φ = 2π/3, and ϕ = 0. Realistically, the coupling between the
quantum dots and the superconductor can be on the order of
γ � 1 MHz, while the coupling to the normal-state electrodes
can be around � � 100 MHz, implying that the condition
γ 
 � is fulfilled, and the Cooper pairs are emitted well
separated and uncorrelated in time. In Fig. 1(b), we show
the resulting expectation value of the witness operator for
three different values of the detector efficiencies, while elastic
cotunneling is strongly suppressed by a large detuning of
the quantum dot levels. We show the entanglement witness
as a function of the decoherence rate over the tunnel cou-
pling, and we see that the entanglement can be detected, if
the decoherence rate can be kept below the escape rate to
the leads. With unknown detector efficiencies, we find from
Eq. (36) that the entanglement can be detected as long as
�d < (

√
2ζAζB − 1)�, which agrees well with the results in

Fig. 1(b). For known detector efficiencies, the detector margin
improves [see Eq. (35)], and the entanglement can be detected
as long as �d < (

√
2 − 1)�. In both cases, the entanglement

can be detected even with a rather large decoherence rate.
It is also worth mentioning alternative realizations of our

entanglement witness. If the ferromagnetic leads do not easily
allow for a rotation of the polarization axes, it may instead be
possible to rotate the individual spins in the quantum dots by
using a material with a strong spin-orbit coupling combined
with oscillating electric fields [51–53]. Thus, instead of rotat-
ing the polarization vectors of the detectors, one could rotate
the spins before they are detected. It may also be possible to
perform real-time detection of the electrons in the quantum
dots as in the experiment reported in Ref. [18] and perform
others types of spin-to-charge readout of the spins [53] instead
of using ferromagnetic leads. It should also be noted that our
entanglement witness is not restricted to static Cooper pair
splitters. It can also be applied to the dynamic Cooper pair
splitter described in Ref. [54].

IX. CONCLUSION AND OUTLOOK

We have formulated an entanglement witness that can
detect the entanglement generated by Cooper pair splitters
using only three current cross-correlation measurements, and
we have determined the maximum rate of decoherence for
the entanglement to be detectable. The small number of
correlation measurements is promising for an experimental
implementation of our witness as opposed to conventional
Bell inequalities, which typically require many more cross-
correlation measurements. We have also found that the
optimal detector setting is to position the three polarization
vectors of each detector system radially symmetrically in a
plane. For such a setting, the polarization vectors are non-
collinear, a necessary condition to detect entanglement. This
is an important difference to witnesses based on only two
correlation measurements, for which the corresponding sym-
metric setting yields collinear polarization vectors (which is
thus incapable of detecting the entanglement of the maximally
entangled states). Furthermore, for spin readout with ferro-
magnetic leads, the positioning of the polarization vectors in
a plane means that it is not necessary to rotate the magnetic
polarization in all three dimensions. It is possible that such a
symmetry is also optimal for detection schemes with a larger
number of cross-correlation measurements.

Our entanglement witness provides a feasible way of de-
tecting the entanglement produced by Cooper pair splitters.
Given the recent progress in controlling and detecting individ-
ual electrons in such devices [18], our findings may pave the
way for an experiment, where the spin entanglement between
mobile electrons is detected.
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APPENDIX A: MAXIMIZATION OF THE DETECTION
MARGIN FOR THE SINGLET STATE

Here we derive the optimal detector settings (in terms of
the angles θA, φA, ϕA, θB, φB, ϕB) which maximize the detec-
tion margin for the singlet state, i.e., the difference between
the expectation value of the singlet state and the largest one
of the separable states. To this end, we first consider the
expectation value of a pure separable state

〈Ŵ 〉sep =
3∑

i=1

(1 + ζAai · nA)(1 + ζBbi · nB), (A1)

where nA and nB are Bloch vectors defining the separable state
at each quantum dot. The maximum value for nB is obtained
when

nB =
∑3

i=1 (1 + ζAai · nA)bi∥∥∑3
i=1 (1 + ζAai · nA)bi

∥∥ , (A2)
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for which we find

max
nB

〈Ŵ 〉sep = 3 + ζA

3∑
i=1

ai · nA + ζB

∥∥∥∥∥
3∑

i=1

(1 + ζAai · nA)bi

∥∥∥∥∥,

(A3)

where ‖u‖ =
√

u2
x + u2

y + u2
z denotes the norm of a vector

u = (ux, uy, uz ). For any nA and {ai}, the norm is minimized,
if {bi} lies in a plane. To minimize the largest expectation
value of the separable states compared to the singlet state, we
thus need to set θB = π/2. Furthermore, applying the same
arguments with A and B swapped, we find

max
nA,nB

〈Ŵ 〉sep(θA, θB) � max
nA,nB

〈Ŵ 〉sep(θA, π/2) � max
nA,nB

〈Ŵ 〉sep(π/2, π/2), (A4)

where we, for the sake of brevity, have left out the explicit dependence on the other angles. We conclude that θA = θB = π/2
minimizes the largest expectation value of the separable states for any given values of φA, ϕA, φB, ϕB. Next, to determine the
optimal values of the remaining angles, we consider Eq. (A1), which we now express as

〈Ŵ 〉sep(θA = θB = π/2) = 3 + ζAD(φA, ϕA, φ1) sin[θ1] + ζBD(φB, ϕB, φ2) sin[θ2]

+ζAζB

2
sin[θ1] sin[θ2][D(φA + φB, ϕA + ϕB, φ1 + φ2) + D(φA − φB, ϕA − ϕB, φ1 − φ2)], (A5)

where we have defined the function

D(x, y, z) ≡ [2 cos(x) + cos(y)] cos(z) + sin(y) sin(z). (A6)

Here, the two angles φ1 and φ2 are the azimuths of the two Bloch vectors nA and nB, while θ1 and θ2 are the inclinations, for
instance, we have nA = (cos[φ1] sin[θ1], sin[φ1] sin[θ1], cos[θ1]). We now directly see that to find the largest possible value of
〈Ŵ 〉sep with respect to θ1 and θ2, we need to set θ1 = θ2 = π/2.

Next, using the ansatz, φ1 = φ2 + π , we find a lower bound for the largest expectation value of the separable states

min
θA,θB

max
nA,nB

〈Ŵ 〉sep = max
φ1,φ2

〈Ŵ 〉sep(θA,B = π/2, θ1,2 = π/2) � max
φ1

〈Ŵ 〉sep(θA,B = π/2, θ1,2 = π/2, φ2 = φ1 − π )

= 3 + ζAD(φA, ϕA, φ1) + ζBD(φB, ϕB, φ1 − π )

+ζAζB

2
[D(φA + φB, ϕA + ϕB, 2φ1 − π ) + D(φA − φB, ϕA − ϕB, π )]

= 3 +
3∑

i=1

(ζAai − ζBbi ) · nA − ζAζB

2
[D(φA + φB, ϕA + ϕB, 2φ1) + D(φA − φB, ϕA − ϕB, 0)]

� 3 − ζAζB

2
D(φA − φB, ϕA − ϕB, 0). (A7)

Here, we have used that the second and the third terms in the second-to-last step can always be made nonnegative by choosing an
appropriate φ1. Importantly, D(φA + φB, ϕA + ϕB, 2φ1) is invariant under a rotation of π , thus, nA can always be chosen (flipped)
such that both terms are nonnegative. We compare this lower bound for the largest expectation value of the separable states with
the expectation value of the singlet state [cf. Eq. (24)]

〈Ŵ 〉e = 3 − ζAζBD(φA − φB, ϕA − ϕB, 0). (A8)

We then see that there is a trade-off between having a large expectation value for the singlet state and a small maximal expectation
value for the separable states. However, combining the two expressions, we find an upper bound for the detection margin reading


 � −ζAζB

2
D(φA − φB, ϕA − ϕB, 0), (A9)

which is maximized for D(φA − φB, ϕA − ϕB, 0) = −3. Importantly, the inequality is tight, i.e., D(φA − φB, ϕA − ϕB, 0) = −3,
or equivalently,

∑
i ai = ∑

i bi = 0 and ai = −bi, yields equality. Since this is the upper bound for the detection margin, it is the
optimal setting.
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