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Building ground states of the Hubbard model by time-ordered bound-pair injection
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According to energy band theory, ground states of a normal conductor and insulator can be obtained by
filling electrons individually into energy levels, without any restrictions. It fails when the electron-electron
correlation is taken into account. In this work, we investigate the dynamic process of building ground states of
a Hubbard model. It is based on time-ordered quantum quenches for unidirectional hopping across a central and
an auxiliary Hubbard model. We find that there exists a set of optimal parameters (chemical potentials and pair
binding energy) for the auxiliary system, which takes the role of electron-pair reservoir. The exceptional point
dynamics in non-Hermitian quantum mechanics allows the perfect transfer of electron pair from the reservoir to
the central system, obtaining its ground states at different fillings. The dynamics of time-ordered pair filling not
only provides a method for correlated quantum state engineering, but also reveals the feature of the ground state
in an alternative way.
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I. INTRODUCTION

Understanding the quantum states of strongly interact-
ing many-body systems via quantum dynamics is one of
the promising methods in contemporary condensed matter
physics. Compared to weakly or noninteracting systems,
strong interactions can induce fascinating phenomena, which
cannot be understood by conventional band theory. One ex-
ample is the Mott insulating state: for the ground state of
a fermionic lattice system with a half-filled band, strong in-
teractions can make this system insulating [1–3] from the
conducting state. The essence of what happens is correlation
between two fermions with opposite spins. High-temperature
superconductivity, as another example, can arise from the cor-
related motion of holes in an antiferromagnetic Mott insulator
[4,5]. Theoretically, such a correlation can be characterized
by the correlation function. However, it is a challenge to mea-
sure the correlation function in the experiment [6]. Recently,
correlated insulator has attracted much attention due to the
discovery of twisted bilayer graphene [7–13].

A conceptually clear and frequently used dynamic ap-
proach is a quantum quench, where one starts in the ground
state of a given Hamiltonian and then suddenly changes the
parameters of this Hamiltonian. After a sufficiently long time,
the evolved state may deviate from the ground state and is
not the eigenstate of the quenched Hamiltonian in general,
since the process is nonadiabatic. Nevertheless, it is expected
that the nonequilibrium state contains both the information
of initial and final Hamiltonians. Many research efforts have
been devoted to this subject [14–26].

In normal conductors and insulators, the situation is well
described by free electron theory, where the electrons behave
as free particles. Viewed in this context, electrons can be
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injected into or emitted from the material individually. Tech-
nically, the ground state of free electron gas can be built by
a dynamic process in the framework of quantum mechanics.
A natural question is how, in the presence of interaction be-
tween electrons with opposite spins, a correlated many-body
ground state is formed dynamically. Despite being a great
computational challenge for simulating the dynamics in large
size quantum many-body systems, theoretical calculations on
small sized systems may provide new insights into the experi-
mental observations. Recent advances in quantum simulations
of the Hubbard model with ultracold atoms have offer a
multifunctional platform to unveil properties of the strongly
correlated system [6,27–38].

In this work, we propose a method to build ground states of
a Hubbard model in the framework of quantum dynamics. It is
an extension of the conventional quenching method, switching
a system from N-site to (N + 1)-site lattices. We focus on an
N-site Hubbard model with a side-coupled site. Initially, the
central system is set in ground state at a certain filling and
the side-coupled site is empty. We consider two types of side-
coupling strength—Hermitian and non-Hermitian [39–44]
ones. In the Hermitian case, analytical analysis and numerical
simulation show that there exist optimal parameters, chemical
potential and pair binding energy, for the extra site, with which
the time evolution exhibits perfect oscillation, indicating that
a bound pair of electrons can be extracted and returned back to
the central system coherently. In the non-Hermitian case with
unidirectional hopping, the exceptional point (EP) [42–44]
dynamics allows the complete transfer of electron pair be-
tween the central system and the extra site. Furthermore, we
investigate the dynamic process of building ground states of a
Hubbard model. It bases on time-ordered quantum quenches
for unidirectional hopping across a central and an auxiliary
Hubbard model. Finally, we provide a scanning scheme to de-
termine the quenching parameters. Numerical simulation for
small-size one-dimensional (1D) and two-dimensional (2D)
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systems shows that the ground states at different fillings can
be built coherently with high fidelity. Our finding not only
provides a method for correlated quantum state engineering,
but also reveals the feature of the ground state in an alternative
way.

This paper is organized as follows. In Sec. II, we introduce
the model Hamiltonian and study the dynamics of single-pair
oscillation. In Sec. III, we investigate the dynamics of com-
plete pair transport by a non-Hermitian method. In Sec. IV, we
propose a dynamical way to build the ground state of the Hub-
bard model by time-ordered bound-pair injection. In Sec. V,
we provide a scanning scheme to determine the quenching
parameters. Finally, we summarize our results in Sec. VI.

II. MODEL AND SINGLE-PAIR OSCILLATION

We consider the Hubbard model Hc connected with a side-
coupled site p. The Hamiltonian

H = Hc + Hp (1)

consists of two parts. Here Hc is a simple Hubbard model on
an N-site bipartite lattice with equal sites of two sublattices,

Hc =
∑
l>l ′

∑
σ=↑,↓

(
Jl,l ′c

†
l,σ cl ′,σ + H.c.

) +
∑

l

Ulnl,↑nl,↓, (2)

where the operator cl,σ (c†
l,σ ) is the usual annihilation (cre-

ation) operator of an electron with spin σ ∈ {↑,↓} at site l ,
and nl,σ = c†

l,σ cl,σ is the number operator for a particle of spin
σ on site l . The hopping Jl,l ′ and interaction Ul are required to
be real; the system can be divided into two sublattices A and B
such that Jl,l ′ = 0 whenever l, l ′ ∈ {A} or l, l ′ ∈ {B}, and the
dimension of the lattice is not yet assumed. The side-coupled
term is

Hp = Jp

∑
σ=↑,↓

c†
α,σ cp,σ + H.c.

+Ubnp,↑np,↓ + μ↑np,↑ + μ↓np,↓, (3)

where cp,σ is the annihilation operator of an electron with spin
σ on the side-coupled site p; α ∈ {A, B}; μσ is the chemical
potential of the electron with spin σ and Ub is the binding
energy of electron pair on the p site. In this work, we mainly
consider the case with N-electron filling.

We first review some well-known model properties of the
Hubbard model Hc that are crucial to our conclusion. At first,
Hc possesses SU(2) symmetry

[s±, Hc] = [sz, Hc] = 0, (4)

with s+ = (s−)† = ∑
l s+

l and sz = ∑
l sz

l , where the local
operators s+

l = c†
l,↑cl,↓ and sz

l = (nl,↑ − nl,↓)/2 obey the Lie
algebra, that is

[s+
l , s−

l ] = 2sz
l , [sz

l , s±
l ] = ±s±

l . (5)

Secondly, Hc has spin reversal symmetry defined by

T HcT −1 = Hc, (6)

where T is the spin reversal operator with the action
T cl,↑T −1 = cl,↓ and T cl,↓T −1 = cl,↑ for all l . Then the
eigenstates of Hc are also the eigenstates of operators s and
sz. And any eigenstates with nonzero s must be degenerate.

In addition, according to Lieb’s theorem [45] for a bipartite
lattice, in the repulsive case Ul = U > 0, the ground state of
Hc at half filling is unique and has spin s = 0. The following
considerations are based on these properties.

We are interested in the lowest energy eigenstates of Hc

in the invariant subspaces with the numbers of electrons n
(sz = 0), n − 1 (sz = ±1/2), and n − 2 (sz = 0), respectively.
Here n is set to an even number satisfying 2 � n � N . The
corresponding Schrödinger equations are

[Hc − Eg(n, 0)]|ψg(n, 0)〉 = 0,

[Hc − Eg(n − 1,±1/2)]|ψg(n − 1,±1/2)〉 = 0,

[Hc − Eg(n − 2, 0)]|ψg(n − 2, 0)〉 = 0, (7)

where Eg is the ground-state energy in each invariant subspace
and Eg(n − 1, 1/2) = Eg(n − 1,−1/2) according to symme-
tries in the above analysis.

Now we consider the system with H in the subspace
spanned by the basis set

|1〉 = |ψg(n, 0)〉|0〉p,

|2〉 = |ψg(n − 1,−1/2)〉|↑〉p,

|3〉 = |ψg(n − 1, 1/2)〉|↓〉p,

|4〉 = |ψg(n − 2, 0)〉|↑↓〉p, (8)

where |0〉p is the vacuum state of the side-coupled site and
|σ 〉p = c†

p,σ |0〉p, |↑↓〉p = c†
p,↑c†

p,↓|0〉p. Based on the basis set,
the matrix representation of the effective Hamiltonian for
system H is

h =

⎛
⎜⎝

ε1 κ1 κ1 0
κ1 ε2 0 κ2

κ1 0 ε3 κ2

0 κ2 κ2 ε4

⎞
⎟⎠, (9)

where the matrix elements

ε1 = Eg(n, 0), ε2 = Eg(n − 1, 1/2) + μ↑,

ε3 = Eg(n − 1, 1/2) + μ↓,

ε4 = Eg(n − 2, 0) + μ↑ + μ↓ + Ub,

κ1 = 〈1|Hp|2〉 = 〈1|Hp|3〉 = 〈2|Hp|1〉 = 〈3|Hp|1〉,
κ2 = 〈2|Hp|4〉 = 〈3|Hp|4〉 = 〈4|Hp|2〉 = 〈4|Hp|3〉. (10)

In this framework, parameters {μ↑, μ↓,Ub} determine the dy-
namics of electron transport. We consider the following three
situations.

(i) |μ↓| � μ↑ = Eg(n, 0) − Eg(n − 1, 1/2); matrix h re-
duces to

h↑ = κ1(|1〉〈2| + |2〉〈1|) + ε1(|1〉〈1| + |2〉〈2|). (11)

(ii) |μ↑| � μ↓ = Eg(n, 0) − Eg(n − 1, 1/2); matrix h re-
duces to

h↓ = κ1(|1〉〈3| + |3〉〈1|) + ε1(|1〉〈1| + |3〉〈3|). (12)

In these two cases, one of the polarized electrons is excluded
at the p site. The dynamics is single-electron oscillation, real-
izing perfect transport from the center system to the p site. We
are interested in the third case, where spin-up and spin-down
electrons are all in resonance.
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FIG. 1. Schematic of the complete pair resonance in the Hubbard
chain. At instant t = t1, the center system (blue region) is prepared
in n-particle ground state and the side-coupled site (red dot) is
empty. With certain pair binding energy Ub and chemical potential
μ [Eq. (13)] of the side-coupled site, an electron pair is resonantly
transmitted to the side-coupled site, and the center system remains in
the (n − 2)-particle ground state at instant t = t2.

(iii) When taking the parameters as

μ↑ = μ↓ = μ = Eg(n, 0) − Eg(n − 1, 1/2),

Ub = 2Eg(n − 1, 1/2) − Eg(n − 2, 0) − Eg(n, 0), (13)

matrix h reduces to

hR =

⎛
⎜⎝

0 κ1 κ1 0
κ1 0 0 κ2

κ1 0 0 κ2

0 κ2 κ2 0

⎞
⎟⎠ + Eg(n, 0). (14)

It supports periodic dynamics with period T = 2π/ε [ε =√
2(κ2

1 + κ2
2 )], since the energy levels are always equally

spaced ε, and importantly allows the time evolution

|ψ (t )〉 = e−ihRt |1〉 = 1

2(κ2
1 + κ2

2 )

× {[
2κ2

1 cos (εt ) + 2κ2
2

]|1〉− iεκ1 sin (εt )(|2〉 + |3〉)

+ [2κ2κ1 cos (εt ) − 2κ2κ1]|4〉} (15)

for the initial state |ψg(N, 0)〉|0〉p. It demonstrates a pair os-
cillation between the center system and the side-coupled site,
indicating that a pair of electrons can be extracted from the
ground state of Hc at instant (m + 1/2)T (m = 0, 1, 2, 3, . . .)
in the small Jp limit. The maximal pair transport is

max[|〈4 |ψ (t )〉|2] = 4(κ2κ1)2

(
κ2

1 + κ2
2

)2 , (16)

which turns to unit at κ1 = κ2, indicating complete pair trans-
port. The schematic illustration of this process for a 1D system
is shown in Fig. 1, although the above analysis is not limited
to 1D.

For zero U , the ground states of Hc in each invariant sub-
space have simple relations

|ψg(n, 0)〉 = c†
F,↑|ψg(n − 1,−1/2)〉

= −c†
F,↓|ψg(n − 1, 1/2)〉 (17)

and

|ψg(n − 1, 1/2)〉 = c†
F,↑|ψg(n − 2, 0)〉,

|ψg(n − 1,−1/2)〉 = c†
F,↓|ψg(n − 2, 0)〉, (18)

where c†
F,σ is the creation operator of an electron at Fermi level

εF. Accordingly, we have

Eg(n, 0) = εF + Eg(n − 1,±1/2)

= 2εF + Eg(n − 2, 0). (19)

Obviously, we have κ1 = κ2 and Ub = 0, which results in
complete extraction. This can be understood from the fol-
lowing facts: when U = 0, all the dynamics of H in each
invariant subspace with fixed electron number is governed by
its matrix representation in a single-particle subspace. In the
single-particle subspace, Hc can be written as a diagonal form,

H0 =
∑

j

ε j (| j,↑〉〈 j,↑| + | j,↓〉〈 j,↓|), (20)

where the single-particle eigenstate with eigenenergy ε j is de-
fined as | j, σ 〉 = A†

j,σ |vac〉 (σ =↑,↓) and |vac〉 is the vacuum
state of the electron operator, i.e., cl,σ |vac〉 = 0. For any pair
eigenstate

|ψ (n, 0)〉 =
∏
{ j}

A†
j,↑A†

j,↓|vac〉, (21)

with eigenenergy

E (n, 0) = 2
∑
{ j}

ε j, (22)

where { j} is an arbitrary set of energy level indices. We simply
have

|ψ (n − 1,−1/2)〉 = Aj0,↑|ψ (n, 0)〉,
|ψ (n − 1, 1/2)〉 = Aj0,↓|ψ (n, 0)〉 (23)

and

|ψ (n − 2, 0)〉 = Aj0,↑|ψ (n − 1, 1/2)〉,
= −Aj0,↓|ψ (n − 1,−1/2)〉, (24)

for arbitrary j0 ∈ { j}. Accordingly, we have

E (n − 1,±1/2) = 2
∑
{ j}

ε j − ε j0 ,

E (n − 2, 0) = 2
∑
{ j}

ε j − 2ε j0 . (25)

Then taking μ↑ = μ↓ = μ = ε j0 the resonant subspace can
be constructed with κ1 = κ2 and Ub = 0. We conclude that
complete pair transport can occur for an arbitrary pair in the
zero U system.

For nonzero U , in general, we have κ1 	= κ2, which results
in incomplete extraction. However, it is presumably that we
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FIG. 2. Numerical results of the electron pair oscillation for different fillings n and values of Ul = U : (a) U = 0, (b) U = 0.5, and (c) U =
1.0. The top and bottom panels show the number of electron pairs of the side-coupled site as a function of time t for coupling strength
Jp = 0.05 and 0.2, respectively. Initially, the center system with Hubbard interaction U is prepared in the n-particle ground state |ψg(n, 0)〉 of
Hamiltonian Hc and the side-coupled site is empty. The pair binding energy Ub and chemical potential μ of the side-coupled site are set to the
values defined in Eq. (13), wherein the ground-state energies are obtained by the exact diagonalization of the Hamiltonian Hc in n-, (n − 1)-,
and (n − 2)-particle subspaces. The uniform nearest neighbor hopping is Jc = 1 and the system size is N = 6.

have κ1 ≈ κ2 for small U . To verify the above analysis, numer-
ical simulations for a finite 1D system with different fillings
n and values of Ul = U are performed. The lattice is illus-
trated in Fig. 1. The initial state is prepared as |ψ (t = 0)〉 =
|ψg(n, 0)〉|0〉p, and the evolved state is calculated as
|ψ (t )〉 = e−iHt |ψg(t = 0)〉/|e−iHt |ψg(t = 0)〉|. Here the nu-
merical computations are performed by using a uniform mesh
in conducting time discretization. In Fig. 2, we show the
number of electron pairs of the side-coupled site as a function
of time, which is defined as

Np(t ) = 〈ψ (t )|np,↑np,↓|ψ (t )〉. (26)

We can see that, for small Jp, the electron pair oscillates
between the Hubbard chain and the side-coupled site com-
pletely. When Jp and U get large, the dynamics of electron
pair oscillation become imperfect. It follows that two ground
states |ψg(n, 0)〉 and |ψg(n − 2, 0)〉 are connected by a pair of
electrons with binding energy Ub. It has the implication that
a correlated ground state can emit or absorb a bound pair of
electrons coherently.

III. COMPLETE PAIR TRANSPORT

In the above section, we have shown that a single electron
can be extracted completely from the ground state of a Hub-
bard model, while partially for a pair of electrons. A natural
question is whether one can realize a complete pair extraction
via another setup. We reconsider this issue by a non-Hermitian
tunneling between Hc and the side-coupled site. The new
version of the Hamiltonian is in the form

H = Hc + Hp, (27)

where the non-Hermitian side-coupled term is

Hp = Hp − Jp

∑
σ=↑,↓

c†
α,σ cp,σ (28)

representing unidirectional tunneling. Under the resonant con-
dition, the corresponding matrix representation becomes

h̄R =

⎛
⎜⎝

0 0 0 0
κ1 0 0 0
κ1 0 0 0
0 κ2 κ2 0

⎞
⎟⎠ + Eg(n, 0). (29)

Its Jordan form contains a Jordan block of order three and
the coalescing state is |4〉 = |ψg(n − 2, 0)〉|↑↓〉p. The EP dy-
namics allows a particular time evolution of the initial state
|ψg(n, 0)〉|0〉p, that is

|ψ (t )〉 = e−ih̄Rt |1〉
= |1〉 − iκ1t (|2〉 + |3〉) − t2κ1κ2|4〉, (30)

which results in a steady final state |ψg(n − 2, 0)〉|↑↓〉p at a
time t |κ1κ2| � |κ1|. Importantly, unlike the Hermitian system,
the result of complete pair extraction is not sensitive to the
relation between κ1 and κ2.

In Fig. 3, we shown the numerical results of this process
for a finite system with different fillings n and values of U .
To facilitate comparison, the parameters of the system and
the initial state are the same as that in Fig. 2, except that the
coupling between the center system and the side-coupled site
is taken as unidirectional. We can see that, for a larger Jp,
the evolved state reaches the steady state faster, which is an
advantage in comparison to the Hermitian case in Fig. 2.

Intuitively, the result seems to be straightforward due to
the unidirectional hopping term in Hp. We would like to point
out that the resonant condition is necessary for the complete
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FIG. 3. Numerical results of the complete pair transport for different fillings n and values of U : (a) U = 0, (b) U = 0.5, and (c) U = 1.0.
The top and bottom panels show the number of electron pairs of the side-coupled site as a function of time t for unidirectional coupling strength
Jp = 0.05 and 0.2, respectively. The parameters of the system and the initial state are the same as that in Fig. 2, except that the coupling between
the center system and the side-coupled site is taken as unidirectional.

extraction. A simple derivation can show that any deviation
from the resonant condition will result in periodic evolution
rather than a steady final state.

IV. TIME-ORDERED BOUND-PAIR INJECTION

In this section, we focus on the possibility to build a
ground state of the Hubbard model from an empty system
by multipair injections. We consider a Hubbard system with
multi-side-coupled sites, which is schematically illustrated in
Fig. 4(c). The setup consists of two parts: N-site Hubbard
model as a central system and N/2-site decoupled Hubbard
model as a reservoir system. The Hamiltonian reads

H1 = Hc + Hr + Hq. (31)

Here Hc is taken as the Hubbard chain with uniform hopping
Jl,l+1 = Jc and interaction Ul = U ; Hr is the reservoir term

Hr =
N/2∑
l=1

[μ2l (d
†
2l,↑d2l,↑ + d†

2l,↓d2l,↓)+U2l d
†
2l,↑d2l,↑d†

2l,↓d2l,↓]

(32)
and the quenched term is

Hq =
N/2∑
l=1

∑
σ=↑,↓

J2l (t )c†
2l,σ d2l,σ , (33)

where cl,σ and dl,σ are fermion operators and J2l (t ) is time
dependent. Here both Hc and Hr are Hermitian, describing the
central system and reservoir system, respectively. Notably, Hq

is a non-Hermitian term, representing the connection between
two systems Hc and Hr . The set of parameters {μ2l ,U2l} (l ∈
[1, N/2]) are determined by

μ2l = Eg(2l, 0) − Eg(2l − 1, 1/2),

U2l = 2Eg(2l − 1, 1/2) − Eg(2l − 2, 0) − Eg(2l, 0), (34)

where Eg(L, sz ) is the ground-state energy of Hc in L
electron and sz invariant subspace, i.e., Hc|ψg(L, sz )〉 =
Eg(L, sz )|ψg(L, sz )〉. In this work, J2l (t ) is taken in step func-
tions of time

J2l (t ) =
{

0, t � (l − 1)τ,
J, t > (l − 1)τ. (35)

FIG. 4. Schematic of the time-ordered injection process. To
reach the ground state of the system, (a) when U = 0, the electrons
can be injected into the system one by one, without the need of
specific order, (b) while for the case of U 	= 0, the electrons must be
filled into the system pair by pair with order. (c) Configuration of the
system and the initial state. The system includes a six-site Hubbard
chain and three side-coupled sites with different pair binding energy
and chemical potential determined by Eq. (34). The unidirectional
coupling J2, J4, and J6 (orange arrows) are switched on at ordered
times t1, t2, and t3, respectively.
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FIG. 5. Numerical results of the particle density and the fidelity for the formation processes of the ground state at half filling. Here nc

[Eq. (39)] and nr2l [Eq. (40)] represent the particle density for the center system and reservoir sites, respectively. The bottom panels show the
fidelity F (t ) [Eq. (41)] between the evolved state and the target ground state. The system configuration and the initial state are illustrated in
Fig. 4(c), where the center system is empty and each side-coupled site has two electron filled. (a) Formation processes of the ground state for
system with interaction strength U = 1. The time dependent unidirectional coupling J2l (t ) is taken as the form in Eq. (35). (b) When U = 0,
the order in {J2l (t )} becomes not necessary. In this case, J2l (t ) is taken as another order in Eq. (42). Other parameters of the system: Jc = 1,
N = 6, J = 0.1, and τ = 501.

Obviously, Hq is the term for a sequence of quenching with an
interval τ .

Based on the above analysis, the dynamics of H1 is gov-
erned by the time evolution operator

U (t ) = exp

[
−i

∫ t

0
H (t ′)dt ′

]
. (36)

Initially, the whole system is prepared in the state with Hc

being empty while Hr is fully filled, that is

|ψ (0)〉 =
N/2∏
l=1

d†
2l,↑d†

2l,↓|vac〉. (37)

It is expected that the evolved states at t = nτ satisfy

|ψ (τ )〉 = |ψg(2, 0)〉 ∏N/2
l=2 d†

2l,↑d†
2l,↓|vac〉,

...

|ψ (nτ )〉 = |ψg(2n, 0)〉 ∏N/2
l=n+1 d†

2l,↑d†
2l,↓|vac〉,

...

|ψ (∞)〉 = |ψg(N, 0)〉.

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(38)

Ideally, it follows that the ground state at half filling is
achieved via a sequence of quenching.

It should be noted that the set of parameters {μ2l} obey
the order μ2 < · · · < μ2l < · · · < μN and {J2l (t )} match this
order. When U = 0, μ2l reduces to εl . Remarkably, the or-
der in {J2l (t )} becomes not necessary, i.e., the corresponding
ground state can be built by injecting electrons in an arbitrary
way [see Figs. 4(a) and 4(b)]. This is a direct reflection of
the difference between the ground states of correlated and
noninteracting systems.

Numerical simulations for the formation processes of the
ground state at half filling are performed for a finite system
with U = 1 and U = 0. We calculate the particle density for

the center system and the reservoir as a function of time,
which are defined as

nc =
N∑

l=1

∑
σ=↑,↓

〈ψ (t )|c†
l,σ cl,σ |ψ (t )〉 (39)

and

nr2l =
∑

σ=↑,↓
〈ψ (t )|d†

2l,σ d2l,σ |ψ (t )〉, (40)

as well as the fidelity between the evolved state and the target
ground state

F (t ) = |〈ψ (t ) |ψg(N, 0)〉|. (41)

Here the target ground state used is obtained by exact diago-
nalization. In Fig. 5(a), the interaction strength of the system
is set as U = 1 and the unidirectional coupling J2l (t ) is taken
as the form in Eq. (35). We can see that the results are in
accord with our prediction, while, for the noninteracting case
of U = 0, we consider the parameter of quenching with

J2l (t ) =
{

0, t � (3 − l )τ,
J, t > (3 − l )τ (42)

as an example, which sets a quench in an inverse order. In
Fig. 5(b), it is demonstrated that the ground state can be
well built, indicating that the order in {J2l (t )} becomes not
necessary for the noninteracting system. In addition, we note
that each binding energy U2l is always negative in the sample
we considered. It becomes positive when we consider negative
U . The implication of the observation cannot be explained at
this stage due to the limitation of the sample size.
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FIG. 6. Panels (a) and (b) are schematics of two 2D lattices. The different lengths of black edges and different sizes of blue solid circles
denote the disordered hopping strength {Jl,l ′ } and interaction strength {Ul}. (c) Schematic of the EP2 lines defined in Eqs. (47)–(49), the
intersection point (EP3) of which is the resonance condition. Panels (a1)–(a4) and (b1), (b2) are numerical results of the particle density of
the side-coupled site for lattices (a) and (b), respectively, with different number of electrons n. For each n, the numerical simulations of time
evolution are performed 100×100 times in a uniform 2D mesh of (Ub, μ). The evolved time of the final states is t = 300 for each realization
of time evolution. The blue crosses represent values of resonance parameters obtained from exact diagonalization. The green solid circles in
(a4) are calculated from the excited states. Other parameters of the system: N = 8 and 12 for (a) and (b), and Jp = 0.05.

V. DETERMINATIONS OF QUENCHING PARAMETERS
AND GROUND STATE

We have demonstrated that the ground state of the Hubbard
chain can be built by the quenching under the resonance
condition (quenching parameters) in Eq. ( 34). However, for a
more realistic system, these parameters as well as the ground-
state energy are actually unknown. A problem arises of how
to implement the quenching protocol without the prior knowl-
edge of the Hamiltonian and the quenching parameters. In this
section, we show that this problem can be solved by scanning
over the parameters of the auxiliary site and observing the
number of electrons in it.

Consider the following Hamiltonian:

H2 = Hc + H ′
p, (43)

with Hc defined in Eq. (2), and the non-Hermitian side-
coupled term is

H ′
p = Jp

∑
σ=↑,↓

c†
α,σ cp,σ + Ubnp,↑np,↓ + μ

∑
σ=↑,↓

np,σ . (44)

Here α denotes a site of Hc and the parameters {Jl,l ′ ,Ul} in
Hc are assumed to be unknown: in the following numerical
calculation, {Jl,l ′ } and {Ul} are taken as the random samples
that are uniformly distributed over the intervals [1, 1.2) and
[0.9,1.1), respectively. The system configurations considered
are schematically illustrated in Figs. 6(a) and 6(b).

Similarly with the analysis for the Hermitian system in
Sec. II, under the basis defined in Eq. (8), the effective Hamil-

tonian for H2 can be written as

h̄ =

⎛
⎜⎝

ε1 κ1 κ1 0
0 ε2 0 κ2

0 0 ε2 κ2

0 0 0 ε4

⎞
⎟⎠, (45)

where the matrix elements

ε1 = Eg(n, 0),

ε2 = Eg(n − 1, 1/2) + μ,

ε4 = Eg(n − 2, 0) + 2μ + Ub,

κ1 = 〈1|H ′
p|2〉 = 〈1|H ′

p|3〉,
κ2 = 〈2|H ′

p|4〉 = 〈3|H ′
p|4〉. (46)

We note that, when varying the parameters (Ub, μ) of the
side-coupled site, the matrix h̄ supports three sets of two-state
coalescence points (EP2), forming three lines in the parameter
space of (Ub, μ). The equations of three lines respectively
have the forms

μ = Eg(n, 0) − Eg(n − 1, 1/2), (47)

Ub + μ = Eg(n − 1, 1/2) − Eg(n − 2, 0), (48)

Ub + 2μ = Eg(n, 0) − Eg(n − 2, 0), (49)

wherein the matrix h̄ can be brought into Jordan form that
contains a Jordan block of order two by the Jordan decompo-
sition. The intersection point of the three lines is a three-state
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TABLE I. (Ub, μ, Eg) obtained from the scanning process and
(U ′

b, μ
′, E ′

g) obtained from exact diagonalization for lattices (a) and
(b) at different number of filled electrons n.

(a) Scan Diagonalization

n Ub μ Eg U ′
b μ′ E ′

g

2 −0.167 −2.770 −5.706 −0.138 −2.779 −5.696
4 −0.133 −1.267 −8.373 −0.157 −1.259 −8.371
6 −0.194 −0.626 −9.819 −0.220 −0.617 −9.824
8 −0.018 0.330 −9.177 −0.047 0.341 −9.190
(b) Scan Diagonalization

n Ub μ Eg U ′
b μ′ E ′

g

2 −0.078 −3.222 −6.522 −0.097 −3.216 −6.528
4 −0.070 −2.100 −10.788 −0.094 −2.089 −10.800

coalescence point (EP3), which is also the resonance condi-
tion in Eq. (34). The schematic illustration of the three lines
of EP2 and point of EP3 is given in Fig. 6(c). We would like to
point out that this feature is independent of the dimension and
the exact knowledge of parameters {Jl,l ′ ,Ul} of the Hubbard
model.

The above analysis suggests a scanning scheme to deter-
mine the quenching parameters and the ground-state energy
of the system. As we have shown in the previous section,
the system with parameters at EP supports unidirectional dy-
namics. In the current system, it can be checked that, if the
initial state is prepared as |4〉 = |ψg(n − 2, 0)〉| ↑↓〉p, then
after the quench and for a large t , the pair probability at the
side-coupled site is dominated by the factors t−2 and t−4

for parameters (Ub, μ) of EP2 and EP3, respectively. That
is, the numbers of electrons at the side-coupled site decay
at different rates for parameters of EP2 and EP3. For the
case with (Ub, μ) deviating from EPs, the electrons oscil-
late between the side-coupled site p and the center system
Hc. Scanning over (Ub, μ) for a set of realizations of time
evolution, the pattern in Fig. 6(c) is expected to be obtained
if we observe the evolved-state particle density for the side-
coupled site. The initial state |4〉 with number of electrons
n can be built by using the resonance conditions for n − 2,
n − 4, n − 6, etc., which are detected from previous scans.
Then, using the scanning scheme, the resonance conditions
for n = 2, 4, 6, . . . can be obtained successively. To verify the
performance of the scanning scheme, we conduct numerical
simulations with initial state |ψ (0)〉 = |ψg(n − 2, 0)〉| ↑↓〉p

for different numbers of electrons n, and evolve the state under
the Hamiltonian in Eq. (43), with aforementioned disordered
parameters {Jl,l ′ ,Ul}. For each n, we scan over the parameters
of the side-coupled site (Ub, μ) by 100×100 realizations of
time evolution. In practical implementation, one only needs
to scan two lines in the parameter space (for instance, two
lines with constant μ) to obtain a few points of EP2, and
then, connecting them in straight lines, the intersection is the
position of the resonance point (EP3). For each realization,
the system is reprepared in state |ψ (0)〉 initially. After a
sufficiently long evolved time, we calculate particle density
for the side-coupled site. The calculations of time evolution
are performed in the truncated subspace of around 100 low-

FIG. 7. Numerical results of the particle density and the fidelity
for the formation processes of the ground state at filling n = 4. Here
nc and nr2l represent the particle density for the center system and
reservoir sites, respectively. The inset illustrates the system configu-
ration and the initial state. The bottom panel shows the fidelity F (t )
between the evolved state and the target ground state [four-electron
ground state |ψg(n = 4, sz = 0)〉 obtained from exact diagonaliza-
tion]. The disordered parameters {Jl,l ′ ,Ul} are taken to be the same
as that of Figs. 6(b1) and 6(b2). The quenching parameters (Ub, μ)
with n = 2 and 4 are taken as the scanning values in Table I(b). Other
parameters of the system: N = 12, Jp = 0.05, and τ = 501.

excited states, since the contribution of the high-excited states
are very tiny to the quenching process.

The numerical results are presented in Figs. 6(a1)–6(a4)
and 6(b1), 6(b2) for the lattices in Figs. 6(a) and 6(b), respec-
tively. We can clearly see the patterns of EP lines for each n.
The blue crosses represent values of resonance parameters ob-
tained from exact diagonalization and Eq. (34), which are well
located at the intersection of the EP lines obtained from the
scanning numerical simulations. In Fig. 6(a4), more intersec-
tion points that come from the low-excited states are obtained.
This is verified by the green solid circles that are calculated
from Eq. (34) but changing Eg(n, 0) or Eg(n − 1, 1/2) to the
corresponding first-excited energies. In Table I, we present the
scanning values of (Ub, μ) that are obtained from the mini-
mum of the particle density of a side-coupled site in the data
of Figs. 6(a1)–6(a4) and 6(b1), 6(b2). Using these scanning
values as inputs, the ground-state energy Eg for different n
is calculated from Eq. (34). By contrast, E ′

g is obtained from
exact diagonalization and (U ′

b, μ
′) is calculated from Eq. (34).

We can see that, for both lattices, the values of Eg and E ′
g are

close at each number of filled electron n.
Furthermore, we use the scanning values of quenching

parameters (Ub, μ) in Table I(b) to build the four-electron
ground states of the 2D lattice in Fig. 6(b). The quenching
process is the same as that described in Sec. IV, and the time
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evolution here is calculated by the exact diagonalization of the
full Hamiltonian in four-particle subspace. With high fidelity
between the target ground state |ψg(n = 4, sz = 0)〉 and the
evolved state at t = 1000, the numerical results presented in
Fig. 7 show the validity of the data obtained from the scanning
process, as well as verify that the quenching protocol can be
applied to the 2D Hubbard model deviating from half filling.

VI. SUMMARY

In summary, we have proposed a method to build the
ground state of a Hubbard model with n electrons to the one
with n + 2 electrons by injecting a bound pair of electrons in
the framework of quantum dynamics. The underlying mecha-
nism is the EP dynamics at the resonance. As application, we
demonstrated the dynamic formation of the ground state of the
Hubbard model at half filling and deviating from half filling. It
provides a clear picture for the correlated ground state: it can
be obtained by filling a group of bound pair electrons in time
order. Each pair with specific filling order has its own binding
energy and chemical potential, which can be determined by
the proposed scanning scheme. In contrast, when the Hubbard
repulsion U is zero, the binding energy vanishes, and then the
filling order is not necessary. It is expected that our finding
not only provides a method for correlated quantum state engi-
neering, but also reveals the feature of the ground state in an
alternative way.
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APPENDIX

In this Appendix, we present the derivations on the time
evolutions under Hermitian matrix hR and non-Hermitian ma-
trix h̄R to explain the connection and difference between two
dynamic processes. For simplicity, we omit the diagonal ele-
ments Eg(n, 0) in both cases.

(i) The eigenvectors and eigenvalues of matrix

hR =

⎛
⎜⎝

0 κ1 κ1 0
κ1 0 0 κ2

κ1 0 0 κ2

0 κ2 κ2 0

⎞
⎟⎠ (A1)

are in the form

|φ0〉 =
√

2

ε

⎛
⎜⎝

−κ2

0
0
κ1

⎞
⎟⎠, E0 = 0,

|φ±〉 = 1

ε

⎛
⎜⎝

2κ1

±ε

±ε

2κ2

⎞
⎟⎠, E± = ±ε,

|φ1〉 =

⎛
⎜⎝

0
−1
1
0

⎞
⎟⎠, E1 = 0, (A2)

where ε =
√

2(κ2
1 + κ2

2 ). Straightforward derivation shows
that

|1〉 = κ1ε(|φ+〉 + |φ−〉) − 2
√

2κ2ε|φ0〉
4(κ2

1 + κ2
2 )

(A3)

and

e−ihRt |1〉

= 1

2
(
κ2

1 + κ2
2

)
⎛
⎜⎜⎝

2κ2
1 cos (εt ) + 2κ2

2−iεκ1 sin (εt )
−iεκ1 sin (εt )

2κ2κ1 cos (εt ) − 2κ2κ1

⎞
⎟⎟⎠. (A4)

Then the pair probability at the side-coupled site is

|〈4|e−ihRt |1〉|2 = 4(κ2κ1)2 cos2 (εt/2)(
κ2

1 + κ2
2

)2 , (A5)

with the maximum

max|〈4|e−ihRt |1〉|2 = 4(κ2κ1)2

(
κ2

1 + κ2
2

)2 . (A6)

It approaches to unit when κ1 = κ2.
(ii) For the non-Hermitian matrix

h̄R =

⎛
⎜⎝

0 0 0 0
κ1 0 0 0
κ1 0 0 0
0 κ2 κ2 0

⎞
⎟⎠, (A7)

we simply have

(h̄R)2 =

⎛
⎜⎝

0 0 0 0
0 0 0 0
0 0 0 0

2κ1κ2 0 0 0

⎞
⎟⎠ (A8)

and

(h̄R)3 = 0. (A9)

Then we have

e−ih̄Rt =

⎛
⎜⎜⎝

1 0 0 0
−itκ1 1 0 0
−itκ1 0 1 0

−t2κ1κ2 −itκ2 −itκ2 1

⎞
⎟⎟⎠, (A10)

which results in

e−ih̄Rt |1〉 =

⎛
⎜⎜⎝

1
−itκ1

−itκ1

−t2κ1κ2

⎞
⎟⎟⎠. (A11)

It turns out that

e−ih̄Rt |1〉 → |4〉 (A12)

for a sufficiently long time without the need of κ1 = κ2.
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