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Investigating the correlation between the Urbach energy and asymmetry
parameter of the Raman mode in semiconductors
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A quantitative correlation between the Urbach energy (Eu) and asymmetry parameter q of Raman spectra has
been derived. For this purpose, the effect of electronic disorder (∼Eu) on the possible interference between the
electronic continuum states and discrete phononic states is reinvestigated. The equation of the form I

q2 ∝ ξEu ± λ

(I: intensity of phonon mode ; ξ, λ: some material-dependent parameters) has been obtained and verified exper-
imentally on different semiconductors. The experimental results reveal an offset which has been understood as
intrinsic or disorder-induced contribution to electron-phonon interactions in the system. The obtained equations
quantitatively explain the changes in the Raman line shape due to disorder induced by atomic substitutions,
temperature, etc., and provide understanding of the superposition between electronic and phononic states and of
electron-phonon coupling in semiconductors with disorder.
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I. INTRODUCTION

The exponential behavior of the optical absorption coef-
ficient with incident photon energy near absorption edges,
i.e., the behavior of Urbach tail states and the asymmetry
parameter of the Raman phonon mode are believed to be
of common origin, i.e., due to the electron-lattice coupling
[1,2] The electron-lattice interaction is one of the fundamental
interactions of quasiparticles in solids, which plays a crucial
role for a variety of physical phenomena, such as supercon-
ductivity [3–5], colossal magnetoresistance [6–9], transport
and thermodynamic properties [10], etc. Bloch [11] derived
the electron-lattice matrix element for electrons in metals of
the following form [12]:

gmnv (k, Q) = −i

(
h

2NPMkωQv

) 1
2

Q · ekv (Q)V0.

The above equation considers the mass (Mk) of ions,
polarization of acoustic wave ekv (Q) corresponding to the
wave vector Q for various modes, and effective potential
(V 0) experienced by electrons in the unit cell. This equa-
tion essentially represents the scattering of electrons in a
metallic system due to acoustic phonons and neglected so
called umklapp processes. The said effective potential expe-
rienced by electrons was then further improved by Nordheim
[13], Mott and Jones [14], Bardeen [15], Nakajima [16],
and Bardeen and Pines [17]. These efforts finally resulted in
description of an electron-lattice mechanism using the field
theoretical approach. Presently, in theory, the electron-phonon
coupling (EPC) strength is estimated using the Eliashberg
spectral function [5] λ(ω2) = ∫∞

0 α2F (ω) dω
ω

; where, α2F (ω)
describes an effective electron-electron interaction due to any
type of boson exchange [18] (phonon, in solids).

*Corresponding author: prs@iiti.ac.in

In semiconductors, the charge carriers are generally con-
fined within a narrow range in energy near the band edges;
hence, the electron-lattice scattering mechanisms will be dom-
inated by long-wavelength phonons (k → 0; k = momentum
vector). This was proposed by Bardeen and Shockley [19]. In
this approach, the long-wavelength acoustic waves are used
to describe the atomic displacements and later related to the
elastic strain in the unit cell, which further leads to the de-
formation of the unit cell potential. It is well known that,
due to (1) random distribution of crystallographic defects, (2)
random distribution of impurities/doping and also due to ex-
ternal perturbations such as (3) temperature and (4) pressure,
etc., potential fluctuations may be introduced into the system
[20–23], which can give rise to the energy levels within the
forbidden energy gap, also called band tails or Urbach tail
states near band edges [23–25]. Due to the presence of these
tail states near band edges, the charge carriers in semiconduc-
tors are no longer confined within the narrow energy range (as
compared with that of disorder-free semiconductor materials)
but in slightly broader energy range; hence, it is expected
that the electron-lattice scattering mechanism will also have
contribution from phonons with k slightly > 0, i.e., due to the
non-zone-center phonons [26], which may lead to enhanced
electron-lattice coupling [12,23]. Numerous theoretical and
experimental efforts have been attempted to understand the
electron-lattice coupling [27–31]; among various models, the
theoretical models on EPC by Chamberlain et al. [32] and
Cardona et al. [33] have been successfully applied to pure and
doped semiconductor materials.

The EPC in semiconductors and its correlation with disor-
der has been one of the most challenging problems of con-
densed matter physics [34–37]. This problem is considered
indirectly by introducing strain followed by first-principles
calculations [38] and also by investigating dephasing or
relaxation of electrons/phonons due to disorder [39]. Here,
disorder is described as a product of characteristic momentum
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transfer due to EPC and mean free path because of scattering
from impurities [39]; hence, the problem is treated similar to
a metallike system. Further, in the case of semiconductors and
insulators, the prediction of electron-lattice coupling using
the GW approximation is found to be successful [40] but
computationally very expensive and verified only for limited
numbers of semiconductors, considering simplified crystal
structures.

Experimentally, many research groups have employed var-
ious intriguing techniques to estimate the strength of electron-
lattice coupling. Recently, Benedek et al. [41] reported a
study of electron-lattice interaction in low-dimensional and
layered structures by an He-atom scattering (HAS) exper-
iment. In their work, subsurface phonons were detected
on multilayer metallic structures via the HAS technique.
Moreover, the angle-resolved photoemission spectroscopy
(ARPES) technique has also been known as a tool to esti-
mate the coupling strength [42]. Na et al. [43] employed the
ARPES technique in the time domain for the graphite sys-
tem to study electron-lattice interactions. Additionally, Raman
spectroscopy [44–49] and optical spectroscopy [5,24,50] are
useful nondestructive techniques to qualitatively probe EPC
in semiconductors. Raman spectroscopy has been widely used
for qualitative understanding of EPC [1,32,51] by analyz-
ing the Raman line shape in terms of asymmetry [47,52,53]
and antiresonance peaks [1,54,55], where the Fano resonance
[55] is employed to model EPC. The line shape asymme-
try/antiresonance is addressed by the asymmetry parameter q,
the inverse of which is proportional to the strength of coupling
[45,50,56]. The Fano model considers the interaction between
the continuum and discrete states, deducing the dependence of
q on the width of this interaction band [55]. However, while
assuming its application in Raman spectroscopy, no direct
expression accounting for the effect of disorder on EPC has
been reported. It is noteworthy that any structural or chemical
influences in the lattice can affect the electronic as well as
phononic band structures as a consequence of induced disor-
ders [57,58]; in the energy scale, the phononic spread due to
such a structural disorder is predicated to be small (per a few
centimeters) [59–61]; hence, the phonon spread could also
be expected to contribute in the electron-lattice interaction in
the system and the information of the phonon spread, i.e., the
full width at half maximum (FWHM) of the phonon mode,
is already inbuilt in the Fano asymmetric parameter q [51,55].
Moreover, semiconductors at finite temperatures exhibit struc-
tural disorder [58]; these disorders result in additional states
near the valence band (VB) and/or conduction band (CB),
known as Urbach tail states [24,62,63], being a measure of
electronic disorder arising mainly due to structural, thermal,
or chemical disorders and are experimentally probed as the
Urbach energy (Eu) [64], which generally spreads over a
few millielectronvolts to 100 meV [47,58,65,66]. The Eu has
significant importance in determining the optoelectronic and
photovoltaic properties of materials [66,67]. Also, the origin
of Eu is understood in terms of interaction of excitons and
phonons in the system [68]. Therefore, there appears a pos-
sible correlation of Eu with the interaction of charge carriers
and lattice vibrations [24].

Keeping this in view here, the Fröhlich Hamiltonian is
divided into pure and disorder-containing terms in the Fano

model, yielding a quantitative relationship between EPC in
the form of asymmetry parameter q estimated from Ra-
man spectroscopy and electronic disorder measured in terms
of the Urbach energy (Eu) extracted from optical absorp-
tion spectroscopy (OAS) that has the form I/q2 ∝ Eu (I
being the intensity of Raman mode exhibiting asymme-
try), which is further experimentally supported for Hf-doped
BaTiO3, temperature-varied TiO2, and Si single-crystal sam-
ples, revealing enhancement in coupling-strength (∼1/q) with
electronic disorder (∼Eu). In addition, the obtained mathemat-
ical equations completely explain the changes in the Raman
line shape as a function of disorder. This strategy could be
applicable to almost all types of semiconductors and provides
accurate information of EPC as a function of disorder using
Raman and optical spectroscopy.

II. EXPERIMENTAL DETAILS

A. Sample details

Commercially available anatase TiO2 powder (Alfa Aesar
with purity 99.999%) and a silicon single-crystal (111) sample
were used for the analysis. Synthesis of Hf-incorporated bar-
ium titanate Ba Ti(1−x)HfxO3 (BTHO) was carried out with
the solid-state route for various compositions The detailed
discussion on sample preparation and the x-ray diffraction
analysis for the present series of samples were reported in
previous work [47,58].

B. Experimental techniques

1. Optical/Urbach energy measurements

The optical measurements of prepared samples were
performed using diffuse reflectance spectroscopy on an
ultraviolet-visible-near infrared spectrophotometer [69–74].

2. Raman spectroscopy

The Raman measurements were performed on the samples
using a high-resolution dispersive spectrometer equipped with
a 633 nm excitation laser source and a charge-coupled device
detector in backscattered mode [75–77].

III. THEORETICAL DISCUSSIONS AND BACKGROUND

To establish the relation between electronic disorder and
electron-lattice coupling for disordered systems, we consider
a discrete phononic state and a continuum of electronic states,
and to theoretically correlate the experimentally obtained
results, the mathematical treatment by Fano [55] will be fol-
lowed. Let |ρ〉 represent a discrete phononic state with energy
eigenvalue Eρ . Then [55]

〈ρ|Ĥ|ρ〉 = Eρ, (1.1)

and |κ〉, a continuum of electronic states with energy eigen-
values Eκ , and the elements of the part of the energy matrix
belonging to the subset of states |ρ〉 and |κ〉 would form a
square submatrix which, after diagonalization, can be written
as [55]

〈κ|Ĥ|ρ〉 = Vκρ. (1.2)
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To constrain the discussion to one continuum of states,
consider the orthogonality between other continuum states
|κ′〉 which may be present in the system [55]:

〈κ′|Ĥ|κ〉 = Eκδ(Eκ
′ − Eκ

). (1.3)

To account for the effects of EPC, the corresponding
Fröhlich Hamiltonian Ĥ is given by

Ĥ = Ĥe + Ĥρ + Ĥeρ. (1.4)

Here, Ĥe includes the coulombic interactions in an ideally
periodic lattice; Ĥρ denotes the quantized harmonic lattice
vibrations or noninteracting phonons; and the term Ĥeρ de-
scribes the coupling between the electrons and phonons. For
samples having structural disorder due to strain, defects, im-
purity, etc., such disorders are known to produce electronic
disorder in the form of Urbach tail states, also termed as the
Urbach energy [24,25,67,78]. As a result of which, the term
Ĥe could be expressed as Ĥe = Ĥ0

e + Ĥd
e , where the addi-

tional term Ĥd
e accounts for the fluctuation in the coulombic

potential due to the structural disorder induced by defects,
doping, temperature, pressure, etc. Also, the term Ĥeρ in
Eq. (1.4) can be expressed as Ĥeρ = Ĥ0

eρ + Ĥd
eρ , in which Ĥd

eρ
represents the contribution to EPC due to the disorders present
in the system (which could be, for example, structural disorder

and is expected to modify the phonon dispersion). After that,
Eq. (1.2) can also be expressed as

Vκρ = 〈κ|Ĥ|ρ〉 = 〈κ|Ĥ0|ρ〉 + 〈κ|Ĥd |ρ〉 = V 0
κρ + V d

κρ,

(1.5)

where the terms with superscript d denote, combinedly, the
disorder contribution into a system free from disorders de-
noted by superscript 0.

Further, it is considered that the energy Eρ of a dis-
crete phonon state would lie in the range of the continuum
with values Eκ . In such a case, an energy value ε within
the energy range Eκ would be an eigenvalue of the matrix
in Eqs. (1.1)–(1.4), and thus, the corresponding eigenvector
could be represented as the combination of the states |ρ〉
and |κ〉:

|ϒ〉 = α|ρ〉 +
∫

β|κ〉dEκ . (2)

The integration in the second term runs over the entire
energy range of the continuum of the states |κ〉; α and β

depend on ε and can be found as the solutions to the system
of Eqs. (1.1)–(1.4). The mathematical steps for the evaluation
are provided in Appendix I in the Supplemental Material [79].
The expression for α and β comes out to be

α(ε) =
{ ∣∣V 0

ερ

∣∣2 + ∣∣V d
ερ

∣∣2 + ∣∣V 0∗
ερV d

κρ

∣∣ + ∣∣V d∗
ερV 0

κρ

∣∣[
ε − (

E0
ρ + Ed

ρ

) − F (ε)
]2 + π2

(∣∣V 0
ερ

∣∣2 + ∣∣V d
ερ

∣∣2 + ∣∣V 0∗
ερV d

ερ

∣∣+|V d∗
ερV 0

ερ

∣∣)2

}1/2

, (3)

β(ε) =
{

1

ε − (
E0
κ

+ Ed
κ

) +
[
ε − (

E0
ρ + Ed

ρ

) − F (ε)
]

∣∣V 0
ερ

∣∣2 + ∣∣V d
ερ

∣∣2 + ∣∣V 0∗
ερV d

ερ

∣∣+∣∣V d∗
ερV 0

ερ

∣∣ δ(ε − Eκ
)

}(
V 0
κρ + V d

κρ

)
α, (4)

where

F (ε) = Principal part of
∫ ∣∣V 0

κρ

∣∣2 + ∣∣V d
κρ

∣∣2 + ∣∣V 0∗
κρV d

κρ |+|V d∗
κρV 0

κρ

∣∣
ε − Eκ

dEκ (5)

represents the shift in position of the resonance energy with
respect to Eρ .

To account the phase shift occurring in the wave function
due to interaction between the phononic and electronic states
in the presence of disorder, a phase shift parameter θ could
be defined, provided the states ϰ exhibit asymptotic behavior,
|κ〉 ∝ sin[k(ε)r + ∅] [55]. Here, k(ε) represents the wave
vector, r is the position vector, and ∅ corresponds to the initial
phase. The phase shift parameter θ then would have the form
(see Appendix II in the Supplemental Material [79] for the
derivation)

θ = − tan−1

[
π

∣∣V 0
ερ

∣∣2 + ∣∣V d
ερ

∣∣2 + ∣∣V 0∗
ερV d

ερ |+|V d∗
ερV 0

ερ

∣∣
ε − (

E0
ρ + Ed

ρ

) − F (ε)

]
.

(6)

Then rewriting α and β from Eqs. (3) and (4):

α = sin θ

πVερ

= sinθ

π
(
V 0

ερ + V d
ερ

) , (7)

β = Vκρ

πV ∗
κρ

sin θ

ε − Eκ

− cos θδ(ε − Eκ
)

=
(
V 0
κρ + V d

κρ

)
π

(
V 0∗

ερ + V d∗
ερ

) sin θ[
ε − (

E0
κ

+ Ed
κ

)]
− cos θδ

[
ε − (

E0
κ

+ Ed
κ

)]
. (8)

By inclusion of these forms, |ϒ〉 reduces to

|ϒ〉 = sin θ

πVερ

|ρ〉

+
∫ [

Vκρ

πV ∗
κρ

sin θ

ε − Eκ

− cos θδ(ε − Eκ
)

]
|κ〉dEκ .

The role of the phase parameter θ may appear in deter-
mining the line shape and its intensity; to account for this,
let any phononic excitation occur from some state |s〉 to state
|ϒ〉. The probability of such an excitation may be expressed
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through a suitable transition operator T̂ (the exact form of T̂
is beyond the scope of this paper) for the states as

〈ϒ |T̂ |s〉 = sinθ

πV ∗
ερ

〈P|T̂ |s〉 − 〈κ|T̂ |s〉 cos θ, (9)

where

|P〉 =|ρ〉 + Principal part of
∫

Vκρ |κ〉dEκ

ε − Eκ

. (10)

Equation (10) suggests the modification of the phononic
state |ρ〉 by the states of the continuum. Also, the two terms in
Eq. (9) have a phase difference of π/2, indicating that, as reso-
nance energy is reached (θ → π/2), the first term dominates,
whereas on moving away from this energy value, the terms
may interfere destructively on one side, and the transition
probability may vanish/diminish, leading to an antiresonance
dip in the profile. However, on the other side of resonance
energy, the profile could become asymmetric [1,55]. It is
noteworthy that, to interfere, the energies corresponding to
states |ρ〉 and |κ〉 must be comparable, and hence, when
the energy difference between the phononic and electronic
continuum states is significantly large, such an interaction
may not take place. This implies that, for a system free from
structural disorder, say at 0 K when the VB is completely
occupied, the overlap between electronic and phononic energy
states could not be favored. Hence, asymmetry in the Raman
line shape due to EPC is not expected at low temperatures.
However, the width of Urbach tail states (like electronic disor-
der) increases with temperature [80]. This could lead to finite
overlap of electronic and phononic energy states, from which
it could be inferred that the disorders arising in a system may
enhance electrophonon interference, which could experimen-
tally reflect as Raman peak broadening, asymmetry, and/or
antiresonance diplike features.

Further, to understand the intensity variations due to
electron-lattice interactions and disorders, rewriting Eq. (9),

〈ϒ |T̂ |s〉
〈κ|T̂ |s〉 =

(
1

πV ∗
ερ

〈P|T̂ |s〉
〈κ|T̂ |s〉 − cot θ

)
sin θ. (11)

The first term on the right-hand side could be defined as q
as done in Ref. [55]:

q = 1

πV ∗
ερ

〈P|T̂ |s〉
〈κ|T̂ |s〉 . (12)

Using Eqs. (6) and (12) into Eq. (11), we get

|〈ϒ |T̂ |s〉|2

|〈κ|T̂ |s〉|2
= (q + ε)2

1 + ε2
, (13)

where

ε = − cot θ = ε − Eρ − F (ε)

π |Vερ |2 ,

ε = ε − (
E0

ρ + Ed
ρ

) − F (ε)

π
(∣∣V 0

ερ

∣∣2 + ∣∣V d
ερ

∣∣2 + ∣∣V 0∗
ερV d

ερ

∣∣ + ∣∣V d∗
ερV 0

ερ

∣∣)
= ε − Eρ − F (ε)

1
2W

, (14)

where W = 2π |Vερ |2 = 2π (|V 0
ερ |2 + |V d

ερ |2 + |V 0∗
ερV d

κρ | +
|V d∗

ερV 0
ερ |) is the width corresponding to the interaction of the

state |ρ〉 that dilutes throughout a band of states.
In addition, from Eq. (12),

1

2
πq2 = 1

W

|〈P|T̂ |s〉|2

|〈κ|T̂ |s〉|2
, (15.1)

q2 = 1

π2
(∣∣V 0

ερ

∣∣2+∣∣V d
ερ

∣∣2+∣∣V 0∗
ερV d

ερ

∣∣+∣∣V d∗
ερV 0

ερ

∣∣) |〈P|T̂ |s〉|2

|〈κ|T̂ |s〉|2
.

(15.2)

From Eqs. (15.1) and (15.2), parameter q2

I turns out to be
inversely proportional to the width of interaction band W ;

here, I ∼ |〈P|T̂ |s〉|2
|〈κ|T̂ |s〉|2 , i.e., the ratio of transition probabilities,

which could be related to the intensity of the specific Raman
mode as the ratio in the left-hand side of Eq. (13), describes
the corresponding line shape, and the term defined as I forms
a part of it. In the Eq. (15.2), the term |V 0

ερ |2, being the natural
width in the absence of any disorder, is considered a constant;
the other terms, namely, |V d

ερ |2, |V 0∗
ερV d

ερ |, and |V d∗
ερV 0

ερ |, are
the contribution to W due to disorder. Thus, when the disorder
grows, the contribution of terms |V d

ερ |2, |V 0∗
ερV d

ερ |, and |V d∗
ερV 0

ερ |
can also increase, and for such a case, the variation in overall
width W would significantly depend on the disorder width. It
should be noticed that the width W would correspond to the
line shape of the profile which could be related to the Raman
mode. Further, as these variations are arising due to disorder
that may introduce potential fluctuations in the system, the
effect of these disorders could be seen as Eu.

It is very important here to note that, for a given semi-
conductor material, the widths of the Raman phonon mode
and the Urbach energy (Eu) show one-to-one correlation
[22,65,76,81] as a function of temperature or substitution,
or in other words, disorder, i.e., these parameters scale with
disorder. Figure 1 shows the linear dependence of Eu with the
width of the Raman phonon mode for Hf-substituted BaTiO3

and TiO2. The similar one-to-one dependence can also be ver-
ified for other samples from the available literature, see Figs.
S1–S3 shown in the Supplemental Material [79]. Keeping
in view the experimental observation of the linear behavior
between the width of the Raman phonon mode and Eu, it is
possible to express the width of the Raman peak in terms of
Eu as W = ξEu ± λ, where ξ and λ are material-dependent
parameters. Hence, Eq. (15.2) can be rewritten as follows:

1

2
πq2 = 1

W

|〈P|T̂ |s〉|2

|〈κ|T̂ |s〉|2
= 1

(ξEu ± λ)

|〈P|T̂ |s〉|2

|〈κ|T̂ |s〉|2
, (15.3)

or
q2

I
∝ 1

(ξEu ± λ)
, (15.4)

or
I

q2
∝ ξEu ± λ. (15.5)

Therefore, it would be interesting to examine the depen-
dence between the parameter q and Eu. The experimental
realization of the same is discussed in subsequent sections.
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FIG. 1. Linear correlation between the Urbach energy and the
Raman linewidth for (a) Hf-substituted BaTiO3 for Raman mode
∼300 cm–1 and (b) temperature-varied TiO2 for Raman mode
∼515 cm–1.

Now we are in a position to discuss the effect of
disorder on the Raman line shape for semiconductor ma-
terials. It can be seen from Eq. (3) that the square of
the coefficient α has the form of the Lorentzian function
of the width 2π |Vερ |2, which can be further expressed as

2π (|V 0
ερ |2 + |V d

ερ |2 + |V 0∗
ερV d

ερ |+|V d∗
ερV 0

ερ |), implying that, in
addition to the natural width |V 0

ερ |2, the disorder terms also
contribute to the overall line width. Mishra et al. [82] also re-
ported Raman line broadening due to disorder produced by ion
irradiation on MoS2 layers. Gupta et al. [34], in a study on the
laser-power-dependent Raman spectrum of Si nanowires, also
discussed the effect of thermal disorder as broadening of the
Raman mode. Further, the terms (|V 0∗

ερV d
ερ |+|V d∗

ερV 0
ερ |) may be

interpreted as overlapping of the natural and disorder widths,
relating to the overlapping of interaction bands corresponding
to the natural and disorder introduced states for this paper. It
should be noted that Eq. (2) is true only if the energy of the
phonon Eρ lies in the range Eκ of the electronic continuum; in
that case, the probability of interaction between the states |ρ〉
and |κ〉 would increase, which may modify the Lorentzian

FIG. 2. Schematic representative for the absorption spectra of (a)
BaTiO3 and (b) TiO2 at room temperature.

line shape of the resonance around the energy value Eρ +
F (ε), leading to asymmetry in the Lorentzian line shape.

Further, the shift in resonance energy is accounted for by
the function F (ε) [Eq. (5)], which includes the disorder terms;
thus, the presence of disorder could shift the resonance energy.
The plot of the quantity in the right-hand side of Eq. (13)
vs the reduced energy variable ε gives a profile that exhibits
asymmetry in the Lorentzian line shape for lower q values that
occurs at ε = 0 or ε = Eρ + F (ε), as shown by Fano [55].
The sign and magnitude of parameter q respectively deter-
mine the side and extent of asymmetry; hence, q is known
as the asymmetry parameter. The line shape is symmetric for
higher values of q, whereas as q descends, the line shape first
becomes broad, then asymmetric, and a further decrement in
q causes an antiresonance dip on the other side of the asym-
metry. It is noteworthy here that the ratio of the probability of
transition to the state |ϒ〉 to that of the unperturbed states of
the continuum |κ〉 increases with the q value [Eq. (13)]. Also,
the line shape height enhances as the q value increases [55].
Thus, it could be inferred that the line intensity would be pro-
portional to the ratio of the transition probabilities in Eq. (13).

Considering Eqs. (15.1)–(15.5), it can be understood that
the q value decreases as the disorder width |V d

ερ |2 grows,
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FIG. 3. (a) Plot of asymmetry parameter (q) for the Raman mode ∼308 cm–1 and the Urbach energy (Eu) as a function of Hf-content in
Ba Ti1−xHfxO3. (b) Representative figures for fitting of the ∼308 cm–1 Raman mode. (c) The corresponding Raman mode exhibiting increased
width and reduced relative intensity with Hf substitution.

suggesting that the corresponding line intensity would reduce
[Eq. (13)] with disorder (∼|V d

ερ |2 terms). The experimental
observations reported by Mishra et al. [82] also support this
interpretation, and the same has also been found in the ex-
perimental study in this paper (Supplemental Material [79]).
It can be further mathematically elucidated that decrease in
the q value may imply either decrease in the ratio of the

transition probabilities |〈P|T̂ |s〉|2
|〈κ|T̂ |s〉|2 or increase in the width of the

interaction band W . Considering the dependence on the width
W ∼ |Vερ |2, it can be said that, as an extent of interaction,
or the overlap between electronic and phononic energies, or
W is more, the q value would be less; thus, lower q could
indicate stronger electron-lattice interaction, which is exper-
imentally observed in various semiconductors in the form of
peak broadening, asymmetry, and/or antiresonance features in
Raman spectra [83–85].

IV. EXPERIMENTAL RESULTS AND VALIDATION
OF THEORETICAL RELATION

Further, from Eq. (15.2), it can be understood that, for
a system with nearly zero disorder, only the term |V 0

ερ |2

will contribute to q, and the probability of the interaction
〈κ|T̂ |s〉 would be negligible (low overlap between electronic
and phononic states when disorder is low), which could lead
to a relatively very high value of q2 (ideally infinity) and a
highly symmetric Raman mode [Eq. (3)], which is experimen-
tally observed at low temperature for semiconductor materials
[81,86,87]. Hence, Eqs. (12) and (15.1)–(15.5) essentially
represent a parameter which contains the information of EPC
strength.

Now in this section, the validity of the expression in
Eq. (15.5) is discussed through experimental data. In this
paper, we mainly compare optical and Raman spectroscopic
outcomes. The OAS experimentally provides information of
the Urbach energy, and Raman spectroscopy provides the
information about the asymmetry parameter q. Here, we have
carried out two experiments on each of the two different
samples. In the first case, disorder has been induced by substi-
tuting Hf at the Ti site in the BaTiO3 system (Ba Ti1−xHfxO3),
and in the second case, the disorder is introduced by elevating
the temperature of the TiO2 sample. To check the valid-
ity of Eq. (15.4), composition- (Ba Ti1−xHfxO3; BTHO) and
temperature- (TiO2) dependent OAS and Raman spectroscopy
measurements were performed. The details on sample
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FIG. 4. (a) Temperature dependence of asymmetry parameter (q) corresponding to the ∼515 cm–1 Raman mode and the Urbach energy
(Eu) for anatase TiO2 sample. (b) Representative figures for fitting of the ∼515 cm–1 Raman mode. (c) Temperature-dependent variation of
width of ∼515 cm–1 mode and asymmetry parameter.

preparation, estimation of the Urbach energy from the OAS,
analysis of Raman spectra, and extraction of the asymmetry
parameter q for the phonon mode were provided in earlier
publications [25,47,58]. For BTHO samples, OAS were ob-
tained at room temperature (RT); the representatives for the
OAS for Hf-substituted BTO and TiO2 samples at RT are
shown in Figs. 2(a) and 2(b), respectively. For BTHO samples,
the extracted value of Eu is observed to increase systemati-
cally with Hf substitution (Fig. 3). The random distribution of
Hf at lattice sites may produce potential fluctuations which
may introduce energy levels (Urbach tail states) near the
VB/CB that may appear in the form of electronic disorder
or Eu [47]. Similarly, for the TiO2 system, temperature-
dependent OAS were recorded [88] to obtain the Urbach
energy (Eu). The Eu is found to increase systematically with
temperature. It grows from ∼107 meV at 300 K to ∼197 meV
at 440 K (Fig. 4), which is consistent with the literature.

Considering the Raman spectra of BTHO samples. The
phonon mode assigned to B1 and E(TO + LO) that manifests
around 308 cm–1 in the normalized Raman spectra was stud-
ied for the correlation between Eu and the EPC strength, as
this mode corresponds to Ti-O bond vibrations [89], which
is expected to modify on Hf substitution. The optical and

Raman spectroscopy data reveal that Eu and the FWHM of
Raman modes scale with Hf substitution in BaTiO3. This
mode exhibits enhanced asymmetry with Hf incorporation
[Fig. 3(a)]. The increase in the FWHM may be ascribed to
the disorder in the phononic energy due to the difference
in the ionic radii of Ti+4 and Hf+4 ions, which results in
the larger spread in the phononic states. Hence, the mutual
increment of the FWHM and Eu may lead to the overlapping
of phononic and electronic energies, providing a favorable
condition for the electron-phonon interaction which could
appear as asymmetry in the Raman mode [50,53,55]. From
Fig. 3(c), it can be seen that the Raman peak ∼308 cm–1

broadens systematically accompanied with asymmetry with
Hf inclusion, attributing to enhanced EPC in the system. Fur-
ther, for the purpose of estimating the asymmetry parameter q,
the corresponding Raman peak for different compositions has
been fitted using the Fano function I (ω) = I0

(q+ ε)2

1+ε2 , which
is another form of Eq. (13), I0 being a scaling factor; quan-
tity ε, defined as reduced energy variable, is expressed as
ε = (ω − ω0)/Г, where ω0 is the frequency (wave number)
corresponding to the experimentally observed Raman mode,
ω is an independent variable in the frequency (wave number)
domain, and Г is the experimental line width of the Raman
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FIG. 5. Plot of I/q2 vs Eu exhibiting linear dependence for (a)
Hf-substituted BaTiO3 and (b) temperature-varied TiO2. See Fig. S7
in the Supplemental Material [79] for similar linear dependence for
other phonon modes.

mode; the quantity I (ω) is proportional to the intensity of
the Raman line [47]. The representative schematic for fitted
peaks and values of the parameter q obtained for the Raman
mode ∼308 cm–1 with the Hf content are shown in Figs. 3(a)
and 3(b). It is observed that q reduces, whereas Eu scales
with Hf substitution, signifying stronger coupling of electrons
and phonons with grown disorder. Moreover, for the anatase
TiO2 sample, the (A1g + B1g) mode has been found to ex-
hibit enhanced asymmetry among the other phonon modes;
therefore, it has been considered for verifying the theoretical
outcomes of this paper. Following the similar discussion as
for BTHO samples, the corresponding comparisons for the |q|
and Eu are shown in Fig. 4. Clearly, the decrease in |q| and
scaling of Eu with temperature emphasize the enhancement in
EPC due to thermal disorder. The complete measured Raman
spectra for BTHO, TiO2. and Si single-crystal samples are
shown in Figs. S4–S6 in the Supplemental Material [79],
respectively.

In this sequence, after qualitatively discussing the cor-
relation between the disorder (∼Eu) and electron-phonon
interactions (∼1/q), we shall now proceed to investigate the

FIG. 6. Temperature-dependent variation of I/q2 ratio obtained
from Raman spectra of single-crystal silicon sample fitted with
Einstein single-oscillator model that describes the temperature-
dependent variation of the Urbach energy. The variation of experi-
mental data points obtained from Raman spectroscopy is consistent
with the fitted theoretical model used for analysis of temperature
variation of the Urbach energy.

approached relation in Eq. (15.5). In that regard, Figs. 5(a)
and 5(b) show the plot between I/q2 vs Eu for Ba Ti1−xHfxO3

and TiO2 systems, respectively. Clearly, the linear trend ex-
hibited by the plot implies that, with increase in disorder in
the system, the contribution of disorder terms to the total
width W raises, which further contributes to lower q and
enhanced EPC. The observed linear behavior is in agreement
with the mathematical aspect of Eq. (15.5), demonstrating
the increment in the strength of coupling with scaling of
Eu which confirms the significant role of Eu (width of the
electronic disorder) in the coupling. Nevertheless, the linear
plot is found to have some intercept and need not pass through
the origin. This offset may be understood as the significance of
the parameter λ occurring in Eq. (15.5). There could be three
inferences, viz., λ = 0, λ < 0, and λ > 0. In the case of λ > 0,
even though the Urbach energy would tend to zero (origin),
the quantity I/|q|2 would still hold some finite value, which
may be understood in terms of the intrinsic or characteristic
electron-phonon interaction in the material [90]. Moreover,
for the cases λ = 0 and λ < 0, it may indicate that the system
does not possess contribution to the coupling, but disorder
may bring it in. Here, for λ < 0, the negative value of the
quantity I/|q|2 would not make sense, as intensity and the
square of |q| are positive numbers, and so should be I/|q|2.
However, looking at it from another side, it could be seen that,
in this case, as Eu approaches zero, i.e., as the system tends to
be disorder free, the quantity I/|q|2 would tend toward zero
before Eu. This could be inferred as that the system possesses
negligible electron-phonon (e-ph) interactions. Hence, a re-
lationship between Eu and EPC in terms of the asymmetry
parameter (q) has been explored for correlated systems, which
turns out to have the form I/q2 ∝ Eu ± λ that is in agreement
with the experimental results. This outcome has also been
found consistent with that proposed by Kurik [24].

Furthermore, from the discussion on Eqs. (15.1)–(15.5), it
is clear that the ratio I/q2 would represent a quantity pro-
portional to Eu. To further investigate the correlation of the
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ratio I/q2 and Eu, temperature-dependent Raman spectra of
a silicon single crystal has been obtained (see Fig. S3 in
the Supplemental Material [79]). A plot between the ratio
I/q2 for the characteristic ∼521 cm–1 Raman mode for the
silicon sample as function of temperature has been obtained,
and shown in Fig. 6. Interestingly, variation of the said ra-
tio as a function of temperature exhibits similar temperature
dependence as that of the Urbach energy for silicon [65], in
accordance with Einstein’s single-oscillator model [65,66],
which further confirms the validity of our theoretical model.

V. CONCLUSIONS

In conclusion, our calculations explore the mathematical
aspect of disorder-dependent electron-lattice coupling, pre-
dicting a correlation between electronic disorder (like Urbach
energy, Eu) and coupling-strength (∼1/q), in semiconductors
of the form I/q2 ∝ Eu, which has been successfully val-
idated on Hf-substituted BaTiO3, temperature-varied TiO2,
and single-crystal Si with convincing experimental results
on three different semiconductors, deducing that electronic
disorder has a significant role in determining the coupling in
semiconductors. In addition, this model explains mathemat-
ically Raman-mode broadening, peak shift, and decrease in
its intensity with disorder. Our theoretical results contribute
to a deeper insight for understanding the physics of electron-
lattice coupling that could be important in tuning the coupling

strength in semiconductors via disorders. This paper brings
understanding of EPC in semiconductors with disorder.
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