PHYSICAL REVIEW B 104, 245109 (2021)

Superconductivity in the bilayer Hubbard model: Two Fermi surfaces are better than one
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Fully occupied or unoccupied bands in a solid are often considered inert and irrelevant to a material’s
low-energy properties. But the discovery of enhanced superconductivity in heavily electron-doped FeSe-derived
superconductors poses questions about the possible role of incipient bands (those laying close to but not crossing
the Fermi level) in pairing. To answer this question, researchers have studied pairing correlations in the bilayer
Hubbard model, which has an incipient band for large interlayer hopping 7, , using many-body perturbation
theory and variational methods. They have generally found that superconductivity is enhanced as one of the
bands approaches the Lifshitz transition and even when it becomes incipient. Here we address this question
using the nonperturbative quantum Monte Carlo (QMC) dynamical cluster approximation (DCA) to study the
bilayer Hubbard model’s pairing correlations. We find that the model has robust s* pairing correlations in the
large ¢, limit, which can become stronger as one band is made incipient. While this behavior is linked to changes
in the effective interaction, we further find that it is counteracted by a suppression of the intrinsic pair-field
susceptibility and does not translate to an increased 7.. Our results demonstrate that the highest achievable
transition temperatures in the bilayer Hubbard model occur when the system has two bands crossing the Fermi

level.
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I. INTRODUCTION

To harness the full potential of superconductors for tech-
nological applications, we must develop methods to engineer
and optimize properties like their transition temperature 7,
and critical current density J.. The wide range of T, val-
ues achieved in the FeSe-derived family of high-temperature
(high-T7;) superconductors [1-18] has attracted considerable
attention in this context, as understanding the mechanisms
behind this tunability could help uncover general principles
for engineering superconductivity.

Bulk FeSe is an unconventional superconductor with 7, ~
8 K at ambient pressure [2]. Its electronic structure in bulk
form resembles other Fe-based superconductors with a set of
holelike bands crossing the Fermi energy Ep at the I' point
[k = (0, 0)] and another set of electronlike bands crossing at
the M point [k = (it /a, 7 /a), two-Fe unit cell notation]. The
system can be electron doped by intercalating alkali atoms
[9,12] or more complex molecules [4,5,17,18] into the van
der Waals gap between the layers. This process can induce a
Lifshitz transition whereby the holelike bands sink below EF,
leaving only the electronlike Fermi surface pockets at the zone
corner. At the same time, 7. increases to ~45 K. Growing
monolayers of FeSe on oxide substrates like SrTiO3, BaTiOs3,
or TiO; also electron dopes the system [7] but one can achieve
T. ~ 55-75 K in this case, even for electron concentrations
comparable to those realized in FeSe intercalates [3,7,8,10].

On the one hand, the observation of enhanced supercon-
ductivity in FeSe monolayers on oxide substrates indicates
that the substrate contributes to raising 7. in FeSe mono-
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layers [19-23]. This possibility has renewed efforts towards
engineering unconventional superconductivity in artificial het-
erostructures and interfaces [19,24,25]. On the other hand,
the increased 7. found in the FeSe intercalates provides
compelling evidence that electron doping and the associated
changes in the electronic band structure also play a critical
role in establishing high-7;. values in these materials. While
both aspects are interesting in their own right, here we focus
our attention on the latter.

An early and influential picture for superconductivity in the
iron-based superconductors [26] was built around the notion
that spin fluctuations mediate electron pairing, where strong
nesting between electron and hole pockets leads to an s* gap
symmetry [26-28]. At face value, the existence of a system
with an increased T, but with its holelike bands laying below
Er (ie., an incipient band') challenges this picture. These
observations have led to an effort to understand how bands
close to [23,28-37] (or even far from [38]) the Fermi energy
might affect superconductivity.

While researchers have studied several models for incipient
band systems to date, the focus of this work is on the bilayer
Hubbard model. It is a simple two-band model whose Fermi
surface can be tuned continuously between having two discon-
nected sheets to a system with a single sheet and an incipient

"The term “incipient band” seems to have multiple usages in the
literature. Here we use the term to refer to a band that is full (empty)
but whose maximum (minimum) is close to the Fermi energy.

©2021 American Physical Society


https://orcid.org/0000-0002-7174-7940
https://orcid.org/0000-0002-2343-0113
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.104.245109&domain=pdf&date_stamp=2021-12-06
https://doi.org/10.1103/PhysRevB.104.245109

KARAKUZU, JOHNSTON, AND MAIER

PHYSICAL REVIEW B 104, 245109 (2021)

(a) Bilayer Hubbard model U 12 (b) © \\ (@)
O O—th O
B
o b oo | L
Q00— 2 B
th + O b @ 4 ]
th—0O ! 8¢, =2t =0 1hti=4tt, =0 t, =4t,¢, = 3t/4
O U t i ulzt ul:t . ,ll,LZt . 4
b MT MT M

FIG. 1. (a) A sketch of the bilayer Hubbard model and the hopping processes considered in this work. The model includes nearest-neighbor
intralayer hopping ¢ as well as nearest- and next-nearest-neighbor interlayer hopping ¢, and ¢/, respectively. The model also includes an on-site
Hubbard repulsion U in each layer. (b)—(d) The noninteracting band structure €4 (k) along the Brillouin zone diagonal from I' [k = (0, 0)] to
M [k = (7 /a, w /a)] for various model parameters, as indicated in each panel. The dashed line indicates the position of the Fermi energy Er.
The insets in (b)—(d) show the corresponding Fermi surface(s) for each parameter set.

band, in analogy to the FeSe family [39]. Moreover, the model
retains only the on-site Hubbard interactions, making it easier
to solve using nonperturbative methods like quantum Monte
Carlo (QMC) [36,37,39,40], where interorbital interactions
generally produce severe Fermion sign problems.

Remarkably, recent weak coupling calculations for this
model within a fluctuation exchange (FLEX) approximation
have found that superconductivity is strongly enhanced when
one of the bands is close to but still below the Fermi energy
[35]. The authors attributed this enhancement to a suppression
of the low-energy spin fluctuations due to the incipient nature
of the hole band and the associated transfer of spectral weight
to an energy range optimal for pairing. Later, the same group
investigated this question in the strong-coupling regime using
variational Monte Carlo (VMC) calculations and found that
the zero-temperature pairing correlations are more robust in
a regime where one of the bands is incipient [36], consistent
with their earlier work.

The above results suggest that pairing and the supercon-
ducting 7, can be optimized in the bilayer Hubbard model
by shifting one band close to or below the Fermi energy.
However, as a many-body perturbation theory method, FLEX
approximates the electronic interactions and can have dif-
ficulties describing a model’s strong coupling regime in a
controlled way. On the other hand, VMC can treat strong
interactions, but the quality of the variational wave functions
can limit its accuracy. Moreover, VMC cannot access excited
state properties or treat the system in the thermodynamic limit.
Whether or not the bilayer Hubbard model has an enhanced
superconducting 7. close to or across the Lifshitz transition,
therefore, remains an open question.

We address this issue by using dynamical cluster approx-
imation (DCA) calculations [41,42] with a QMC solver to
study how superconductivity evolves in the bilayer model. We
find that the model has robust s* pairing correlations in the
large 7, limit, both when two bands cross Er or when one is
incipient. Moreover, the strength of the pairing correlations
can be enhanced as the bandwidth of the nearly incipient band
is narrowed, provided the band still crosses Er. However, we
find that the value of 7, ultimately realized in the system
is consistently and significantly suppressed once the system
undergoes a Lifshitz transition and one band becomes fully

submerged. This behavior is linked to increases in the effec-
tive interaction that are counteracted by a suppression of the
intrinsic pair-field susceptibility. We also demonstrate that the
largest 7, in the bilayer model with large interlayer hopping is
achieved when both bands cross Eg. While these results can
provide some intuition into the mechanisms at play in ma-
terials like the FeSe-derived high-T. superconductors, these
comparisons must be made with several caveats that we will
discuss in Sec. IV. We note, however, that the bilayer Hubbard
model has recently been realized in cold atom experiments
[43], which can provide crucial experimental verification of
our results.

II. MODEL AND METHODS

A. The bilayer Hubbard model

We consider the bilayer Hubbard model [Fig. 1(a)] defined
on a two-dimensional square lattice with L unit cells (or N =
L x L x 2 orbitals), where L is the linear size of the system.
The Hamiltonian is given by

H=Hr + Hu, (€))
where
Hie = —u Z Nigo + Zti’j(czaﬁcm’a + H.c.)
i,o,0 i j
o,0
+ Y (el ein, +HE) 2)
i,j,0
and
My =UY NigiNia,- 3
Here ciaﬁ (ci,a’a) creates (annihilates) a spin o (=1, | ) elec-

tron in unit cell 7 and layer @ (=1,2), ;; and tf,-j are the

intra- and interlayer hopping integrals, respectively, n

i . . .
Ci .0 Cia.o 18 the number operator, and U is the Hubbard inter-

action, which acts only between electrons in the same layer.
The average particle number per orbital n = % Zi,a,a (Nia.o)
is controlled by the chemical potential term . Throughout

i,0,0
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we set the intralayer hopping #; ; =t for in-plane nearest
neighbors and 7; ; = 0 otherwise, and set # = 1 as our unit of
energy. For the interlayer hopping, we set ti’lj =t fori=j
and ti_Lj =t/ for next-nearest interplane neighbors (i, j), and
zero otherwise, as sketched in Fig. 1(a). The majority of our
results for t/ = 0 are obtained on N =4 x 4 x 2 clusters,
unless otherwise stated. We have found that #| 7 0 produces a
more significant Fermion sign problem and so most of the re-
sults for this case were obtained on 2 x 2 x 2 clusters, unless
otherwise stated.

B. Method details

We study the bilayer Hamiltonian in Eq. (1) using the DCA
method [41,42] with a continuous-time auxiliary field QMC
(CT-AUX) cluster solver [44,45]. DCA is an embedded cluster
method, where the infinite system is mapped onto a finite size
cluster and then solved self-consistently. The algorithm treats
the correlations in the cluster exactly while approximating
correlations on longer length scales using a dynamic mean
field. The Fermion sign problem for the QMC solver is less
severe within the DCA approach. This aspect allows us to sim-
ulate larger clusters and lower temperatures than other finite
cluster algorithms [41]. We used the DCA-++ implementation
of the DCA algorithm in this work, as detailed in Ref. [46].

C. Observables

To investigate the strength of the pairing correlations and
the symmetry of the dominant superconducting correlations,
we have solved the Bethe-Salpeter equation (BSE) in the
particle-particle channel [47]

T
M (T (k) = N Z Lk, KNGKNG(—K)$u (k). (4)
%

Here k = (k, ky, k;, w,) with w, = (2n+ 1)7T a Fermion
Matsubara frequency, G(k) is the fully dressed single particle
propagator, and I'(k, k') is the particle-particle irreducible
vertex function. The system undergoes a superconducting
transition at 7 = T, when the leading eigenvalue Ao(7;) = 1
and the symmetry of the superconducting state is determined
from the momentum and frequency structure of the corre-
sponding eigenfunction ¢ (k).

To help understand the evolution of the pairing correlations
with model parameters, we can define the intrinsic (nonin-
teracting dressed) pair-field susceptibility as in Ref. [48] by
projecting onto the leading eigenfunction ¢y (k),

T
P(T) = = 3 83 (GUIG(—k). S
k

After doing so, an effective interaction strength can be defined
as

Vo(T) = Ao(T)/Po(T). (6)

We also investigate the spin correlations in the system by
calculating the dynamical spin susceptibility

XSP e — v, 1) = (T2 87, (1)S5 4(0)), ™

where 7; is the time ordering operator, and S;,(t) =
%[n;,a,T(r) — R, (7)] is the z component of the spin on

orbital (layer) o at site r; at time 7. A Fourier transform of
the real space spin susceptibility will result in the momentum
dependent zero frequency susceptibility

B , .
xs(Q) = Z / dr X:”’S(I‘, .L.)elQH'l‘elQL(f:,a_r:vﬁ)7 (8)

ra.p”0

where Q = (Qy, Q1) = (Ox, Oy, Q) is the scattering wave
vector and r, , = 0, 1 for orbitals in layers « = 0, 1.

III. RESULTS
A. The noninteracting band structure

We first present the effect of Hamiltonian parameters ¢,
and 7 on the electronic structure of the model. In the nonin-
teracting limit (U = 0), Eq. (1) can be diagonalized exactly in
momentum space, where the bands are given by even (+) and
odd (—) combinations of the orbitals in each layer [35]:

er(k) = 2(t £ )[cos(ka) + cos(kya)l £ 1, — .  (9)

Here a =1 is the in-plane lattice constant and our unit of
length. The (+) and (—) combinations can also be viewed
as Bloch states of a one-band model with k, =0 and 7,
respectively. We will use this notation for the remainder of
this work.

The noninteracting band structure for different choices
of interlayer hopping ¢, and ¢ and p =1t are plotted in
Figs. 1(b)-1(d). Increasing the value of ¢, controls the energy
separation between the bands, as shown in Figs. 1(b) and
1(c). Increasing | > O increases (decreases) the bandwidth of
the k, = 0 (;r) bands, as shown in Fig. 1(d). Importantly, the
lower-energy band can be driven through a Lifshitz transition
for sufficiently large values of £, and/or¢| and suitable values
of the chemical potential . Across this transition, the system
goes from having two disconnected Fermi surfaces centered at
I" and M to having only a single Fermi surface at M and an in-
cipient band at I', as sketched in the insets of Figs. 1(b)-1(d).
We can, therefore, adjust the interlayer hopping parameters to
tune the system between these cases. However, the Hubbard
interaction will further renormalize the bands, which can alter
their relative positions. For example, the Hartree contribution
to the electron self-energy X(k,iw,) will further separate
the bands [23,35] while other self-energy terms renormalize
the electronic structure [23,35,37,40]. It can be the case that
one of the renormalized bands is incipient, even when both
noninteracting bands cross Ep. It is, therefore, necessary to
compute the dressed electronic structure as encoded in the
single-particle spectral function A(k, w). Throughout, we ob-
tained A(Kk, @) by analytically continuing our results to the
real frequency axis using the maximum entropy method [49].
The reader can find additional details in Ref. [37].

B. Results without next-nearest-neighbor interlayer hopping

Figure 2 plots the dressed single-particle spectral function
A(Kk, w) along high-symmetry cuts of the Brillouin zone for a
bilayer model with U = 6¢. The left panel shows results for
t, =2.3t,¢) =0, and an average density of n = 1.10. In this
case, the system has a band structure with two bands crossing
the Fermi level forming an electron pocket at the M point and
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FIG. 2. The single-particle spectral function A(k, w) for the bi-
layer Hubbard model, computed at an inverse temperature 8 = 5/¢
andonan4 x 4 x 2 cluster with U = 6¢. The left panel shows results
for t; =2.3¢t,¢, =0, and n = 1.10. The right panel panel shows
results forr, =2.8¢,¢/ =0, and n = 1.15. The red line indicates the
position of the Fermi energy. The high symmetry points are defined
asI'=(0,0),M = (w/a,m/a), and X = (7 /a,0).

a hole pocket at the I" point. The right panel shows results for
t, =2.8t,¢) =0, and an average density of n = 1.15. In this
case, the system has just an electron pocket at the M point
while the hole band is pushed below Eg.

The results shown in Fig. 2 establish that we can indeed
modify the Fermi surface topology by changing the density
(w) and the perpendicular hopping ¢, , even when U # 0. This
result is consistent with prior nonperturbative results for this
model [37,40]. For example, the band structures presented in
Figs. 2(a) and 2(b) bear some resemblance to those observed
in bulk and monolayer FeSe, respectively [40]. In this context,
it is interesting to note that the spectral function in the incip-
ient band case is significantly sharper than in the two-band
case. (Note the change in the intensity scale between the left
and right panels.) This difference indicates that the incipient
band case exhibits weaker electronic correlations than the
two-band case, even though both have comparable values
of U/W. This observation also agrees with more realistic
LDA+DMEFT treatments of FeSe [50], which also found that
the spectral functions for the FeSe monolayer were sharper
than those computed for the bulk.

Next, we examine how the superconducting correlations
evolve with the band structure topology by solving the BSE
as formulated in Eq. (4). For all of the parameter sets we
have studied, the leading eigenfunction ¢o(k) = ¢, (k) has
s* symmetry, i.e., it changes sign between k. = 0 and 7 but
does not change sign as a function of k, and k, [37,39]. To
demonstrate this, Fig. 3 plots the frequency dependence of
the leading eigenfunction ¢+ (k) at B = 5/t for parameters
with [Fig. 3(a)] and without [Fig. 3(b)] an incipient band.
In both cases, ¢,=(k) has been integrated over k; = (ky, ;)
(we find that their k, and k, dependence is very weak) and
results are shown for the k, = 0 and k, = = bands. The in-
tegrated eigenfunctions show the expected sign change for
an s* gap symmetry. Moreover, we observe an anisotropy in
that |¢,= (k)| is generally smaller on the higher energy k. = 0
band, and this asymmetry becomes more pronounced in the
incipient band case.

(a) —— k=
0.04 k,=n

40 -30 -20 -10 O 10 20 30 40
wft

(b) — k=0
ky=m
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FIG. 3. The frequency dependence of the leading BSE eigen-
vectors, averaged over k = (k, k,) in the first Brillouin zone, and
projected onto the high-energy (k, = 0) and low-energy (k, = 7)
bands. Results are shown for (a) an incipient band case with n =
1.15, B =5/t,t;, =2.8t, and | =0, and (b) a two-band case n =
1.05,8 =5/t,t; =2.3t,andt| =0.

In unconventional multiband superconductors like the
Fe-based superconductors, the sign change in the gap func-
tion minimizes the effects of the Hubbard repulsion. Any
anisotropy in ¢g=(k) results from a combination of orbital
character, Fermi surface size, and variations in the Fermi
velocity vg around the Fermi surface sheets [51,52]. In our
simplified case, the orbital character of the bands is equally
divided between the two layers and independent of k;. The
anisotropy is, therefore, driven by differences in the Fermi
surface size and vg. As the top of the k, = 7w band moves down
in energy and closer to the Fermi level, before it eventually
becomes incipient, the asymmetry in the electronic structure
and hence in the eigenfunction gets more pronounced. In
the two-band case [Fig. 3(b)], the frequency dependence is
nearly compensated between the two bands and approaches
zero as |w,| — oco. However, in the incipient case, the eigen-
functions of both bands change sign at a finite frequency and
approach a finite value for |w,| — oo. When the hole band
has moved below the Fermi level, its gap function can no
longer sufficiently contribute to the cancellation of U at low
energies, and the gap function on the remaining electron band
has to adjust by generating a sign change in the frequency
dependence. This behavior is analogous to conventional su-
perconductors with a large Coulomb pseudopotential [53],
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FIG. 4. The temperature dependence of the leading eigenvalue
of the Bethe-Salpeter equation 1 — A=(7") for different param-
eter sets. The superconducting 7. can be estimated from this
data by extrapolating 1 — A+ =0, as indicated by the dashed
lines. Results are shown for several cases where two bands cross
the Fermi level [{n,f,,?|} = {1.05,2.3¢,0}, {1.10,2.3¢,0}, and
{1.15,2.3¢, 0}], which have T, =~ 0.043¢, 0.025¢, and 0.014¢, respec-
tively. Conversely, no superconducting transition is found for the case
with an incipient band [{1.15, 2.8¢, 0}].

where the high-frequency gap function A(w) approaches a
negative constant as w — W to overcome the instantaneous
Coulomb repulsion. In the present case, the s-wave structure
of the gap with a sign change in its frequency dependence
reflects an effective pairing interaction for the states on the
electron band that is attractive at low frequencies, and changes
sign at higher frequencies [37]. This situation is just like
in the electron-phonon case, except that it arises from spin
fluctuations here. This structure may be understood in terms
of an effective low-energy interaction for the electron band
states that arises from virtual pair scattering to the hole states
on the submerged band. The effective repulsive nature at high
energies then arises from the Coulomb interaction [37].
Having established the dominant pairing symmetry, we
now turn to the transition temperature 7. Figure 4 presents
1 — A(T) as a function of temperature for different values
of the total density n and ¢, . The parameter sets {n,,,¢|} =
{1.05, 2.3¢, 0}, {1.10, 2.3¢, 0}, and {1.15, 2.3¢, 0} all produce
dressed spectral functions with two disconnected Fermi sur-
face sheets similar to the one shown in the left panel of Fig. 2.
Conversely, the parameters {1.15, 2.8¢, 0} produce an incipi-
ent band, as already established in the right panel of Fig. 2.
We can estimate the superconducting 7, for these param-
eter sets by extrapolating the temperature dependence of 1 —
A= (T) to zero. Here we fit the low-temperature data with a
function of the form f(7) = Alog(T/T.), which is then used
to perform the extrapolation.? Using this approach, we obtain

2This functional form is motivated by the BCS Cooper log singular-
ity. However, as we will be shown in Fig. 5, such a divergence does
not appear in the intrinsic pair-field susceptibility. Nevertheless, this
choice describes the behavior of 1 — A (T) for T — T, well.
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FIG. 5. The temperature dependence of (a) the interaction
strength Vi=(T') and (b) dressed pair-field susceptibility P (T)
for different parameter sets. Results are shown for {n,f,,t} =
{1.05,2.3¢, 0}, {1.10,2.3¢,0}, {1.15,2.3¢,0} (all with two bands
crossing Eg), and {1.15, 2.8¢, 0} (an incipient band case). All results
were obtained on an 4 x 4 x 2 cluster with U = 6¢.

finite transition temperatures for the cases with two Fermi sur-
faces, with T, = 0.043¢, 0.025¢, and 0.014¢ for {n,t ,t|} =
{1.05,2.3¢,0}, {1.10,2.3¢,0}, and {1.15,2.3¢,0}, respec-
tively. (Again, the leading pairing instability in all three cases
corresponds to an s state.) Thus, 7. is reduced as the system
is progressively electron doped and the holelike band at I’
approaches Er. For the parameter set resulting in an incip-
ient band, we find that the leading instability is still of an
s symmetry, consistent with the predictions of several prior
works [23,31,33-35,37]. However, we also observe a clear
suppression of the pairing correlations and no clear signs of
a superconducting transition down to the lowest simulated
temperatures (T = 0.033¢), as shown in Fig. 4.

The results shown in Fig. 2 suggest that superconductivity
is suppressed in the incipient band case. To better understand
the mechanism behind this behavior, we calculated the non-
interacting dressed (intrinsic) pair-field susceptibility Py (T)
[Eq. (5)] and the s effective interaction strength V= (T')
[Eq. (6)]. Figure 5 presents the temperature evolution of both
quantities for the same parameter sets used in Fig. 4. In
general, these quantities display a very similar temperature
dependence as observed in previous work for the weakly
doped single-band Hubbard model in the pseudogap regime
[54]. In a typical BCS superconductor, the superconducting
instability is driven by the Cooper log instability of the non-
interacting pair-field susceptibility P(7"). In contrast to this
behavior, here P (T) instead decreases as the temperature
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is lowered, and the instability arises from an increase in the
pairing interaction V(7)) in all cases. Moreover, we see
competing tendencies as the hole band becomes incipient: the
systems with two bands crossing the Fermi level generally
have larger P;= compared to the one with an incipient band.
In contrast, the pairing interaction Vg is the largest for the in-
cipient band case. Matsumoto ef al. gave a plausible argument
for this behavior [35]. They proposed that spin fluctuation
spectral weight is transferred from low, pair-breaking ener-
gies to more optimal higher energies as the band becomes
incipient. However, we find that the removal of Fermi en-
ergy states as the hole band drops below Ep significantly
decreases the intrinsic pair-field susceptibility Pg=. This loss
counteracts any increase in V=, resulting in a net decrease
in 7.

Moreover, we find that P+ decreases with increasing dop-
ing away from the half-filled Mott insulating state, even for
cases where both bands cross the Fermi level. This is counter
to what is observed for the single-band Hubbard model,
where the d-wave intrinsic pair-field susceptibility is found
to increase with increasing doping [54,55]. The behavior we
observe here arises from the projection of the pair propagator
onto the leading s* eigenfunction ¢ in Eq. (5), and its
asymmetry between the two bands. As the doping increases,
the asymmetry in ¢+ results in an increased emphasis of
the lower energy k, = m band in this projection, which con-
tributes less to Py, resulting in its decrease.

As noted, the reduction in P (7") with decreasing temper-
ature is similar to the pseudogap behavior observed before
in the single-band Hubbard model [54], where Fermi surface
states are removed in the antinodal region. The situation for
the incipient case is analogous, where the states associated
with the k, = 7 band are submerged below the Fermi energy.
While the electron Fermi surface pocket associated with the
k. = 0 band remains intact, the s* pairing state necessarily
involves the states on the submerged band [37]. The s* cor-
relations are therefore affected by the absence of these states,
here manifested as a decrease in P+ (7). But what is perhaps
more remarkable is that the cases with two bands crossing
the Fermi energy also show a decrease of P (T) as the
temperature is lowered, indicating that low-energy states are
partially removed. To confirm this, we calculated the bulk spin
susceptibility x;(Q = 0, @ = 0) as a function of temperature,
as shown in Fig. 6. For all the systems, the spin suscepti-
bility reaches a maximum value at an intermediate 7 = T*
before decreasing as the temperature is lowered further. This
behavior reflects the removal of low-energy spin excitations,
as previously observed in DCA calculations for the bilayer
Hubbard model in Ref. [39]. As discussed in that work, this
behavior may be attributed to the interlayer spin fluctuations
becoming gapped at low temperatures due to the formation
of interlayer singlets for large 7, . Together with the decrease
seen in P=(T) as the temperature is lowered, it signals the
opening of a pseudogap in the density of states at 7%, as
observed previously for the single-band Hubbard model in the
large U limit [54,56]. The larger doping case with (n) = 1.15
and ¢, = 2.3t, where x,(Q = 0) continues to rise at lower
temperatures, is somewhat peculiar. Here we believe that the
larger electron doping suppresses the singlet formation and
pseudogap behavior.

0.30
—e— n=1.05t, =2.3t
n=1.10,t, =2.3t
0.25 —=— n=1.15t, =2.3t
—e— n=1.15,t, =2.8t
S 0.20
Il
g
52 0.151
0.101
0.05
0.0 0.5 1.0

T/t

FIG. 6. The static spin susceptibility x,(Q) measured at momen-
tum scattering vector Q = 0 for the same parameter sets used in
Fig. 5. The existence of a local maximum in the temperature depen-
dence of x,(Q = 0) at a temperature 7™ together with the decrease
in P+ (T) as T is lowered signals the formation of a pseudogap in the
density of states.

To provide further evidence for the formation of a pseu-
dogap, we have studied the DCA coarse-grained, imaginary-
time single-particle Green’s function G(Kr, 7). G(K) =
1/Vk pr dKkG(K) is the average of the Green’s function G(k)
over the Brillouin zone patch Pk with area Vi centered at
K [42]. For K = (0, 0, 7) it contains the Fermi level w = 0
states near the I" point of the holelike band. For 7 = 8/2,
this quantity provides a measure of the spectral weight at
the Fermi level without the need for analytically continuing
the Green’s function to the real frequency axis, as discussed
in Ref. [57]. Figure 7 plots G(Kr, 8/2) for different values
of n and 7, as a function of temperature. For all the cases
we examined, G(Kr, 8/2) is large at T = 0.2t — 0.3¢ but de-
creases abruptly as the temperature is lowered. This behavior
indicates that the states near the Fermi level are suppressed at
low temperatures for all values of #; and n. For the cases with
the holelike band crossing the Fermi level, this suppression is
consistent with the formation of a pseudogap in that band.

0.5
~ 0.4
S. __,-o——"::::::
I T oot -
= -—
- 03 P Sy -
= e e
o //, ./, /."
20.2 / / ,'/
Il ! ///
X vy -e- n=1.05t, =2.3t,t| =0.0
'© 0.1 ¢ ;‘(// n=1.10,t, =2.3t,t, =0.0
/ -e- n=1.15t, =2.3t,t/, =0.0
‘) —e- n=115t, =2.8tt, =0.0
0.0- . . . . .
0.0 0.2 0.4 0.6 0.8 1.0
T/t

FIG. 7. The temperature dependence of the DCA coarse-grained
(cluster) Green’s function G(Kr, 8/2) of the hole band for K =
(0,0, ) for t| = 0.0, U = 6t and different values of ¢, and n on
N =4 x 4 x 2 cluster.
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FIG. 8. The dependence of the largest eigenvalue Ay = A= of the
BSE equation as a function of 7| and different densities. All results
were obtained for 7, = 1.8t, 8 =5/t,U =6r andon a4 x4 x?2
cluster.

C. Results with next-nearest-neighbor interlayer hopping

In the previous section we set the interlayer next-nearest-
neighbor hopping ¢| to zero and found no indications that a
system with an incipient band had a higher 7, compared to
the case where two bands cross Er. Reference [35], however,

15

studied Hubbard ladders and bilayers with a nonzero | us-
ing FLEX and VMC and found such hopping could enhance
superconductivity when the top of the hole band is near Eg.
Motivated by this, we performed additional simulations with
ti # 0. To begin, we fixed r;, = 1.8t and U = 6¢, and again
considered 4 x 4 x 2 clusters while varying ¢| and densities
n=1.05, 1.10, and 1.15. Note, as we increase ¢, the aver-
age value of the fermion sign obtained by our QMC solver
decreases abruptly for these parameters. For this reason, we
are restricted to comparatively higher temperatures than in the
previous case.

Figure 8 plots the leading eigenvalue of the BSE as a
function of 7| at a fixed inverse temperature of g = 5/t. As
with the 7| = O case, we find that the leading instability has an
s* symmetry, consistent with the prior FLEX results [35]. We
also find that the strength of the pairing correlations reaches
a maximum value at an optimal density-dependent ¢| value
before decreasing gradually as #| is increased further. We also
note that A+ increases more rapidly as a function of 7| in
the systems with larger electron densities. Our observations
support the findings of Ref. [36] who also observed increased
pairing correlations with larger ¢ and a fixed temperature and
density.

Next, we examine the effect of ¢/ on the dressed spectral
function of the system with parameters n = 1.15, 1, = 1.8¢,

10°
10°

1071

1073 1073

10°

10°
1071 10-1
1072 1072
1073 1073
r M X r
k

FIG. 9. The single-particle spectral function A(k, w) and different values of ¢’ , as indicated in the lower left part of each panel. All spectra
were computed forz;, = 1.8¢,U = 6t,and 8 = 5/t and on a4 x 4 x 2 cluster with density n = 1.15.
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FIG. 10. The temperature dependence of the leading eigenvalue
of the BSE equation of the bilayer Hubbard model for r; = 1.8¢ and
different values of ¢/ . The remaining model parameters are U = 6¢,
n=1.15,and N = 2 x 2 x 2. The inset shows the estimated transi-
tion temperature that could be reliably estimated by fitting 1 — Ao(7")
with a function f(T) = Alog(T/T,). 2 x 2 x 2 results are also plot-
ted forn = 1.05,¢, = 2.3t,#| = 0 (blue curve), to show that the case
with two Fermi pockets has significantly higher 7...

U = 6t, and B = 5/t, which produces the largest increase
of the pairing correlations with increasing ¢| (see Fig. 8).
Figure 9 shows the single-particle spectral function for 7| €
[0, 0.9], as indicated in each panel. In general, we observe that
the holelike band at I" flattens with increasing ¢ and is pushed
towards lower energies, consistent with the expectation from
the U = 0 picture (see Fig. 1). The system undergoes a Lif-
shitz transition and forms an incipient band for 0.6 < 1| <
0.75t¢, as shown in the third and fourth columns of the first row.
Comparing with Fig. 8, we see that the maximum in the s*
eigenvalue for this parameter set at 1| = 0.75¢ corresponds to
a system where the hole band is incipient, i.e., slightly below
the Fermi level. This #| behavior of the s* eigenvalue at a
fixed temperature is, therefore, consistent with the observation
of Matsumoto et al. [35], who also found that the eigenvalue
is strongly enhanced when the top of the hole band is driven
close to EF.

Figure 10 plots the temperature dependence of the corre-
sponding leading eigenvalues of the BSE the same parameters
shown in Fig. 9. Due to the severe sign problem present
for these parameters, here we consider 2 x 2 x 2 clusters to
access temperatures low enough that we can reliably estimate
T. by extrapolation (see inset). The results reveal that T is
enhanced as | increases up to 0.6¢ but undergoes a sharp
decrease at ti = 0.75¢t, when the hole band becomes incipient.
Hence, unlike A=, which is maximized for the incipient band
at 1| =0.75¢, T, is maximized for the t| = 0.6¢ case, just
before the Lifshitz transition, and falls significantly when the
band becomes incipient. We also note that the ¢/ = 0.6¢ case
still has significantly lower T, than the case in Fig. 4 with
(n) =1.05,¢, =2.3, and ¢| = 0, providing further evidence
that two Fermi surfaces are better than one for maximizing 7,
in the bilayer Hubbard model with large interlayer hopping.

Generally we find that the extrapolated 7. values are
smaller in the incipient band case, and the system lacks a
superconducting transition if the hole band is too far from

0.54 —— t, =1.8t —e— t, =22t —e— t, =2.4t
t, =2.0t —e— t, =2.3t —e— t, =2.6t
0.52
wn
~ 050
i //\\
0.46
0.0 01 02 03 0.4

t it

FIG. 11. The leading BSE eigenvalue of the bilayer Hubbard
model for the parameters set withn = 1.05and U =6t at B =5/t
for different values of #, and #| calculated on a4 x 4 x 2 cluster.

the Fermi level. Our results show that a finite #| can indeed
increase the pairing correlations at a fixed temperature as
found by Ref. [36]. But this enhancement does not produce
an increased T;. For completeness, we also checked that our
findings are robust against modest increases in the value of U,
see the Appendix.

D. Optimizing the superconducting transition temperature

From all of the parameter sets we have checked, the largest
T, that we have been able to achieve in the model was T, ~
0.043¢ (in the 4 x 4 x 2 cluster) forn = 1.05, U = 61,1, =
2.3t, and ti = 0. Given the results of the previous section, it
is natural to wonder whether this transition temperature can
be further optimized for some | # 0.

To answer this question, we considered the pairing corre-
lations in the model with a fixed density n = 1.05 and ¢, €
[1.8,2.6] such that the system has two well-defined Fermi
surfaces. Figure 11 plots the evolution of A for different
values of 7| at a fixed temperature 8 = 5/¢. Unlike the case
with n = 1.15 (Fig. 8), here we find that A+ is only weakly
dependent on ¢ for all of the ¢, values we have considered.
Nevertheless, Ag+ does exhibit a local maximum for some

0.7
—e— t, =24t t, =0.0

0.6 t, =24t t), =02t

'0.00 0.05 0.10 0.15 0.20 0.25
T/t

FIG. 12. The temperature dependence of the leading eigenvalue
of the BSE equation of the bilayer Hubbard model for the parameters
set with n=1.05 and U = 6r for different values of ¢, and ¢}
calculated on a 4 x 4 x 2 cluster.
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FIG. 13. The single-particle spectral function A(k, @) and different values of ¢/ , as indicated in the lower left part of each panel. All spectra
were computed fort;, = 2.0t, U = 6¢,and f = 5/t and on a4 x 4 x 2 cluster with density n = 1.05.

optimal value of ¢ that depends on the value of 7, . For small
) ~ 0.2, we also find that A+ has an optimal 7; of about
2.4z

Turning to the transition temperature, in Fig. 12 we analyze
the temperature dependence of A+ for the cases {n, ti} =
{1.05, 2.4¢, 0}, {1.05, 2.4¢, 0.2¢}, and {1.05, 2¢, 0}. By extrap-
olating the values of 1 — A, we obtain 7. ~ 0.0398¢, 0.041z,
0.047¢, respectively. Thus, the largest A+ value at B = 5/¢
occurs for the parameters n = 1.05, t; = 2.4¢, ti = 0.2¢, but
the highest T, is achieved for the parameters {1.05, 2z, O}.
Based on these results, we conclude that adding a finite ¢
might increase the superconducting correlations at a finite
temperature, but this might not mean that the resulting 7
will also increase. One should always check the temperature
dependence and extrapolate for the 7.

Finally, Fig. 13 shows how the spectral function A(k, w)
evolves for {1.05,2¢,1)} as a function of 7}, for which we
obtained the highest 7,.. Here we see that the introduction of
t| produces a significant change in the band structure. At the
same time, we know from Figs. 8 and 11 that #| does very
little to A+ for this case.

IV. DISCUSSION AND CONCLUSIONS

We have studied the electronic structure and pairing corre-
lations of the bilayer Hubbard model in the strong coupling
(U = 6t) and large interlayer hopping 7, limit using the
DCA with a nonperturbative QMC cluster solver. By adjust-
ing the value of the interlayer hopping integral, we can tune
the system through a Lifshitz transition whereby the system
changes from having electronlike and holelike bands crossing
the Fermi level at M and T, respectively, to one having a
single band crossing Er at M and an incipient holelike band
at I". In all cases, the solutions to the BSE indicate that
the leading superconducting instability corresponds to an s
symmetry, where the sign of the order parameter changes
between the two bands. Moreover, we find that the pairing
correlations can be enhanced at a fixed temperature by nar-
rowing the bandwidth of a nearly incipient band such that
additional density of states is concentrated near Er. Both of

these findings agree with prior studies [23,31-35]. Contrary
to these works, however, we find that T, is always reduced
once one of the bands is made incipient. For example, in
the case of the two-band system, we can extract finite values
for the superconducting 7, from the temperature dependence
of the leading eigenvalue of the BSE. In the incipient band
case, however, we find that 7, rapidly decreases as the hole
band is submerged. Our results provide compelling evidence
that superconductivity in the bilayer Hubbard model, in the
strong coupling and large interlayer hopping ¢, limit, is opti-
mized when there are well-defined holelike and electronlike
Fermi surface sheets. Subsequent electron doping then re-
duces T, in this model, provided all other factors remain
fixed.

We stress that one should be careful in extrapolating our re-
sults to systems like the FeSe intercalates or FeSe/STO mono-
layers. The bilayer Hubbard model has been widely studied
as a simple toy model for extrapolating between strongly
correlated models with cuprate-, iron-pnictide-, and (incip-
ient band) FeSe/STO-like band structures [23,27,33,39,40].
However, in reality, the latter systems are multiband materials
whose band structures at the Fermi level are predominantly
Fe 3d character with several partially filled bands crossing the
Fermi level and significant interorbital Hund’s interactions.
The bilayer Hubbard model approximates these systems with
a two-band model but with an on-site interorbital hopping ¢, .
For a nonzero U > t,, the interorbital hopping will introduce
a sizable antiferromagnetic exchange coupling J; = 4tJ2_ /U
between the layers. The large AFM J, may help explain why
T. is reduced in the large 7, limit, as it will tend to produce
local disordered singlets within each unit cell. FLEX calcu-
lations cannot capture this effect. In contrast, the Fe-based
superconductors have large interatomic Hund’s interactions,
favoring ferromagnetic coupling between the two orbitals.
These two situations are quite different. Nevertheless, our
results call for additional studies of incipient band systems
using nonpertubative methods capable of treating the full mul-
tiorbital interactions of the Fe-based superconductors.

The Department of Energy will provide public access to
these results of federally sponsored research in accordance
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with the DOE Public Access Plan [58]. The DCA++ code
used for this project can be obtained at [59]. The data pre-
sented in this work can be obtained at [60].
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APPENDIX: RESULTS FORU = 8¢

Here we present results for n = 1.15, 1, = 1.8t, 8 =5/,
but an increased Hubbard interaction U = 8¢. The resulting
spectral functions are plotted in the left and right panels of
Fig. 14 for t| = 0 and 0.75¢, respectively. Compared to the
case with U = 6¢ (Fig. 9, fourth column, first row), we ob-
serve that increased U pushes the hole band further below the
Fermi level for | = 0.75¢.

The corresponding temperature dependence of the leading
BSE eigenvalues are shown in the bottom panel of Fig. 14.
Here we present the data for both N =4 x4 x 2 and N =
2 x 2 x 2 clusters to investigate the size dependence. In this
case we cannot reach temperatures low enough to extract the
superconducting 7; on the larger clusters, due to exponential
dependence of the sign problem on the system size. Never-

0.7
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0.6 2x2,t), = 0.75t
0.5 —e— 4x4,t' =0.0t
—— 4x4,t, =075t
0.4
~
|
- 0.3
0.2
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0.0
0.00 0.05 0.10 0.15 0.20 0.25

FIG. 14. Top: The single-particle spectral function A(k, w) for
t, =18, n=1.15 U =8¢, and g = 5/t. The left and right pan-
els shows results for #| = 0 and 0.75¢, respectively. The remaining
model parameters are U = 8¢ and n = 1.15. Both spectral function
results were obtained on an N = 4 x 4 x 2 cluster. Bottom: The tem-
perature dependence of the leading eigenvalues of the BSE equation
of the bilayer Hubbard model with #, = 1.8¢, different values of ¢/,
n = 1.15,and U = 8¢. The eigenvalues of the BSE were obtained on
N=4x4x2andN =2 x 2 x 2 clusters.

theless, we believe that our conclusions are robust against
variations in the cluster size. For example, the comparison in
Fig. 14 suggests that the cluster size dependence is very small
for the clusters we have studied, especially for the case with
an incipient band. The value of the 7, might change slightly in
the thermodynamic limit but the overall picture seem to be the
same, i.e., the T, decreases once the system has an incipient
band.
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