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In this paper, we theoretically study the topological phase transition from nodal-line semimetal to Weyl
semimetal. The nodal-line structure is protected by mirror symmetry and located on the kx-ky mirror reflection
plane, and the Hamiltonian of nodal-line semimetal has an emergent chiral symmetry on this plane. When the
mirror symmetry is broken, the topological nodal line opens the gap and the nodal-line semimetal transition to
Weyl semimetal with Weyl points on the kx axis or the ky axis. In addition, we break the chiral symmetry and
realize the Weyl semimetal with the Weyl points on the kz axis. Destruction of the chiral symmetry leads to the
gradual bending of the energy bands. With the evolution of the energy bands, the type-II nodal-line semimetal,
the type-II Weyl semimetal and the type-I Weyl semimetal are successively realized. Furthermore, we also study
the surface states of the nodal-line semimetal and the corresponding Weyl semimetals after the phase transition.
Our work provides more ways to study the phase transition between nodal-line semimetal and Weyl semimetal
and helps realize possible applications in topological electronic devices in the future.
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I. INTRODUCTION

Topological semimetals have attracted profound research
due to their nontrivial topological quantum states and
transport properties [1–12]. According to the crossing
of conduction and valence bands, topological semimetals
could be classified into Dirac semimetals (DSMs) [13–16],
Weyl semimetals (WSMs) [17–19], nodal-line semimetals
(NLSMs) [20–24], and nodal-surface semimetals (NSSMs)
[25–29]. Compared with DSMs and WSMs that have dis-
crete points at the intersection of conduction and valence
bands in momentum space, the NLSMs are characterized by
forming the protected one-dimensional nodal line or closed
loop at the intersection of energy bands [30–32]. In NSSMs,
the conduction and valence bands touch each other on two-
dimensional nodal surface in the Brillouin zone [27,28]. In
recent years, NLSMs have been theoretically predicted in
many materials [21,22,33–40], some of which have been
experimentally confirmed by angle-resolved photoelectron
spectroscopy (ARPES) in ZrSiS [41,42], Cu2Si [43], CuSe
[44], and GdAg2 [45].

The nontrivial topological structure of the energy band
intersection points of the DSMs and WSMs in the momentum
space result in the surface Fermi arc state, which connects two
Weyl points with opposite chirality on the projection plane
[46]. In NLSMs, these surface states appear in the form of
a drum-head-like flat, which is bounded by the nodal lines
of the projection surface [35]. DSMs can be obtained in sys-
tem with time-reversal and inversion symmetry. Breaking the
symmetry of time-reversal or inversion reversal can realize
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the topological phase transition from DSMs to WSMs [47].
Unlike DSMs and WSMs, the topological stability of NLSMs
requires more symmetries. According to symmetry protection,
NLSMs can usually be divided into two types. One type is
protected by both time-reversal and inversion symmetry, and
the other is protected by mirror symmetry with the nodal
ring located on the mirror reflection plane [47,48]. With some
symmetry breaking, NLSMs will be transformed into other
exotic topological phases, such as topological insulators and
nodal-point semimetals (DSMs and WSMs). The spin-orbit
coupling (SOC) can destroy the symmetries of NLSM. When
SOC is present, the nodal line in CaAgAs disappears and a
band gap is induced [49], the nodal ring in HfC turns into
Weyl points [24] and the nodal ring in CaTe evolve into Dirac
points [50]. In the present work we focus on the NLSM with
mirror symmetry [51]. The nodal line is located on the mirror
reflection plane, and in this mirror plane the Hamiltonian
has an emergent chiral symmetry. Recently, it is theoretically
predicted that nodal line can be realized in some magnetic
oxides [52], MnF3 [53], magnetic GdSbTe [54], β − Fe2PO5

[55], and LiTi2O4 [56].
In this work we study the topological phase transition from

NLSM to WSM based on band structure calculations and
symmetry analysis. We employ an effective model [51], which
is formed by introducing magnetic extension on the basis of
Dirac equation model [57]. This theoretical model can be
adapted to different ferromagnetic materials by adjusting pa-
rameters, such as HgCr2Se4 [58], Co2TiX (X = Si, Ge, or Sn)
[59], and Heusler compounds Fe2MnX (X = P, As, Sb) [60].
First, we introduce two perturbations that can break the mirror
symmetry, leading to the destruction of the nodal ring in kx-ky

plane, producing WSMs with Weyl points along the kx axis
and with Weyl points along the ky axis, respectively. Second,
we break the chiral symmetry and realize the WSM with two
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FIG. 1. (a) The location of the nodal line in the kx-ky plane with-
out the perturbation term in the Brillouin zone. (b), (c) The locations
of the Weyl points along the kx axis and along the ky axis with the
perturbation terms that break the mirror symmetry. (d) The locations
of the Weyl points along the kz axis with the perturbation term that
breaks the chiral symmetry.

Weyl points along the kz axis. In particular, we realize a series
of topologically nontrivial phases in the process of adjusting
the perturbation term that destroys the chiral symmetry. The
perturbation term causes the band to bend and the nodal ring
gradually becomes smaller and forms the type-II nodal-line
semimetal, which then shrinks to a nodal point. As the per-
turbation continues to increase, two Weyl points are split in
the kz direction, realizing the topological phase transition to
the type-II Weyl semimetal, and eventually forming the type-I
Weyl semimetal. Figure 1(a) shows the position of nodal ring
in the kx-ky plane in the Brillouin zone before phase transition.
The perturbation terms are introduced to realize the topolog-
ical phase transformation to three different WSMs, and the
Weyl points positions are shown in Figs. 1(b), 1(c), and 1(d),
respectively.

Our paper is organized as follows. In Sec. II, we intro-
duce the low-energy effective model of the NLSM [51] and
the symmetries. In Sec. III, we introduce two perturbation
terms to break the mirror symmetry, and realize the topo-
logical phase transition from NLSM to WSM. In Sec. IV,
we consider introducing a perturbation term that destroys the
chiral symmetry and realizes the topological phase transi-
tion to the WSM. We also study the surface states of the
nodal-line semimetal and the corresponding Weyl semimetals
after the phase transition. Finally, we give our conclusion in
Sec. V.

II. MODEL HAMILTONIAN

We introduce a simple four-band model to describe the
NLSM on a cubic lattice, which is expressed as the following
Hamiltonian [51]:

H(k) = (mc2 − Mk2)τz ⊗ σ0 + ckxτx ⊗ σx + ckyτx ⊗ σy

+ ckzτx ⊗ σz + Bτz ⊗ σz. (1)

Here, k = (kx, ky, kz ) is the momentum vector (k2 = k2
x +

k2
y + k2

z ), and the Pauli matrices τi and σi (i = x, y, z) are

acting on the spin and the orbital degree of freedom, re-
spectively. τ0 and σ0 are the identity matrices. m, M, and c
are the model parameters. B is an exchange field, and this
term breaks the time-reversal symmetry T and leads to the
phase transition from topological insulator to NLSM [51]. The
time-reversal symmetry is implemented by T = iτ0 ⊗ σyK,
where K is the complex conjugation. The inversion symmetry
is P = τz ⊗ σ0. The diagonalization of the Hamiltonian in
Eq. (1) produces four-band dispersion

Es,r (k) = s
[
B2 + (mc2 − Mk2)2 + c2k2

+ 2rB
√

(mc2 − Mk2)2 + c2
(
k2

x + k2
y

)] 1
2 , (2)

where s = ±, r = ±. The bands touching can be achieved
by solving Es,r (k) = 0. We can get that the nodal line of
the band touch is located in the kz = 0 plane, which is de-
termined by the formula M2(k2

x + k2
y )2 + (2mc2M − c2)(k2

x +
k2

y ) − B2 + m2c4 = 0. The nodal line is protected by the mir-
ror symmetry Mz in the kz = 0 plane, where Mz = iτz ⊗ σz.
In the mirror plane, the Hamiltonian in Eq. (1) has an emer-
gent chiral symmetry C, {H(k), C} = 0, where C = iτx ⊗ σz.
The chiral symmetry is a combination of time-reversal sym-
metry and particle-hole symmetry [61,62], which forces the
symmetry of the energy spectrum of H(k) relative to zero
energy. The parameters used are m = 0.5 eV, M = 1 eV, c =
1 eV. When the exchange field is applied, the time-reversal
symmetry is destroyed in the system, and the other sym-
metries are preserved. The Hamiltonian in Eq. (1) transfers
as

T H(k)T −1 �= H(−k), (3)

PH(k)P−1 = H(−k), (4)

MzH(kx, ky, kz )M−1
z = H(kx, ky,−kz ), (5)

CH(kx, ky)C−1 = −H(kx, ky). (6)

For further calculation, we discretize the low-energy effec-
tive model in Eq. (1) on a cubic lattice with lattice constant a
along the three orthogonal directions. The low-energy Hamil-
tonian H(k) around the � point in the Brillouin zone can be
expressed as [51]

H =
∑

c†
i H0ci +

∑
c†

i Hxci+x

+
∑

c†
i Hyci+y

∑
c†

i Hzci+z + H.c., (7)

where

H0 = (mc2 − 6M )τz ⊗ σ0 + Bτz ⊗ σz, (8)

Hx = Mτz ⊗ σ0 − i
c

2
τx ⊗ σx, (9)

Hy = Mτz ⊗ σ0 − i
c

2
τx ⊗ σy, (10)

Hz = Maτz ⊗ σ0 − i
ca

2
τx ⊗ σz. (11)

Here, i = x, y, z for lattice discretization, c†
i (ci ) is the cre-

ation (annihilation) operator. Using this lattice Hamiltonian
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FIG. 2. (a)–(c) The bulk energy band structures for the Hamilto-
nian in Eq. (1) plotted as a function of kx . (a) Topological insulator
with B = 0 eV, (b) nodal point semimetal with B = 0.5 eV and
(c) NLSM with B = 0.6 eV. (d), (e) The NLSM low-energy band
structure of Hamiltonian in Eq. (1) in two selected planes with
B = 0.6 eV. (d) and (e) show the energy band structures in the
planes of kz = 0 and ky = 0, respectively. Here we choose parameters
m = 0.5 eV, M = 1 eV, c = 1 eV at kz = 0.

in Eq. (7), the energy spectrum and surface state density can
be obtained conveniently. We show the bulk phase transitions
of exchange field modulation B in Fig. 2. Figure 2(a) shows
the topological insulator for B = 0 eV. Due to the existence of
time-reversal and inversion symmetry, these bands are doubly
degenerate. When the exchange field is applied, the time-
reversal symmetry is broken, and the spin degeneracy is lifted.
The critical point B = 0.5 eV, when the valence band and
conduction band overlap at one point to form a nodal-point
semimetal is shown in Fig. 2(b). When the exchange field
B > 0.5 eV, the valence band and conduction band are further
overlapped to form a closed ring in the kx-ky plane, which is
a NLSM. Figure 2(c) illustrates the NLSM for B = 0.6 eV.
Figures 2(d) and 2(e) show the energy dispersions of the four
bands in the kx-ky plane with kz = 0 and in the kx-kz plane with
ky = 0, respectively. The energy band structures of NLSM are
anisotropic. The kx-ky plane presents a nodal ring, but the kx-kz

plane has two Weyl cones. The nodal line is protected by the
mirror symmetry Mz (in the kx-ky plane). Next, we discuss
adding different perturbation terms to break the corresponding
symmetries, and realize the nodal rings of the kx-ky plane to
form Weyl points in different directions.

FIG. 3. (a) The three-dimensional (3D) band structure of the
Hamiltonian in Eq. (14) with perturbation terms Hδ1 = 0 and the
nodal line in the kx-ky plane protected by the mirror symmetry.
(b) The 3D band structure with the perturbation term Hδ1 = 0.6,
where the nodal ring of the kx-ky plane gaps out and create two
Weyl points along the kx axis. (c) The 3D band structure with the
perturbation term Hδ2 = 0.6, where two Weyl points along the ky

axis. (d)–(f) The NLAM corresponding drumhead surface state and
the Fermi arcs connecting Weyl points with opposite chirality at the
chemical potential of E = 0 eV on the [001] side surface for the
same parameters as (a)–(c). Here we choose parameters m = 0.5 eV,
M = 1 eV, c = 1 eV, and B = 0.6 eV.

III. TOPOLOGICAL PHASE TRANSITION CAUSED
BY BREAKING THE MIRROR SYMMETRY

In this system, the nodal ring of the kx-ky plane is protected
by the mirror symmetry Mz. When the mirror symmetry is
broken, the nodal line gaps out and generates Weyl points
along the kx axis or along the ky axis to form WSM. We
show that the mirror symmetry can be broken by adding
disturbances, and the nodal ring forms Weyl points as shown
in Fig. 3. We consider adding the following two kinds of
disturbances:

Hδ1 = δ1τ0 ⊗ σx, (12)

and

Hδ2 = δ2τ0 ⊗ σy. (13)

Here, δ1 and δ2 represent the perturbation intensities.
The Hamiltonian with the perturbation term Hδ1 as follows:

Hδ1 (k) = H(k) + δ1τ0 ⊗ σx. (14)

The energy spectra of Hδ1 (k) is given by

Es,r,δ1 (k) = s
[
B2 − δ2

1 + (mc2 − Mk2)2 + c2k2 + 2r ×
√(

B2 − δ2
1

)
(mc2 − Mk2)2 + B2c2

(
k2

x + k2
y

) − c2δ2
1k2

y

] 1
2 , (15)

where s = ±, r = ±. According to the transformations, the
Hamiltonian Eq. (14) respects the inversion symmetry and the
chiral symmetry, but breaks the mirror symmetry such that
PHδ1 (k)P† = Hδ1 (−k), CHδ1 (kx, ky)C−1 = −Hδ1 (kx, ky),
MzHδ1 (kx, ky, kz )M†

z �= Hδ1 (kx, ky,−kz ). Therefore, the

nodal ring of the kx-ky plane protected by the mirror
symmetry gaps out and creates Weyl points along the kx

axis, as shown in Fig. 3. It is straightforward to check that
the band dispersion Eq. (15) touch at two Weyl points, the
positions are kw = (±p1, 0, 0), p1 ≈ 0.967. As can be seen
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from Fig. 3(a), when the perturbation term Hδ1 = 0, the model
system is a NLSM with the nodal ring of the kx-ky plane,
while for Hδ1 > 0 in Fig. 3(b), it is transformed into WSM
phase, and a pair of Weyl points appear on the kx axis. Both
the NLSM and the WSM have topologically protected surface
states. The corresponding surface states can be obtained by
using the iterative method to calculate the surface Green’s
function G(k) of the semi-infinite system [63,64],

G(k) = (E − H0 − H1T )−1. (16)

Here, H0 (H1) is single-layer (interlayer coupling) Hamilto-
nian matrix element, T is inverse matrix. The local density
of states is the imaginary part of the Green’s function G(k),
which is given as

A(k) = − 1

π
ImTr[G(k)]. (17)

We show the evolution of the surface states on the [001]
side surface in Figs. 3(d) and 3(e). The NLSM corresponding
drumhead surface state flat at the chemical potential of E =
0 eV with Hδ1 = 0 in the kx-ky plane is shown in Fig. 3(d).
Figure 3(e) shows the Fermi arcs connecting Weyl points with
opposite chirality when Fermi energy values EF = 0 with
Hδ1 = 0.6. As perturbation term Hδ1 is turned to zero, the
Fermi arc is transformed into the drumhead surface state in
Fig. 3(d).

The Hamiltonian with the latter perturbation term Hδ2 as
follows:

Hδ2 (k) = H(k) + δ2τ0 ⊗ σy. (18)

The energy spectra of Hδ2 (k) is given by

Es,r,δ2 (k) = s
[
B2 + δ2

2 + (mc2 − Mk2)2 + c2k2 + 2r ×
√(

B2 + δ2
2

)
(mc2 − Mk2)2 + B2c2

(
k2

x + k2
y

) + c2δ2
2k2

y

] 1
2 , (19)

where s = ±, r = ±. The Hamiltonian Eq. (18) also hosts two
Weyl points and breaks mirror symmetry but preserves inver-
sion symmetry and chiral symmetry. The difference from the
result caused by the perturbation term Hδ1 is that the two Weyl
points generated by Hδ2 are along the ky axis. Evaluating the
band dispersion Es,r,δ2 (k) = 0, we can get the positions of the
two Weyl points at kw = (0,±p2, 0), p2 ≈ 0.967. Figure 3(c)
shows the positions of two Weyl points along the ky axis
in the Brillouin zone with the perturbation term Hδ2 = 0.6.
Figure 3(f) shows the Fermi arcs connecting Weyl points
along the ky axis with opposite chirality onto the [001] side
surface at the Fermi energy EF = 0 eV.

Through the above study, we find that both perturbation
term Hδ1 and Hδ2 can break the mirror symmetry and realize
the transformation from NLSM to WSM. Moreover, the per-
turbation term Hδ1 and Hδ2 break the nodal line in the kx-ky

plane and generate Weyl points along the kx axis and Weyl
points along the ky axis, respectively.

IV. TOPOLOGICAL PHASE TRANSITION CAUSED BY
BREAKING THE EMERGENT CHIRAL SYMMETRY

Next, we add another perturbation term to achieve the
transition from NLSM to WSM. Compared with the previous
study in this paper, the different is that the Weyl points are
not in the kx-ky plane, but along the kz axis. Moreover, in the
process of adjusting the perturbation term, we realized a series
of nontrivial topological phases.

We consider adding the following perturbation term to the
Hamiltonian Eq. (1):

Hδ3 = δ3τ0 ⊗ σz. (20)

With the perturbation term Hδ3 , the Hamiltonian of the system
can be written as

Hδ3 (k) = H(k) + δ3τ0 ⊗ σz, (21)

where δ3 represents the perturbation intensity. The Hamil-
tonian Eq. (21) is invariant under the inversion and
mirror inversion symmetries, but does not satisfy the

chiral symmetry. The Hamiltonian in Eq. (21) trans-
fers as PHδ3 (k)P† = Hδ3 (−k), MzHδ3 (kx, ky, kz )M†

z =
Hδ3 (kx, ky,−kz ), and CHδ3 (kx, ky)C−1 �= −Hδ3 (kx, ky). The
chiral symmetry makes the energy spectrum symmetrical with
respect to zero energy. Breaking the chiral symmetry leads to
the gradual bending of the energy bands, resulting in a series
of topological phase transitions.

The evolution of the nodal line of the kx-ky plane with kz =
0 are shown in Fig. 4. With the increase of the perturbation
term Hδ3 , the nodal line decreases gradually. And the valence
band and conduction band near the nodal ring have the same
slope sign, evolving into the type-II NLSM [65,66], as shown
in Figs. 4(a) and 4(e) with Hδ3 = 0.3. When the perturbation
term increases to Hδ3 = 0.6, the nodal ring shrink to a point, as
seen in Figs. 4(b) and 4(f). After that, the energy level opens
the gap. Figures 4(c) and 4(g) shows that the point is gapped
out when the perturbation term Hδ3 = 1, but the bottom of the
conduction band is below the Fermi energy EF = 0 eV. When
the perturbation term Hδ3 = 2, the Fermi energy EF = 0 eV
across the energy gap, as seen in Figs. 4(d) and 4(h).

The evolution of the Weyl cones of the kx-kz plane in
Fig. 2(e) is shown in Fig. 5. In Fig. 2(e), the two Weyl
points are along the kx direction. As the perturbation term
Hδ3 increases, the positions of the two Weyl points on kx

axis are gradually approaching in Figs. 5(a) and 5(e). When
Hδ3 = 0.6, two Weyl points shrink into a point as show in
Figs. 5(b) and 5(f) the same as Figs. 4(b) and 4(f). At this
time, the system is isotropic. The point splits into two Weyl
points along the kz direction when Hδ3 > 0.6. Two tilted Weyl
cones are generated along the kz direction, transforming into
type-II WSM with Hδ3 = 1 [19,67], as shown in Figs. 5(c)
and 5(g). The Weyl points lie about E = 0.14 eV above the
Fermi energy. When Hδ3 = 2, the system is transformed into
type-I WSM with two Weyl points along the kz direction in
Figs. 5(d) and 5(h). The Weyl points lie about E = 0.5 eV
above the Fermi energy.

The above study shows that the perturbation term Hδ3

breaks the chiral symmetry and transforms the nodal
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FIG. 4. Bulk band structure for the Hamiltonian in Eq. (21) in the plane of kz = 0. (a)–(d) The 3D energy dispersions for the Hδ3 (k). Here
we have chosen parameters kz = 0 with parameters m = 0.5 eV, M = 1 eV, c = 1 eV, and B = 0.6 eV. (a) The nodal line gradually shrinks
and evolved into the type-II NLSM when perturbation term Hδ3 = 0.3. (b) The critical point of the nodal line of the kx-ky plane disappear with
Hδ3 = 0.6. (c) The energy bands be gapped out with Hδ3 = 1, but the bottom of the conduction band is below the Fermi energy EF = 0 eV.
(d) The energy gap increases, and the Fermi energy EF = 0 eV passes through the energy gap with Hδ3 = 2. (e)–(h) Bulk band structure cuting
through the nodal line at ky = kz = 0 for the same parameters as (a)–(e).

semimetal with the nodal ring on the kx-ky plane into the
Weyl semimetal with two Weyl points along the kz direction.
And in the process of adjusting the perturbation term Hδ3 ,
with the evolution of the energy bands, the type-II NLSM,
the type-II WSM, and the type-I WSM have been realized
successively. Next we focus on the surface state density of
the type-II NLSM, the type-II WSM, and the type-I WSM
produced during topological phase transition on the [010] side

surface by using the iterative method to calculate the Green’s
function of the semi-infinite system, as shown in Fig. 6. In
Fig. 6(a), we show the electron pocket and hole pocket of
type-II NLSM near the nodal line (E = −0.145 eV), and the
drum-head surface state flat like in Fig. 3(d) disappears. In
type-II NLSM, the bulk states have a closed nodal line but
the cones on the closed nodal line become tilted. Therefore,
in the surface state density projection diagram near the nodal

FIG. 5. Bulk band structure for the Hamiltonian in Eq. (21) in the plane of ky = 0. (a)–(d) The 3D energy dispersions for the Hδ3 (k).
Here we have chosen parameters ky = 0 with parameters m = 0.5 eV, M = 1 eV, c = 1 eV, and B = 0.6 eV. (a) The two Weyl points along
the kx direction are getting closer when perturbation term Hδ3 = 0.3. (b) The critical point of the two Weyl points shrink into a point with
Hδ3 = 0.6. (c) Two tilted Weyl cones are generated along the kz direction with Hδ3 = 1, transforming into type-II WSM. (d) When Hδ3 = 2, the
system is transformed into type-I WSM with two Weyl points along the kz direction. (e) Bulk band structure cutting through the Weyl nodes at
ky = kz = 0 for the same parameters as (a). (f)–(h) Bulk band structure cutting through the Weyl nodes at kx = ky = 0 for the same parameters
as (b)–(e).
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FIG. 6. The surface state density of type-II NLSM, type-II
WSM, and type-I WSM produced during topological phase transition
with Hδ3 on the [010] surface. (a) The surface state density of type-II
NLSM with Hδ3 = 0.3 at E = −0.145 eV. (b) The Fermi arc of type-
II WSM with Hδ3 = 1 at E = 0.135 eV. (c) The Fermi arc of type-I
WSM with Hδ3 = 2 at E = 0.45 eV. Here we choose parameters
m = 0.5 eV, M = 1 eV, c = 1 eV, and B = 0.6 eV.

line, the inside of the surface state is the electron pocket and
the outside is the hole pocket. In Fig. 6(b), we can see the
electron and hole pockets and Fermi arc at E passes near the
Weyl points (E = 0.135 eV). The Weyl cones are completely
inclined, so electron and hole pockets can coexist at certain
energy level. Consistent with the type-II WSM bulk band
structure, the electron pocket is located in the middle of the
two Weyl points, and the hole pockets appear on both sides.
The Fermi arc starts at one Weyl point and ends near another
Weyl point. In Fig. 6(c), we show the electron pockets and a
Fermi arc connecting two Weyl points of the type-I WSM at
E passes near the Weyl points (E = 0.45 eV).

V. DISCUSSION AND SUMMARY

In this work, we theoretically study the topological phase
transition and the energy band evolution of the NLSM caused
by the destructions of the mirror symmetry and the emer-

gent chiral symmetry. This NLSM is achieved by adding the
exchange field B to the topological insulator to break the time-
reversal symmetry [51]. The nodal line in the kx-ky plane is
protected by the mirror reflection symmetry Mz. First, we
add the perturbation terms Hδ1 and Hδ2 that break Mz to
produce the WSMs with the Weyl points along the kx axis and
the ky axis, respectively. We further study the addition of the
perturbation term Hδ3 to destroy the chiral symmetry to realize
the topological phase transition. As the perturbation term Hδ3

increases, the energy bands bend and the nodal ring within the
kx-ky plane gradually shrinks and moves away from the Fermi
level EF = 0. With the evolution of the energy bands, the
type-II NLSM are realized at the perturbation term Hδ3 = 0.3.
When Hδ3 = 0.6, the nodal ring shrinks to a nodal point. Most
remarkably, when Hδ3 > 0.6, two Weyl points split along the
kz axis, and the Weyl cones are inclined. As perturbation
term increases, the system transforms to the type-II WSM and
the positions of the Weyl points are above the Fermi level
with Hδ3 = 1. When the perturbation term Hδ3 continues to
increase, the system transforms to the type-I WSM and the
Weyl points are located at higher energy level with Hδ3 = 2.
In the above presentations, we not only generate the WSMs
with the Weyl points on the kx-ky plane where the nodal ring
is located, but also produce the WSM with the Weyl points
on the kz axis. Furthermore, we calculate the surface state
density to demonstrate that type-II NLSM, type-I, and type-II
WSMs can be realized by introducing the perturbation term
Hδ3 . Our results provides a wealth of methods to realize the
topological phase transition of NLSM and WSM, and is also
expected to be used in related topological applications due to
its interesting characteristics.
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