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Controlling amplitude, phase, and polarization of electromagnetic (EM) waves is key for a full manipulation
of wave-matter interactions. The Brewster angle is one of the important features in this context. Here, we
exploit metamaterial concepts with a time-modulated permittivity to propose the temporal equivalent of the
spatial Brewster angle, a concept we call temporal analogue/equivalent of the Brewster angle. We consider
temporal boundaries (as the temporal equivalent of the spatial boundaries between two media) by rapidly
changing the permittivity of the medium where a wave travels from isotropic to an anisotropic permittivity
tensor. It is theoretically shown that, when the incidence angle coincides with that of the temporal analogue of the
Brewster angle, a forward (temporal transmission) wave is produced, while the backward (temporal reflection)
is eliminated. We provide a closed-form analytical expression of the temporal analogue of the Brewster angle
and demonstrate its performance both theoretically and numerically. Our findings may provide a fresh view on
how to control EM wave propagation and wave-matter interactions in real time using temporal metamaterials.
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I. INTRODUCTION

Manipulating electromagnetic (EM) waves to fully control
their propagation in terms of amplitude, phase, polarization,
etc. has been an active research topic for many years. One
of the simplest yet important discoveries in this context was
the study of polarization of light carried out by Brewster [1].
It was shown that obliquely incident unpolarized light can
be linearly polarized when encountering an interface between
two media of different refractive index. The angle at which
this phenomenon occurs is known as Brewster’s angle and
can be described by the Fresnel equations for transmission
and reflection of waves at the interface between two media.
In this realm, p-polarized light impinging into nonmagnetic
medium 2 from nonmagnetic medium 1 with an angle equal
to the Brewster angle can be transmitted (and refracted) into
medium 2 without suffering reflections at the interface be-
tween the two materials [2]. This phenomenon has had many
implications in fields such as optics, as it provided the sci-
entific community with a full physical understanding of how
light can be polarized and how such polarized light can be
manipulated.

Controlling wave-matter interaction with metamaterials
[and metasurfaces as the two-dimensional (2D) version] has
also become a prominent research field within the last few
years, as they provide an at-will tailoring of the EM response
(permittivity e, permeability ©) of media, enabling extreme
parameter values such as near-zero and negative refractive
index [3,4]. Metamaterials have been proposed for improved
applications [5—17] such as lenses and antennas [5—8], sensors

“Victor.Pacheco-Pena@newcastle.ac.uk
fengheta@ee.upenn.edu

2469-9950/2021/104(21)/214308(6)

214308-1

[9,10], tunable metamaterials [11,12], quantum technologies
[13,14], deep learning [15,16], computing [17], and even
more sophisticated approaches for polarization of waves by
exploiting the Brewster angle technique [18], to name a few.
This demonstrates numerous possibilities and opportunities
that metamaterials offer in multiple scenarios and spectral
ranges from microwaves, millimeters, up to the optical regime
[19-23]. While most metamaterial topics have been dealt with
in the time-harmonic scenario (frequency domain), recent
years have witnessed growing interest in spatiotemporal and
temporal metamaterials for controlling EM wave propagation
in four dimensions (space and time) [24]. The temporal modu-
lation of the EM properties of media was introduced in the last
century [25,26], considering a monochromatic wave traveling
in a spatially unbounded medium whose relative permittivity
was rapidly changed in time from an isotropic (&,1) to another
isotropic value (g,;; all values positive and >1) at a time
t =t (here, rapid means a rise/fall time much smaller than
the period T of the incident wave). In so doing, it was shown
how such a temporal boundary gives rise to forward (FW)
and backward (BW) waves (temporal equivalent of transmit-
ted and reflected waves at the spatial interface between two
media, respectively). This spatiotemporal modulation of the
EM properties of media has recently been exploited in exotic
applications such as Fresnel drag in spatiotemporal metama-
terials [27], nonreciprocity [28,29], effective medium theory
[30,31], antireflection temporal coatings [32], frequency con-
version [33], inverse prism [34], temporal meta-atoms [35,36],
holography [37], and temporal beam steering (temporal aim-
ing) using temporal anisotropic metamaterials [38].

Inspired by the exciting opportunities offered by spatiotem-
poral metamaterials and the importance of transmission of EM
waves without reflections, in this paper, we propose a concept
that we call temporal equivalent of the Brewster angle as the
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temporal analogue of the conventional spatial Brewster angle.
In our recent work [38], we have demonstrated theoretically
and numerically how the direction of energy propagation of
a p-polarized EM wave can be modified in time (while the
direction of the phase flow stays unchanged) when induc-
ing a temporal boundary via a rapid temporal change of the
permittivity of the medium &(¢) from an isotropic &, to an

anisotropic permittivity tensor €, = {&,2x, £,2;} (all relative
values are larger than unity). It is important to note that, here,
we consider the frequency of the p-polarized monochromatic
wave to be much smaller than any material resonance fre-
quency. With this assumption, materials can be considered
dispersionless (i.e., electric displacement vector D; can be

written as a simple multiplication (e, E ) before and (esz 2)
after the temporal boundary [39,40]). In this paper, we in-
troduce a concept in such isotropic-to-anisotropic temporal
variation of permittivity in which the FW wave occurs without
any BW wave for a special oblique incidence angle for the p-
polarized EM wave. It is shown how such an incidence angle
(61), which we call the temporal analogue/equivalent of the
Brewster angle (6,g), is determined and derived analytically
in terms of the parameters involved.

II. RESULTS AND DISCUSSION

Consider the conventional spatial scenario depicted in
Fig. 1(a). A monochromatic p-polarized EM wave travels in
medium 1 (g,;) toward medium 2 (g,,) with an incidence
angle 6; (we consider nonmagnetic materials having p, = 1).
Obviously, since there is an impedance mismatch between
the two media, transmitted and reflected waves are produced,
traveling in medium 2 and 1 with angles 6, and 6,, respec-
tively. It is well known that, if the incidence angle is selected
such that 6, + 6, = 90°, no reflected wave is produced for this
p-polarization, as it corresponds to the well-known Brewster
angle defined as tan(6;) = /¢,2/+/€51 [2] [see schematic rep-
resentation in Fig. 1(b)].

Let us now consider the temporal boundary shown in
Fig. 1(c), where a monochromatic p-polarized EM wave is
traveling in a spatially unbounded medium (for times ¢ < f;).
If a temporal boundary is induced at ¢ = #; via a rapid change
of ¢ from isotropic ¢, to another isotropic value ¢,; for the set
of FW and BW waves created at such a temporal boundary:
(i) the wave vector k is preserved, (ii) their frequency is
changed from f to f> such that f, = (\/e,1/4/€2) /1 [25,26],
and interestingly, (iii) they travel with the same angle as before
the temporal change £(¢) was induced (i.e., 6) = 6, = 615 =
02,5 with subscript S denoting the direction of energy or
Poynting vector S). These results are expected since a sense
of oblique incidence does not exist when considering a tem-
poral boundary, where ¢ is modified in time from isotropic to
isotropic in a spatially unbounded medium. Moreover, note
that such an isotropic-to-isotropic temporal boundary would
then be equivalent to the spatial boundary between two spa-
tially semi-infinite media under normal incidence, where the
transmitted and reflected waves will travel parallel and an-
tiparallel along the same axis as the incident wave. However,
one may ask: is there a way to eliminate the BW wave for
such a p-polarized EM wave using temporal metamaterials?
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FIG. 1. (a) Spatial and (c) temporal boundaries. (b) Conventional
(spatial) Brewster angle showing zero reflection for an obliquely
incident p-polarized monochromatic wave. (d) Temporal analogue
of the Brewster angle, considering a monochromatic p-polarized
wave traveling in a time-dependent medium. The permittivity of the
medium is changed in time from an isotropic &,; to anisotropic £
= [&,2x, €r2;] at t = 11. If 6, is correctly selected to be the temporal
analogue of the Brewster angle, the backward (BW) wave can be
eliminated.

To achieve this, different techniques can be applied such as
(i) inducing a temporal boundary by rapidly changing both &
and p from (&1, py1) to (&2, y2) such that the impedance is
preserved before and after the temporal change [33] or also (ii)
applying an antireflection temporal coating (as the temporal
analogue of the conventional antireflection coating such as
a quarter-wave impedance transformer), as we have recently
proposed [32]. The elimination of the BW wave has also
been recently proposed by using transmission lines with time-
dependent parameters [41]. However, what would happen if
we rapidly change in time the permittivity from isotropic (&,1)
to anisotropic (£, = {&2x, £2.})? The schematic represen-
tation of such scenario is shown in Fig. 1(d). As we have
shown in Ref. [38], such a temporal boundary also preserves
the wave vector k, but it affects the direction of the energy
flow (S) for both FW and BW waves, which is different from
the direction of the phase flow (i.e., k) of the monochro-
matic wave before the temporal change of permittivity, i.e.,
(01 = O1x.s = O) # (6 = 6y5). Note that such an isotropic-
to-anisotropic change of permittivity allows us to provide a
real sense of oblique incidence even when considering time-
modulated spatially unbounded media, an aspect that cannot
be achieved with isotropic-to-isotropic temporal boundaries,
as explained above. Such a change of the direction of energy
6,5 is a direct consequence of the change of amplitude of each
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FIG. 2. Normalized amplitude of the forward wave (FW; first column) and backward wave (BW; second column) as a function of the
incident angle 0, and (a) and (b) €,2, and (d) and (e) &,2,. The analytical values for the temporal analogue of the Brewster angle, Eq. (3), are
plotted in panels (b) and (e) as black dotted lines. (c) and (f) Normalized amplitude of the BW wave as a function of 6, and ¢,,, extracted from

the white dotted lines in (b) and (e), respectively.

component of the electric field (E, and E,) due to the new
anisotropic permittivity tensor €, = {&,2,, £,2;}, analytically
derived as 6,5 = tan™! [tan(@l)(?—zzi)] in Ref. [38]. Finally, the
normalized amplitude of the FW (%) and BW (EE—{) waves

after such an isotropic-to-anisotropic temporal modulation of
& can be expressed as follows [38]:

2 2
EZi _ 1 |:/J/r2yw2 =+ pwro :| érl SrZZkZZ + 8r2xk)% )

E, 2 Mr2y@2 EraxEraz/ k2 + k2 ’
with =& corresponding to the FW and BW waves, respectively,
wy = C\/[k,%/(ngz/fLrZy)] + [kzz/(Serl'LrZy)]a w] = 277f? ky =
—kcos(01), k, = ksin(0y), k = w1 /v1, v1 = ¢/ /ir1€1 and ¢
is the velocity of light in vacuum. Note that Eq. (1) considers
the case where the relative permeability of the medium is also
changed in time from p,; to fi,2,. We include this full expres-
sion here for completeness; however, as it is shown below, we

will consider only variations of the tensor 872 to account for
nonmagnetic media. From these expressions, one may observe
that, different from the case of the isotropic-to-isotropic tem-
poral boundary, the incident angle 8, of the monochromatic
p-polarized wave is a key parameter to consider when chang-
ing ¢ in time from isotropic to anisotropic. Now we ask: could
we exploit such an isotropic-to-anisotropic temporal boundary
to achieve a temporal equivalent of the Brewster angle? Would
it be possible to eliminate the BW wave for a certain incident
angle 6, (for ¢t < ;) of the monochromatic p-polarized EM
wave? To answer this question, in Eq. (1), we set the BW
wave amplitude to zero and insert w, into Eq. (1), arriving
at the following general expression:

cos291 + @ﬁsinzél =1. 2)

Erx Mrl

/’Lr2y Erl
Eraz Mr1

It is straightforward to notice that, if £,0, = &,0, = &2 (i€,
isotropic change) and p,2, # 1,1, Eq. ( [2]) is satisfied with

% = :—; , implying that the impedance of the medium before
. 2y

and after the temporal change of ¢ and u should be the same,
as mentioned before, to achieve elimination of the BW wave.
If we now consider the case of interest depicted in Fig. 1(d)
with a constant w, and an isotropic-to-anisotropic change of
€ (&r2; # €r2x» Mr2y = Mr1), WeE oObtain the following simple
expression:

3

0, =06,p = arcsin|: M]

(SrZZ - 8r2x)(8r1)

This simple but important closed-form expression de-
scribes our concept of the temporal analogue of the Brewster
angle (6,5). From Eq. (3), with A = %, one may ob-
serve the following special cases where the temporal analogue
of the Brewster angle does not exist: (I) for g,0, < €42, < &1
or &1 < &2; < &2xs /A becomes imaginary, (I) &,2, = €2«
corresponding to the isotropic-to-isotropic temporal bound-
ary, as depicted in Fig. 1(c), and if (IIl) &5, = &, or (IV)
&rx = &r1, A will become 0 or 1, respectively, meaning that
0; = 0° or 0; = 90°, respectively. Finally, (V) if A > 1, 6,
becomes imaginary, meaning that no temporal equivalent of
the Brewster angle can be achieved for propagating uniform
plane waves. Cases I and II are obvious as, in the former
scenario, the Brewster angle will be imaginary, while in the
latter, a single isotropic-to-isotropic change of & will not pro-
duce an elimination of the BW wave, as discussed before. As
expected, no BW wave is produced for cases III and IV since
there is no change of ¢ for the component of the electric field
that is present in the incident monochromatic wave (E, and
E,, respectively).

To further analyze the implications of Eq. (3), the analyt-
ical results of the amplitude of the FW and BW [calculated
using Eq. (1)] considering an isotropic-to-anisotropic change
of ¢ are shown in Fig. 2. Without loss of generality, here, two
cases are studied: ¢,; = 10, &5, = 1 with variable ¢,,, (first
row) and ¢,; = 10, &0, = 1 with variable &, (second row).
As observed in this figure, the amplitude of the BW wave
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is modified from a positive to a negative value depending
on &,, and incident angle 6;. The zero crossing (BW = 0)
corresponds to the temporal analogue of the Brewster angle
[the analytical values for 6,5 calculated from Eq. (3) are shown
as black dotted lines in Figs. 2(b) and 2(e) to guide the eye].
For completeness, the theoretical results of the amplitude of
the BW wave as a function of incidence angle for several cases
of ¢,,, and the amplitude of the BW wave as a function of ¢,,,
for several incident angles 6, are shown in Figs. 2(c) and 2(f),
respectively [extracted from the vertical and horizontal white
dashed lines in Figs. 2(b) and 2(e), respectively]. From these
results, it is clear how a zero amplitude of the BW wave can be
achieved by properly exploiting isotropic-to-anisotropic tem-
poral modulation of ¢ and carefully selecting 8; to be equal
to what we call the temporal analogue of the Brewster angle.
It is important to note that, unlike the spatial Brewster angle
where the energy of the transmitted wave is the same as the
energy of the incident wave (since we have no reflected wave),
the temporal version shown here will produce different energy
for the FW wave depending on the values of the permittivity
tensor &,,, as expected from Eq. (1) and shown in Fig. 2 due to
the induced temporal boundary at ¢ = ¢;. This is an expected
performance, as the total EM energy in temporal boundaries
is not the same before and after the rapid change of ¢ since it
requires an external action in the material [25]. In this context,
as shown in Eq. (1), the energy of the generated FW wave will
be different when changing the permittivity from isotropic &,
to different values of tensor 8?2. For instance, from Figs. 2(a)—
2(c), the FW wave has an amplitude of ~2 and ~1.67 when
&2, = 15 and 12.5, respectively, considering that the oblique
incidence angle coincides with their corresponding temporal
equivalent of the Brewster angle (6,5 = 10.8° and 6,5 = 8.4°,
respectively).

To demonstrate our temporal equivalent of the Brewster
angle approach, we analytically calculate the magnetic field
distribution (H,) for the scenario shown as blue solid line
in Fig. 2(c). We consider a monochromatic p-polarized wave
traveling in a spatially unbounded medium with a time-
dependent ¢ that is rapidly changed from isotropic ,; = 10 to
anisotropic efz = {g,0r = 1, &2, = 15} at t = ¢;. The analyti-
cal results for the incident (at a time ¢ = ¢;”) and both FW and
BW waves (atatimer = t1+ ) are shown in Figs. 3(a)-3(c) con-
sidering three different incident angles: 6; = 60°, ; = 15°,
and 0; = 6,5 = 10.8°, respectively. The Poynting vector (S)
is also shown in each panel as black arrows, demonstrat-
ing how k is preserved, while the direction of the energy
flow is modified when introducing an isotropic-to-anisotropic
temporal boundary (in agreement with our previous findings
[38]). Interestingly, note how the BW wave exists for incident
angles 0; = 60° and 15°, but it is eliminated when using the
temporal analogue of the Brewster angle as the incident angle
(61 = 6,3 = 10.8°). Animations showing the configurations
from Figs. 3(b) and 3(c) can be found in the Supplemental
Material [42].

To further corroborate the theoretical predictions, we nu-
merically study the cases shown in Figs. 3(b) and 3(c) using
the time-domain solver of the commercial software COM-
SOL MULTIPHYSICS® (following the setup from Ref. [38]) by
considering an obliquely incident monochromatic p-polarized

t=t1+

z/h

FIG. 3. Analytical results of the y-oriented magnetic field
distribution for the incident (first column, t=¢) and both
FW and BW waves (second and third columns, ¢ = tfr ) con-
sidering a p-polarized monochromatic wave traveling in a
medium whose ¢ is rapidly changed in time from ¢, = 10 to
€m = {&2: = 1, &2, = 15}. The incident angle is (a) 6; = 60°,
(b) 6, = 15°, and (c) 6, = 6,53 = 10.8°.

Gaussian beam. The numerical results for the out-of-plane
magnetic field distribution before and after the change of ¢
from isotropic to anisotropic are shown in Figs. 4(a) and 4(b)
for the same values of time-dependent ¢ as in Figs. 3(b) and
3(c), respectively, corroborating how the BW wave is elimi-
nated when 6; = 6.

Finally, it is important to note that, here, we have focused
our attention on the p polarization. However, what will happen
to an s-polarized wave? For the conventional spatial Brewster
angle in Fig. 1(b), it is known how the s polarization will
be reflected at the interface between the two nonmagnetic
media (x = 0). In the temporal version, different phenomena
may occur: since an s-polarized monochromatic wave has
only an out-of-plane component of the electric field (E,),
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FIG. 4. (a) and (b) Magnetic and (c) electric field distributions
for times t =1# (first column) and ¢ > t1+ (second column) of a
(a) and (b) p-polarized and (c) s-polarized Gaussian beam traveling
in a medium whose ¢ is rapidly changed in time from ¢,; = 10 to
€2 = {€,0 = 1, &, = 15}. The incidence angle is (a) 6, = 15° and
(b) and (c) 6; = 6,5 = 10.8°. Note that the source is switched off
at t = t;, and the color scale bar is chosen such that the H, field
distributions for times 7 > ;" have been saturated to clearly show and
better appreciate the influence of the induced temporal boundaries on
the backward (BW) wave.

its performance will be like that of an isotropic-to-isotropic
temporal change of ¢ [as shown in Fig. 1(c)], where incidence
angle is irrelevant for the unbounded medium (with no spatial
interface). Hence, an isotropic-to-anisotropic change of ¢ (in
the xz plane) will only change the direction of propagation
of the energy flow for a p-polarized wave. Additionally, if
one only changes the in-plane components of the permittivity
tensor 8?2 = {&,2x, &r2;}, N0 temporal boundary will be applied
to the s-polarized wave, meaning that the s-polarized FW and
BW waves will not be excited, i.e., the original incident wave
will continue its propagation without being perturbed by the
temporal change of ¢. For the s-polarized FW and BW waves
to exist, one needs to also change ¢,,,, as expected. For com-

pleteness, the numerical results of the out-of-plane electric
field distribution of an oblique s-polarized Gaussian beam at
different times are shown in Fig. 4(c) considering the same
change of ¢ as in Fig. 4(b). As observed, the Gaussian beam
does not change its direction of energy propagation (S), and
no BW wave is produced for this polarization (see the Supple-
mental Material [42] for an animation of this performance).
Finally, it is important to note that, here, we have consid-

ered only changes of the permittivity tensor &, = {€,2y, &r2;}.
However, the direction of energy propagation S for the s
polarization may be changed in a similar fashion as the p
polarization when considering a change of the permeability
tensor from an isotropic p,; to an anisotropic permeability

tensor /2 = {frar, Ur2;} (not shown).

A possible experiment to verify our proposed temporal
analogue of the Brewster angle concept could potentially
be envisioned at radio and microwave frequencies using
2D transmission lines loaded with parallel reactive elements
which can be tuned in time [43,44], using tunable metasur-
faces where unit cells could be tuned between different states
[45] and produce strong effective anisotropic responses or at
infrared and optical frequencies using optical cavities [46].
In this context, the temporal analogue of the Brewster angle
could in principle be measured as the incidence angle of the p-
polarized monochromatic wave that produces a zero BW wave
when measuring it at the new angle of the energy propagation
025.

III. CONCLUSIONS

In conclusion, we have shown, using analytical and numer-
ical approaches, how the temporal analogue of the Brewster
angle, which we have called the temporal analogue/equivalent
of the Brewster angle, can be achieved by considering a
p-polarized monochromatic wave traveling in a temporal
metamaterial whose permittivity is rapidly changed in time
from an isotropic to an anisotropic permittivity tensor. The
physics behind the temporal analogue of the Brewster angle
has been presented and discussed, and a closed-form the-
oretical expression has been derived. These findings have
been analytically and numerically studied, demonstrating how
the BW wave is eliminated when the incidence angle equals
the temporal analogue of the Brewster angle. The results
presented here can pave the way toward exciting ways of con-
trolling polarization of waves and wave-matter interactions,
not only in space, but also in time by exploiting temporal
boundaries in temporal and spatiotemporal metamaterials.
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