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Non-Hermitian spectrum and multistability in exciton-polariton condensates

Zi-Fa Yu,1,2,3 Ju-Kui Xue,3 Lin Zhuang,1,* Jinkui Zhao ,2,4,* and Wu-Ming Liu 2,4

1State Key Laboratory of Optoelectronic Materials and Technologies, School of Physics, Sun Yat-Sen University, Guangzhou 510275, China
2Beijing National Laboratory for Condensed Matter Physics, Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China

3Key Laboratory of Atomic & Molecular Physics and Functional Materials of Gansu Province,
College of Physics and Electronic Engineering, Northwest Normal University, Lanzhou 730070, China

4Songshan Lake Materials Laboratory, Dongguan 523808, China

(Received 29 September 2020; revised 20 September 2021; accepted 29 November 2021; published 8 December 2021)

We investigate non-Hermitian spectrum and multistability of exciton-polariton condensates excited by a non-
resonant pump. An increase in pumping power moves the system away from non-Hermitian spectrum degeneracy
toward bifurcation through an exceptional point, which induces a transition from monostability to multistability.
The spectrum can be used as a universal method for detecting this transition. In the region of multistability,
the system contains one steady and two metastable states. The analyses of stability show that metastable states
maintain a finite lifetime and eventually evolve into steady states, which are induced by non-Hermitian skin
effects. We also discover a steady state with multipeak soliton for attractive polariton-polariton interaction, which
is different from general single-peak soliton for repulsive interaction. Our results open up exciting possibilities
for controlling non-Hermitian quantum multistable states, which may be useful for designing polariton-based
devices exploiting optical multistability.
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I. INTRODUCTION

Multistability, where multiple stable states simultaneously
present for a given set of parameters, is a fascinating phe-
nomenon in various physical systems, such as semiconductor
microcavities [1], atomic Bose-Einstein condensates [2,3],
magnetic materials [4], and optical systems [5]. It can be
used for applications in digital optical devices [6], integrated
optical circuits [7], and all-optical switches [8–10]. Such
multistability-based devices have the advantages of robust-
ness, simplicity, high-speed switching [10], and low-power
operation [11].

Recently, multistability has aroused enormous attention in
exciton-polariton Bose-Einstein condensates (EPCs) [12–25]
owing to their room-temperature condensation [26–30], quan-
tum nonequilibrium, and non-Hermitian nature [31–34]. They
can be directly imaged in momentum and real space [35,36]
as well as highly controlled via suitably manipulating both
optical pump and quantum-well microcavities [37] in ex-
periments. In such a system, various multistable phenomena
have been discovered [20–25] such as vortex multistability,
spin multistability, spatial multistability, and parity bifurca-
tion transition of multistable states. Generally, the generation
of EPC multistability requires polariton-polariton interac-
tions which can induce Kerr nonlinearity [14–16]. Moreover,
the overall competition among cavity anisotropy, spinor in-
teractions, and excitation laser polarization dictates spin
multistability [38]. The mechanism of spatial multistabil-
ity is associated with repulsive cross-interactions among
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different polariton modes [23]. The driven-dissipative charac-
ter of nonlinear polariton fluids can give rise to multistability
of the flat band nonlinear domains [39].

As a natural non-Hermitian system [40–50], the spectral
structures of EPCs are modified by non-Hermiticity, which
affects the steady state, localization, nonlinearity, transporta-
tion, and dynamics of the system [45–50]. However, it is
still not clear whether multistability can be related to non-
Hermiticity. If so, can multistability be explained by the
corresponding non-Hermitian spectrum? This would lie at the
heart of this multistable phenomena since spectrum degen-
eracy can reveal novel transition, while the corresponding
non-Hermitian eigenenergy is related to the stability of mul-
tistable states and influences relevant dynamical properties
[35]. For a Hermitian system, corresponding eigenstates are
always nondegenerate when energy spectrum degenerates.
However, for a non-Hermitian system, energy spectrum de-
generacy is accompanied by the coalescence of eigenstates.
In a non-Hermitian spectrum, there are exceptional points
[51–53] where multiple eigenstates collapse and correspond-
ing eigenmodes coalesce into one. These exceptional points
can cause a range of peculiar phenomena, such as unidirec-
tional transmission of signals [54], anomalous absorption of
lasing [55], and chiral modes [56]. Certainly they can also
affect the transition of multistability. Therefore, can a non-
Hermitian spectrum provide a universal method for detecting
the transition from monostability to multistability?

In this paper, we reveal the formation mechanism of mul-
tistable states associated with the non-Hermitian spectrum
bifurcation in EPCs excited by a nonresonant Gaussian pump
[see Fig. 1(a)]. In experiments [26–30,35,36], generally quan-
tum wells (QWs) are GaAs thin layers with the order of
10 nm thickness, and distributed Bragg reflectors consist of

2469-9950/2021/104(23)/235408(10) 235408-1 ©2021 American Physical Society

https://orcid.org/0000-0002-7756-1952
https://orcid.org/0000-0002-5373-4417
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.104.235408&domain=pdf&date_stamp=2021-12-08
https://doi.org/10.1103/PhysRevB.104.235408


YU, XUE, ZHUANG, ZHAO, AND LIU PHYSICAL REVIEW B 104, 235408 (2021)

FIG. 1. (a) Schematic diagram of semiconductor microcavity device supporting exciton-polariton condensates (EPCs) in quasi-one-
dimensional semiconductor microwire. The device is comprised of QWs placed between two distributed Bragg reflectors (DBRs). Polaritons
are excited by a nonresonant Gaussian pump beams incident from above. (b) Schematic representation of the mechanism for generating EPCs.

multiple pairs of alternated AlAs and GaAs layers. EPCs
have a typical lifetime on the order of 100 ps and con-
densation temperature on the order of 10 K in GaAs and
CdTe semiconductors. The pump produces a reservoir of
high-energy excitons which scatter continuously into lower
energy polaritons. When scattering amplification overcomes
losses, condensates are formed. In adiabatic approximations,
the reservoir can be regarded as static and it moderates con-
densate densities. The system can be modeled by considering
effective gain (pump), loss, and saturation [see Fig. 1(b)].
Our results indicate that increasing pumping power moves the
system away from the non-Hermitian spectrum degeneracy to-
ward bifurcation through an exceptional point, which induces
the multistability of EPCs. The exceptional point of spectrum
is exactly the transition point of multistability. By constructing
a diagram of multistability and the dynamical evolution of
multistable states, we are able to control the multistability, and
discover a steady state with multipeak solitons for attractive
EPCs, which is different from sing-peak soliton for repulsive
EPCs.

II. EXCITON-POLARITON CONDENSATE SYSTEM

Motivated by relevant experiments of EPCs [26–30,57], we
consider a nonequilibrium EPC system excited by a nonreso-
nant one-dimensional continuous-wave pump with a Gaussian
profile (see Fig. 1). Under the mean-field approach, EPCs
can be described by a dimensionless open-dissipative Gross-
Pitaevskii equation [31,32,58–63]:

i
∂ψ

∂t
=

[
−1

2
∇2 + g|ψ |2 + i

2

(
P(x) − γ − η|ψ |2)

]
ψ. (1)

Here the physical variables are rescaled as ψ ∼ l−1/2ψ , t ∼
ω−1t , and x ∼ lx with condensate characteristic length l =√

h̄/(mω) and characteristic frequency ω; m is the polari-
ton effective mass; g is the dimensionless polariton-polariton
interaction constant. P(x) is a spatially modulated Gaussian
pump with power P0 and width w, i.e., P(x) = P0e−x2/w2

; γ

is the polariton loss rate; η refers to the gain saturation. For a
nonresonantly pumped system, gain saturation is necessarily
present. Without gain saturation, the condensate grows indef-
initely when the pump exceeds loss and vanishes when the
pump falls short of loss [58]. The steady state described by

this saturation is similar to the one described by considering a
static reservoir of noncondensed polaritons [60]. Equation (1)
can be derived by adopting a so-called adiabatic approxima-
tion to eliminate the reservoir adiabatically [58–60], i.e., the
density of reservoir nR satisfies ∂nR/∂t = 0.

To obtain a solution for steady states and dynamical evo-
lutions, we use the variational method for dissipative systems
[64,65]. A natural variational ansatz is the Gaussian trial dis-
tribution,

ψ (x, t ) =
(

n√
πR

)1/2

exp

[
− (x − ξ )2

2R2
+ ik(x − ξ )

+ iδ

2
(x − ξ )2 + iφ

]
, (2)

which denotes that EPCs have a Gaussian distribution with the
center mass position ξ (t ), momentum k(t ), size R(t ), related
variation rate of width δ(t ), phase φ(t ), and the number n(t )
(i.e., n = ∫ |ψ |2dx) at a given time t . After variational analy-
ses, we obtain the dynamics of related variational parameters
qi(t ) (qi = {ξ, k, R, δ, n, φ}), equilibrium states (i.e., qi(t ) ≡
q̄i), and non-Hermitian energies (for details, see Appendix A).

EPCs are formed when the pumping power is larger than
the threshold Pth

0 = √
γ /2(1 +

√
1 + 2γw2/w), which is in-

dependent of the polariton-polariton interaction and the gain
saturation. It is reduced by the pumping size and promoted
by the loss rate. For a homogeneous pump (i.e., w → ∞),
Pth

0 = γ . A nonresonant Gaussian pump can result in damped
dipolar oscillation and create the self-localization of EPCs
(Appendix C).

III. NON-HERMITIAN SPECTRUM

Figure 2 demonstrates the non-Hermitian spectrum of
EPCs for different pumping powers and polariton-polariton
interactions. There is one exceptional point in the non-
Hermitian spectrum for different pumping powers at P0 = P0c

as shown in Figs. 2(a1)–2(a3). For weak pumping powers, i.e.,
Pth

0 < P0 < P0c, the non-Hermitian spectrum is degenerate
with only one energy, which corresponds to a steady state. For
strong pumping powers, i.e., P0 > P0c, increasing pumping
power moves the system away from the spectral degeneracy,
and spectrum bifurcation occurs. In this case, there are three
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FIG. 2. Non-Hermitian spectrum of EPCs for different pumping
power P0 (a1)–(a3) and different polariton-polariton interaction g
(b1)–(b3) with γ = 5.0, η = 5.0, and w = 5.0.

energies, where one is original spectral band corresponding to
steady state (black lines), and the other two are emerging spec-
tral bands corresponding to metastable states (red and blue
lines). Therefore incoherent pumps can result in the spectrum
bifurcation that induces the emergence of multistability.

However, when polariton-polariton interaction changes,
there exist two exceptional points of non-Hermitian spectrum
at g = gc1 and g = gc2 [Figs. 2(b1)–2(b3)]. For attractive (g <

gc1) and strong repulsive interactions (g > gc2), the spectrum
is degenerate, which corresponds to a steady state. For weak
repulsive interactions (gc1 < g < gc2), the spectrum bifurca-
tion leads to the emergence of metastable states (red and
blue lines). The spectral degeneracy of polariton condensates
is different from the case in atomic condensates; it results
from the non-Hermitian nature and is not caused by the
nonlinearity as in traditional condensates. Therefore, control
of related parameters allows us to manipulate the approach
to non-Hermitian spectrum bifurcation and the generation of
multistability for EPCs (see also Appendix B).

IV. MULTISTABILITY

The stability of multistable states can be explained by the
corresponding dynamics. We introduce damping coefficient
CB for breathing dynamics and eigenvalues � for the char-
acteristic matrix of linearizing dynamic evolution equations
(Appendix D). Then positive CB and negative Re(�) can
indicate the existence of long-lifetime EPCs.

When gc1 < g < gc2, the multistability of EPCs ap-
pears and the system exhibits three equilibrium states: Two
metastable states A and B and one steady state C [Fig. 3(a)].
For state A, CB < 0 indicates that the oscillation amplitude
of EPC size R is increasing with time, and Max[Re(�)] > 0
indicates that this state is unstable and cannot be maintained
for a long lifetime [Fig. 4(a)]. The driven oscillation of EPC
size leads to this state eventually evolving into steady-state C
with a larger size [see Figs. 3(c), 4(c2), and 4(d2)]. State B is

FIG. 3. Multistability of EPCs for w = 5. (a) EPC size R̄ and
particle number n̄ in multistable states as a function of polariton-
polariton interaction g for P0 = 20, γ = 5.0, and η = 5 depicted by
variational approach (solid lines) and numerical simulation of Eq. (1)
(circles). (b) Phase trajectory in R − n plane for different initial state
with g = 2.0. (c) Temporal evolution of EPC size R and particle
number n with g = 2.0 for different multistable states as marked A,
B, and C in (a) and (b). (d) Multistability diagram in P0 − g plane
with η = 5 (short dotted lines) and η = 10 (solid lines).

maintained for a finite lifetime due to CB > 0 and
Max[Re(�)] > 0 [Fig. 4(a)]. For state C, CB > 0 and
Max[Re(�)] < 0 indicate that it can indeed exist for a long
lifetime. In the region of multistability, regardless of the initial
EPC size and particle number, the condensate will evolve into

FIG. 4. Dynamics of EPCs with w = 5.0. (a) CB and
Max[Re(�)] versus g with P0 = 20, γ = 5.0 and η = 5.0.
(b) The diagram for the single- and multipeak soliton in P0 − g plane
with η = 5.0 (solid lines) and η = 10.0 (dotted lines). (c1)–(c3)
The temporal evolution of EPCs depicted by numerical simulations
of Eq. (1) for g = −2.0, 2.0, and 8.0 as marked by I, II, and III
in (a). (d1)–(d3) The final spatial distribution for EPCs at t = 50
corresponding to (c1)–(c3).
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steady-state C. It may pass by a metastable state A or B in
the evolutionary process, which depends on the initial state
[Fig. 3(b)]. These phenomena are induced by non-Hermitian
skin effects. These states with a Gaussian distribution are also
called single-peak solitons. This multistability is rooted in the
non-Hermitian spectrum bifurcation.

The generation of multistability also depends on other pa-
rameters that can be obtained from the multistability diagram
in Fig. 3(d). For strong enough pumping power P0, multista-
bility emerges in the region of gc1 < g < gc2. Outside this
region, the system only exhibits one steady state. With the
enhancement of P0, gc1 first increases quickly then tends to
zero, while gc2 increases linearly. Therefore, an increasing in
pumping power can enlarge the region of the multistability.
On the other hand, the increased loss rate γ causes the multi-
stable region to shift right, and the increased gain saturation η

causes gc2 to shift up. Namely, the loss rate (the gain satura-
tion) can shrink (enlarge) the region of multistability.

When g > gc2, there is only one steady state with a single-
peak soliton [Fig. 3(a)]. CB > 0 and Max[Re(�)] < 0 indicate
that the system can eventually evolve into a steady state
for arbitrary perturbation due to the damping effect. The
steady state can still be maintained as a single-peak soliton
[Figs. 4(c3) and 4(d3)]. When g < gc1, EPCs also exhibit one
equilibrium state [Fig. 3(a)]. CB < 0 and Max[Re(�)] > 0
indicate that this state is unstable [Fig. 4(a)]. The driven
oscillation of EPC size leads to the breaking up of a single-
peak soliton and eventually forming a multipeak soliton in
Figs. 4(c1) and 4(d1) (for details, see Appendix E).

For a repulsive polariton-polariton interaction, steady
states demonstrate as single-peak soliton structures. This soli-
ton is called a dissipative soliton due to the driven-dissipative
nature of EPCs. Steady states are important and possess po-
tential applications compared with metastable states because
steady states can be maintained for a long lifetime and are
more stable.

For steady state with a single-peak soliton, solving
dynamic evolution equations results in the number of exciton-
polariton condensates

n(t ) =
√

2π R̄Gn0

ηn0 + (
√

2π R̄G − ηn0) exp(−Gt )
, (3)

where n0 is an initial polariton number, and G =
P0w/

√
w2 + R̄2 − γ is an effective net gain. It depends on

the pumping power and size, loss rate, and EPC size. For
homogeneous pumping (i.e., w → ∞), the effective net gain
G = P0 − γ . Whatever the initial EPC number is, it can evolve
into a saturated value n̄ = √

2π R̄G/η which depends on ef-
fective net gain and saturation rate (Fig. 5). This phenomenon
is rooted in the damping effects of nonequilibrium system in
steady states (see also Appendix E).

EPC size and number in steady states are depicted in Fig. 6.
Without polariton loss, the system is unstable because the
EPC size is larger than the pumping size and EPCs will be
diffused. However, considering the loss, the system is stable
because EPC size is always smaller than pumping size when
pumping powers increase (see also Appendix E). Further-
more, the polariton-polariton interaction g and pumping size

FIG. 5. Dissipative solitons for different pumping power P0 with
g = η = γ = w = 5.0. (a) Temporal evolutions for EPC number
depicted by analytical expression Eq. (3) (solid lines) and numerical
simulation of Eq. (1) (crosses). (b)–(d) The corresponding temporal
evolution of solitons depicted by numerical simulation of Eq. (1) for
P0 = 10, 20, and 40, respectively.

w can increase the EPC number and size, while the loss rate
γ and the gain saturation η can reduce them.

V. EXPERIMENTAL PROTOCOL

EPCs can be created in a semiconductor microwire and
excited by a continuous nonresonant Gaussian pump beam as
shown in Fig. 1. The nonresonant pump can be generated by
a single mode Ti:sapphire laser [57], whose power and size
can be controlled accurately. Polariton-polariton interactions

FIG. 6. Steady states for EPCs. (a)–(c) EPC size R̄ and number
n̄ versus P0 for different γ and g with w = 5 and η = 5. (d), (e) R̄
and n̄ versus η and g for different P0 with γ = g = 5. (f) The critical
pumping power for generating condensed polaritons Pth

0 versus w for
different γ .
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can be adjusted from attractive to repulsive [66–68]. Loss
rates can be controlled by adjusting the quality factor of
microcavities [57]. The related parameters can be estimated
by experiments [26,57]: m ∼ 5 × 10−5me with me being
the free electron mass, ω ∼ 0.01 ps−1, l ∼ 100 μm, P0 ∼
0.13 meV/(h̄ω), w ∼ l , γ ∼ ω, g ∼ 7.9 μeVμm2/(h̄ωl2),
η ∼ g. The non-Hermitian energy can be measured by analyz-
ing the microcavity photoluminescence by means of energy
resolved near-field (real-space) imaging using a spectrome-
ter [56,59]. When coherent photons escape the cavity, the
photoluminescence signal can carry all the information about
the phase structure, density, spatial, momentum, and energy
of EPCs [31]. Thus analyses of the photoluminescence en-
able us to depict spectrum about the energy vs real-space
imaging, and the peak position and widths of the spectral
lines correspond to the real and imaginary parts of the non-
Hermitian energy, respectively [56] (see also Appendix B).
Experimentally, non-Hermitian spectrum has been observed at
the magnitude of meV (i.e., 103h̄ω) [56]. Thus, our predicted
non-Hermitian spectrum bifurcation and multistability can be
easily realized with current experimental conditions.

VI. CONCLUSIONS

We have demonstrated the multistability of EPCs in the
bifurcation region of the non-Hermitian spectrum. The spec-
trum provides a universal method for detecting transition from
monostability to multistability. Multistability manifests itself
in one steady and two metastable states, and the evolution
from metastable to steady states induced by non-Hermitian
skin effects can be used to design unidirectional switch
[8–10]. We also discover a steady state with multipeak soli-
tons in attractive EPCs, which is different from single-peak
soliton in repulsive EPCs. The discovery could be useful in
low-energy polariton-based devices exploiting optical mul-
tistability [6,7], which have fast switching times and could
easily be realized at room temperature.
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APPENDIX A: VARIATIONAL ANALYSES

To obtain the steady-state solution and the dynamical evo-
lution of the nonequilibrium system, we use the variational
method for a dissipative system [64,65]. A nature variational
ansatz is the Gaussian trial distribution. It is the well-known
ground state of the conservative Bose-Einstein condensate.

Thus we take

ψ (x, t ) =
(

n√
πR

)1/2

exp

[
− (x − ξ )2

2R2
+ ik(x − ξ )

+ iδ

2
(x − ξ )2 + iφ

]
, (A1)

which denotes that the polariton condensate has a Gaus-
sian distribution with center mass position ξ (t ), momentum
k(t ), size R(t ), the related variation rate of width δ(t ), phase
φ(t ), and the number of condensed polaritons n(t ) (i.e., n =∫ |ψ |2dx) at a given time t . Inserting Eq. (A1) into the Euler-
Lagrangian equations for dissipative system,

∂L

∂qi
− d

dt

(
∂L

∂ q̇i

)
= 2Re

[∫ +∞

−∞

i

2
(P − γ − η|ψ |2)ψ

∂ψ∗

∂qi

]
,

(A2)

where qi = {ξ, k, R, δ, n, φ} and the Lagrangian corresponds
to the conservative system

L =
∫

1

2

[
i(ψ∗ψ̇ − ψ̇∗ψ ) −

(∣∣∣∣∂ψ

∂x

∣∣∣∣
2

+ g|ψ |4
)]

dx, (A3)

we arrive at

ξ̇ = k − P0ER2wξ, (A4)

k̇ = −P0ER2wδξ, (A5)

Ṙ = Rδ + ηn

4
√

2π
− 1

2
P0ER3w + P0ER3wξ 2

w2 + R2
, (A6)

δ̇ = −δ2 + 1

R4
+ gn√

2πR3
, (A7)

ṅ =
[

P0Ew(w2 + R2) − γ − ηn√
2πR

]
n, (A8)

where E = exp[−ξ 2/(w2 + R2)](w2 + R2)−3/2. Once the
evolution behavior of variational parameters qi(t ) is acquired
from Eqs.(A4)–(A8), the nonequilibrium dynamics of polari-
ton condensate can be described clearly. The revelent steady
state (i.e., qi(t ) ≡ q̄i) can also be obtained by the correspond-
ing stationary equations of Eqs. (A4)–(A8). Obviously the
width of condensed polariton R depends on its number n and
center position ξ , and there are coupled effects among dipolar
dynamics, breathing dynamics, and particle flux.

In the equilibrium state, we have ξ̄ = 0 and k̄ = 0, and

δ̄ + ηn̄

4
√

2π R̄
− P0wR̄2

2(w2 + R̄2)3/2
= 0, (A9)

δ̄2 − 1

R̄4
− gn̄√

2π R̄3
= 0, (A10)

[
P0w√

w2 + R̄2
− γ − ηn̄√

2π R̄

]
n̄ = 0. (A11)

Namely, the particle number and size of condensed polaritons
can be obtained by Eqs. (A9)–(A11) in the equilibrium state.
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FIG. 7. Non-Hermitian spectrum of exciton-polariton conden-
sates for different loss rate γ (a1)–(a3) and different gain saturation
η (b1)–(b3) with P0 = 20.0, g = 5.0, and w = 5.0. Black solid lines
correspond to steady state, while red and blue solid lines correspond
to metastable states.

The non-Hermitian eigenenergies of polariton condensates
can be obtained by the following equation:

ε =
∫

dx

{
1

2
|∇ψ |2 + g

2
|ψ |4

+ i

2

[
P(x)|ψ |2 − γ |ψ |2 + 1

2
η|ψ |4

]}
. (A12)

Inserting Eq. (A1) into Eq. (A12), we can obtain the real part
of non-Hermitian eigenenergies

Re(ε) = 1

2
nk2 + n

4R2
+ 1

4
nR2δ2 + gn2

2
√

2πR
, (A13)

and the imaginary part

	(ε) = P0wn exp
( − ξ 2

w2+R2

)
2
√

w2 + R2
− 1

2
γ n − ηn2

4
√

2πR
. (A14)

APPENDIX B: SUPPLEMENTAL NON-HERMITIAN
SPECTRUM

Here the spectrum reveals the dependence of the energy
in different steady states on system parameters even though
the energy is a complex number. In a polariton condensate,
there is indeed a collective frequency related to an oscillating
macroscopic photon field. This frequency depends on the rate
of interconversion between excitons and photons [59]. How-
ever, this frequency can be regarded as a constant for distinct
multistable states, and the corresponding energy can be omit-
ted in the spectrum. As supplementary, Fig. 7 demonstrates
the non-Hermitian spectrum of exciton-polariton condensates
for a different loss rate and gain saturation. There is one
exceptional point in the non-Hermitian spectrum fora vary-
ing loss rate at γ = γc as shown in Figs. 7(a1)–7(a3). For a
small loss rate, i.e., γ < γc, there are three spectrum bands.

They correspond to three equilibrium states: One steady state
(black lines) and two metastable states (red and blue lines).
For a large loss rate, i.e., γ > γc, there is only one spectrum
band which corresponds to the steady state, and the other two
bands corresponding to metastable states appear. Therefore
the increase of loss rate can move the system away from the
non-Hermitian spectrum bifurcation to degeneracy through an
exceptional point. It results in the disappearance of multista-
bility.

Non-Hermitian spectrum in a codimension 2 space (i.e.,
g − P0 space) is depicted in Fig. 8. As pumping power P0

increases, there is an exceptional point of spectrum P0c. When
P0 < P0c, the spectrum is degenerate, and when P0 > P0c,
the spectrum is bifurcated. As polariton-polariton interactions
increase, there are two exceptional points of spectrum gc1

and gc2; the spectrum is degenerate for g < gc1 and g > gc2,
while the spectrum is bifurcated for gc1 < g < gc2. Thus, ex-
ceptional points exactly connect to spectrum degeneracy and
bifurcation.

Physical quantities (such as the exciton-polariton conden-
sate size R, related variation rate of width δ, and number n)
describing the character of condensates are continuous vari-
ables and not quantized. Thus the corresponding energy is also
a continuous variable, and the spectrum is a continuous curve.

Exceptional points are also transition points from monosta-
bility to multistability, which connect to monostable states and
multistable states. A multistable state contains one steady and
two metastable states. Namely, an exceptional point simulta-
neously connects with one steady state and two metastable
states. Thus exceptional points connecting with the steady
state and the metastable state are same.

The effect of the gain saturation on the non-Hermitian
spectrum is demonstrated in Figs. 7(b1)–7(b3). The gain sat-
uration can move the system away from the non-Hermitian
spectrum degeneracy to bifurcation through an exceptional
point. It results in the appearance of multistability. The loss
rate and gain saturation can both decrease the real part and the
imaginary part of energies. The region of spectrum bifurcation
(i.e., the region of the multistability) is shown in Fig. 3(d).
The loss rate and repulsive polariton-polariton interaction can
shrink (enlarge) the region of the multistability. The pumping
power and gain saturation can enlarge the region of the multi-
stability.

Non-Hermitian spectrum bifurcation and the appearance
of multistability are also related to pumping size, which is
demonstrated in Fig. 9. There is a critical pumping size wc

for generating multistability (i.e., non-Hermitian spectrum
exceptional point). When pumping size w < wc, the spectrum
is degenerate and the system is monostable. When w > wc,
the spectrum is bifurcate and multistability appears. In the
region of monostability, the spectrum is degenerate, and
in the region of multistability, the spectrum is bifurcated.
In the spectrum, the energy degeneracy and bifurcation
are connected by an exceptional point. Thus this transition
point is exactly the exceptional point of spectrum. In a word,
increasing pumping size moves the system away from the non-
Hermitian spectrum degeneracy toward bifurcation, which
induces a transition from monostability to multistability.

The spectrum cannot be directly measured in experiments
because the non-Hermitian energy is a complex number.
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FIG. 8. Non-Hermitian spectrum of exciton-polariton condensates in the g − P0 space with w = 5.0, γ = 5.0, and η = 5.0. The spectrum
is continuous, and exceptional points are the transition point between monostability and multistability.

However, we can measure the real part and the imaginary
part of the non-Hermitian energy, respectively. The shape of
exciton-polariton condensates can be directly imaged both in
real and in momentum space. The real part of non-Hermitian
energy can be measured by energy resolved images of the
polaritons using a spectrometer [59]. The imaginary part of
non-Hermitian energy results from the finite polariton life-
time, and it can be measured by detecting the escaping light
from the cavity [59]. Actually, the non-Hermitian energy has
already been measured in the experiment of Ref. [56]. The
non-Hermitian energy is obtained by analysis of the microcav-
ity photoluminescence by means of energy resolved near-field
(real-space) imaging, where the real part corresponds to the
energy peak position and the imaginary part corresponds to
the line width.

In order to observe our predicted non-Hermitian
spectrum bifurcation and multistability experimentally,
exciton-polariton condensates can be created in a
quasi-onedimensional semiconductor microwire and excited

FIG. 9. Non-Hermitian spectrum and multistability of exciton-
polariton condensates depending on pumping size w with P0 = 20.0,
g = 5.0, γ = 5.0, and η = 5.0. (a1)–(a3): Non-Hermitian spectrum
for different w. (b1)–(b2): Exciton-polariton condensate size R̄ and
particle number n̄ in multistable states as a function of w. Black
solid lines correspond to steady state, while red and blue solid lines
correspond to metastable states.

by a continuous nonresonant Gaussian pump beam as shown
in Fig. 1. The semiconductor microcavity device is comprised
of QWs placed between two distributed Bragg reflectors.
The QWs are located at the antinodes of the photon mode.
Generally, QWs are GaAs thin layers with the order of 10nm
thickness, and distributed Bragg reflectors consist of multiple
pairs of alternated AlAs and GaAs layers. Exciton-polariton
condensates have typical lifetime on the order of 100ps and
condensation temperature on the order of 10K in GaAs and
CdTe semiconductors [35,36,56].

Due to the continuous decay of the exciton polaritons in
the continuous replenished condensed state, coherent photons
escape the cavity as a photoluminescence signal and carry all
the information about the spatial, momentum, phase structure,
and energy of the condensed exciton polaritons [31]. The pho-
toluminescence can be collected via a free space microscope
and analyzed with a combination of real space and dispersion
imaging techniques. Then, the energy vs real-space imaging
can be presented, and the peak position and widths of the
spectral lines correspond to the real and imaginary parts of
the non-Hermitian energy, respectively. Experimentally, non-
Hermitian spectrum has observed at the magnitude of meV
(i.e., 103h̄ω) [56]. Thus, our predicted non-Hermitian spec-
trum of exciton-polariton condensates can be easily observed
with current experimental conditions.

APPENDIX C: SELF-LOCALIZATION

In order to understand the dipolar dynamics of the system,
we assume R ≡ R̄, δ ≡ δ̄, and n ≡ n̄. Thus the dipolar dynam-
ics can be described by the following equation:

ξ̈ + CDξ̇ + 2
Dξ = 0, (C1)

where CD = P0wR̄2Ē [1 − 2ξ 2/(w2 + R̄2)] and 2
D =

P0wR̄2δ̄ with Ē = exp[−ξ 2/(w2 + R̄2)](w2 + R̄2)−3/2. In
the multistable state, ξ = ξ̄ = 0 and nonzero center mass
position ±ξ̄ do not exist [see Eqs. (A4)–(A5)]. This is
induced by Gaussian pump P(x) = P0 exp(−x2/w2) that is
centered at x = 0. Thus, whatever initial center mass position
ξ0 is, we have ξ 2 < (w2 + R̄2)/2 for some ξ , i.e., CD > 0.
This results in the damping dipolar dynamics, and the center
mass position of exciton-polariton condensates eventually
approach to zero. Namely, the Gaussian pump leads to the
self-localization of exciton-polariton condensates. This has
been observed in experiment [57]. The temporal evolutions
of the related soliton for the damping dipolar dynamics are
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FIG. 10. The damping dipolar dynamics for initial center mass
position ξ0 = 3.0 with w = 5.0, γ = 5.0, η = 5.0, and g = −2.0,
2.0, and 8.0 [(a)–(c)]. The temporal evolution of the exciton-
polariton condensates (the contour plot) is depicted by the directly
numerical simulation of open-dissipative Gross-Pitaevskii equation
and the the mass center position ξ (red lines) is depicted by the
variational analysis Eqs. (A4)–(A8).

demonstrated in Fig. 10 for different steady state regions,
which agrees with the variational predictions.

APPENDIX D: STABILITY ANALYSES

The stability of multistable states can be explained by
the corresponding dynamics of exciton-polariton conden-
sates. Near the multistable state, we have ξ ≡ 0, then from
Eqs. (A6)–(A8) the breathing dynamics can be obtained by
the following equation:

R̈ + CBṘ + 2
BR = 0, (D1)

where CB = 0.5P0wR2(4w2 + R2)(w2 + R2)−5/2 −
ηn/(4

√
2πR), and 2

B = ηγ n/(4
√

2πR) − 1/R4 −
gn/(

√
2πR3) + 5η2n2/(32πR2) + P2

0 w2R4/(4(w2 + R2)3) −
P0wηn(w2 + 2R2)/(4

√
2π (w2 + R2)3/2R). If CB < 0, the

breathing dynamics is driven and the oscillation amplitude
of polariton size R is always increasing, then the system is
unstable. If CB > 0, the breathing dynamics is damped and
the oscillation amplitude of R decreases and eventually tends
to a fixed size R̄, then the system is stable. Furthermore,
the stability of system can also be discussed by linearizing
Eqs. (A6)–(A8) around the multistable state. Inserting
qi = q̄i + q′

i into Eqs. (A6)–(A8), we have

d

dt

⎛
⎜⎝

n′

R′

δ′

⎞
⎟⎠ = M

⎛
⎜⎝

n′

R′

δ′

⎞
⎟⎠, (D2)

where,

M =

⎛
⎜⎜⎝

P0w

w2+
√

R̄2
− 2ηn̄√

2π R̄
− γ

ηn̄2√
2π R̄2 − P0wR̄n̄

(w2+R̄2 )3/2 0

η

4
√

2π
δ̄ − 3P0w

3R̄2

2(w2+R̄2 )5/2 R̄
g√

2π R̄3 − 3n̄√
2π R̄4 − 4

R̄5 −2δ̄

⎞
⎟⎟⎠.

(D3)

The stability can be obtained by the eigenvalue � of the
matrix M. If the real parts of the eigenvalues Re(�) are all
negative, the corresponding equilibrium state is stable, and
can be maintained for long lifetime. If Re(�) is a positive
value, the corresponding multistable state is unstable, and its
lifetime is short.

APPENDIX E: MULTI- AND SINGLE-PEAK SOLITONS

Here, multipeak solitons is only demonstrated by direct
numerical simulation of Eq. (1) and cannot be obtained by
variational analyses with trial wave function Eq. (2). The
boundary between the single- and multipeak soliton is demon-
strated in Fig. 5(b). For P0 > Pth

0 , gc1 divides the diagram of
steady states into two, one is the multipeak soliton region (g <

gc1) and the other is the single-peak soliton region (g > gc1).
As P0 increases, gc1 increases quickly and then approaches
a constant that is less than zero. Thus the generation of
multipeak soliton is induced by attractive polariton-polariton
interaction. The loss rate and gain saturation can both shrink
the region of multipeak solitons. The mechanism for gener-
ating multipeak solitons in exciton-polariton condensates is
expounded, i.e., the strong polariton-polariton attractive in-
teraction leads to the breaking up of single-peak soliton and
eventually forming a multipeak soliton. These multipeak soli-
tons can be maintained for a long time as shown in Fig. 4(d1).
This phenomenon leads to the deviation between variational
analyses and numerical results in attractive interaction regions
as shown in Fig. 3(a).

These spatially modulated multipeak solitons play a sig-
nificant role in the information transmission. However, here
we focus on non-Hermitian spectrum and the transition be-
tween monostability and multistability while explaining this
transition throng exceptional points of spectrum. Therefore,
regarding multipeak solitons, we only demonstrate their ex-
istence in the region of attractive interaction and reveal the
formation mechanism.

In the region of repulsive polariton-polariton interactions,
steady states demonstrate as solitonlike structures. This soli-
ton is called as dissipative soliton due to the driven-dissipative
nature of exciton-polariton condensates. Steady states are
important and possess potential applications compared with
metastable states, because steady states can be maintained for
a long lifetime and are more stable.

In order to more clearly understand the property of
exciton-polariton condensates in steady states, we perturb the
polariton number near the steady state and depict the tem-
poral evolution of the corresponding dissipative solitons and
exciton-polariton condensate number in Fig. 5. When exciton-
polariton condensates are supersaturated initially, i.e., n0 >

n̄, where n̄ = √
2π R̄G/η is the exciton-polariton condensate

number in the steady state (also called the saturated state),
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it dissipates until n0 = n̄ [see Figs. 5(a) and 5(b)]. When
exciton-polariton condensates do not reach to saturation, i.e.,
n0 < n̄, the exciton-polariton condensate number quickly in-
creases to n̄ [see Figs. 5(a) and 5(d)]. When exciton-polariton
condensates are saturated, i.e., n0 = n̄, the exciton-polariton
number still remains unchanged [see Figs. 5(a) and 5(c)].
Hence, whatever the initial exciton-polariton condensate num-
ber is, it can evolve to a saturated value n̄ which depends on
effective net gain and saturation rate. These results are good
agreement with predictions of Eq. (3). This phenomenon is
rooted in the damping effects of a nonequilibrium system in
steady states.

The size and particle number of exciton-polariton
condensates in the steady state is clearly depicted in Fig. 6.
As shown in Fig. 6(a), without polariton loss (i.e., γ = 0),
the increase of pumping power leads to the exciton-polariton
condensate size that first quickly decreases then remains

unchanged and the exciton-polariton condensate number
always increases. In this case, the system is unstable because
the exciton-polariton condensate size is larger than the
pumping size and they will be diffuse. However, when
considering the loss (i.e., γ �= 0) and P0 > Pth

0 , the exciton-
polariton condensate size first quickly increases then tends
to a constant and the exciton-polariton condensate number
increases as pumping power enhances. When P0 � Pth

0 , there
is no condensed polariton, i.e., n̄ = 0. Furthermore, the
polariton-polariton interaction g and pumping size w can
increase the exciton-polariton condensate number and size
while the loss rate γ and the gain saturation η can decrease
them. The critical pumping power threshold for generating
condensed polariton Pth

0 = √
γ /2(1 +

√
1 + 2γw2/w) is

reduced by the pumping size and promoted by the loss rate,
which is depicted in Fig. 6(f).
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