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Lattice thermal conductivity κL is one of the key parameters involved in the design of microelectronics and
energy-conversion devices. In determining the κL, similar to the well-known cubic anharmonic effect, quartic
anharmonicity is ubiquitous and also plays a crucial role in the final heat conduction of some compounds. In
this paper, we use a high-throughput first-principles calculation method that combines self-consistent phonon
(SCP) theory, compressive sensing techniques, and Boltzmann transport equation (BTE) to investigate the lattice
thermal conductivity κL with the inclusion of cubic and quartic anharmonicity in 16 cubic oxide and fluoride
perovskites. The BTE is solved on top of SCP theory for complete treatment of the quartic anharmonic effect
that comprises four-phonon scattering and temperature-driven phonon frequency shift. In particular, only the κL

within SCP theory is numerically valid for six of the 16 candidate perovskites, since the common calculation
of BTE with harmonic phonons fails to estimate the κL due to the presence of imaginary frequencies in
these materials. Our results exhibit that in addition to three-phonon scattering, the full inclusion of quartic
anharmonicity is indispensable to capture a pertinent κL and rational temperature dependence of the κL, while
the consideration of only four-phonon scatterings (phonon frequency shifts) gives rise to a lower (higher) κL

and stronger (weaker) temperature dependence. Meanwhile, we find a roughly linear relation between the
κL and four-phonon scatterings in the 16 perovskites, which shows that the candidates with lower κL have
stronger four-phonon scatterings. Moreover, very strong four-phonon scatterings are discovered in some cubic
perovskites, especially in fluoride perovskites with imaginary harmonic phonons. The analyses of thermal
conductivity spectrum κL(ω), scattering process, phase space, etc. reveal that the low-frequency four-phonon
scattering rates in the structures with low κL, e.g., <1 W/mK, are comparable to or even exceed those of
three-phonon processes.

DOI: 10.1103/PhysRevB.104.224304

I. INTRODUCTION

Thermal conductivity of a material, an indicator of its per-
formance to conduct heat under a finite-temperature gradient,
is of vital significance in a variety of modern technologies
such as photovoltaics, transistors, and thermoelectric devices
[1,2]. Specially, the minimized heat transport is required in
thermoelectric applications for achieving optimal energy con-
version efficiency [3], while high thermal conductivity is
necessary to dissipate heat in microprocessors [4]. Therefore,
for semiconductors, the one exhibiting extreme lattice heat
conduction, e.g., with either very low or very high lattice
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thermal conductivity κL, is of particular interest. Further-
more, with the dramatic increase in attention to admirable
thermoelectrics, the materials with very low κL have been
investigated to a large extent in past years [5–14]. At the
same time, heat conduction in perovskite-type materials was
also studied extensively for latent thermoelectric applications
[15–22], which elucidates the importance of systematic re-
search on the κL in various perovskites, e.g., the cubic oxide
and fluoride perovskites to focus on in this paper.

For perovskites, there are usually rich phase diagrams,
which is determined by the fact that many perovskite con-
figurations are generated from the distortions of the ideal
cubic lattice. Such a phenomenon is common in a great many
perovskites [23–27]. Moreover, some perovskite structures are
unstable at lower temperatures. This signifies that the tradi-
tional solution of Boltzmann transport equation (BTE) on the
basis of phonons within the harmonic approximation (HA)
and required anharmonic interatomic force constants (IFCs)
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has failed to gain the correct κL in these structures due to
the existence of imaginary phonon frequencies [17,18,27,28].
Hence, the inclusion of lattice anharmonicity in phonon eigen-
values is the first factor to consider in calculations of the
κL for these perovskites. In past decades, several methods
have been developed to calculate the finite-temperature an-
harmonic phonons by including lattice anharmonic effect
[29–33]. Among these methods, the self-consistent phonon
(SCP) theory in Ref. [33] is the one programed in an ab init io
manner recently [27,34]. Combined with the compressive
sensing (CS) lattice dynamics that can train the IFCs swiftly
based on the required data set of displacements and forces
[35–37], the SCP method is even capable of calculating an-
harmonic phonons quickly in very large systems [38], meeting
the requirement of high-throughput computations [39].

Besides anharmonic phonon eigenvalues, another crucial
factor to determine the κL is the phonon scattering induced
by lattice anharmonicity. In general, the solution of BTE
with the inclusion of three-phonon (3ph) scattering arising
from cubic (third-order) IFCs is adopted to obtain the κL

in crystalline compounds, which successfully uncovers the
microscopic mechanism underlying both high and low κL

[40–46]. However, the consideration of only 3ph scattering
sometimes leads to a much higher κL [40,47] than the experi-
mental value [48,49]. In this case, the addition of four-phonon
(4ph) scattering caused by quartic (fourth-order) IFCs gives
a lowered κL that is comparable to the experimental result
[50], indicating the necessity of quartic anharmonicity. In
fact, the frequency shifts of anharmonic phonons relative to
the harmonic ones are also contributed primarily by quartic
anharmonicity. This can be interpreted from the perspective
of phonon self-energy [51]. In energy, quartic anharmonicity
gives rise to first-order correction to phonons, while second-
order correction is dominated by cubic anharmonicity [27]. If
the used anharmonic theory, e.g., the SCP method [33], only
refers to first-order correction, the entire phonon frequency
shift is formed by quartic anharmonicity. Therefore, the com-
plete treatment of quartic anharmonicity, which includes 4ph
scattering and phonon frequency shift, is of vital significance
in calculations of accurate κL, especially for the compounds
with lattice instability and strong 4ph scattering.

In view of the foregoing, we use a first-principles cal-
culation method that combines the SCP theory, CS lattice
dynamics, and BTE in this paper to calculate the κL with
the inclusion of both 3ph and 4ph scatterings in a series of
perovskites. The BTE is solved on top of SCP theory for
the inclusion of a phonon frequency shift caused by quartic
anharmonic renormalization. We focus on 16 cubic oxide
and fluoride perovskites (BaHfO3, BaZrO3, SrTiO3, BaTiO3,
SrSiO3, RbCaF3, CsSrF3, CsCaF3, KMgF3, BaLiF3, RbCdF3,
RbMgF3, KZnF3, CsCdF3, RbZnF3, and CsHgF3) which are
the most common structures able to exist at room tempera-
ture. Except cubic SrTiO3, the values of κL from 100 K to
1000 K are calculated for each structure. Thermal conduc-
tivity spectrum κL(ω), scattering processes, and phase space,
etc. are analyzed to uncover the underlying mechanism of
heat conduction. Our results show that the complete treat-
ment of quartic anharmonicity is indispensable to obtain a
rational κL and its temperature dependence. In particular,
the structures with lower κL have stronger 4ph scatterings

that are comparable to or even exceed those of the 3ph
processes.

II. METHODOLOGY

From the solution of phonon BTE [52], the κL along the α

axis is computed as

καα
L = h̄2

kBT 2�Nq

∑

qν

nqν (nqν + 1)ω2
qνv

α
qνFα

qν, (1)

where h̄, kB, T , �, and Nq are the reduced Planck’s constant,
Boltzmann constant, absolute temperature, volume of the unit
cell, and the number of sampled q wave vectors, respectively.
ωqν and nqν are the frequency and population of the phonon
mode |qν〉 with mode index ν. vα

qν is the group velocity along
the α axis, and Fα

qν is written as

Fα
qν = τqν

(
vα

qν + �qν

)
, (2)

where τqν is the lifetime of mode |qν〉 under single-mode
relaxation time approximation (SMRTA), �qν works only for
the iterative solution of BTE and is a quantity displaying the
population deviation of phonons from the SMRTA scheme.

Normally, except τqν and �qν , all phonon properties can
be calculated within the HA by diagonalization of dynamic
matrix transformed from harmonic IFCs. The computation of
τqν and �qν requires at least 3ph scattering process, which is
generally computed by dealing with cubic anharmonicity in a
perturbation way to the HA [53], as described by Eqs. (5)–(9)
in Ref. [54]. These approximations offer the most common
model of the κL, hereinafter referred to as HA + 3ph and
κHA

3ph for resulting κL. After addition of quartic anharmonic-
ity, there are three other models of the κL. First, if only
4ph scattering processes that will modify τqν and �qν are
added (see Eqs. (2)–(7) in Ref. [55] for the expressions of
τqν and �qν with the inclusion of both 3ph and 4ph scatter-
ings), the HA + 3ph model is changed into the HA + 3, 4ph
one, namely, κHA

3,4ph. Second, ωqν and vqν become temperature
dependent when phonon frequency shifts arising from quar-
tic anharmonic renormalization are taken into account. We
choose the SCP method to calculate the quartic anharmonic
phonon here and, consequently, the abbreviated SCP + 3ph
and κSCP

3ph are used to represent the κL calculated on top of
the SCP theory with the inclusion of only 3ph scatterings.
Finally, we label SCP + 3, 4ph and κSCP

3,4ph as the resultant κL

which includes complete quartic anharmonicity in addition to
the 3ph scattering processes.

The calculation flow chart of the four kinds of lattice
thermal conductivities κHA

3ph , κHA
3,4ph, κSCP

3ph , and κSCP
3,4ph is plot-

ted in Fig. 1. The first step is structural optimization of a
primitive cell carried out by first-principles density functional
theory (DFT) [56]. Then computations of dielectric tensors
and Born effective charges needed for the nonanalytic part of
the dynamical matrix are performed in the optimized primitive
cell by density functional perturbation theory (DFPT) [57].
For required IFCs, both harmonic and anharmonic ones can
be extracted from the CS lattice dynamics, in principle. To
gain more precise harmonic IFCs, here we use the finite-
displacement approach with a displacement of 0.01 Å to
generate the perturbed structures whose forces are computed
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FIG. 1. Calculation flow chart of the four different kinds of lat-
tice thermal conductivities κHA

3ph , κHA
3,4ph, κSCP

3ph , and κSCP
3,4ph.

subsequently by the static DFT. For cubic and quartic IFCs,
the combination of CS lattice dynamics and static DFT is
used to accelerate the computations, in which the anharmonic
terms are trained by using the least absolute shrinkage and
selection operator technique [27,47] based on a data set of
displacements and forces extracted from the DFT calcula-
tions for chosen quasirandom configurations. With the gained
dielectric tensors, Born effective charges, and harmonic to
quartic IFCs as inputs, the κHA

3ph or κHA
3,4ph is calculated directly

by the solution of BTE with 3ph or 3,4ph scatterings. For
calculations of κSCP

3ph and κSCP
3,4ph, the SCP computations are first

performed based on dielectric tensors, Born effective charges,
and harmonic and quartic IFCs, and then the real-space ef-
fective second-order IFCs at each considered temperature are
obtained by Fourier transformation from the temperature-
dependent anharmonic dynamical matrices produced by the
SCP computations. Finally, the effective second-order IFCs
at each temperature are used to replace the harmonic IFCs to
solve the BTE, which generate the results of κSCP

3ph or κSCP
3,4ph

according to the inclusion of 3ph or 3,4ph scattering rates
(SRs), as shown in Fig. 1.

All of the required DFT calculations are performed by
using VASP [58,59], with the projector augmented wave po-
tentials [60], the generalized gradient approximation (GGA)
functional of Perdew-Burke-Ernzerhof (PBE) [61], and a
cutoff energy of 520 eV. For structural optimization, the
convergence criteria for ionic and electronic steps are set to
be 10−6 eV/Å and 10−8 eV, respectively. The needed har-
monic and anharmonic IFCs are produced within a 2 × 2 × 2
supercell, and four configurations are generated by the finite-

displacement approach coded in the ALAMODE package
[27,34] for harmonic IFCs in each cubic perovskite. To select
quasirandom configurations used for training the cubic and
quartic IFCs by CS techniques, a 4000-step ab init io molec-
ular dynamics (MD) is simulated at 300 K first, in which the
set time step is 2 fs and the canonical ensemble with a chosen
Nosé mass controlling the Nosé frequency to be similar to
average phonon frequency is utilized. Then, 80 snapshots are
sampled from the MD simulations and every atom in each
sampled snapshot is displaced by 0.12 Å along a random di-
rection, and, finally, the required quasirandom configurations
used in subsequent static DFT calculations to produce the data
set of displacements and forces are obtained. In the imme-
diate CS lattice dynamics calculations, the anharmonic IFCs
up to sixth order, the interactions up to sixth (third)-nearest
neighbors for cubic (quartic) IFCs, and the nearest-neighbor
interactions for quintic and sextic IFCs are considered. Since
the accuracy of anharmonic IFCs is determined by the size of
the training data set, sufficient snapshots should be sampled
from the MD trajectories. Our test shows that 80 snapshots,
which are twice those used in previous work for cubic SrTiO3

[27], are sufficient enough to obtain the anharmonic IFCs
that produce convergent anharmonic phonons and κL, and
the fitting error for each cubic perovskite is less than 2%.
In addition, all the DFT calculations are carried out within
a 12 × 12 × 12 (6 × 6 × 6) k-mesh for the primitive cells
(2 × 2 × 2 supercells).

The SCP calculations are performed by employing the
ALAMODE package. Due to the usages of 2 × 2 × 2 super-
cells for producing the IFCs, a fixed 2 × 2 × 2 q-mesh is
utilized in the reciprocal-to-real-space Fourier interpolation,
and consequently a much dense q1-mesh of 8 × 8 × 8, which
is applied to the inner loop of the SCP equation, as shown
by Eqs. (20)–(23) in Ref. [27], is used to achieve the conver-
gence of anharmonic phonon eigenvalues. The off-diagonal
elements of phonon self-energies are included, and the mixing
parameter of 0.1 is selected in the SCP iteration for all con-
sidered temperatures. The FOURPHONON package [50,55,74],
a revised version of the SHENGBTE code [54], is employed
for the solution of the phonon BTE. A uniform 12 × 12 × 12
q-point mesh with a Gaussian smearing (scalebroad param-
eter) of 0.05 is chosen to simulate the phonon wave vectors
and related integrals, which gives rises to about 2.2 × 106

3ph allowed processes and 1.6 × 1010 4ph allowed processes.
In addition, the BTE are solved in an iterative scheme for
3ph scatterings but with 4ph scatterings treated by SMRTA,
since the iterative solution of 4ph processes will require huge
computational costs [55].

III. RESULTS AND DISCUSSION

We focus on 16 cubic oxide and fluoride perovskites ABX3

(BaHfO3 [62], BaZrO3 [63,75], SrTiO3 [64,76,77], BaTiO3

[65,78], SrSiO3 [66], RbCaF3 [67,79], CsSrF3 [65,80],
CsCaF3 [67,81], KMgF3 [68,79], BaLiF3 [69,82,83], RbCdF3

[65,70], RbMgF3 [71,84], KZnF3 [72,79,85], CsCdF3 [70],
RbZnF3 [73,86], and CsHgF3 [65,87]) that can exist at room
temperature. The calculated lattice constants, dielectric ten-
sors, and Born effective charges for these perovskites are
listed in Table I, in which the 16 selected perovskites are
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TABLE I. Calculated lattice constants (aopt), dielectric tensors (ε∞), Born effective charges (Z∗), and temperature dependence of four kinds
of lattice thermal conductivities κHA

3ph , κHA
3,4ph, κSCP

3ph , and κSCP
3,4ph for the 16 cubic perovskites ABX3 sorted first by oxides and fluorides and then

by the increasing tolerance factor t . The experimental lattice constants aexpt are also listed for comparison. The temperature dependence is
estimated from the values of κHA

3ph , κHA
3,4ph, κSCP

3ph , and κSCP
3,4ph at temperatures T � 200 K for each structure, excluding the cubic RbCaF3 in which

thermal conductivity results at T � 400 K are used to gain the temperature dependence.

t aopt aexpt ε∞ Z∗(A) Z∗(B) Z∗(X)‖ Z∗(X)⊥ κHA
3ph ∼ κHA

3,4ph ∼ κSCP
3ph ∼ κSCP

3,4ph ∼
(Å) (Å)

BaHfO3 0.904 4.20 4.17 [62] 4.64 2.74 5.80 −4.55 −2.00 T −0.95 T −1.25 T −0.85 T −1.07

BaZrO3 0.904 4.24 4.19 [63] 4.87 2.72 6.13 −4.86 −1.99 T −0.95 T −1.28 T −0.81 T −0.98

SrTiO3 0.919 3.94 3.91 [64] 6.33 2.55 7.37 −5.87 −2.02 − − T −0.61 T −0.79

BaTiO3 0.972 4.03 4.01 [65] 6.77 2.73 7.45 −5.92 −2.13 − − T −0.39 T −0.49

SrSiO3 1.081 3.70 3.66 [66] 3.98 2.61 4.28 −3.26 −1.82 T −1.09 T −1.26 T −0.91 T −1.08

RbCaF3 0.876 4.51 4.46 [67] 2.12 1.21 2.35 −1.64 −0.96 − − T −0.60 T −0.82

CsSrF3 0.877 4.83 4.75 [65] 2.20 1.28 2.43 −1.67 −1.02 − − T −0.38 T −0.61

CsCaF3 0.953 4.58 4.53 [67] 2.31 1.31 2.41 −1.58 −1.07 T −0.90 T −1.34 T −0.70 T −1.01

KMgF3 0.955 4.04 3.99 [68] 2.05 1.18 2.01 −1.27 −0.96 T −0.98 T −1.11 T −0.79 T −0.99

BaLiF3 0.961 4.04 3.99 [69] 2.57 2.71 1.05 −1.05 −1.36 T −0.93 T −1.30 T −0.60 T −0.91

RbCdF3 0.983 4.49 4.40 [70] 2.39 1.22 2.37 −1.75 −0.92 − − T −0.31 T −0.57

RbMgF3 1.008 4.10 4.01 [71] 2.17 1.24 2.07 −1.26 −1.03 T −1.02 T −1.34 T −0.86 T −1.08

KZnF3 1.032 4.13 4.06 [72] 2.35 1.19 2.32 −1.72 −0.90 T −0.97 T −1.39 T −0.71 T −0.96

CsCdF3 1.069 4.55 4.47 [70] 2.59 1.32 2.45 −1.74 −1.02 T −0.98 T −1.40 T −0.55 T −0.95

RbZnF3 1.089 4.18 4.14 [73] 2.48 1.25 2.38 −1.72 −0.95 T −1.02 T −1.34 T −0.67 T −0.97

CsHgF3 1.096 4.66 4.57 [65] 3.21 1.31 2.73 −2.14 −0.94 − − T −0.50 T −0.67

sorted first by oxides and fluorides and then by the increasing
tolerance factor t = (rA + rX)/[

√
2(rB + rX)], where rA, rB,

and rX represent the radii of A cation, B cation, and X anion,
respectively. We find that the PBE optimizations give the
lattice constants higher about 0.5% − 2.0% than the experi-
mental values, consistent with the fact that GGA calculations
tend to slightly overestimate the lattice constants. To check
the rationality of calculated dielectric tensors ε∞ and Born
effective charges Z∗, the results of cubic SrTiO3 are used to
compare with previous works. As listed in Table I, we ob-
tain the values of ε∞ = 6.33, Z∗(Sr) = 2.55, Z∗(Ti) = 7.37,
Z∗(O)‖ = −5.87, and Z∗(O)⊥ = −2.02 for cubic SrTiO3,
which are in well accordance with the previous computational
values [27,88].

The calculated lattice thermal conductivities κHA
3ph , κHA

3,4ph,
κSCP

3ph , and κSCP
3,4ph as functions of temperature T from 100 to

1000 K for each selected cubic perovskite with naturally oc-
curring isotope concentrations are plotted in Fig. 2. For the
six cubic perovskites with imaginary HA phonon modes (see
Fig. 9 for phonon spectra within the HA and SCP approx-
imation), only the values of κSCP

3ph and κSCP
3,4ph are provided,

since the solutions of κL within the HA are numerically
invalid in these structures. For cubic SrTiO3, the κSCP

3ph and
κSCP

3,4ph at 100 K are absent because a cubic-to-tetragonal phase
transition accompanied with the freezing-out of the antifer-
rodistortive (AFD) soft mode occur at 105 K in this material
[23,24]. The experimental thermal conductivities κexpt for cu-
bic BaHfO3, BaZrO3, SrTiO3, RbCaF3, KMgF3, and KZnF3

are also plotted for comparison, which are adapted from the
data in Refs. [62,63,77,79]. To further reveal the nature of
heat conduction, a power law of κL ∝ T −α is used to describe
the temperature dependence of κL. Since the κL at very low
temperature is dominated by the lattice specific heat with a T 3

law at the low-temperature limit, we estimate the temperature

dependence here from the values of κL at temperatures T �
200 K for all selected perovskites, except cubic RbCaF3, in
which the temperature dependence is captured at T � 400 K,
as listed in Table I.

We start from the κHA
3ph in the ten cubic perovskites be-

ing stable within the HA, as shown in Fig. 2. One can
find that the calculated κHA

3ph in cubic BaHfO3, BaZrO3, and
KMgF3 agree with the experimental values, while the κHA

3ph
in cubic KZnF3 are much lower than the experimental re-
sults. Compared with the calculated κHA

3ph in cubic BaHfO3,
SrSiO3, KMgF3, and RbMgF3, the solutions of κHA

3ph in cu-
bic BaLiF3, KZnF3, CsCdF3, and RbZnF3 produce relatively
smaller values, e.g., 2.29, 2.65, 1.49, and 2.60 W/mK, re-
spectively, at room temperature, comparable to the κL ∼ 2
W/mK in typical thermoelectric material PbTe [89,90]. As
listed in Table I, we capture a temperature dependence of
κHA

3ph ∼ T −α with α ∼ 0.9 − 1.09 in the ten perovskites being
stable within the HA, which is consistent with the uni-
versal law of κL ∼ T −1 in common semiconductors. Then
we discuss the nature of κHA

3,4ph. With the addition of 4ph
scatterings via the SMRTA scheme into the κHA

3ph , the ob-
tained κHA

3,4ph underestimate the κL compared with the values
of κHA

3ph . As a result, the κHA
3,4ph are much smaller than ex-

perimental results in cubic BaHfO3, BaZrO3, KMgF3, and
KZnF3, indicating the deficiency of this κL-theory for these
perovskites. Meanwhile, a strengthened temperature depen-
dence of κHA

3,4ph ∼ T −α with α ∼ 1.11 − 1.40 is captured,
further verifying the limitation of the κHA

3,4ph theory for these
materials.

The solutions of κL including phonon frequency shifts
caused by quartic anharmonic renormalization become nu-
merically valid in all selected perovskites, regardless of
whether only 3ph scatterings or both 3ph and 4ph scatterings
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FIG. 2. Four kinds of lattice thermal conductivities κHA
3ph , κHA

3,4ph, κSCP
3ph , and κSCP

3,4ph versus temperature T for 16 naturally occurring cubic
perovskites: (a) BaHfO3, (b) BaZrO3, (c) SrTiO3, (d) BaTiO3, (e) SrSiO3, (f) RbCaF3, (g) CsSrF3, (h) CsCaF3, (i) KMgF3, (j) BaLiF3, (k)
RbCdF3, (l) RbMgF3, (m) KZnF3, (n) CsCdF3, (o) RbZnF3, and (p) CsHgF3. The black square, red circle, green triangle, and blue nabla lines
represent the κHA

3ph , κHA
3,4ph, κSCP

3ph , and κSCP
3,4ph, respectively. The experimental lattice thermal conductivities κexpt in (a), (b), (c), (f), (i), and (m) are

labeled by the orange pentagram, which are adapted from Ref. [62], Ref. [63], Ref. [77], Ref. [79], Ref. [79], and Ref. [79], respectively. In
(c), (d), (f), (g), and (k), the calculated phase transition temperature Tpt, below which the cubic structural phase cannot exist, is also labeled,
and the value in parenthesis is the experimental result.

are involved. We concentrate on the κSCP
3ph first. In sharp con-

trast to the κHA
3,4ph, the solutions of κSCP

3ph in the ten perovskites
stable within the HA generate the overestimated κL relative
to the results of κHA

3ph , accompanying with a weakened tem-
perature dependence of κSCP

3ph ∼ T −α with α ∼ 0.55 − 0.91.
Strikingly, the calculated κSCP

3ph in some of the six perovskites
with imaginary HA phonons exhibits an anomalously weak
temperature dependence, e.g., κSCP

3ph ∼ T −α with α ∼ 0.31 −

0.39 for cubic BaTiO3, CsSrF3, and RbCdF3, as listed in
Table I. Then the κL with complete quartic anharmonic effect
is discussed. As plotted in Fig. 2, the addition of 4ph scatter-
ings on the basis of κSCP

3ph evidently reduces the resultant κL

and, consequently, the obtained κSCP
3,4ph have the values close

to those of κHA
3ph and a reasonable temperature dependence

of κSCP
3,4ph ∼ T −α with α ∼ 0.91 − 1.08 in the ten perovskites

stable within the HA.
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In theory, due to full inclusion of quartic anharmonicity,
the results of κSCP

3,4ph should be the most accurate κL. Therefore,
the calculated κSCP

3,4ph agree well with the experimental values
in cubic BaHfO3, BaZrO3, KMgF3, and RbCaF3, especially
in cubic RbCaF3 where a declined trend of κSCP

3,4ph with de-
creasing temperature at T � 300 K is also consistent with
the experimental κL trend, which will be interpreted later.
Moreover, the remarkably low κL can be obtained from the
solutions of κSCP

3,4ph in some perovskites with imaginary HA
phonons. For instance, the room-temperature values of κSCP

3,4ph
in cubic CsSrF3, RbCdF3, and CsHgF3 are 0.90, 0.85, and
0.59 W/mK, respectively, as shown in Figs. 2(g), 2(k), and
2(p), which are comparable to the results of κL ∼ 0.5 − 1.0
W/mK in the full Heusler semiconductors [12].

However, the κSCP
3,4ph in cubic SrTiO3 and KZnF3 are ev-

idently lower than the experimental results, as shown in
Figs. 2(c) and 2(m). There are three potential reasons for the
inconsistency between the calculated κSCP

3,4ph and experimental
values in cubic SrTiO3 and KZnF3. First, the solution of κSCP

3,4ph
is performed with 4ph scattering processes treated by the
SMRTA scheme, which maybe underestimate the κL for some
materials with strong normal processes of 4ph scatterings
[91,92]. To see whether the solution of κSCP

3,4ph is reasonable
here, the normal and Umklapp 4ph processes in cubic SrTiO3

and KZnF3 are analyzed, as shown in Fig. 10. We discover
the Umklapp processes dominate the 4ph scatterings, signi-
fying the suitableness of the SMRTA scheme in treating 4ph
scatterings. Second, the used GGA-PBE functional tends to
overestimate the lattice constant, which may also affect the
final κL [17]. Therefore, we recalculate the κL by using the
experimental lattice constants for cubic SrTiO3 and KZnF3,
as plotted in Fig. 11, in which the calculated κSCP

3,4ph are en-
hanced some but still lower than the experimental values.
Last but not least, some samples in experiment maybe in-
clude a certain concentration of carries that will give rise
to considerable electrical thermal conductivity κel, while the
measured total thermal conductivity comprising κL and κel is
usually taken as the κL for semiconductors. As an example,
we roughly estimate the κel for some samples of cubic SrTiO3

via Wiedemann-Franz formula κel = LσT (L is the Lorenz
number with a value of 2.44 × 10−8 W�/K2). As shown in
Fig. 1 in Ref. [76], the largest electrical conductivity σ ∼
105 S/m can be captured at 300 K in some samples, which
corresponds to a κel ∼ 0.732 W/mK. If the κel is deducted
from the experimental thermal conductivity, the calculated
κSCP

3,4ph becomes more closer to the revised values of κ
expt
L ,

although still somewhat lower than the revised results, as
shown in Fig. 11(a). Anyhow, our calculations of κL with
optimized lattice constants are analogous to the findings in
previous work which exhibit the consistency of the calculated
κSCP

3ph with the experimental values in cubic SrTiO3 [27], and
provide the cubic KZnF3 as another example to possess the
similar consistency, as shown in Figs. 2(c) and 2(m). Overall,
for the six cubic perovskites with experimental thermal con-
ductivities κexpt, the inclusion of quartic anharmonicity, fully
or only phonon frequency shifts, is indispensable to obtain the
calculated κL consistent with the experimental results.

To uncover the quartic anharmonicity in many aspects, the
ratios of κHA

3,4ph/κ
HA
3ph , κSCP

3ph /κHA
3ph , κSCP

3,4ph/κ
HA
3ph , and κSCP

3,4ph/κ
SCP
3ph

for values of the κL at room temperature are plotted in Fig. 3.
According to four kinds of definition for the κL, we know
that the ratio of κHA

3,4ph/κ
HA
3ph reflects the effect of additional

4ph scatterings on the basis of 3ph processes, the value of
κSCP

3ph /κHA
3ph signifies the influence of phonon frequency shifts

arising from quartic anharmonic renormalization, and the re-
sult of κSCP

3,4ph/κ
HA
3ph indicates the full quartic anharmonic effect.

κSCP
3,4ph/κ

SCP
3ph has similar information to κHA

3,4ph/κ
HA
3ph but can be

applied in all structures, including the perovskites with imagi-
nary HA phonons. As displayed in Fig. 3, κSCP

3,4ph/κ
SCP
3ph in cubic

CsSrF3, CsCaF3, RbCdF3, KZnF3, and CsHgF3 have values
in the range of 0.46 − 0.56, which means that the SRs of 4ph
are comparable to those of 3ph in these materials. Likewise,
we can infer that cubic BaZrO3, CsCaF3, BaLiF3, CsCdF3,
KZnF3, and RbZnF3 possess a strong effect of phonon fre-
quency shifts from the ratio of κSCP

3ph /κHA
3ph having large values,

e.g., >1.5. In fact, the 4ph scatterings and phonon frequency
shifts play competitive roles in the ultimate κL. In other words,
the result of κSCP

3,4ph/κ
HA
3ph ∼ 1.0 in cubic BaHfO3 and KZnF3

signifies that the contributions of 4ph scatterings and phonon
frequency shifts to the κSCP

3,4ph cancel each other out, while
the relation of κSCP

3,4ph/κ
HA
3ph < 1.0 in cubic CsCaF3, KMgF3,

and RbMgF3 (κSCP
3,4ph/κ

HA
3ph > 1.0 in cubic BaZrO3, SrSiO3,

BaLiF3, CsCdF3, and RbZnF3) means larger contributions of
4ph scatterings (phonon frequency shifts) relative to those of
phonon frequency shifts (4ph scatterings) to the κSCP

3,4ph.
Unlike previous works, from the ratio of κSCP

3,4ph/κ
SCP
3ph we

can find anomalously strong 4ph scatterings in some cu-
bic perovskites, especially in the ones with imaginary HA
phonons. To detect the relation between 4ph scatterings and
resultant κL, the κSCP

3,4ph as a function of the ratio κSCP
3,4ph/κ

SCP
3ph

at room temperature is plotted in Fig. 4. As a whole, we
discover a roughly linear relation between κSCP

3,4ph and the ratio
κSCP

3,4ph/κ
SCP
3ph in the 16 cubic perovskites, which displays that

the structures with lower κSCP
3,4ph have relatively smaller ratios

of κSCP
3,4ph/κ

SCP
3ph and thus stronger 4ph scatterings, as depicted

by the data points in the orange zone in Fig. 4. In particu-
lar, cubic CsSrF3 and RbCdF3, with κSCP

3,4ph < 1.0 W/mK at
300 K, possess the 4ph scatterings even exceeding the 3ph
ones, as proved by the results of κSCP

3,4ph/κ
SCP
3ph < 0.5 in these

perovskites. In addition, all the structures with low κSCP
3,4ph,

e.g., <3 W/mK, and small κSCP
3,4ph/κ

SCP
3ph , e.g., <0.6 are fluoride

perovskites, as shown in Fig. 4.
In the following, we take cubic BaHfO3 and CsSrF3 as two

examples with higher and lower κL, respectively, to investigate
the role of quartic anharmonicity in the resultant κL in detail.
The phonon spectra within the HA and SCP approximation
for the two cubic perovskites are plotted in Figs. 5(a) and
5(d). Obviously, the HA phonon spectrum without imaginary
frequency in cubic BaHfO3 signifies the dynamical stabil-
ity, while the low-lying HA modes around the M ( 1

2 , 1
2 , 0)

and R ( 1
2 , 1

2 , 1
2 ) points in cubic CsSrF3 are unstable, e.g.,

with an imaginary frequency of 52.4i (57.1i) cm−1 for the
softest mode at the M (R) point. In consideration of quar-
tic anharmonic renormalization, the SCP phonon spectra in
cubic CsSrF3 have no imaginary frequency observed at the
considered temperatures, due to the large frequency shifts of
the low-lying phonon modes in this material, as shown in
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ABX3.

Fig. 5(d). Meanwhile, the low-lying modes around the R point
in cubic BaHfO3 are also evidently hardened by the quartic
anharmonicity, as shown in Fig. 5(a). Since the diagonal term
of the quartic coefficient has a positive and dominant contri-
bution to phonon eigenvalue, the quartic anharmonic effect
generally boosts frequencies of the low-lying modes [27,47],
which is observed in all 16 cubic perovskites, as shown
in Fig. 9. In addition, due to widely different contribution
from the quartic coefficient, the high-frequency modes have
relatively weak quartic anharmonic renormalization in cubic
BaHfO3, BaZrO3, CsCaF3, KZnF3, CsCdF3, and CsHgF3,
small positive renormalization to phonons in cubic SrTiO3,
BaTiO3, SrSiO3, KMgF3, BaLiF3, RbMgF3, and RbZnF3, and
small negative renormalization in cubic RbCaF3, CsSrF3, and
RbCdF3, as shown in Fig. 9.

For cubic CsSrF3, to reveal the latent structural phase
transition, we also focus on the variation of squared phonon
frequencies ω2 with temperature T for the softest low-lying
mode at the R point, which corresponds to the well-known
AFD mode in cubic SrTiO3 [23,24]. Strictly speaking, the
SCP frequency is unable to be used for predicting the phase
transition temperature Tpt since it is always positive by def-
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FIG. 4. The κSCP
3,4ph as a function of the ratio κSCP

3,4ph/κ
SCP
3ph at 300 K

for the 16 cubic perovskites ABX3. All data points are located in the
orange zone.

inition, and thus the Hessian of the SCP free energy, which
is detailed in Ref. [44] and references therein, should be
adopted to investigate the phase transition. As a preliminary
estimation, here we use the curve of ω2 versus T for the softest
low-lying mode and fit the linear region of the curve to predict
a structural phase transition that offers a temperature below
which the cubic structural phase cannot exist. We find from
the fitting results that the ω2 tends to zero at T ∼ 75 K for
the softest low-lying mode at the R point in cubic CsSrF3,
demonstrating the freezing out of this mode and presence of a
potential structural phase transition, as shown in Fig. 12. Sim-
ilar phenomenon is also discovered in cubic BaTiO3, RbCaF3,
and RbCdF3 at about 80, 90, and 93 K, respectively. The
exception is that the used softest low-lying mode for cubic
BaTiO3 is situated at the � point, as shown in Fig. 10(d).
To test the rationality of our estimations, the variation of ω2

versus T for the AFD mode in cubic SrTiO3 is also calculated,
and the liner fitting results exhibit that this mode becomes
freezing-out at about 180 K, which is higher than the cubic-to-
tetragonal phase transition observed at 105 K in experiments
[23,24], but agrees with previous similar calculations [27]. In
addition, there is no freezing out of any soft mode in cubic
CsHgF3 at low temperatures according to the SCP computa-
tions, although the HA phonons display lattice instabilities in
this material. In other words, the SCP computations always
give stable phonons in this structure as long as the phonon
frequency shifts arising from quartic anharmonicity is con-
sidered, meaning that the cubic CsHgF3 can exist at any low
temperatures. Given the fact that BaTiO3 undergoes cubic,
tetragonal, orthorhombic, and rhombohedral crystal structure
from high to low temperature, we can further witness that the
application of SCP frequency or its square is inadequate to
reveal the true phase transition in some cases, and only the
comparison of SCP free energies for every possible structural
phase is reasonable to predict the true phase transition temper-
ature Tpt. As an example, we discuss the cubic-to-tetragonal
phase transition in BaTiO3. The experimental Tpt of cubic-to-
tetragonal transition for BaTiO3 is about 400 K [93], which is
much higher than the Tpt ∼ 80 K estimated from linear fitting
of the curve of SCP frequency square ω2 versus T. Based on
the SCP phonons, we emphasize here that the cubic phase of
BaTiO3 is able to exist at the temperature above 80 K, only it
is a metastable structural phase until the temperature exceeds
400 K.
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FIG. 5. (a) HA and SCP phonon spectra for cubic BaHfO3. (b) Thermal conductivity spectra κL(ω) calculated within the SCP + 3ph and
SCP + 3, 4ph models at 300 K (the curves below which the areas are filled) and corresponding cumulative κL (the bare curves) for cubic
BaHfO3. (c) 3ph and 4ph SRs at 300 K for cubic BaHfO3. (d)–(f) Same as (a)–(c) but for cubic CsSrF3. In (a) and (d), the cyan line represents
the HA dispersion, and the orange, green, red, and blue lines denote the SCP dispersions at 300, 500, 700, and 900 K, respectively. The green
curves in (c) and (f) indicate that the SRs equal to phonon frequencies, that is, 1/τ = ω/2π .

To elucidate the origin of the κL and the role of 4ph scat-
terings, we analyze the thermal conductivity spectra κL(ω)
calculated within the κSCP

3ph and κSCP
3,4ph theories at room temper-

ature and corresponding cumulative values for cubic BaHfO3

and CsSrF3, as shown in Figs. 5(b) and 5(e). One can find that
low-frequency phonons, e.g., with the frequencies of ω < 400
(200) cm−1 in cubic BaHfO3 (CsSrF3), carry the majority of
lattice heat conduction. Meanwhile, the thermal conductivity
spectra κSCP

3,4ph(ω) are evidently lowered with respect to the
κSCP

3ph (ω) by the presence of 4ph scatterings, especially in
cubic CsSrF3. As a result, the cumulative values within the
SCP + 3ph model exceed the ones within the SCP + 3, 4ph,
and the final κSCP

3,4ph is only about 75% (46%) of the κSCP
3ph in

cubic BaHfO3 (CsSrF3). The 3ph and 4ph scattering processes
at room temperature are compared in Figs. 5(c) and 5(f). We
can see that the 4ph scattering processes in cubic CsSrF3 are
comparable to the 3ph ones and even exceed the 3ph ones in
the frequency range of 30 − 85 cm−1, in line with the result
of κSCP

3,4ph/κ
SCP
3ph = 0.46, while the 4ph scatterings are evidently

lower than the 3ph ones in cubic BaHfO3. Similar dominated
situations of the 4ph processes are also found in cubic BaTiO3,
RbCaF3, CsCaF3, RbCdF3, KZnF3, and CsHgF3, as shown
in Fig. 13. Moreover, with the increase of temperature, the
4ph scatterings become more obviously stronger than the 3ph
ones in cubic CsSrF3, as shown in Fig. 14, in which the
4ph processes even in cubic BaHfO3 are also comparable to
the 3ph ones at the high temperature 900 K. To check the
suitability of the phonon quasiparticle picture, the curve with

SRs equal to phonon frequencies, that is, 1/τ = ω/2π , which
means the phonon lifetime τ is equivalent to the vibration
period of phonon quasiparticle, is also plotted in Figs. 5(c),
5(f), 13, and 14. Once the SRs exceed the curve of 1/τ =
ω/2π , the phonon lifetime τ becomes less than one vibration
period (phonon annihilates before completing one vibration),
and thus the phonon quasiparticle picture is no longer ef-
fective. As shown in Figs. 5, 13, and 14, the majority of
3ph and 4ph scatterings are distributed below the curve of
1/τ = ω/2π , supporting the validity of BTE solutions in this
paper. To further probe the underlying mechanism of strong
4ph scatterings, the 3ph and 4ph scattering phase spaces (P3

and P4) at 300 K for cubic BaHfO3 and CsSrF3 are also
analyzed, which indicates that the total P4 in cubic CsSrF3

are almost same as the total P3, in contrast to the lower total
P4 relative to the total P3 in cubic BaHfO3, as shown in
Figs. 15(a) and 15(b).

To explore more details of the 4ph scattering processes,
the 4ph scatterings are decomposed into those arising from
three individual processes, namely, splitting (λ → λ′ + λ′′ +
λ′′′), redistribution (λ + λ′ → λ′′ + λ′′′), and recombination
(λ + λ′ + λ′′ → λ′′′) processes, respectively, where λ is the
abbreviation of mode |qν〉. As shown in Figs. 6(a) and 6(c),
the redistribution processes in both cubic BaHfO3 and CsSrF3

dominate over the other two processes, which can be inter-
preted in the perspective of their associated scattering phase
spaces. Taking the constraint imposed by the conservation of
phonon energies in scattering processes into account, one can
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FIG. 6. (a) Decomposed 4ph scatterings into the splitting (λ →
λ′ + λ′′ + λ′′′), redistribution (λ + λ′ → λ′′ + λ′′′), and recombina-
tion (λ + λ′ + λ′′ → λ′′′) processes for cubic BaHfO3. (b) Decom-
posed 4ph scatterings into the normal and Umklapp processes for
cubic BaHfO3. (c) and (d) are same as (a) and (b), respectively, but
for cubic CsSrF3.

expect that the splitting processes are largely associated with
the high-lying phonon modes while the recombination pro-
cesses are more related to phonons with low frequencies. On
the other hand, the redistribution processes are more flexible
in satisfying the conservation of phonon energies, and thus
contribute many more 4ph scattering events [94]. As a result,
both scattering phase spaces and 4ph scatterings are domi-
nated by the redistribution processes, as shown in Figs. 6(a),
6(c), 15(c), and 15(d). The 4ph scatterings can be also de-
composed into normal and Umklapp processes. As plotted in
Figs. 6(b) and 6(d), the Umklapp processes dominate over the
normal ones in both cubic BaHfO3 and CsSrF3, analogous
to the cases in cubic KZnF3 and SrTiO3 shown in Fig. 10.
Similar dominated cases of the Umklapp processes can also
be found in other structures of the 16 cubic perovskites, as
shown in Fig. 10, which signifies the rationality of the SMRTA
scheme used in solutions of the BTE to treat the 4ph scattering
processes for all 16 materials.

In addition, the phonon frequencies ωqν and group veloc-
ities vqν are also the commonly used physical quantities to
reveal the origin of different κL. From the HA results to the
SCP ones, both ωqν and vqν are usually enhanced in the low-
frequency range governing the κL by the quartic anharmonic
renormalization. Moreover, the enhancements become more
evident at high temperature, according to the SCP calcula-
tions, as exhibited by the vqν in cubic BaHfO3 and CsSrF3

in Fig. 16. The difference is that the low-frequency vqν within
the SCP at 300 K in cubic CsSrF3 are lower by about 30%
than those in cubic BaHfO3, which, combined with the much
stronger 3,4ph scatterings in cubic CsSrF3 relative to those in
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dash dot lines represent the results within SCP + 3ph model, and the
full lines denote the values within SCP + 3, 4ph one.

cubic BaHfO3, gives rise to the ultimate κSCP
3,4ph in cubic CsSrF3

about an order of magnitude lower than that in cubic BaHfO3.
Then we discuss the κL with respect to the allowed phonon

maximum mean-free path (MFP), namely, the MFP cumu-
lative κL, within the SCP + 3ph and SCP + 3, 4ph models
to indicate the effect of 4ph processes on the size depen-
dence of heat conduction. The MFP cumulative κL at 300 K
for cubic BaHfO3 and CsSrF3 is plotted in Fig. 7. Within
the SCP + 3ph (SCP + 3, 4ph) approximation, the total
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FIG. 9. HA and SCP phonon spectra for 16 cubic perovskites: (a) BaHfO3, (b) BaZrO3, (c) SrTiO3, (d) BaTiO3, (e) SrSiO3, (f) RbCaF3,
(g) CsSrF3, (h) CsCaF3, (i) KMgF3, (j) BaLiF3, (k) RbCdF3, (l) RbMgF3, (m) KZnF3, (n) CsCdF3, (o) RbZnF3, and (p) CsHgF3. The cyan line
represents the HA dispersion, and the orange, green, red, and blue lines denote the SCP dispersions at 300, 500, 700, and 900 K, respectively.

accumulation keeps increasing with the increase of MFP, until
reaching a plateau at the MFP equal to 335 (278) nm for
cubic BaHfO3 and 76 (43) nm for cubic CsSrF3. Obviously,
the maximum MFP in cubic BaHfO3 is much longer than that
in cubic CsSrF3, which is consistent with the higher phonon
group velocities vqν in cubic BaHfO3, as shown in Fig. 16.
Compared with the results within the SCP + 3ph model, the
MFP cumulative κL calculated within the SCP + 3, 4ph one
shows that 4ph scatterings reduce the maximum MFP from
335 (76) to 278 (43) nm in cubic BaHfO3 (CsSrF3). Mean-
while, the 4ph scatterings strongly suppress the heat transfer
of the thermal carriers with the MFP longer than 10 (2.5)
nm in cubic BaHfO3 (CsSrF3). More interestingly, the heat
transfer performance of the thermal carriers with MFP below
2.5 nm in cubic CsSrF3 is evidently enhanced by the 4ph

scatterings, as shown in Fig. 7. Furthermore, phonons with
MFP below 100 nm provide about 80% (83%) of the total
κSCP

3ph (κSCP
3,4ph) for cubic BaHfO3. This signifies that creating

nanostructuring with the length of 100 nm would reduce the
κSCP

3ph (κSCP
3,4ph) by 20% (17%) in this material. Thus, to signifi-

cantly reduce the κL in cubic BaHfO3, nanostructures with a
characteristic length below 100 nm are required.

Now we come back to the anomalous temperature depen-
dence of the κL for cubic RbCaF3 in the temperature range
from 100 to 300 K shown in Fig. 2(f). According to Eq. (1),
the κL within SMRTA is determined by constant-volume
specific heat Cv = ∑

qν
1

kBT 2�
(h̄ωqν )2nqν (nqν + 1), squared

phonon group velocity v2
qν , and lifetime τqν . Therefore, due

to rapidly enhanced Cv , the κL is always increasing as temper-
ature increases from 0 K to a value at which the κL reaches
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FIG. 10. Decomposed 4ph scatterings into the normal and Umklapp processes for 16 cubic perovskites at 300 K. Insets shows the ratios
between Umklapp and normal processes.

a peak, and then the κL decreases with rising temperature
because of the combined action of the almost constant Cv and
enhanced SRs. For the cubic RbCaF3, our results indicate that
the peak of κL occurs around 300 K, while this peak in other
perovskites should be discovered below 100 K under which
the κL we have not focused on.

To reveal the delayed peak of κL as the increasing tem-
perature in cubic RbCaF3, we analyze the differences of Cv

and total SRs within the SCP + 3, 4ph model between 100
and 300 K, as shown in Fig. 8. The same information for
cubic CsSrF3 and SrSiO3, two candidates with the highest
and lowest Cv , respectively (see Fig. 18), are also given for
comparison. We observe that the difference of Cv between 100
and 300 K in cubic RbCaF3 is 4.55 meV/nm3K, much larger
than the difference of 2.81 meV/nm3K in cubic CsSrF3, as

shown in Fig. 8(a), while the differences of total SRs between
100 and 300 K for both materials are similar to each other, as
shown in Fig. 8(d). At the same time, the total SRs in cubic
RbCaF3 and CsSrF3 are enhanced very slowly from 100 to
300 K, and some SRs below 150 cm−1 even have negative
enhancements, as demonstrated by the SR ratios lower than
1.0 shown in Fig. 8(d). The slow enhancement of SRs with
rising temperature can be ascribed to the presence of strong
lattice anharmonicity at the low temperature approaching the
phase transition that will break the cubic balance structure.
As a result, the competition of quickly increasing Cv and
slowly enhanced SRs with rising temperature leads to an
ascending κL at temperatures below 300 K in cubic RbCaF3,
and the combination of weakly increasing Cv with slowly
enhanced SRs gives rise to a weakly decreasing κL, or say,
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electrical thermal conductivity κel.

weak temperature dependence of the κL, in cubic CsSrF3. As
a counterexample, cubic SrSiO3 has a larger difference of Cv

between 100 and 300 K than that in cubic RbCaF3, but its SR
is sharply enhanced by the rising temperature, and thus the κL

in cubic SrSiO3 has a swiftly decreasing trend with increasing
temperature.

More precisely, the differences of effective Cv and SRs,
that is, the ones that play significant roles in the formation
of the κL, between different temperatures should be analyzed
to reveal the anomalous temperature dependence of κL. As
examples, we first plot the rescaled cumulative κL (the cu-
mulative κL divided by the total κL) at 100 and 300 K for
cubic RbCaF3, CsSrF3, and SrSiO3 to determine the phonons
playing crucial roles in forming the κL, as shown in Fig. 8(b).
One can observe that the κL in cubic RbCaF3 (CsSrF3) at both
100 and 300 K are mainly contributed by the phonons with
frequency below about 380 (220) cm−1. From the frequency-
cumulative specific heat Cv (ω) plotted in Fig. 8(c), we find
that the difference of cumulative Cv (ω) at 380 cm−1 between
100 and 300 K in cubic RbCaF3 is more than twice that at
220 cm−1 in cubic CsSrF3, which displays a bigger difference
between the changes of effective Cv with increasing tempera-
ture in the two materials, and thus becomes more conducive to
understanding the different temperature dependence of the κL

between them. For the cubic SrSiO3, the rescaled cumulative
κL exhibits that the phonons below 300 (600) cm−1 dominate
the κL at 100 (300) K, and thus the effective Cv at 300 K
becomes larger than that at 100 K. However, this does not
affect the rapid decline of the κL with rising temperature in
cubic SrSiO3. As shown in Figs. 8(b) and 8(d), one can see
that in cubic SrSiO3 the increasing of temperature from 100
to 300 K not only enhances the total SRs below 300 cm−1

sharply but also opens the phonon scatterings between 300
and 600 cm−1, which play negligible roles in formation of the
κL at 100 K.

Besides the changes of Cv and SRs driven by rising
temperature, the differences of squared phonon group ve-
locity v2

qν between 100 and 300 K are also required to
analyze the anomalous temperature dependence of the κL. Our
calculations demonstrate that the rising-temperature-driven
differences of v2

qν are considerably small in the consid-
ered cubic perovskites, which has a negligible effect on the
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FIG. 12. Temperature dependence of the squared frequencies ω2

of the softest low-lying mode in cubic SrTiO3, BaTiO3, RbCaF3,
CsSrF3, RbCdF3, and CsHgF3.

temperature dependence of the κL compared with the rising-
temperature-driven changes of Cv and SRs. In other words,
in finite-temperature phonon spectra, the shifts of phonon
frequencies, which are included in specific heat Cv , play more
important roles than those of group velocities in determining
the temperature dependence of the κL.

Finally, we note that the phonon frequency shifts induced
by cubic anharmonicity and quasiharmonic effect are ne-
glected in the present SCP calculations. If these effects are
included, the hardening of low-frequency phonons will be
slightly restrained, and thus the resulting κL may be lowered
somewhat. However, the used SMRTA scheme in solution of
the BTE to treat 4ph scatterings provides a slightly underesti-
mated κL, although the fact that Umklapp processes dominate
over the normal ones shows the rationality of the SMRTA
scheme. This maybe more or less offsets the influence of
neglecting the quasiharmonic effect and the phonon frequency
shifts from cubic anharmonicity on the final κL. As a prospect,
the improved SCP theory [95,96], which can include both
quartic and cubic anharmonicities simultaneously in calcula-
tions of anharmonic phonons (in other words, consider first- to
second-order energy corrections to phonon eigenvalues [27]),
and the fully iterative scheme for not only 3ph scatterings but
also 4ph processes are recommended to use in future calcula-
tions for the κL; only this will consume very huge computing
resources.

IV. CONCLUSION

In conclusion, we have systematically investigated four
different kinds of lattice thermal conductivities κHA

3ph , κHA
3,4ph,

κSCP
3ph , and κSCP

3,4ph in 16 of the most common cubic oxide and
fluoride perovskites able to exist at room temperature by us-
ing a high-throughput first-principles calculation method that
combines SCP theory, CS techniques, and phonon BTE. The
phonon BTE was solved on top of the SCP theory to com-
pletely include the quartic anharmonicity comprising phonon
frequency shifts and 4ph scatterings processes. In particular,
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FIG. 13. 3,4ph scatterings at 300 K for 16 cubic perovskites: (a) BaHfO3, (b) BaZrO3, (c) SrTiO3, (d) BaTiO3, (e) SrSiO3, (f) RbCaF3,
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curves indicate the SRs equal to phonon frequencies.

only the κL within the SCP theory is numerically valid for
six of the 16 candidate perovskites, since the common cal-
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FIG. 14. 3,4ph scatterings at 900 K for cubic BaHfO3 and
CsSrF3. The green curves indicate the SRs equal to phonon
frequencies.

culation of BTE within the HA fails to estimate the κL due
to the presence of imaginary frequencies in these materials.
We discovered that in addition to 3ph scattering processes, the
complete inclusion of quartic anharmonic effect is indispens-
able to obtain a rational κL and corresponding temperature
dependence, while the consideration of only 4ph scatter-
ing processes (phonon frequency shifts) tends to produce an
underestimated (overestimated) κL and stronger (weaker) tem-
perature dependence. At the same time, our calculations gave
a roughly linear relation between the κSCP

3,4ph and 4ph scatterings
in the 16 considered cubic perovskites, which indicates that
the structures with lower κSCP

3,4ph have stronger 4ph scatterings.
Unlike previous works, very strong 4ph scatterings were dis-
covered in some cubic perovskites, especially in the cubic
fluoride perovskites with imaginary HA phonons. Through the
analyses of thermal conductivity spectrum κL(ω), scattering
process, phase space, etc., we revealed that cubic CsSrF3,
CsHgF3, and RbCdF3, which have anomalously low heat
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FIG. 15. P3 and P4 at 300 K for cubic BaHfO3 (a) and CsSrF3 (b),
and decomposed P4 into the splitting (λ → λ′ + λ′′ + λ′′′), redistri-
bution (λ + λ′ → λ′′ + λ′′′), and recombination (λ + λ′ + λ′′ → λ′′′)
processes for cubic BaHfO3 (c) and CsSrF3 (d).

conduction, e.g., with room-temperature κSCP
3,4ph < 1 W/mK,

possess the scattering strengths of 4ph processes comparable
to or even exceeding those of the 3ph ones. In addition, re-
distribution processes and Umklapp processes dominate the
strong 4ph scatterings, which also shortens the maximum
MFP and thus changes the heat transfer performance of some
thermal carriers with particular MFP. At last, we have dis-
cussed the anomalous temperature dependence of the κL for
cubic RbCaF3 in the temperature range from 100 to 300 K,
and found that the competition of quickly increasing effective
specific heat Cv (ω) and slowly enhanced total scatterings with
rising temperature leads to an ascending κL at temperatures
below 300 K. This paper sheds light on the community of
studying thermal and thermoelectric transport in perovskite
materials.
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APPENDIX A: HA AND SCP PHONON SPECTRA
AT DIFFERENT TEMPERATURES FOR 16

CUBIC PEROVSKITES

The phonon spectra within the HA and SCP approxima-
tion for the 16 considered cubic perovskites are shown in
Fig 9. The HA phonon spectra in cubic BaHfO3, BaZrO3,
SrSiO3, CsCaF3, KMgF3, BaLiF3, RbMgF3, KZnF3, CsCdF3,
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FIG. 16. The phonon group velocities vqν for cubic BaHfO3 and
CsSrF3. The HA results for cubic BaHfO3 and the SCP results at 300
and 900 K for both materials are shown.

and RbZnF3 have no imaginary frequency, which not only
supports the dynamical stability of these structures but also
means the numerical validness of the solutions of BTE within
the HA. However, the low-lying HA modes around the M,
R, or � points in cubic SrTiO3, BaTiO3, RbCaF3, CsSrF3,
RbCdF3, and CsHgF3 are unstable, e.g., with some imaginary
frequencies for the softest mode around these points. Af-
ter considering quartic anharmonic renormalization, the SCP
phonon spectra in cubic SrTiO3, BaTiO3, RbCaF3, CsSrF3,
RbCdF3, and CsHgF3 become absent of imaginary frequency
at each considered temperature because of the large frequency
shifts of the low-lying phonon modes in these materials. At
the same time, the low-lying modes around the R point in
cubic BaHfO3, BaZrO3, KMgF3, BaLiF3, and KZnF3 are
also evidently hardened by the quartic anharmonicity. These
findings hint that most of the considered perovskites have
strong quartic anharmonicity, and thus it is essential to include
the 4ph scattering in computing the κL of these materials,
especially when the SCP phonons are used in calculations
of the κL. In addition, the high-frequency modes have rel-
atively weak quartic anharmonic renormalization in cubic
BaHfO3, BaZrO3, CsCaF3, KZnF3, CsCdF3, and CsHgF3,
small positive renormalization to phonons in cubic SrTiO3,
BaTiO3, SrSiO3, KMgF3, BaLiF3, RbMgF3, and RbZnF3, and
small negative renormalization in cubic RbCaF3, CsSrF3, and
RbCdF3.

APPENDIX B: NORMAL AND UMKLAPP SCATTERING
PROCESSES AT 300 K FOR 16 CUBIC PEROVSKITES

In calculations of the κL, a particular problem we need to
consider is whether to solve the BTE exactly with an iterative
scheme beyond the SMRTA to gain a converged result of the
κL. This is closely associated with the relative strength of
phonon normal/Umklapp processes [91,92]. If the Umklapp
processes dominate over the normal ones, the accuracy of the
calculated κL without using an iterative scheme can be ac-
ceptable. In our present calculations, 4ph processes are treated
by the SMRTA scheme, while the iterative method is used to
deal with 3ph processes. Therefore, the normal/Umklapp pro-
cesses of 4ph scatterings should be checked to verify whether
the calculated κSCP

3,4ph is rational. Moreover, the κSCP
3,4ph in cubic

SrTiO3 and KZnF3 are lower than the experimental results,
as shown in Figs. 2(c) and 2(m). One latent reason is that the

224304-14



LATTICE THERMAL CONDUCTIVITY INCLUDING PHONON … PHYSICAL REVIEW B 104, 224304 (2021)

solution of κSCP
3,4ph is performed with 4ph scattering processes

treated by the SMRTA scheme, which may underestimate
the κL if the materials have stronger 4ph normal processes
[91,92]. For the reasons mentioned above, we provide the
normal and Umklapp processes of 4ph scatterings and the cor-
responding ratios between the Umklapp and normal processes
at 300 K for the considered 16 cubic perovskites, as shown
in Fig. 10. One can find that the Umklapp processes dominate
over the normal ones in all 16 candidate materials, and most of
the ratios between Umklapp and normal processes have values
above 1.0. These findings demonstrate the reasonableness of
application of the SMRTA scheme to treat 4ph scattering
processes in the 16 chosen materials. Hence, the inconsistency
between κSCP

3,4ph and the experimental values in cubic SrTiO3

and KZnF3 should be ascribed to other factors.

APPENDIX C: κSCP
3ph and κSCP

3,4ph CALCULATED WITH
EXPERIMENTAL LATTICE CONSTANTS FOR CUBIC

SrTiO3 and KZnF3

For cubic SrTiO3 and KZnF3, another latent reason for
the inconsistency of κSCP

3,4ph with experimental results is that
the used GGA-PBE functional tends to overestimate the lat-
tice constant, which may also affect the final κL. Therefore,
we recalculate κSCP

3ph and κSCP
3,4ph by using the experimental

lattice constants for cubic SrTiO3 and KZnF3, as plotted in
Fig. 11. It can be found that the obtained κSCP

3,4ph are enhanced
some but still lower than the experimental values. Nonethe-
less, our calculations are analogous to the findings in previous
work which shows that the calculated κSCP

3ph agrees with the ex-
perimental values in cubic SrTiO3 [27], as shown in Figs. 2(c)
and 11(a). Moreover, we also observe that some experimental
samples of cubic SrTiO3 have the electrical conductivity σ

even approaching 105 S/m at 300 K [76], which gives rise to
an electrical thermal conductivity κel ∼ 0.732 W/mK accord-
ing to the Wiedemann-Franz formula κel = LσT . At the same
time, we know that the measured total thermal conductivity,
which is composed of κL and κel, is usually taken as the
κL for semiconductors. That is, to estimate the rationality of
calculations, the calculated κSCP

3,4ph should be compared with
the revised experimental κL which is obtained from excluding
the electrical thermal conductivity κel in the measured ther-
mal conductivity. As shown in Fig. 11(a), we find that κSCP

3,4ph

becomes closer to the revised value of κ
expt
L , although still

somewhat lower than it. In addition, using advanced theory
beyond DFT, e.g., DFT + U or hybrid functionals, may fur-
ther improve the calculated κSCP

3,4ph, which will be addressed in
future work.

APPENDIX D: TEMPERATURE DEPENDENCE
OF THE SQUARED FREQUENCIES ω2 OF THE SOFTEST
LOW-LYING MODE IN CUBIC SrTiO3, BaTiO3, RbCaF3,

CsSrF3, RbCdF3, AND CsHgF3

As shown in Fig. 9, the SCP phonon spectra have the
softest low-lying mode at the � point in cubic BaTiO3 and
the R point in cubic SrTiO3, RbCaF3, CsSrF3, RbCdF3, and
CsHgF3. To reveal a latent phase transition temperature Tpt

below which the cubic structural phase cannot exist, the vari-
ations of squared phonon frequencies ω2 with temperature

T for the softest low-lying mode in cubic SrTiO3, BaTiO3,
RbCaF3, CsSrF3, RbCdF3, and CsHgF3 are plotted in Fig. 12.
One can find that the curves of ω2 versus T in the six materials
are almost linear at high temperatures. As the temperature
decreases, the curves become nonlinear with temperature, es-
pecially in cubic SrTiO3, which results from the numerical
artifact of the SCP calculations. Therefore, the fitting of the
linear region of the curve should be used to predict the Tpt. We
find from the fitting results that ω2 tends to zero at T ∼ 180,
80, 90, 75, and 93 K for the softest low-lying mode in cubic
SrTiO3, BaTiO3, RbCaF3, CsSrF3, and RbCdF3, respectively,
demonstrating the freezing out of the softest low-lying mode
and existence of a latent structural phase transition. For cubic
SrTiO3, our Tpt ∼ 180 K is higher than the cubic-to-tetragonal
phase transition observed at 105 K in experiments [23,24],
but agrees with previous similar calculations [27]. For cubic
CsHgF3, there is no freezing out of any soft mode as tem-
perature decreases, meaning that this structure can exist at
any low temperatures. Given the fact that BaTiO3 undergoes
cubic, tetragonal, orthorhombic, and rhombohedral crystal
structures from high to low temperature, we can witness that
the application of SCP frequency or its square is not enough to
reveal the true phase transition in some cases. For instance, the
experimental Tpt of cubic-to-tetragonal transition for BaTiO3

is about 400 K [93], which is much higher than the Tpt ∼ 80 K
estimated here. Based on the SCP results, we can conclude
that the cubic phase of BaTiO3 is able to exist at temperatures
above 80 K, only it is a metastable structural phase until the
temperature exceeds 400 K.

APPENDIX E: 3, 4ph SCATTERINGS AT 300 K FOR 16
CUBIC PEROVSKITES

To facilitate understanding the differences of the calculated
κSCP

3,4ph among the selected cubic perovskites and demonstrat-
ing more cases with strong 4ph scatterings, the SRs of 3ph
and 4ph processes at 300 K for the considered 16 cubic
perovskites are shown in Fig. 13. Overall, the candidates
with higher κSCP

3,4ph have relatively smaller 3ph and 4ph scat-
terings. More interestingly, one can observe that besides
cubic CsSrF3, the 4ph scattering processes in cubic BaTiO3,
RbCaF3, CsCaF3, RbCdF3, KZnF3, and CsHgF3 are also
comparable to the 3ph ones, which is corresponding to the
ratios of κSCP

3,4ph/κ
SCP
3ph shown in Fig. 3, in which the values

of κSCP
3,4ph/κ

SCP
3ph for cubic BaTiO3, RbCaF3, CsSrF3, CsCaF3,

RbCdF3, KZnF3, and CsHgF3 are smaller than 0.6. In addi-
tion, the majority of 3ph and 4ph scatterings in these materials
are distributed below the curves with SRs equal to phonon fre-
quencies, supporting the suitableness of phonon quasiparticle
picture.

APPENDIX F: 3, 4ph SCATTERINGS AT 900 K FOR CUBIC
BaHfO3 AND CsSrF3

The 3ph and 4ph scatterings at 900 K in cubic BaHfO3

and CsSrF3 are plotted in Fig. 14. On can discover that
with increasing temperature, the 4ph scatterings are obviously
stronger than the 3ph ones in cubic CsSrF3. At the same time,
the 4ph processes in cubic BaHfO3 also become comparable
to the 3ph ones. These results signify that the 4ph scatterings
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FIG. 17. The SCP phonon group velocities vqν at 300 K for 16 cubic perovskites. For the ten cubic perovskites with stable HA phonons,
the HA group velocities vqν are also plotted for comparison.

at high temperatures are stronger than or at least comparable
to the 3ph ones, displaying the significance of the inclusion
of 4ph scatterings in calculations of the κL. Moreover, even
if the 3ph and 4ph scatterings are strengthened by the en-
hanced temperature, the majority of them are still distributed
below the curves with SRs equal to phonon frequencies
and, consequently, the phonon quasiparticle picture maintains
validity.

APPENDIX G: 3, 4ph SCATTERING PHASE SPACE
AND DECOMPOSED 4ph SCATTERING PHASE SPACE

FOR CUBIC BaHfO3 AND CsSrF3

The 3ph and 4ph scattering phase spaces (P3 and P4) at
300 K for cubic BaHfO3 and CsSrF3 are shown in Figs. 15(a)
and 15(b), which indicates that the total P4 in cubic CsSrF3

are almost the same as the total P3, while the total P4 are
relatively lower than the total P3 in cubic BaHfO3. This inter-
prets the relatively stronger 4ph scatterings in cubic CsSrF3.

The 4ph phase spaces are also decomposed into those arising
from three individual processes, namely, splitting (λ → λ′ +
λ′′ + λ′′′), redistribution (λ + λ′ → λ′′ + λ′′′), and recombina-
tion (λ + λ′ + λ′′ → λ′′′) processes, respectively, as shown in
Figs. 15(c) and 15(d). Considering the constraint imposed by
the conservation of phonon energies in scattering processes, it
is expected that the splitting processes are largely associated
with the high-lying phonon modes while the recombination
processes are more related to phonons with low frequen-
cies. On the other hand, the redistribution processes are
more flexible in satisfying the conservation of phonon ener-
gies, thus contributing many more 4ph scattering events [94].
Hence, both 4ph phase spaces and 4ph scatterings are domi-
nated by the redistribution processes, as shown in Figs. 6(a),
6(c), 15(c), and 15(d). At the same time, low-frequency and
high-frequency phonons have considerable recombination and
splitting processes, respectively, as shown in Figs. 15(c) and
15(d), which is consistent with the constraint enforced by
energy conservation.
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FIG. 18. Constant-volume specific heat Cv for 16 cubic perovskites. The cubic RbCaF3, CsSrF3, CsCaF3, RbCdF3, CsCdF3, and CsHgF3

have relatively smaller Cv , as divided by the dashed lines.

APPENDIX H: HA AND SCP PHONON GROUP VELOCITY
FOR 16 CUBIC PEROVSKITES

In determination of the origin of the κL, the phonon group
velocity vqν is another commonly used physical quantity to
analyze. To reveal the differences of the calculated κSCP

3,4ph
between cubic BaHfO3 and CsSrF3, here we first plot the
phonon group velocities vqν versus frequencies ωqν for the
two materials in Fig. 16, in which the HA results for cubic
BaHfO3 and the SCP results at 300 and 900 K for cubic
BaHfO3 and CsSrF3 are shown. From this information, we
can find that the quartic anharmonic renormalization mainly
affects the phonon frequencies ωqν which should be ascribed
to the constant-volume specific heat Cv , while the group veloc-
ities vqν are enhanced very slightly in the phonon frequency
range governing the κL.

Then the HA phonon group velocity and SCP phonon
group velocity at 300 K for the 16 cubic perovskites are shown
in Fig. 17 to understand the differences of the κL in the se-
lected candidates. From the results in the ten cubic perovskites
with stable HA phonons, one can further find that the in-
clusion of quartic anharmonic renormalization mainly affects
the phonon frequencies ωqν while the group velocities vqν

change slightly. In addition, besides the strong 3ph and 4ph
scatterings, the candidates with very small κL, e.g., κSCP

3,4ph <

2.0 W/mK, have relatively smaller vqν for the low-frequency
phonons, as shown in cubic CsSrF3, RbCdF3, CsCdF3, and
CsHgF3 in Fig. 17.

APPENDIX I: CONSTANT-VOLUME SPECIFIC HEAT Cv

FOR 16 CUBIC PEROVSKITES

According to Eq. (1), we know that besides the phonon
group velocity vqν , and total SRs, the constant-volume spe-
cific heat Cv is the third physical quantity to determine the
results of κL. The Cv for the 16 cubic perovskites are plot-
ted in Fig. 18. It can be seen that the cubic SrSiO3 has
the largest Cv at high temperatures, while the cubic CsSrF3

possesses the smallest one. Overall, the Cv for the six cu-
bic perovskites RbCaF3, CsSrF3, CsCaF3, RbCdF3, CsCdF3,
and CsHgF3 are relatively smaller than those in other cubic
perovskites, as divided by the dashed line in Fig. 18, which
results from the fact that the majority of phonon branches
in the six cubic perovskites have relatively lower frequen-
cies. Through the comprehensive comparisons of Cv , vqν ,

and SRs among different candidates at different temperatures,
the origin of the κL and its temperature dependence can be
analyzed, as narrated in the main text for the anomalous tem-
perature dependence of the κL below 300 K in cubic RbCaF3,
where the effective Cv (ω) is also used for more precisely
comparisons.

APPENDIX J: TEST FOR THE IFCs CALCULATED WITH
THE LAGER SUPERCELL AND SPIN-ORBIT COUPLING

The needed harmonic and anharmonic IFCs are calcu-
lated within a 2 × 2 × 2 supercell in this paper. To check
whether this supercell is large enough to capture all the
primary interatomic interactions, the IFCs within a larger
supercell beyond the 2 × 2 × 2 one are calculated for cubic
BaHfO3 as an example. The HA phonon dispersions calcu-
lated from the harmonic IFCs produced within the 2 × 2 × 2
and 3 × 3 × 3 supercells are plotted in Fig. 19(a). It can
be found that the results agree well with each other, signi-
fying that the harmonic IFCs produced within a 2 × 2 × 2
supercell are sufficient to generate the convergent phonons.
We can infer that the produced anharmonic IFCs within a
2 × 2 × 2 supercell are also convergent, since the anhar-
monic IFCs converge more rapidly than the harmonic ones in
general.

In addition, the spin-orbit coupling (SOC) is also excluded
in our calculations. The cubic CsHgF3, which has strong
SOC due to the existence of Hg atom, is taken as an ex-
ample to verify the feasibility of excluding SOC in present

0

300

600

900

0

200

400

600

BaHfO3

Μ

ω
(c
m
-1
)

2×2×2 3×3×3

Γ Χ Μ Γ R

HA

(a)

CsHgF3

Μ

ω
(c
m
-1
)

Without SOC

With SOC

Γ Χ Μ Γ R

SCP@300K

(b)

FIG. 19. (a) The HA phonon spectra calculated with the har-
monic IFCs produced within the 2 × 2 × 2 and 3 × 3 × 3 supercells
for cubic BaHfO3. (b) The SCP phonon spectra at 300 K calculated
with and without SOC for cubic CsHgF3.
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calculations. As shown in Fig. 19(b), the SCP phonon dis-
persion at 300 K calculated with SOC is in accordance with

the result calculated without SOC, which demonstrates the
rationality of exclusion of SOC here.
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