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Quasiparticle band structure, exciton, and optical properties of few-layer blue phosphorus
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The evolution of quasiparticle electronic structure, exciton, and optical properties in the few-layer blue
phosphorus has been studied with the many-body perturbation method. The quasiparticle band gap decreases
gradually with increasing the layer number and the system will finally evolve to metallic state in the bulk form.
In spite of the increasing thickness in these indirect-band-gap semiconductors, the exciton-dominated optical
properties with large binding energies are still found in the few-layer systems. With increasing layer number, the
overall dielectric screening gets enhanced. However, the persistent large joint density of states associated with
the parallel band structure in blue phosphorus gives rise to a much larger binding energy than the value predicted
in an effective screening model. Our studies have not only provided a deep understanding of excitons in 2D
semiconductors but also provided solid data for further experimental exploration of the application of few-layer
blue phosphorus in optoelectronics.
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I. INTRODUCTION

Since the discovery of black phosphorene [1–3], this new
member in two-dimensional (2D) material family has at-
tracted wide interest in condensed matter physics and material
science. Black phosphorene is a narrow-band-gap semicon-
ductor with a direct band gap (2.1 eV) and anisotropic optical
properties (1.6 eV difference in the optical absorption edge
between the polarization along the zigzag and armchair di-
rections of 2D puckered structure) [4–7]. Such unique optical
properties make it very useful for optoelectronic applications.
For phosphorus, many allotropes have been identified in the
bulk form [8] as well as the 2D form [9,10]. For the phospho-
rus with fibrous structure, including red phosphorus [11] and
violet phosphorus [12,13], the one-dimensional tube structure
with P pentagon ring will lead to enhanced excitonic effect in
the optical responses. In particular, in 2D limit, Hittorf’s (vio-
let) phosphorene has been found to exhibit unusual electronic
and optical properties [14]. The direct band gap (quasiparticle)
of 3.32 eV, optical gap of 2.41 eV with the large exciton
binding energy of 0.91 eV, and relatively short exciton life-
time (18 ns), making Hittorf’s phosphorene promising for the
application as green light-emitting-diodes [14].

Under high pressure, black phosphorus will undergo a
structural phase transition to a layered semimetallic phase
(A7 phase) [15]. In both black phosphorus and A7 phase,
P atom has three nearest neighbors within the layer. How-
ever, the former exhibits an orthorhombic crystal cell with
a puckered in-plane atomic arrangement while the latter has
a rhombohedral cell with a buckled in-plane atomic arrange-
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ment [16]. Superconductivity has been found in the A7 phase
with transition temperature around 6–13 K [17]. Recently,
such kind of phase transition has also been identified in
the few-layer systems [18]. The layered structure and novel
transport properties of the A7 phase phosphorus have trig-
gered many attempts towards the realization of its single-layer
form, named as blue phosphorene by Zhu and Tománek [19].
In fact, by now based on the bottom-up growth technique
on certain substrates [20–28], some experiments have suc-
cessfully achieved the fabrication of the blue phosphorene.
However, the metallic substrate is found to strongly interact
with phosphorus atoms and will finally renormalize the in-
trinsic band structure of the 2D membrane. To reduce the
interaction between phosphorene and the metallic substrate,
tellurium-monolayer-supported Au(111) [22] substrate has
been used to realize quasi-free-standing blue phosphorene.
Later, silicon intercalation is introduced to tune the interfacial
interaction of blue phosphorene with the metallic substrate
[27]. Recently, a stable fabrication of blue phosphorene has
also been achieved on Cu3O2/Cu(111) substrate [28]. How-
ever, theoretical prediction shows that blue phosphorene can
be readily realized on semiconductor GaN(001) substrate with
an intriguing half-layer-by-half-layer growth mechanism [29],
making its further applications in optoelectronics possible.

Blue phosphorene is predicted to be an indirect-band-gap
semiconductor [19]. Quasiparticle and excitonic properties of
blue phosphorene have also been studied, including single-
layer [30], bilayer [31] and its heterostructure with black
phosphorene [32]. More recently, the unusual strain de-
pendences of quasiparticle electronic structure, exciton, and
optical properties of blue phosphorene have been revealed
[33]. The funnel effect realized in the inhomogeneously
strained 2D membrane could overcome the indirect-band-gap
nature for the green and blue light-emitting applications [33].
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In a 2D system, the exciton effect is strongly enhanced due to
the less screened Coulomb interaction and the optical proper-
ties of 2D materials are dominated by excitonic effect [34–47].
Electronic and optical properties will change significantly dur-
ing the transition from the 2D structure to three-dimensional
(3D) case. The layer dependence of quasiparticle electronic
structure and optical properties have been studied in the few-
layer MoS2 [42] and black phosphorus [43–45]. Unlike the
direct-band-gap semiconductors MoS2 with parabolic band
dispersion (at K and K’ points) and black phosphorus with
anisotropic band dispersion (at � point), the blue phosphorene
has an indirect band gap, where the almost parallel bands for
the optical transitions lead to unusual exciton formation and
character [33]. With increasing the number of layers in blue
phosphorene, whether the indirect-band-gap nature persists or
not and what is the layer dependence of excited states are
still not clear. Therefore, in this paper, based on the first-
principle GW -BSE (Bathe-Salpeter equation) method [48],
we study the quasiparticle electronic structure, exciton, and
optical properties of few-layer blue phosphorus. The layer
dependence is found to be different from that observed in the
few-layer MoS2 [42] and black phosphorus [43,44]. Although
the overall dielectric screening increases linearly with the
layer number in the few-layer systems, the large joint density
of states (JDOS) accompanied with enhanced exciton mass is
found to give rise to a stronger binding energy than the 2D
screened model consideration. Our study provides the unique
aspects of excitonic properties in the 2D materials with paral-
lel band structure. Furthermore, the tunable optical properties
could find their potential applications in 2D optoelectronics.

II. COMPUTATIONAL METHOD

The ground-state calculations of few-layer blue phospho-
rus are performed using density-functional theory (DFT) as
implemented in QUANTUM ESPRESSO [49]. To avoid spu-
rious interactions between layers, a vacuum layer of 16 Å
along the out-of-plane direction is adopted on the simulation
cell of few-layer phosphorus. We use the generalized gradient
approximation of Perdew-Burke-Ernzerhof (PBE) [50] and
norm-conserving pseudopotentials with a plane-wave cutoff
of 60 Ry [51]. The ground-state wave functions and eigenval-
ues are calculated with a k grid of 30 × 30 × 1 for few-layer
blue phosphorus and 30 × 30 × 12 for bulk phosphorus. The
crystal structures are relaxed until the total forces are less than
10−4 eV/Å and the convergence criterion for total energies is
set to 10−7 eV. The DFT-D2 correction is used to consider the
van der Waals interaction [52].

The quasiparticle band structure and optical properties are
calculated with BERKELYGW [53–55]. The quasiparticle
self-energies are obtained by solving the following Dyson
equation:[− 1

2∇2 + Vion + VH + �
(
EQP

nk

)]
ψ

QP
nk = EQP

nk ψ
QP
nk , (1)

where � is the self-energy operator within the GW approx-
imation, and EQP

nk and ψ
QP
nk are the quasiparticle energies and

wave functions, respectively. Generalized plasmon pole model
is used in the calculation. A truncated Coulomb interaction be-
tween the blue phosphorus and its periodic image is adopted.
To ensure the convergence of quasiparticle energies [56], we

use a coarse k grid of 30 × 30 × 1, empty bands of 100 times
more than the valence bands, and the dielectric cutoff of 10
Ry for few-layer blue phosphorus [33].

The static polarizability is firstly calculated from random-
phase approximation from

χGG′ (q; 0) =
∑
n,n′,k

〈n, k|e−i(q+G)·r|n′, k + q〉〈n′, k + q|

× ei(q+G′ )·r′ |n, k〉 1

En′k+q − Enk
, (2)

where n and n′ are occupied and unoccupied band indices, k
is wave vector, q is a vector in the first Brillouin zone, G is a
reciprocal-lattice vector, and |n, k〉 and Enk are the mean-field
electronic eigenvectors and eigenvalues. Then the dielectric
matrix is constructed as

εGG′ (q; 0) = δGG′ − v(q + G)χGG′ (q; 0), (3)

where v(q + G) = 4π/|q + G|2 is the bare Coulomb interac-
tion.

The electron-hole excitations are then calculated by solv-
ing the BSE equation for each exciton state S:
(
EQP

ck − EQP
vk

)
AS

vck +
∑
v′c′k′

〈vck|Keh|v′c′k′〉AS
v′c′k′ = 	SAS

vck,

(4)
where AS

vck is the exciton wave function, 	S is the excitation
energy, and Keh is the electron-hole interaction kernel. Finally,
we obtain the imaginary parts of frequency-dependent com-
plex dielectric function ε2(ω) as

ε2(ω) = 16π2e2

ω2

∑
S

|e · 〈0|v|S〉|2δ(ω − 	S ), (5)

where v is the velocity operator and e is the polarization of
the incoming light. A Gaussian smearing with a broadening
constant of 20 meV is used in optical absorption spectrum. For
the convergence of BSE calculations, a fine k grid of 120 ×
120 × 1 is used. It is noted that fine sampling is necessary
to capture fast variation in screening at small wave vectors
and fine features in exciton wave functions, which are tightly
localized in k space.

The absorbance A of few-layer blue phosphorus is ex-
pressed as

A(ω) = 1 − e−α(ω)d = 1 − e− ωε2d
h̄c , (6)

where α is the absorption coefficient, d is the thickness of the
simulation cell along the direction perpendicular to the layer,
ε2 is the imaginary part of the dielectric function, and ω is the
photon energy.

Using Fermi’s golden rule, the radiative lifetime τS (0) at
0 K of an exciton in state S is derived according to [57,58]

τS (0) = h̄2c

8πe2ES (0)

Auc

μ2
S

, (7)

where c is the speed of light, Auc is the area of the unit
cell, ES (0) is the energy of the exciton in state S, and μ2

S =
(h̄2/m2ES (0)2)(|〈G|p|||S〉|2/Nk ) is the square modulus of the
BSE exciton transition dipole divided by the number of unit
cells in this 2D system. The exciton radiative lifetime 〈τS〉 at
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FIG. 1. Crystal structure of trilayer blue phosphorus with AA stacking. (a) Top view. (b) Side view.

temperature T is obtained as [58]

〈τS〉 = τS (0)
3

4

(
ES (0)2

2MSc2

)−1

kBT, (8)

where kB is the Boltzmann constant, and MS = m∗
e + m∗

h is
the exciton effective mass as the exciton energy dispersion
ES (Q) = ES (0) + h̄2Q2/2MS is employed with Q being the
center-of-mass momentum of the exciton.

III. RESULTS AND DISCUSSION

While sharing the atomic connectivity with the honeycomb
lattice of graphene, the crystal structure of each layer in blue
phosphorus is nonplanar. The theoretically optimized lattice
constant for monolayer blue phosphorene is 3.28 Å with a
P-P bond of 2.26 Å and an effective thickness t is 1.24 Å
[33]. To mimic the epitaxial growth of possible few-layer and
even multilayer blue phosphorus, the in-plane lattice constant
is fixed to 3.28 Å of the monolayer. For the bilayer blue
phosphorus, we find that AA stacking is the most energet-
ically favorable (see Appendix A). Therefore, we focus on
AA stacking to discuss the evolution of quasiparticle band
structure, exciton, and optical properties in few-layer blue
phosphorus. As shown in Fig. 1, the optimized crystal struc-
ture for trilayer blue phosphorus has an effective thickness of
10.18 Å and interlayer distance of 3.23 Å. As the number
of layers increases, the effective thickness increases but the
interlayer distance changes little. For pentalayer system, t
is 19.12 Å. Detailed parameters of effective thickness and
interlayer distance are listed in Table I. Our considerations
are also consistent with previous theoretical results, where
for the bilayer structure as well as few-layer systems of blue
phosphorus, AA stacking was found to be energetically favor-
able and the system was mechanically and thermodynamically
stable [31,59,60]. It is noted that the pressure-driven A7 phase

TABLE I. Effective thickness and interlayer distance of few-
layer blue phosphorus.

monolayer bilayer trilayer quadlayer pentalayer

t (Å) 1.24 5.84 10.18 14.64 19.12
d (Å) — 3.36 3.23 3.23 3.23

has A′B stacking ordering [15–18], which in the fully opti-
mized condition the bilayer crystal structure has a much closer
interlayer distance of 1.82 Å as well as shorter interlayer P-P
bonding of 2.67 Å. In contrast to semiconducting nature in
all the other stackings, the metallic state is coherent to this
non-van der Waals crystal structure [61].

The quasiparticle (G0W0) band structures of few-layer blue
phosphorus are presented in Fig. 2. The PBE results are also
presented. All the few-layer systems exhibit indirect-band-
gap nature, and the band gap decreases with increasing the
number of layers, i.e., from 3.41 eV for monolayer to 1.09 eV
for pentalayer. The blue phosphorus finally becomes metal-
lic in the bulk form (see Appendix B). The valence band
maximum (VBM) is firstly located at � point in monolayer
and changes to the point near � point in few-layer phos-
phorus. The conduction band minimum (CBM) is almost
unchanged for monolayer up to quadlayer, locating along the
�-M line. For pentalayer blue phosphorus, it changes to K
point. Compared to G0W0 results, PBE bands show much
reduced band gap. The band dispersion, however, changes
little.

The evolution of quasiparticle (G0W0) indirect band gap
with the number of layers N is presented in Fig. 3. Since
the bulk blue phosphorus is metallic (semimetal), we fit the
data of the band gap up to five layers to achieve the power
law. The quasiparticle gaps are found to obey a power law
of the form (A/Nx + B), with the fitting parameters of Eg =
11.52/N0.14 − 8.09. A similar trend is also found in PBE
results, with x = 0.15, A = 8.76, and B = −6.83. Within
this kind of approach, we find that the decay of the band
gap in few-layer blue phosphorus is obviously faster than
1.70/N0.73 + 0.30 law revealed in few-layer black phosphorus
and 2.09/N0.61 + 0.65 law revealed in few-layer MoS2, where
the bulk of these two materials are semiconductors [42,43].

The direct transition energy for the lowest interband tran-
sitions in few-layer blue phosphorus is presented in Fig. 4.
All the few-layer blue phosphorus are found to exhibit sim-
ilar character of transitions with six deep valleys in the first
Brillouin zone. As the number of layers increases, the depth
at the center of valley decreases, from 3.69 eV in monolayer
to 2.36 eV in pentalayer. Besides, the dispersion of the direct
transition energy becomes flatter in thicker structures. Such
kind of energy profile should be very important for optical
transitions in blue phosphorene [33].
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FIG. 2. Quasiparticle (G0W0) band structure (in contrast to PBE bands) of few-layer blue phosphorus. The dots indicate VBM or CBM.
(a) monolayer, (b) bilayer, (c) trilayer, (d) quadlayer, (e) pentalayer, and (f) bulk.

With the above revealed band profile, the optical absorp-
tion spectrum of few-layer blue phosphorus is presented in
Fig. 5. It is necessary to consider electron-hole interaction to

FIG. 3. Layer dependence of quasiparticle indirect band gaps
in few-layer blue phosphorus. PBE results are also shown for the
comparison.

describe the exciton-dominated optical absorption peaks in the
few-layer blue phosphorus. Strong exciton effect is obvious
in all the systems. With increasing layer number, the exciton
binding energy in the few-layer blue phosphorus decreases
from 0.84 eV in monolayer to 0.33 eV in pentalayer. The
value is still much larger than that in conventional 3D semi-
conductors. The absorption peaks also become lowered and
get being continuous in thicker systems. The absorption edge
decreases from 2.85 eV in monolayer to 2.04 eV in pentalayer,
showing the incorporation of a much wide range of visible
light spectrum for 2D photovoltaics.

Similar to monolayer blue phosphorene, the optical transi-
tions for the first absorption peak in the few-layers happens
around � point [33]. The evolution of quasiparticle and opti-
cal band gap with the number of layers for the optical transi-
tion (at � point) is presented in Fig. 6. � point is defined as the
center of the transition of the first bright exciton, which will
also be explained in detail in the following. The dependence
is found to obey the power law in the form 2.11/N0.64 + 1.59
and 1.34/N0.63 + 1.52 for quasiparticle and optical band gap,
respectively. It is noted that for few-layer black phosphorus,
the optical band gap obeys 0.87/N0.96 + 0.28 [43]. Such kind
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monolayer bilayer trilayer quadlayer pentalayer

FIG. 4. Layer dependence of direct band gap (the lowest interband transitions) in few-layer blue phosphorus.

of difference is attributed to the band dispersion characters
near the optical transition, i.e., anisotropic dispersion near
� in black phosphorene, parabolic dispersion near K(K′) in

FIG. 5. Layer dependence of optical absorption in few-layer blue
phosphorus. Results without considering the electron-hole interac-
tions are also shown for the comparison.

MoS2, and almost parallel bands dispersion near � in blue
phosphorene. For few-layer blue phosphorus, such unique
character persists.

The exciton energy spectrum of few-layer blue phosphorus
is presented in Fig. 7. Here, we regard the exciton with the
oscillation strength higher than 10−5 as the bright exciton,
otherwise, regard as dark state. Similar to other 2D materials,
the nonuniform screening leads to such non-Rydberg series of
exciton states [33,41].

To understand the exciton formation associated with the
optical transition in few-layer phosphorus, we plot the en-
velope function times oscillation strength of the first bright
exciton as shown in Fig. 8. The amplitude decreases dramat-
ically as increasing the number of layers, consistent with the
decreased absorption amplitude revealed above. Besides, the
transitions are highly localized in six valleys, with distribution
area becoming smaller in thicker structure, indicating weaker
exciton effect for the combination of electron-hole pairs in
thicker structure. The detailed distribution along 1D path
(from � to M) for exciton formation is presented in Fig. 9.
We find the exciton is mostly contributed by the transition
from the highest valence band (v1) and the lowest conduction
band (c1). The center of the exciton, i.e., � point, corre-
sponds to the lowest transition energy and largest transition
matrix element, with the blue arrows with decreasing strength
of the half-height width in the envelope function. With in-
creasing the layer number, the center shifts left hand side,
getting much closer to � point. It is noted that few-layer blue

FIG. 6. Layer dependence of optical band gap (BSE) and the
quasiparticle band gap (G0W0) at � point.
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FIG. 7. Exciton energies in few-layer blue phosphorus. Red and blue lines are for bright and dark excitons, respectively.

phosphorus are indirect band gap semiconductors. Using
monolayer blue phosphorene as an example, we try to evaluate
the contribution from indirect transitions in this indirect band
gap semiconductor (see Appendix C). It is found that the tran-
sition from � point to CBM is comparable to that of the direct
transition at � point. Meanwhile, the transition energy from
� to CBM is 0.28 eV lower than that of the direct transition at
� point. Therefore, when considering the temperature effect
[62,63], excitons with lower energies could form and optical
absorption spectrum of few-layer blue phosphorus will exhibit
a red-shift.

To understand the exciton in few-layer systems further,
we plot the real-space distribution of modulus squared wave
function of the first bright exciton. The monolayer of blue
phosphorene is presented in Fig. 10. Here, we fix the hole at
the center of the P-P bond. The radially symmetric distribution
is consistent with the 1s exciton envelope function in recipro-
cal space. As seen from the side view in Fig. 10(b), the exciton
distribution is limited within the layer due to the quantum
confinement effect. Similar to the monolayer, the first bright
exciton in the bilayer blue phosphorus also shows 1s like
symmetric distribution [see Fig. 11(a)]. However, due to the
bilayer structure, as indicated in Fig. 11(b), the exciton wave
function as well as its planar average show equal distribution

between two layers, indicating the mixing of both intralayer
and interlayer excitonic characters. Similarly, the real-space
plots of the first bright exciton in trilayer, quadlayer, and
pentalayer, as presented in Figs. 12, 13, and 14, respectively,
exhibit interlayer characteristics. The position of the hole is
adjusted to investigate the distribution of electrons. It is noted
that the planar distribution radius increases with the number of
layers and the electron-hole excitation gets more accumulated
in the inner layers. The quantum confined surface layer has
smaller electron-hole excitation for the first excitonic state,
but the mixing of interlayer characteristics is evident. It is also
noted that as the number of layers increases, the proportion
of intralayer exciton gets decreased, which also agrees with
the weaker exciton oscillation strength (Fig. 8) and absorption
strength (Fig. 5) in thicker blue phosphorus.

By now, we could summarize the evolution of the excitonic
properties in the few-layer blue phosphorus. The N dependen-
cies of exciton effective mass, exciton binding energy, and
exciton lifetime for the first bright exciton are presented in
Fig. 15. As shown in Fig. 15(a), the exciton effective mass
increases when the number of layers is increased. Effective
masses of the electron and hole show a similar trend (see the
inset). The exciton binding energy, however, decreases with
increasing number of layers [see Fig. 15(b)]. The dielectric

1.6-4.4 log (A   · μ ) 

K

M

monolayer bilayer trilayer quadlayer pentalayer

vck
S

S

FIG. 8. Reciprocal plots for the strength of the first bright exciton. The decrease of exciton magnitude with increasing layer number is
evident.
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ECB
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ECB

FIG. 9. Quasiparticle band structure with the distribution of opti-
cal transitions composing the first bright excitonic state in few-layer
blue phosphorus: (a) monolayer, (b) bilayer, (c) trilayer, (d) quad-
layer, and (e) pentalayer.

x

y

x

z

(a)

(b)

FIG. 10. Real-space plots of modulus squared of the first bright
exciton wave function in monolayer blue phosphorene. Here, the
hole (black circle) is fixed at the center of the bond between two
neighboring phosphorus atoms.

screening becomes stronger in thicker layers and weakens the
electron-hole interaction. As shown in Fig. 15(c), the exciton
lifetime at room temperature (300 K) increases significantly
with increasing number of layers. The main reason for such
dramatic increase is the rapid decrease of the oscillation
strength. The exciton lifetime increases from 0.24 ns for the
monolayer to 3.39 × 103 ns for the pentalayer. Such a wide
tunability should be beneficial for the applications of opto-
electronic devices.

x

y

x

z

(a)

(b)

FIG. 11. Real-space plots of modulus squared of the first bright
exciton wave function in bilayer blue phosphorus. Here, the hole
(black circle) is fixed at the center of the bond between two neigh-
boring phosphorus atoms.
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(d)

FIG. 12. Real-space plots of modulus squared of the first bright
exciton wave function in trilayer blue phosphorus. Here, the hole
(black circle) is fixed at the center of the bond between two neigh-
boring phosphorus atoms.

The above dependencies in fact agree with the evolution
of dielectric screening in 2D materials, which is nonuniform
with the q dependence of dielectric function presented in
Fig. 16(a) for few-layer blue phosphorus. Similar to other
2D materials, the inverse dielectric function starts from the
unity (ε0 in the vacuum) for the long-wavelength limit, then
decreases to the minimum and finally increasing toward the
unity [41]. Clearly, since the increasing of the number of
layers naturally enhances the dielectric screening of Coulomb
interaction, the inverse dielectric function becomes lower in
thicker few-layer blue phosphorus. Generally, the dielectric
function is defined in the form ε2D(q) = 1 + 2πα2D

0 q, where
α2D

0 is the 2D polarizability [41]. The effective 2D polariz-
ability of few-layer phosphorus is then fitted and provided in
Fig. 16(b). We find that α increases linearly with the number

x

y

x

z

x

y

x

z

(a)

(b)

(c)

(d)

FIG. 13. Real-space plots of modulus squared of the first bright
exciton wave function in quadlayer blue phosphorus. Here, the hole
(black circle) is fixed at the center of the bond between two neigh-
boring phosphorus atoms.

of layers, verifying the fact that the thicker the few-layer blue
phosphorus is, the stronger the dielectric screening will be.

Comparing the evolution shown in Figs. 6 and 15, we find
that the exciton effective mass increases while the band gap
and exciton binding energy decrease with increasing layers
of blue phosphorus. In general, it is believed that in 2D
systems, the larger the band gap, the stronger the exciton
binding energy [64–66]. In the meantime, it is widely accepted
that in semiconductors the larger the band gap, the larger the
effective mass [67]. Here, the increase of the exciton effective
mass is associated with the parallel band structure of few-
layer blue phosphorus. The electron and the hole effective
masses that compose exciton mass, are calculated at � point
where the electron-hole pairs for the first bright exciton are
located. When increasing the layer number, � point moves
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FIG. 14. Real-space plots of modulus squared of the first bright
exciton wave function in pentalayer blue phosphorus. Here, the hole
(black circle) is fixed at the center of the bond between two neigh-
boring phosphorus atoms.

FIG. 15. Layer dependence of (a) exciton effective mass (inset is
for the masses of electron and hole), (b) exciton binding energy, and
(c) exciton lifetime.

farther from the local band extrema, as shown in Fig. 9, and
it becomes important to incorporate nonparabolic effect in
the effective mass [68]. We find that due to the nonparabolic
effect, the farther � point locates from local band extrema, the
stronger band flattening is, which results in the increase of the
effective mass of the electron and the hole, and subsequently
the exciton. It is interesting to proceed a little further by
invoking quantitative model analysis. In a 2D system, the ex-
citon binding energy is suggested to be proportional to mS/ε

2,
where mS = 1/(1/m∗

e + 1/m∗
h ) is the exciton reduced mass

and ε is the dielectric constant [64]. Typically, in 2D system
with infinitesimal thickness, the dielectric constant is same as
the vacuum dielectric constant, making ε = 1 and Eb ∝ mS .
As the number of layers increases, the dielectric screening
becomes stronger and ε becomes essential. In a simplified
screened hydrogen model [65],

Eb = 2mS/ε
2
eff , (9)
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FIG. 16. (a) q dependence of dielectric function. (b) Layer de-
pendence of effective screening.

where εeff = (1 +
√

1 + 32πα2D
0 mS/3)/2 is the effective di-

electric constant. In Fig. 17, we scale the exciton binding
energy with quasiparticle band gap for both first-principle and
model calculations. A similar dependence is found between
each other. However, the real magnitude of exciton is un-
derestimated even if we have considered the first-principle
dielectric screening and effective mass of exciton. In few-

FIG. 17. The exciton binding energy versus the QP band gap
for few-layer blue phosphorus. The dashed line represents the lin-
ear relation in the form of Eb = 0.37 × Egap − 0.55 for G0W0 and
Eb = 0.46 × Egap − 0.89 for the 2D screened hydrogen model.

FIG. 18. IS for the first bright exciton state in the few-layer
blue phosphorus and other two 2D materials MoS2 and black
phosphorene.

layer blue phosphorus, the exciton binding energy is much
larger than the model predictions. The reason is due to the
particular band structure as shown explicitly in Fig. 9, where
the almost parallel band structure leads to strong JDOS. This
is similar to bulk Si, where unlike direct-band-gap semicon-
ductor GaAs, the parallel band structure leads to large JDOS
and strong optical absorption [67]. The JDOS is defined as
J (ω) = ∑

vck δ[Ec(k) − Ev (k) − h̄ω]. If we do not consider
exciton effect (only within independent particle approxima-
tion), then the JDOS is continuous above the absorption edge.
When considering the exciton effect, we define a quantity IS

to introduce the JDOS contribution to an exciton state S as
IS = ∫

S J (ω)dω, where the integral range over the transition
corresponding to the half-height width of the exciton. For
few-layer blue phosphorus the degeneracy of the low-energy
conduction bands (c1, c2,...) near � point are partially re-
moved, and the transitions from v1 to these conduction bands
will compose many exciton states. For example, for the first
bright exciton state as we illustrated in the bilayer system,
the corresponding transitions for this exciton state are mainly
from v1 to c1. There are also other exciton states based on
the transitions from v1 to c2. Therefore, IS is independent of
layer number. In the following, we consider the first bright
exciton which only arise from the transition of v1 to c1. As
demonstrated in Fig. 18, the JDOS(interband) contribution for
the first bright exciton in blue phosphorene is much larger than
other 2D systems (MoS2 and black phosphorene as calculated
in Appendix D) and the magnitude persists strongly in the
few-layer systems. This finding provides solid evidence that
the parallel band structure could give rise to strong exciton
effect in 2D materials.

IV. SUMMARY

To summarize, we have studied the quasiparticle elec-
tronic structure, exciton, and optical properties of few-layer

TABLE II. The energy difference in bilayer phosphorene with
AA, AB, AB′, and AA′ stackings.

AA AB AB′ AA′

�E (meV) 0.00 0.35 11.80 12.33
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FIG. 19. Stacking ordering in the bilayer of blue phosphorus.

blue phosphorus. The unusual dielectric screening from the
quantum confined geometry is well captured by the advanced
many-body perturbation method (G0W0-BSE). The indirect
band gap of 3.41 eV in the monolayer blue phosphorene
gradually decreases in the few-layer systems and evolves to
1.09 eV in pentalayer. The optical absorption also shows a
monotonic decrease, with the absorption edge changing from
2.85 eV in monolayer to 2.04 eV in pentalayer. The reduced
band gap is accompanied with reduced exciton binding en-
ergy, consistent with the enhanced dielectric screening when
the layer number is increased. However, the large JDOS ac-
companied with large exciton mass makes the electron-hole
pairs more strongly bounded than the prediction in an effec-
tive screening model. These findings suggest the emergence
of unusual excitonic effect in 2D materials with the parallel
band structure. Furthermore, the tunable band gap and optical
properties revealed in few-layer blue phosphorus make them
an ideal platform for further experimental studies of the opto-
electronic properties and applications.
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APPENDIX A: STACKING ORDERING OF BLUE
PHOSPHORUS

In Table II, we show the energies of bilayer blue phospho-
rus with different stacking ordering, with the crystal structures
demonstrated in Fig. 19.

APPENDIX B: BULK BLUE PHOSPHORUS FROM GW

We use a coarse k grid of 18 × 18 × 6, a fine k grid of
48 × 48 × 16, empty bands of 60 times more than the valence

FIG. 20. Comparison between the direct (from v1 to c1) and
the indirect (from � point at v1 to c1) transitions in monolayer
blue phosphorene. The upper panels are the quasiparticle interband
transition energy and the lower panels are the transition matrix.

bands (600 bands), and the dielectric cutoff of 10 Ry for the
calculation. Within the G0W0 approach, the bulk blue phos-
phorus is a semimetal with a 3 meV overlap between the top
of valance band and the bottom of conduction band.

APPENDIX C: DIRECT VERSUS INDIRECT TRANSITIONS

In Fig. 20, we calculate the direct (from v1 to c1) and the
indirect (from � point at v1 to c1) transitions in monolayer
blue phosphorene. The transition matrix from � point to CBM
is comparable to that of the direct transition at � point. Mean-
while, the transition energy from � to CBM is lower than that
of the direct transition at � point.

APPENDIX D: BLACK PHOSPHORENE AND MoS2 FROM
GW -BSE

The calculations are based on QUANTUM ESPRESSO
[49] and BERKELEYGW [55] packages. The norm-
conserving PBE pseudopotentials with a plane wave cutoff
of 80 Ry are used. For MoS2, we use a coarse k grid of
24 × 24 × 1, empty bands of 30 times more than the valence
bands, and the dielectric cutoff of 10 Ry in G0W0 part, and a
fine k grid of 96 × 96 × 1 in the BSE part. For black phospho-
rene, we use a coarse k grid of 18 × 12 × 1, empty bands of
50 times more than the valence bands, and the dielectric cutoff
of 10 Ry in G0W0 part, and a fine k grid of 72 × 48 × 1 in
the BSE part. It is noted that blue phosphorene has a stronger
exciton binding energy than MoS2 and black phosphorene
[33,37,43].
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