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Electron-phonon interaction in TinO2n−1 using first-principles calculations
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In the present study, the electronic, phonon, and electron-phonon interactions of titanium suboxide structures
including TiO, Ti2O3, Ti3O5, Ti4O7, and Ti5O9 were investigated in the framework of density-functional
theory. The mechanism of superconductivity in these materials seems to be phonon mediated, probably with
participation of paramagnetic spin fluctuations. The influence of pressure on the superconducting transition
temperature (TC) of cubic TiO and Ti4O7 could be explained by this mechanism. Our calculations predict a
low TC of ∼3.5 K for Ti5O9. It implies that Ti5O9 would be a superconductor lying in the weak coupling regime.
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I. INTRODUCTION

Titanium suboxides with generic chemical formula
TinO2n−1 have drawn much attention in the last decades due
to their interesting physical and electronic properties. Re-
cently, it has been reported that TinO2n−1 (n = 1–4) exhibit
low-TC superconductivity [1–4]. Despite the TC values be-
ing merely on the order of several K, these materials can
be fascinating in this area. In contrast to crystalline chemi-
cal compounds (i.e., yttrium barium copper oxide) [5], and
iron-based superconductors [6], which can be toxic and harm-
ful, titanium suboxides are both environmentally friendly and
easy-to-fabricate materials. Hence, finding out the mechanism
of superconductivity in these materials can be advantageous.
The primary research on electrical resistivity and supercon-
ductivity of titanium monoxides (TiO) was done by Hulm
et al. [7]. TiO at ambient conditions is known to exist either
in cubic [8] phase, which contains about 15% of (in princi-
ple, disordered) vacancies on both Ti and O sublattices [9],
or in a monoclinic phase, which in fact incorporates 1/6 of
such vacancies on the underlying cubic lattice in a particular
ordered arrangement. In principle, the cubic phase may exist
throughout the compositions TiOx with x varying from 0.75
to 1.30 [8]. It should be noted that the dynamical stability
of cubic phase is rigorously dependent upon the presence of
vacancies.1 This subject was studied in our previous work
[10] in detail. The electrical properties and superconductivity
are strongly affected by the value of x so that the maximum
magnitude of superconductivity and conductivity is observed
at x = 1 [7,11]. Hulm et al. [7] reported TC ∼ 1 K for the cubic

*zadeh@ut.ac.ir
1We found that phonon dispersion in cubic TiO at ambient pressure

reveals imaginary frequencies over large part of the Brillouin zone;
earlier calculations by Andersson et al. [58] hint at the same direc-
tion. At the same time, the cubic phase with 1/8 sites empty, i.e.,
Ti7/8O7/8 becomes dynamically stable.

TiO1.07. Later, Wang et al. [12] could reach TC ∼ 5.5 K by
setting the exact Ti/O molar ratio of 1:1. In addition, Zhang
et al. [1] fabricated cubic TiO as a single crystal or epitaxial
thin films deposited on Al2O3 substrate that helped to achieve
the TC values of ∼7.4 K. These latter authors attributed the
enhanced superconductivity to the involvement of substrate
phonons in the electron-phonon interaction at the TiO-Al2O3

interface. Moreover, Zhang et al. [1] also pointed out, on
the basis of their analysis of scanning transmission electron
microscopy results for TiO films, that the inhomogeneous ti-
tanium and oxygen stoichiometry may significantly affect the
local electronic structure as well as superconductivity for TiO
film. Recently, Xu et al. [13] have succeeded in enhancing the
TC up to ∼11 K for nanoparticles made of TiO core covered
with a ≈ 5-nm shell of amorphous TiO1+x.

Ti2O3 can be fabricated as a single-crystal thin film grown
on α-Al2O3 at low (high) temperature, to be referred to as
Ti2O3-LT (Ti2O3-HT). Orthorhombic-structured Ti2O3-HT,
of space group Immm, is a superconductor with TC ∼ 8 K [3].
Meanwhile, the other polymorph rhombohedral corundumlike
Ti2O3-LT with space group R3̄C does not show superconduc-
tivity. The stronger electron-phonon coupling is reported for
the former material relative to the latter one [3], although more
studies on the mechanism of superconductivity are needed.

Ti3O5 crystallographic data indicate the existence of three
different polymorphs for this structure, namely, α-Ti3O5

(orthorhombic, anosovitelike, group Cmcm) [14], β-Ti3O5

(monoclinic, group C2/m) [15], and γ -Ti3O5 (monoclinic,
group I2/c) [16]. The first semiconductor-semiconductor
phase transition is observed between α- and β-Ti3O5 in tem-
perature range 440–460 K. The other phase transition occurs
from β- to γ -Ti3O5 at temperature ∼250 K [17]. The mea-
surements of the valence band and core levels prove that
β-Ti3O5 develops the energy band gap of ∼0.1 eV, while
γ -Ti3O5 shows a metallic behavior [18]. Recently, Yoshi-
matsu et al. [4] measured TC ∼ 7.1 K for γ -Ti3O5 thin film
with the thickness of ∼120 nm deposited on α-Al2O3 sub-
strates. They investigated the mechanism of superconductivity
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on the basis of electrical measurements and electronic phase
transition. The electrical resistivity of Ti3O5 depends on tem-
perature, as was evidenced through Hall measurements, and
is sensitive to the pressure under which the thin film is grown
[4]. However, the discussion regarding the origin of supercon-
ductivity is still under debate.

Yet another structure in which the superconductivity was
observed is Ti4O7, the first member of Magnéli phase with
space group P1̄ [19]. Ti4O7 is known to exist in three phases,
namely LT, intermediate-temperature (IT), and HT ones. The
LT phase (formed in the temperature range of 125–140 K)
behaves like a semiconductor for which however different
values of band gap have been reported. For instance, data
extracted from optical measurements suggest a band gap of
0.25 eV [20], while conductivity and spectroscopy data yield
values of 0.04 eV [21] and 0.6 eV [22], respectively. The semi-
conducting behavior was maintained in IT phase (140–150 K).
In both LT and IT phases, there are Ti4+–Ti4+ and Ti3+–Ti3+

bonds, in which Ti3+–Ti3+ form bipolarons. The difference is
that some of the bipolaronic bonds are broken in the IT phase
compared to the LT phase due to temperature fluctuations.
The HT phase, emerging above 150 K, reveals a metallic
behavior. This phase contains quite weakened bipolarons and
conduction electrons. Primary studies predicted the possibility
of superconductivity through bipolarons acting as localized
Cooper pairs. These bipolarons can interact via phonons, such
that the electron-phonon coupling can be expected in Ti4O7

[23]. Following this, Yoshimatsu et al. [4] observed the su-
perconducting temperature of about 3 K in Ti4O7 thin film
deposited on α-Al2O3 substrate with thickness of ∼120 nm at
1 × 10−6 Torr. However, they pointed out that the inverse Hall
coefficient (1/RH) measurements in superconducting Ti4O7

phase were independent of temperature, indicating no trace
of bipolarons states. The absence of bipolarons results in the
suppression of the insulating states.

Furthermore, the influence of pressure on TC of Ti4O7 [24]
and TiO cubic [1] films was studied to elucidate the mech-
anism of superconductivity in more detail. The results show
that increasing the pressure led to the decrease of TC by the
rate of 0.7 K/GPa (0.5 K/GPa) in the case of Ti4O7 (TiO
cubic) film. Therefore, it is believed that the strain/stress may
affect the electron-phonon interaction inside the materials or
through their interfaces.

Although various experimental and theoretical studies
have been dedicated to the investigation of superconductivity
mechanism in TinO2n−1 materials, the comprehensive model
has not been presented up to now. In the view of informa-
tion so far available, these materials can be electron-phonon
mediated superconductors. Therefore, the present paper aims
to shed light on the mechanism of superconductivity in
these structures using first-principles calculations. In short,
we address the following issues: (i) electronic and phonon
properties of TinO2n−1 (n = 1–5), (ii) mechanism of super-
conductivity in TinO2n−1 structures, (iii) verification whether
the proposed mechanism could account for the experimental
superconducting temperatures of TinO2n−1 (n = 1–4), and (iv)
prediction of the superconducting temperature of Ti5O9.

The methodology and computational details based on
density-functional (perturbation) theory (DFT/DFPT) are pre-
sented in the next part. Then, the results including electronic

and phonon properties as well as the superconductivity
mechanism based on electron-phonon interactions (EPIs) are
discussed. Finally, the conclusions are drawn. Understanding
the superconductivity mechanism can open a path for improv-
ing the superconductivity properties in these materials.

II. METHODS AND TECHNICALITIES

To include EPIs in the framework of DFT, the Kohn-Sham
potential VSCF (r, τ ) is expanded in terms of nuclei displace-
ment u (in one direction for simplicity) as

VSCF (r; τ ) = VSCF (r; τ0) + ∂VSCF

∂τ
u + 1

2

∂2VSCF

∂2τ
u2 + ...,

(1)
where r and τ are the position of electrons and ions, respec-
tively, and τ0 marks the equilibrium structure. The first term
denotes the Kohn-Sham potential for the clamped nucleus,
and the higher-order derivative terms are indicative of per-
turbed Hamiltonian leading to EPIs.

Following this, a variation of Kohn-Sham potential intro-
duces the electron-phonon matrix elements [gmnv (k, q)] as
[25]

gmnv (k, q) = 〈umk+q|�qvVSCF |unk〉occ., (2)

where unk and umk+q are lattice-periodic parts of the Bloch
wave function characterized by the crystal momenta k and
k + q in the bands n and m, respectively. The Fourier trans-
formation of the perturbed Kohn-Sham potential (�qvVSCF )
can be expressed as [25]

�qvVSCF =
∑
καp

e−iq·(r−Rp)

√
h̄

2Mκωqv

ekα, v (q)
∂VSCF (r)

∂τκαp
,

(3)
where κ numbers the ions in the unit cell, α is the Cartesian
direction, q is the phonon wave vector, p the index of unit cell
located at the lattice vector Rp, Mκ the mass of the nucleus
κ , h̄ the reduced Planck constant, ωqv the phonon frequency
at momentum q and band index v, and eκα, v (q) is the phonon
polarization. Using the DFPT technique, the variation of VSCF

in Eq. (3) can be attained iteratively. Having electron-phonon
matrix elements through Eq. (2), the properties of supercon-
ductivity can be determined.

The first property is the electron-phonon coupling constant
(λ), which describes the strength of EPIs in the metallic mate-
rials that is written as [25]

λ = NF

〈〈 ∑
v

|gmnv (k, q)|2
h̄ωqv

〉〉
FS

, (4)

where NF is the number of electrons at the Fermi surface
and 〈〈. . .〉〉FS is the average over all possible combinations
with εnk and εmk+q on the Fermi surface. The quantity λ is
dimensionless and typically ranges between 0 and 2 [25].

In Bardeen-Cooper-Schrieffer (BCS) theory, TC is pro-
portional to exp(−1/λ). This quantity can be estimated
semiempirically, using, e.g., the McMillan formula [26], later
refined by Allen and Dynes [27], leading to an expression

TC = ωlog

1.2
exp

(
− 1.04(1 + λ)

λ − μc
∗(1 + 0.62λ)

)
, (5)
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FIG. 1. The overal view of primitive unit cells for (a) c-TiO, (b) m-TiO, (c) Ti2O3-HT, (d) γ -Ti3O5, (e) Ti4O7, and (f) Ti5O9.

in which ωlog is a logarithmic average of the phonon fre-
quency, and μc

∗ is the Coulomb pseudopotential which can
be typically set between 0.1 and 0.2 [25].

In many applications, the Eliashberg spectral function
α2F (ω) is introduced to count the electron-phonon scattering
from states with given energy εnk into states with εmk+q, irre-
spective of their momenta. This function can be defined as a
product of an effective electron-phonon coupling and phonon
density of states. Hence, this function gives the coupling be-
tween an initial state and all the other states on the Fermi
surface differing energetically from the initial state by phonon
energy [25]:

α2F (ω) = 1

NF

∑
mnv, kq

|gmnv (k, q)|2δ(εnk)δ(εmk+q)

× δ(ω − ωqv ). (6)

The Eliashberg spectral function is dimensionless, as is the
electron-phonon coupling constant. Using isotropic approx-
imation, one can express λ and ωlog in terms of Eliashberg
spectral function as follows [28]:

λ = 2
∫ ω

0

α2F (ω)

ω
dω, (7)

ωlog = 2
∫ ω

0

α2F (ω)

ω
lnω dω. (8)

The calculations were performed in the framework of
DFPT using the QUANTUM ESPRESSO package [29] with plane-
wave basis set. The ultrasoft pseudopotentials included 3s,
3p, 3d , and 4s states as valence ones for Ti and 2s, and
2p as valence ones for O. Exchange correlation was treated
within the generalized gradient approximation (GGA) with
the parametrization by Perdew-Burke-Ernzerhof [30]. The
cutoff kinetic energy for the plane-wave expansion [veri-
fied by convergence tests for the forces to be stable within
10–5(Ry/a.u.)] was chosen at 45, 42, 58, 60, and 60 Ry for
TiO, Ti2O3, γ -Ti3O5, Ti4O7, and Ti5O9, respectively. The
Brillouin-zone (BZ) integration was performed using 6 × 6 ×
6 k-space divisions within the Monkhorst-Pack scheme [31].
To calculate the dynamical matrix, the BZ was sampled with a
3 × 3 × 3 q-point grid. It was found that these samplings us-
ing a Gaussian smearing of 0.05 Ry of delta functions entering

in Eq. (6) provide a proper convergence of electron-phonon
matrix elements. The results of convergence tests for one of
the proposed materials, taken as a typical example, are pre-
sented in Appendix A. Prior to such calculation, the geometry
optimization was always performed, whereby the coordinates
of the atoms were relaxed until the Hellman-Feynman forces
were less than 10–5 (Ry/a.u.).

III. RESULTS AND DISCUSSION

A. Structural and electronic properties

Figure 1 shows primitive unit cells of TinO2n−1 (n = 1–5).
Cubic TiO, as already discussed, possesses ∼15% disordered
vacancies in both titanium and oxygen sites. In our previous
work [10], it was acknowledged that the pure cubic TiO
shows dynamical instability. As a simplest way to remedy
this instability while maintaining the cubic symmetry, we
allowed ordered vacancies at 1/8 sites of both Ti and O
sublattices, creating hence a 2 × 2 × 2 supercell, the Ti and
O vacancies being logically at maximal possible separation.
This cubic Ti0.875O0.875 structure is referred to as c-TiO in the
present work. The conventional unit cell of the monoclinic
TiO, labeled as m-TiO, nominally presents 12 titanium and
12 oxygen sites, of which two of each species are vacant
[9]. Ti2O3-LT is isostructural with Al2O3, with approximate
hexagonal close packing of the oxygen and titanium in two-
thirds of the octahedral sites [32]. In the present work, we
focus on physical properties of Ti2O3-HT in which the su-
perconductivity has been observed. The electronic, phonon,
and electron-phonon properties of Ti2O3-LT are provided in
Appendix B. γ -Ti3O5 stands for a monoclinic structure pro-
posed to be metastable at room temperature, found only in the
form of nanocrystals [33]. Ti4O7, the first member of Magnéli
phase, is triclinic and contains two formula units per unit
cell. The Ti4O7 structure consists of rutilelike slabs of TiO6

octahedra extending infinitely in two dimensions, being four
octahedra thick in the third direction. As mentioned already,
this structure contains LT, IT, and HT phases in which the
lattice parameters and the atomic positions were provided by
Marezio et al. experimentally [19]. In the present work, the
HT phase was used in which Ti4O7 is metallic. The second
member of Magnéli phase, characterized by Andersson [34],
is Ti5O9 with triclinic symmetry whose unit cell contains two
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TABLE I. Optimized crystallographic data, including lattice parameters a, b, c; lattice angle α◦, β◦, γ ◦, and equilibrium volume V . The
calculations correspond to zero pressure and temperature.

Structure a (Å) b (Å) c (Å) α◦ β◦ γ ◦ V (Å3) Error (%)

c-TiO 4.27 90 77.85 6.60
Expt. [8] 4.18 90 73.03

m-TiO 5.84 9.31 4.16 107° 36´ 215.98 0.01
Expt. [9] 5.85 9.34 4.14 107° 32´ 215.94

Ti2O3-LT 5.49 55° 07´ 103.95 1.04
Expt. [36] 5.43 56° 00´ 102.88

Ti2O3-HT 5.16 146° 82´ 134° 63´ 57° 34´ 53.25 −8.60
Expt. [3] 5.37 149° 69´ 131° 40´ 58° 34´ 58.30

γ -Ti3O5 5.05 5.05 7.80 111° 38´ 111° 38´ 74° 60´ 170.76 −0.05
Expt. [4] 5.65 5.65 7.18 109° 58´ 109° 58´ 53° 28´ 170.85

Ti4O7 5.62 6.94 7.16 64° 21´ 71° 05´ 75° 03´ 236.22 1.51
Expt. [19] 5.59 6.91 7.13 64° 09´ 71° 12´ 75° 47´ 232.69

Ti5O9 5.60 7.16 8.94 97.64 112.56 108° 72´ 300.66 1.80
Expt. [34] 5.56 7.12 8.86 97.55 112.34 108° 50´ 295.32

Ti5O9 formula units. This structure is the same as Ti4O7,
except that the thickness in the third dimension consists of
five TiO6 octahedra.

Table I shows optimized structure parameters of titanium
suboxides. One sees that the error in the volume as compared
to the experiment is less than 2%, with the exception of
two structures. An elevated deviation in cases of c-TiO and
Ti2O3-HT can be attributed to the “uncontrollable presence”
of vacancies in genuine c-TiO and to the extension of Ti2O3

from TiO1.49 to TiO1.51 [35]. Overall, one can be satisfied with
the performance of GGA in what concerns the description of
structural parameters in these materials.

The electronic band structures of TinO2n−1 (n = 1–5) are
presented in Fig. 2. The labeling of high-symmetry points
over the respective BZ follows Setyawan et al. [37]. Some
bands cross the Fermi level, indicating the metallic behavior
of these compounds. The presence of extremely steep bands,
i.e., highly mobile electrons, along with extremely flat bands,
i.e., confined conduction electrons around Fermi energy (EF)
in these structures, can enhance electron pairing and affect the
superconductivity. For c-TiO, one sees low-dispersive bands
near EF along the -L-U and W-L-K directions, which in-
crease the density of states at EF.

Moreover, along the -X-W direction, the electronic dis-
persion of bands which cross the Fermi level is strong. The
strong dispersion can also be recognized by mode-resolved
electron-phonon coupling. Thus, it can be expected that the
electron-phonon coupling is high in these regions. In m-TiO,
the degeneracies of “sensitive” bands in  are lifted, in con-
trast to the situation in highly symmetric. In Ti2O3-HT, the
dispersion of bands crossing the Fermi level is extremely
steep. However, a low-dispersive band that can be traced in the
Z- direction contributes to enhancing the number of electron
states around the Fermi level. This might add to the creation
of Cooper pairs provided that the electron-phonon interaction
is considerable. Weakly dispersive bands near the Fermi level
are also observed along the Y -X1 direction in case of γ -Ti3O5.
For Ti4O7 and Ti5O9, the bands are also rather flat near the

Fermi level, however, crossing EF. The electronic densities
of states (DOS) of TinO2n−1 are displayed in Fig. 3. For all
titanium suboxides, the electronic DOS reveals that energy
range between −3 and −8 eV is mostly populated by O-2p
orbitals forming the valence bands, whereas the conduction
bands are mainly coming from the Ti-3d states. Moreover,
an energy interval (p−d gap) with the order of ∼2 eV below
the Fermi level occurs between O-2p and Ti-3d bands in all
titanium suboxides. In fact, the strong interaction between
these orbitals will imply large splitting. The results of cal-
culated DOS for TinO2n−1 (n = 1–5) are generally consistent
with those reported in Refs. [38–43]. It is also interesting to
note that in those titanium suboxides which exhibit higher TC

(c-TiO, Ti2O3-HT, γ -Ti3O5), the Fermi level is situated on
the peaks of electronic DOS whereas for the others (m-TiO,
Ti4O7, and Ti5O9), it is in the pseudogap.

The Fermi surface for TinO2n−1 (n = 1–5) family is dis-
played in Fig. 4. Each column displays the 3D Fermi surface
corresponding to a band (labeled 1, 2, or 3 in Fig. 2) crossing
the Fermi level. For c-TiO, the Fermi surface is composed of
two different sheets. One of them forms hole pockets around
X points whereas the other is a complex sheet formed of
electron and hole pockets extended over the entire BZ. For
m-TiO, there are three sheets forming the hole pockets around
M points, and two elliptical electron pockets extended along
the -L direction and L points. For Ti2O3-HT, there are three
different inhomogeneous sheets leading to the hole pockets
around T points, electron pockets in X and X1 points, and the
cuplike electron pockets along the X1-Z direction. The Fermi
surface of γ -Ti3O5 is composed of small hole pockets in the Z
point, large connected sheets that are a mixture of electron and
hole pockets in L and Z points and the small electron pockets
in Y points. For the case of Ti4O7 and Ti5O9, having triclinic
symmetry, the Fermi surfaces include quite asymmetrical dis-
connected sheets. Ti4O7 is made up of holelike pockets mainly
located at L points and X-Y intersections. The other electron-
like sheets come from N-R intersections and corners of X
regions, and yet another one, cone-shaped, extends in the 
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(a) (b)

(c) (d)

(e) (f)

FIG. 2. Electronic band structures for (a) c-TiO, (b) m-TiO, (c) Ti2O3-HT, (d) γ -Ti3O5, (e) Ti4O7, and (f) Ti5O9. The dashed line indicates
the Fermi energy. The bands crossing the Fermi energy are represented with different colors and numbers.

to Y direction. Finally, for the case of Ti5O9 there is only
one sheet, a mixture of electron and hole pockets, which are
situated around R and N points. In consequence, the existence
of 3D different geometry for the electron and holelike sheets
in TinO2n−1 (n = 1–5) suggests that Fermi surface nesting
[44] is hardly possible. Thus, building up of charge-density
wave phase in TinO2n−1 superconductors seems unlikely [45].

B. Lattice-dynamical properties

Figure 5 shows phonon dispersion curves and phonon
densities of modes for TinO2n−1 (n = 1–5). The stability of

these structures is confirmed by the absence of any imaginary
frequency modes in the whole BZ.

Generally, it is obvious from the phonon dispersion curves
of titanium suboxides that the higher modes dominated by
oxygen vibrations come out relatively flat. These modes
can be identified as rigid-unit modes [46,47], in which TiO
octahedra move together as rigid units and thus do not dis-
tort the bonds connecting the atoms within the unit. For
instance, in m-TiO there are two isolated flat branches at
about 550 and 600 cm–1 corresponding to localized vibrations
along the (shortest) monoclinic b axis [48]. For the cases of
Ti4O7 and Ti5O9 with, respectively, 66 and 84 normal modes,
there are many optical flat branches ranging from ∼100 to
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FIG. 3. Electronic densities of states for (a) c-TiO, (b) m-TiO, (c) Ti2O3-HT, (d) γ -Ti3O5, (e) Ti4O7, and (f) Ti5O9. The dashed line
indicates the Fermi energy.

600 cm–1. The highest isolated low-dispersion branch (located
at 630–640 cm–1) in Ti5O9 shows the vibrations of oxygen
atoms both in plane and out of plane. These flat modes have
a relatively small phonon relaxation time and group veloc-
ity, which usually hints for good heat insulating properties.
In other words, the heat transport may “break down” when
passing through these atoms. Nevertheless, less dispersive
character of these branches implies high density of modes.
This can affect the electron-phonon coupling, improving the
superconducting properties of these compounds. Furthermore,
phonon gaps with different magnitudes is observed in the
TinO2n−1 family except for Ti2O3-HT. The gap originates

from the mass difference of Ti and O atoms, and its magnitude
may differ depending on the average Ti–O bond length. This
phonon gap is roughly located between ∼300 and 400 cm–1

for c-TiO and m-TiO phases. Another phonon gap is also
observed in the range of 550–600 cm–1 for the case of m-TiO,
being located between two flat single modes. γ -Ti3O5 and
Ti4O7 reveal quite narrow gaps placed at ∼500 and 580 cm–1,
respectively. Yet another phonon gap appears in Ti5O9 in the
frequency range ∼610–630 cm–1. In addition, from phonon-
projected DOS of TinO2n−1 (n = 1–5) it can be found out that
the lower frequencies have stronger contribution of Ti whereas
the higher frequencies are related to O atoms. As one moves
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FIG. 4. The Fermi surface of (a) c-TiO, (b) m-TiO, (c) Ti2O3-HT, (d) γ -Ti3O5, (e) Ti4O7, and (f) Ti5O9. Each column corresponds to a
band crossing the Fermi energy (numbered 1, 2, 3 in Fig. 2).

on from TiO to Ti5O9, the phonon couplings between Ti and
O atoms get increased. The compounds with just few atoms
per unit cell (c-TiO, m-TiO, Ti2O3-HT) are more “ordered”
and their phonon DOS are more structured (revealing sharp
peaks). However, this characteristic does not hold for the other
ones. This might be merely an effect of “disordering” in the
sense that there are more nonequivalent atom positions/bonds
in these large unit-cell structures, corresponding to the wide
and continuous peaks extended in the whole frequency ranges
of phonon DOS. What is more, there is no band gap be-
tween acoustic and optical modes for all these structures.
This suggests that the scattering of acoustic modes carrying

heat can easily exchange phonon energy with optical modes
(phonon-phonon interaction), thus resulting in low thermal
conductivity in these compounds.

More explicitly, there are 14 atoms (7 Ti and 7 O) per unit
cell for c-TiO, resulting in 42 independent normal modes. An
outstanding softening is observed in LA mode along the -L
direction; see Fig. 5(a). Higher degeneracy of optical modes
in the  point of c-TiO as compared to the other compounds
reveals the higher symmetry of this structure.

The m-TiO includes 10 atoms (5 Ti and 5 O) in its unit
cell, resulting in 30 normal modes. The acoustic modes of
m-TiO [Fig. 5(b)] are more dispersed (up to ∼200 cm–1) com-
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FIG. 5. The phonon dispersion curves and the corresponding phonon densities of states (resolved into Ti and O contributions) for (a) c-TiO,
(b) m-TiO, (c) Ti2O3-HT, (d) γ -Ti3O5, (e) Ti4O7, and (f) Ti5O9.

pared to those of c-TiO, indicating stronger force constants.
Higher stability of m-TiO versus c-TiO at low temperatures
(less than ∼350 K) was also confirmed by calculating the
free energy in our previous work [10]. In addition, the trans-
verse acoustic (TA) modes of m-TiO are nondegenerate in
all directions owing to its low symmetry. Moreover, m-TiO
phonon dispersion curves [Fig. 5(b)] show a dip in acoustic
branch along the I1-Z-F1 direction. In the Z point, Ti and O
atoms vibrate in the same direction in the basal plane, while
moving into F1 point; Ti atoms have out-of-plane vibrations
in counter phase. Ti2O3-HT has 5 atoms (2 Ti and 3 O) in
its unit cell, yielding 15 normal modes. The corresponding
phonon dispersion curves [Fig. 5(c)] make gapless manifold,
differently from corundum-type Ti2O3-LT, whose physical
properties are discussed in Appendix B. In Ti2O3-HT, the TA
phonon frequencies at S and R points are higher than those of
the T point. The former points are placed in the basal plane
of BZ, whereas the latter one is out of this plane. Hence, it is

expected that the phonon interaction is stronger in the basal
plane that may lead to an anisotropic thermal conductivity.
γ -Ti3O5, including 48 phonon branches, demonstrates a dip
in the Z point of the phonon dispersion curves [Fig. 5(d)]
similar to m-TiO. Both γ -Ti3O5 and m-TiO have the same
symmetry group. A similar dip was also observed in the case
of body-centered cubic metals by Savrasov et al. [49]. They
have attributed this behavior to the intervention of the exp(i q
·R) term and summing over lattice vectors R in the dynamical
matrix. Furthermore, the noticeably flat bands extend also in
the Y -X1 direction.

C. Superconducting properties

Titanium suboxides TinO2n−1 (n = 1–4) have been ex-
perimentally reported to be superconductors with TC in the
range of 1–8 K. Table II shows calculated results of electron-
phonon properties of these materials. No experimental data
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TABLE II. The calculated number of electrons averaged at Fermi surface N (EF ), the electron-phonon coupling constant of titanium (λTi),
oxygen (λO) and their corresponding percentage contribution (%), total (λeff ), isotope effect exponent (α), the logarithmically averaged phonon
frequency (ωlog), and superconductivity transition temperature (Tc). These parameters are set using μeff

∗ = 0.16.

N (EF ) TC (K)

Structure (States/eV) λTi λO λeff α ωlog (K ) This work Expt.

c-TiO 55.53 0.68 0.10 0.78 0.40 271.7 7.4 1.0 [7], 5.5 [12], 7.4 [1]
(87.36%) (12.64%)

m-TiO 35.41 0.47 0.10 0.57 0.27 335.5 2.8 1.0 [7], 2.3 [2]
(82.45%) (17.55%)

Ti2O3-LT 11.98 0.09 0.08 0.17 −364.20 437.5 0.0 Nonsuperconductor [3]
(52.94%) (47.06%)

Ti2O3-HT 15.90 0.78 0.22 1.00 0.42 266.3 13.6 8.0 [3]
(78.00%) (22.00%)

γ -Ti3O5 51.10 0.46 0.29 0.75 0.37 328.3 8.0 7.1 [4]
(61.33%) (38.67%)

Ti4O7 67.00 0.33 0.24 0.57 0.27 361.2 3.0 3.1 [4]
(57.89%) (42.11%)

Ti5O9 73.17 0.37 0.23 0.60 0.29 310.2 3.5 Not found
(61.66%) (38.44%)

were found for Ti5O9. So, our results serve as a prediction.
For other compounds, the estimated TC values are in good
agreement with the experimental data. Therefore, it can be
concluded that the presumed electron-phonon mechanism can
indeed be responsible for superconductivity. The TinO2n−1

(n = 1–5) materials reveal the electron-phonon coupling con-
stant of less than 1. This suggests that they can be classified
into intermediate regime. As the starting point to evaluate
TC, the semiempirical McMillan formula was used. As was
mentioned earlier, the only uncertainty in the McMillan for-
mula is the screened Coulomb pseudopotential (μc

∗), which
is suggested to be 0.13 for transition metals [50].

Having set μc
∗ = 0.13, we obtain TC equal to 9.6, 4.5, 0.3,

16.9, 9.3, and 4.9 K for c-TiO, m-TiO, Ti2O3-LT, Ti2O3-HT,
γ -Ti3O5, and Ti4O7 phases, respectively. Almost all these
results are higher than the experimental values. One can note
that these materials were reported to exhibit a paramagnetic
phase in their metallic state [21,51,52]. Therefore, to have a
better estimation of TC for these structures, we considered a
paramagnetic spin fluctuation (SF) within a phonon-mediated
model. Our spin-polarized calculations showed a low magne-
tization ranging from 0.1 to 0.25 μB/Ti for these materials.
The low magnetization of 0.23 μB/Ti obtained for Ti4O7 is
consistent with paramagnetic phase of Ti4O7 calculated by
Weissmann et al. [42]. These authors argue that the low value
of magnetic moment (0.2 μB/Ti) and the presence of sev-
eral quasidegenerate magnetic solutions would make Ti4O7

behave as a paramagnet due to temperature disorder. There-
fore, taking into account the SF paramagnon superconductors,
the McMillan formula can still be used and renormalized
to [53]

Tc = ωlog

1.2
exp

(
− 1.04 (1 + λeff )

λeff − μeff
∗ (1 + 0.62 λeff )

)
, (9)

where λeff = λ/(1 + λSF ) (λSF denotes SF coupling constant)
and μeff

∗ = (μc
∗ + λSF )/(1 + λSF ) are effective electron-

phonon coupling constant and the screened Coulomb pseu-
dopotential, respectively. To enforce better agreement be-

tween our results and the experimental observations, we
adjusted μeff

∗ to be 0.16 using μc
∗ = 0.13 with λSF equal

to 0.035. Intuitively, it implies that electron SF effect cannot
coexist with electron-phonon coupling which may result in
weakening the Cooper pairs in these structures. From Ta-
ble II, it turns out that Ti atoms contribute more than O
atoms in electron-phonon coupling. The higher TC for c-TiO
compared to m-TiO can be traced down to larger N (EF ) and
λeff of the former. According to Table II, the nonsuperconduct-
ing behavior was obtained for Ti2O3-LT, which agrees well
with the experiment. In fact, the electron-phonon coupling
is weak in Ti2O3-LT compared to the other compounds. In
contrast, Ti2O3-HT shows an experimental value of TC of
about 8 K. However, our calculations predicted TC ∼ 13.6 K,
which largely overestimates the experiment. We suggest that
this discrepancy may arise from the defect sites in this struc-
ture. To investigate this, a 2 × 2 × 2 supercell containing one
oxygen vacancy atom was created. It resulted in a decrease
of TC by approximately 3 K. The details of calculation are
provided in Appendix C. Comparing m-TiO, Ti4O7, and Ti5O9

with the other compounds shows that their coupling constants
are rather weak. Hence, the possibility of having a high TC is
meager.

Moreover, using Eq. (14) in Ref. [54], isotope effect
exponent (α) amounts to less than 0.5 for all these super-
conductors. For most of the monoatomic nontransition metals,
the isotropic effect exponent is close to 0.5. Many other sys-
tems, on the other hand, deviate from this value. In particular,
transition metals and alloys display values that are smaller
than or equal to 0.5 [55]. Assuming that the electron-electron
pairing interaction is mediated by phonons and neglecting
the Coulomb repulsion between electrons, the BCS theory
predicts the isotropic coefficient 0.5 or close to 0.5 for a
monoatomic system. Therefore, the deviation is observed
from BSC theory by considering the Coulomb repulsion. Such
small value suggests that these materials are indeed con-
ventional superconductors. In addition, the small value of α

correlates with the low TC in these compounds. For the case of
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FIG. 6. The Eliashberg spectral function and electron-phonon coupling cosntant in Eqs. (6) and (7), respectively, for (a) c-TiO, (b) m-TiO,
(c) Ti2O3-HT, (d) γ -Ti3O5, (e) Ti4O7, and (f) Ti5O9.

Ti2O3-LT having a large and negative value of α (also called
inverse isotope exponent), the consequence is that TC should
not exceed ∼1 K [55].

Figure 6 depicts the corresponding α2F (ω) for TinO2n−1

(n = 1–5) family. For the case of c-TiO, the number of promi-
nent peaks observed in the low-frequency region (frequencies
<300 cm–1) is larger than those in the high-frequency region
(frequencies >350 cm–1). These peaks are mainly coming
from Ti atom vibrations shown in the phonon projected DOS
[Fig. 5(a)]. In m-TiO, there is an outstanding peak in 200 cm–1

mostly due to the Ti optical modes, which provides the ma-
jor contribution in the electron-phonon coupling. Turning to
Ti2O3-HT and γ -Ti3O5, we find that the contribution of the
peaks is related to regions in which Ti atoms play an important

role in the vibrations. The Eliashberg spectral function for
Ti4O7 and Ti5O9 is composed of low-intensity peaks resulting
in a low electron-phonon coupling constant as compared to
c-TiO, Ti2O3-HT, and γ -Ti3O5 structures. This might be a
reason for the low TC in Ti4O7 and Ti5O9 phases. Moreover
(see Table II), at variance with the case of TiO and Ti2O3

in which the Ti vibrations dominate the coupling constant, in
Ti4O7 and Ti5O9, the contribution of O vibrations is compa-
rable with that of Ti vibrations. Due to the low symmetry of
Ti4O7 and Ti5O9, more nonequivalent O atoms have contri-
bution in the low-frequency regions of the phonon dispersion
curves [shown in Figs 5(e) and 5(f)] compared to the TiO and
Ti2O3 phases. Therefore, the denominator in Eq. (4) becomes
smaller and λO gets larger. This could be a reason why O
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FIG. 7. The experimental TC (K), number of Fermi electrons N (EF ), average phonon frequency ω(K ), electron-phonon coupling constant
λ, and the screened Coulomb pseudopotential μ as a function of pressure (GPa) (upper panels: c-TiO, lower panels: Ti4O7).

atoms have more contributions in the electron-phonon cou-
pling constant in Ti4O7 and Ti5O9 compared to TiO and Ti2O3

phases.

D. The influence of pressure on superconductivity

In this section, we offer some considerations reinforcing
the proposed electron-phonon mechanism in superconductiv-
ity of TinO2n−1 (n = 1–5). Recently, the influence of pressure
on TC of c-TiO [1] and Ti4O7 [24] has been experimentally
reported. The decrease of TC was observed by increasing
the pressure at the rate of ∼0.7 and 0.5 K/GPa for c-TiO
and Ti4O7, respectively. The similar trend follows from our
calculations for both structures. It should be noted that the
structures were relaxed in each pressure within the threshold
of 0.01 GPa. However, the decrease rate of TC was not the
same as in experiment. The mismatch could occur due to
fixing the parameter of μc

∗ independent of pressure. Logi-
cally, when the material is under positive or negative pressure,
the orbital interactions change. Hence, the electron-electron
Coulomb interaction should be altered. Therefore, it is needed
to adjust the parameter of μc

∗ in the presence of pressure. By
tuning this parameter, the decrease rate of TC could be made
more consistent with experiment.

Figure 7 illustrates the behavior of TC and superconducting
quantities versus pressure for both c-TiO and Ti4O7 phases.
The experimental behavior of TC with respect to pressure
seems almost linear for both structures. The relevant super-
conducting parameters in conventional superconductors are
linked in a relation known as the McMillan-Hopfield parame-
ter defined as λeff = NF 〈I2〉

M〈ω2〉 , where 〈I2〉 is the electron-phonon
matrix element averaged over the Fermi sea [56]. The denom-
inator arises from the lattice phonons, M is ion mass, and 〈ω2〉
is the average phonon frequency squared. As seen from Fig. 7,

N (EF ) is decreased by increasing the pressure. Moreover, the
average phonon frequency [as shown in Figs. 7(b) and 7(e)] is
increased but not monotonously. Consequently, it is expected
that λeff would decrease by increasing the pressure [Figs. 7(c)
and 7(f)], which may result in a decrease of TC. Meanwhile,
there is no well-defined behavior explaining the variation
of electron-phonon coupling constant (nonuniform decrease)
and the screened Coulomb pseudopotential (nonuniform in-
crease) versus pressure. This nonuniformity is observed for
electron-phonon coupling of hydrogen sulfide substituted with
different group VI- and V concentration for sulfur [57]. In
fact, the variation of TC with the pressure is a complex func-
tion of λ, μc

∗, and NF 〈I2〉, as is discussed in Appendix D. In
summary, the agreement between our results and the experi-
ment highlights that the electron-phonon interaction accounts
for the superconductivity mechanism in these structures.

IV. CONCLUSIONS

In the present work, the electronic and phonon
structures along with the electron-phonon interaction
were discussed for titanium suboxides c-TiO, m-TiO,
Ti2O3-LT, Ti2O3-HT, γ -Ti3O5, Ti4O7, and Ti5O9 on the
basis of density-functional (perturbation) calculations.
The electronic results revealed that these structures are
metallic with rather highly mobile electrons and extremely
flat bands around the Fermi level that seems to provide
prerequisites for superconductivity in these materials. The
phonon-mediated mechanism along with paramagnetic spin
fluctuation model was proposed to refine the electron-phonon
interaction picture in these materials. The proposed model
was able to predict the TC of TinO2n−1 (n = 1–4) in good
agreement with the corresponding experimental values.
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FIG. 8. The calculated number of electrons averaged at Fermi
surface N (EF ), the electron-phonon coupling constant λ, the loga-
rithmically averaged phonon frequency ωlog, and superconductivity
transition temperature TC at μeff

∗ = 0.16 as a function of the Gaus-
sian smearing width (δ), with k-point mesh of 4 × 4 × 4, 6 × 6 × 6,
and 8 × 8 × 8 and phonon q-point mesh of 2 × 2 × 2, 3 × 3 × 3, and
4 × 4 × 4 for c-TiO.

Low TC of these materials can be attributed to the low
value of electron-phonon coupling constant. The major
contribution to electron-phonon coupling constant of
TinO2n−1 (n = 1–4) comes from Ti atoms. By means of
this model, the TC ∼ 3.5 K was predicted for Ti5O9, a second
Magnéli phase of titanium suboxide family. Based on the
obtained results, titanium suboxides TinO2n−1 (n = 1–5)
can be classified as materials revealing a weak coupling
regime. Furthermore, this model can explain the variations
of experimental TC of c-TiO and Ti4O7 with respect
to pressure. By increasing the pressure, the number of
electrons in the Fermi level decreases and the average optical
phonon frequencies are shifted upwards, which results in
a decrease of electron-phonon coupling constant in these
structures.

TABLE III. The electron-phonon properties of the defected
Ti2O3-HT. These parameters are set using μeff

∗ = 0.16 for Ti2O3-HT
including one oxygen vacancy.

N (EF ) TC (K)

Structure (states/eV) λeff ωlog (K ) This work Expt.

Defected Ti2O3-HT 55.53 0.85 288.4 10.2 8.4 [1]
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APPENDIX A: ELECTRON-PHONON PROPERTIES:
CONVERGENCE CRITERIA

Figure 8 shows the calculated number of electrons av-
eraged at the Fermi surface N (EF ), the electron-phonon
coupling constant (λ), the logarithmically averaged phonon
frequency (ωlog), and the superconductivity transition temper-
ature (Tc) at μeff

∗ = 0.16 as a function of the Gaussian smear-
ing width δ in Eq. (6) (as a replacement of delta funtion) for
c-TiO as a typical example of titanium suboxides materials.
The calculations are performed in different electronic k mesh
and phonon q mesh to achieve almost a certain convergence.

As it can be seen, the convergence is almost achieved for
the electron-phonon properties in 6 × 6 × 6 and 3 × 3 × 3 k
and q mesh with Gaussian smearing parameter of 0.05 Ry.

APPENDIX B: ELECTRONIC, PHONON, AND
ELECTRON-PHONON PROPERTIES OF Ti2O3-LT

The electronic band structure and electronic DOS of
Ti2O3-LT are presented in Fig. 9. The results of electronic
DOS is in a good agreement with those by Andersson et al.
[58].

  

FIG. 9. The electronic and corresponding density of states for Ti2O3-LT.
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FIG. 10. (a) phonon dispersion and (b) Eliashberg spectral function for Ti2O3-LT.

The observation of flat and steep bands in Fermi level
can suggest this structure as a potential candidate for super-
condutivity, albeit, this property is not solely responsible for
superconductivity of the materials. The dynamical stability
and the Eliashberg spectral function are represented in Fig. 10.

As observed in Fig. 10(a), the lower-frequency region is
composed of Ti vibrations (less than 250 cm–1). In the inter-
mediate range of frequencies (280–400 cm–1), the coupling
between Ti and O modes is observed. The higher-frequency
region (over 450 cm–1) comes from O atom vibrations which
make dispersionless branches. The phonon gap is observed
at frequecy ranges ∼400–440 cm–1. Figure 10(b) shows that
higher frequencies contribute more to the electron-phonon
interactions by enhancing the denominator of Eq. (7), result-
ing in a very low electron-phonon coupling constant. This
fact prevents this structure from showing a supercondutivity
behavior, in contrast to Ti2O3-HT.

APPENDIX C: INFLUENCE OF OXYGEN
VACANY ON SUPERCODUCTING TRANSITION

TEMPRETURE OF Ti2O3-HT

To resolve the available inconsistency between our calcu-
lated and experimental data for TC in Ti2O3-HT, as depicted
in Table II, the presence of oxygen vacancy was considered in
the structure. As mentioned earlier, the Ti2O3 phase can per-
sist throughout TiO1.49 to TiO1.51 [35]. Therefore, a 2 × 2 × 2
supercell was created from this structure and one oxygen
atom was removed in a way as to keep the symmetry. The

phonon dispersion curve and the Eliashberg spectral function
are depicted in Fig. 11.

The defected Ti2O3-HT consists of 16 Ti and 23 O atoms in
the unit cell, yielding 117 modes, as shown in Fig. 11(a). The
phonon dispersion curve acknowleges the dynamical stability
of this structure. The electron-phonon properties of Ti2O3-HT
including one oxygen vacancy are shown in Table III.

According to Table III, the oxygen vacancy weakens
electron-phonon coupling constant [as displayed in Fig. 11(b)]
compared to that of pure Ti2O3-HT. This may result in lower
TC compared to the pure one, closer to the experimental value.
It should be noted that a better result may be obtained by
extending the supercell to include the proper oxygen vacancy
concentration.

APPENDIX D: THE INFLUENCE OF PRESSURE
ON SUPERCONDUCTING TEMPERATURE

The shift in TC under pressure is mainly caused by changes
in EF [or N (EF )] and volume (V ) (the electron-phonon inter-
action in the lattice), which can be expressed as a chain rule
of these quantities [59] :

dTC

dP
≈ ∂TC

∂EF

dEF

dP
+ ∂TC

∂V

dV

dP
. (D1)

Taking logarithm from both sides of the McMillan for-
mula in Eq. (5), using expressions such as bulk modulus,
B = −V ∂P

∂V , Grüneisen parameter, γ = − d lnω
d lnV , the mean

squared of electron-phonon matrix elements, η = NF 〈I2〉, and

FIG. 11. (a) The phonon dispersion curve and (b) the Eliashberg spectral function for Ti2O3-HT including oxygen vacancy.
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introducing these expressions into (D1), after a few tedious but straightforward manipulations one obtains

d lnTC

dP
≈ 1

B

{
γ +

[
1.04λ

λ − μc
∗(1 + 0.62λ)

− 1.04λ(1 + λ)(1 − 0.62λ)

[λ − μc
∗(1 + 0.62λ)]2

][
2γ + d ln η

d lnV

]}
. (D2)

The equation above holds, if μc
∗ is considered to be independent of the pressure.
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