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Third-order polarizability of interlayer excitons in heterobilayers
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In this paper, we employ a fully microscopic approach to the study of interlayer excitons in heterobilayers. We
use Fowler’s and Karplus’” method to access the dynamical polarizability of noninteracting interlayer excitons in
a WSe,/WS,-based van der Waals heterostructure. Following from the calculation of the linear polarizability,
we consider Svendsen’s variational method to the calculation of the dynamic third-order polarizability. With this
variational method, we study both two-photon absorption and third-harmonic generation processes for interlayer
excitons in a WSe, /WS, heterobilayer, discussing the various selection rules of intraexcitonic energy level

transitions.
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I. INTRODUCTION

The advent of the study of two-dimensional layers with
atomic thickness has renewed the interest in transition-metal
dichalcogenides (TMDs) and their optical/optoelectronic
properties [1]. These materials, which have been studied in
their bulk form since the 1960’s [2,3], have been shown to be
good candidates for various optical and optoelectronic appli-
cations [4-7].

The optical response of these materials is dominated by
excitons [8], and optically bright exciton absorption peaks
have been shown to correspond to the excitation of states in
the ns series [9,10]. As for np-series excitons, these can be
controlled magnetically despite being optically dark in TMDs
[11]. The selection rules of excitons in TMDs for absorption
experiments have been recently thoroughly studied [12].

The linear dielectric response of TMDs consists of two
distinct regimes: the interband regime, where electrons from
the valence band are excited to the conduction band, leaving
being a hole [6,13]. The attractive electrostatic interaction
between this newly formed electron-hole pair leads to the
formation of a bound state (exciton), and its ns states are
optically active and can be observed in absorption measure-
ments [14]. The second regime, characterized by intraexciton
transitions, consists of the transition between the excitonic
ground state (1s) and the empty np states [15,16]. Each of
the 1s — np transitions [17-19] is characterized by a peak
in the dynamical polarizability which, in turn, determines the
dielectric response of the system in a pump-probe experiment
[20,21].

Interlayer excitons are formed when two monolayers are
brought together with type-II band alignment, where the
conduction band minimum and the valence band maximum
are located in different layers [22,23]. This allows the in-
tralayer electron-hole pairs to tunnel into interlayer excitons
(Fig. 1, left), which have a significantly longer lifetime due
to the small overlap of the individual electron and hole wave
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functions [24,25]. Additionally, interlayer excitons exhibit lu-
minescence at lower energies than their intralayer counterpart
[26] which, together with their lower binding energies, allows
for an easier identification of the specific species in question
in polarizability measurements [21]. Recently, Merkl et al.
[21] were able to observe the transition between interlayer and
intralayer excitonic phases in van der Waals heterostructures.
This observation was performed via the measurement of the
linear dielectric function of the excitons in a pump-probe
experiment (Fig. 1, right), observing a significant shift in
maximum of the optical conductivity.

The excitonic energy levels are known to depend on
whether the system is confined or not (for example, the
Rydberg series for the two-dimensional Hydrogen atom is
strongly affected by radial confinement [27]). Following
recent advancements in the fabrication of TMD-based
metamaterials with atomic precision [28,29], we focus
our attention on radially confined interlayer excitons in a
WSe, /WS, bilayer.

From studying the dynamic polarizability of the excitonic
states, the full dielectric response of the excited sample can be
extracted. This transition from polarizability to dielectric re-
sponse is one from the microscopic (individual exciton) to the
macroscopic (when many excitons form a low-density exciton
gas). The susceptibility of this exciton gas would be given, in a
simplified form, as xéﬁte‘ = NELU"‘, with Ny the exciton density
in the two-dimensional material, « the linear polarizability,
and € the vacuum dielectric constant. Separating the real and
imaginary part of the susceptibility, these can be experimen-
tally measured [20,21,30,31] and, therefore, would provide a
good comparison point for the results we obtain for the linear
polarizability.

The nonlinear polarizabilities of the hydrogen atom have
been thoroughly studied throughout the years [32,33], pro-
viding a good starting point for the study of these same
nonlinear processes in excitons. Recently, the nonlinear opti-
cal effects from intraexcitonic transitions have been the focus

©2021 American Physical Society
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FIG. 1. (Left) Interlayer exciton in a van der Waals heterostruc-
ture. (Right) Diagram of pump-probe experiments for observing np
(dark) excitonic states.

of many theoretical and experimental works. This has been
performed for several TMDs, including but not limited to
WSe, [34,35] and WS, [36,37], as well as hBN homostruc-
tures [38]. Through doping processes, the optical nonlinear
properties of TMDs can be tuned [39] which, along with
their large nonlinear optical coefficients [12], increases their
feasibility for practical applications [40] (e.g., as optical mod-
ulators).

We begin this paper by discussing the necessary modifi-
cations to the Rytova-Keldysh potential [41,42] when dealing
with interlayer excitons, followed by analyzing a harmonic
oscillator approximation to this potential which will moti-
vate the chosen variational wave function. After defining this
ansatz, we outline the complete set of basis functions we
will use to approximate the excited states of the exciton. The
necessary material-dependent set of parameters characteristic
of the specific van der Waals heterostructure in question will
also be discussed, obtaining the desired energy levels.

In Sec. IIl we outline Fowler’s and Karplus’ method
[43,44] to compute the dynamical polarizability of noninter-
acting excitons. We then apply this same method to interlayer
excitons in a WSe, /WS,-based van der Waals heterostructure,
comparing the obtained resonances against the transitions cal-
culated both numerically and variationally via a finite-basis
approach.

In Sec. IV, we turn to the nonlinear response of the ex-
citons [45,46]. We focus our discussion on the third-order
polarizability, first outlining a variational procedure based
on the ideas of both Karplus and Svendsen [43,47,48] for
the calculation of the intraexcitonic third-order polarizability.
This procedure was recently studied by Henriques et al., ap-
plied to the study of the two-photon absorption for excitons
in WSe, [49]. After outlining this variational method, we
look at the two-photon absorption for excitons in WSe, /WS,
discussing the various intraexcitonic transitions observed. Fi-
nally, we consider the third-harmonic generation, first with an
extremely small broadening as to clearly differentiate each
individual resonance, and afterwards with two much larger
broadenings as to ascertain the feasibility of experimental
detection of each peak. A diagrammatic representation of the
various transitions is also presented for both the two-photon
absorption and third-harmonic generation processes. We fin-
ish the paper with our closing remarks in Sec. V.

II. INTERLAYER RYTOVA-KELDYSH POTENTIAL

We begin this section by discussing the Hamiltonian in
which we focus our attention. This will lead to the discussion

of the necessary modifications to the Rytova-Keldysh poten-
tial when dealing with interlayer excitons. We define the basis
for our variational approach to the excitonic states (starting by
the np-series states for Sec. III and then the ns and nd series
for Sec. IV). We finish this section by comparing the various
variational energies for the excitonic ground state against the
result from numerical integration of the Schrodinger equation
in a log-grid [50-52] via the Numerov shooting method.

A. Model Hamiltonian in the dipole approximation

Let us now begin by considering the following Hamiltonian
(in atomic units, as will be used throughout this paper) in the
dipole approximation

H—Hy—r F() = _2iv2 LV —r-F@), (1)
0

where 1 is the reduced mass of the electron-hole system, V>
is the Laplacian operator (taken in polar coordinates through-
out this paper), V() is a potential energy term, and F(z) is
an external time-dependent field. This external field will be
initially ignored as to first outline the variational methods and
wave functions that will be used, and its action will be studied
in Secs. III and IV, when the methods to obtain both the linear
and the third-order dynamical polarizability are described,
respectively.

Considering this same electron-hole system in a van der
Waals (vdW) heterostructure, their potential energy is accu-
rately modeled by the Rytova-Keldysh potential [41,42]

Vi (r) = —1[Ho (Ki) - Yo<xi>], ®)
2}’0 ro ro

with « the mean dielectric constant of the media, ry an intrin-
sic parameter of the 2D material (interpretable as an in-plane
screening length), and Hy, Yy the Struve-H and Bessel-Y
(second kind) special functions of zeroth order, respectively.
The polarizability of intralayer excitons is discussed in detail
in Refs. [49,53].

When considering interlayer excitons, a minimum separa-
tion originating from the physical distance between the two
layers appears in the Rytova-Keldysh potential. The interlayer
modified Rytova-Keldysh potential then reads [54]

(<75

/72 2
-Y, ( K r_—i—d) ] , 3)
with d this interlayer separation distance.

Presenting the same Coulomb tail behavior as the Rytova-
Keldysh potential [Eq. (2)] at large distances, the finite
interlayer separation d eliminates the logarithmic divergence
at the origin. The absence of this divergence makes it so that
an inverse-exponential ansatz for the excitonic wave function
[55] is not the most adequate. This, together with the parabolic
nature of the interlayer modified Rytova-Keldysh potential
near r = 0, motivates the ansatz that will be obtained in the
following section.
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B. Gaussian-based ansatz

Ahead we introduce a Gaussian wave function to describe
the ground state of the interlayer 1s state analytically. In order
to motivate this choice, we show below that the potential
Eq. (3) can, indeed, be approximated by a parabolic potential
near r = 0.

In this regime, Eq. (3) can be expanded up to second order
inras

V)~ =Vy+yr, )

)
2}’() ro ro

WK H d Y d 5
V“W[ () -va()} o

Considering this potential, the Hamiltonian will be

h2
H:—Zfﬂ—%+yﬂ

where

For the harmonic oscillator it is well known [56-58] that
the 1s function is proportional to a Gaussian, that is, we have

U(n) e 2,

where n = puwr?/h and w = /2y /. As such, an ansatz
based on this solution is given by

¥(r) = Ce™ 5, ©)

where C is a normalization constant and 8 is a variational
parameter. As we are interested in studying interlayer excitons
confined to a finite radius, a multiplicative factor is added to
impose boundary conditions,

Yolr) = CeF (R — r), ™)

where R is the radius of the enclosure, considered R = 1200
throughout this paper (in atomic units). This radius is consid-
ered sufficiently large such that the variational wave functions
become zero significantly before the boundary is reached
(clearly seen in Fig. 2, where the wave functions are already
zero at around ~R/3).

Similarly to the ansatz defined by Pedersen in [55], we
modify Eq. (7) into a sum of two Gaussians, given by

Yo(r) = Cle™5 + be™F)R — r), ®)

which will the be ansatz of the excitonic ground state we will
consider throughout this paper. Additionally, a visual compar-
ison of Eq. (7) against Eq. (8), as well as the approximate wave
function obtained via the method described in Sec. IIC, is
present in Fig. 2. Clearly the ansatz (8) performs much better
than the ansatz (7).

C. Variational approach from boundary conditions

In certain conditions, namely for a small interlayer sepa-
ration d, the obtained eigenvalues from minimization of the
Hamiltonian

1
Hy = —2—V2 + Vi_rk (1) 9
m

1.0

— Double-Gaussian Ansatz
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FIG. 2. Radial profile of the double-Gaussian ansatz [Eq. (8)],
the Gaussian ansatz [Eq. (7)], and the finite-basis approximation
(Sec. I1 C) of the ground-state excitonic wave function.

with the ansatz from Eq. (8) are not significantly differ-
ent from those obtained from numerical integration (a small
difference is present for the present case in Table IT). Addition-
ally, obtaining higher energy states involves orthogonalization
against Eqgs. (7) or (8), followed by normalization, a process
whose complexity increases substantially when increasing the
number of excited states [59].

A different approach to obtaining variational solutions to
the Schrodinger equation with the interlayer modified Rytova-
Keldysh is by integrating the Hamiltonian matrix elements for
a complete basis whose elements obey the necessary boundary
conditions. Truncating this basis and diagonalizing the Hamil-
tonian matrix, we obtain a set of variational wave functions
that converge towards the real wave functions of the system as
the basis size increases.

Following Ref. [60], a basis of functions can be constructed
from the solutions of the circular infinite well, given by

_ Cn,l ily r
Ui ) = =iz (10)

where J;(x) is the Bessel function of the first kind of order /,
Zy.1 18 the nth zero of J;(z), and C,,; is a normalization constant

given by
c 2
= | 5m -
R2J|%‘+1 (Zn,l)

As both Vg (r) and V;_gk (r) are invariant under rotations, the
quantum number / is well defined. As such, we can integrate
the Hamiltonian and diagonalize it for a finite number of func-
tions with fixed /. Knowing this, we will start the discussion
by outlining the necessary material dependent parameters for
a WSe, /WS, van der Waals heterostructure.

D. Material dependent parameters in WSe, /WS,

To perform the necessary calculations and obtain the wave
functions and energy eigenvalues, we must substitute the
material-specific parameters characteristic of a WSe, /WS,
van der Waals (vdW) heterostructure [21]. The reduced mass
of interlayer excitons in this vdW heterostructure is . = 0.15
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TABLE I. In-plane, out-of-plane, and total relative permittivities
of WSe, and WS,.

WSez WSZ
€t 75 6.3
€ 13.36 11.75
€m) 10.01 8.604

and, as such, the effective Bohr radius will be ag ~ 0.581 A.
The thickness of each layer is considered dp = 5.7 A and the
gap distance is dgap = 1 A. As such, the effective interlayer
distance will be

deft = Sdmat + dgap + Sdma = 6.7 A. (11)

The permittivities for each material are given by

€my = +/ e(t)e(”n), (12)

where e(”n) and e(fl) are the in- and out-of-plane relative per-
mittivities of the material n. The numerical values of each
component of the relative permittivities in each material is
present in Table 1.

Knowing the permittivities in each material, the average
permittivity of the vdW heterostructure is

€Wse, T €ws,
Kmat = #

=9.31.

Regarding the screening length ry, this parameter can be
separated as a sum for each layer (as described in Ref. [54])
ro —> r(()l) + r(z),
where r(()") denotes the screening length for the layer n. The
screening length for each individual layer can be obtained as
(20]

2 I

w & —1 €n
vy = ——dy | —, 13
0 2€, € (13)

where d is the thickness of the layer. As the in- and out-of-
plane relative permittivities of the two materials are known,
the total screening length is

ro = 70.73 A.

Choosing a basis size of 120 and the same enclosure radius
asin Sec. II B (R = 1200), the ground-state energy eigenvalue
is (in both atomic units and meV)

E; o= —0.00143378 = —39.0152 meV.

A comparison against both variational ansatze [Egs. (7) and
(8)] and the numerical results from considering the shooting
method in a log-grid is given in Table II.

III. DYNAMICAL VARIATIONAL METHOD
FOR LINEAR POLARIZABILITY

In this section we will briefly outline Fowler’s and Karplus’
[43,44] method to compute the dynamical polarizability of
various systems. This discussion will be along the same lines
as in Ref. [53], serving as a quick outline of the procedure

TABLE II. Comparison of the different estimates for the
excitonic ground-state energy eigenvalue for a WSe,/WS, het-
erostructure. The interlayer distance is given in Eq. (11).

1s state
Finite basis —0.00143378
Shooting method —0.00144375
Double-Gaussian [Eq. (8)] —0.00142879
Gaussian [Eq. (7)] —0.00136314

as some results will be necessary further ahead. We apply
this method to calculate the linear polarizability of interlayer
excitons in a WSe, /WS, circular dot, comparing the obtained
peaks with the calculated 1s — np transitions.

Looking back to Eq. (1), we consider (without loss of
generality) the external field pointing along the —x direction.
Closely following the approach presented in Ref. [53], first
outlined by Fowler and Karplus [43,44], the time-dependent
Schrodinger equation reads

0
[(Ho + xF O]y (1)) =i§|¢(t)), (14)

where |1/ (¢)) describes the wave function of the system in the
presence of the electric field F. The dynamical polarizability
is defined as

a(w) = —(Yolxly") — (Yolxly) 15)

with ¥y the Gaussian ansatz of Eq. (8) and 1//1i the excited
p-series states, such that

E(w) = Ey — Ja(0)F>. (16)

As we are working on a finite disk of radius R, Bessel
functions of the first kind are an appropriate complete set of
functions to describe a problem in such a geometry, as defined
in Eq. (10). Using these functions as a basis, we write wli(r)
as

N
Yi(r) =cos@§cf11(m]’:r), (17)

where J;(z) is the Bessel function of the first kind of order
1, z1., is the nth zero of Ji(z), N is the number of Bessel
functions we choose to use, and {cff} are a set of coefficients
yet to be determined. As proposed in Refs. [43,61-63], the
values of {c*} are determined from the minimization of the
functional

e = / dr it (0)[Ho — Eo % holy i, (r)

+2/dr Yi, (X)r cos Oro(r). (18)

The discussion of the minimization of the J functional
and the computation of the ¢ coefficients is performed in
Appendix A.

The dynamical polarizability is then computed by substi-
tuting Eq. (17) into Eq. (15), together with the ¢ coefficients
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FIG. 3. Real (blue) and imaginary (red) parts of the normalized
polarizability for interlayer excitons in a WSe, /WS, heterostructure.
The vertical black lines represent the excitonic 1s — np transitions.

discussed in Appendix A, being written as

N
a(@)=—g, Y (¢S +¢;)

n=1

R
x /0 J (Z‘;’)rwov)rdr, (19)

where g, = 2 is the valley degeneracy. The w dependence on
the right hand side is present in the coefficients ¢ [more ex-
plicitly, this dependence is present in the M matrix Eq. (A10)
from the gf(a)) term, as defined in Eq. (A9)]. We remark
that choosing for the ground state wave function a variational
function allows us to write Eq. (19) exclusively in terms of an-
alytical functions. This considerably simplifies the numerical
minimization.

The polarizability for interlayer excitons in a WSe, /WS,
heterostructure is plotted in Fig. 3, normalized by its value
at the maximum for the excitonic 1s — 2p transition (with
Es-2p ~ 29.0576 meV) for easier visualization. Addition-

J

ally, a brief comparison of the linear polarizability for
interlayer and intralayer excitons is made in Appendix B.
Having outlined and obtained the linear polarizability in
Fig. 3, we now turn our attention to the third-order polarizabil-
ity of interlayer excitons in this same vdW heterostructure.

IV. SVENDSEN’S METHOD FOR THE THIRD-ORDER
POLARIZABILITY

Having outlined Fowler’s and Karplus’ method in Sec. III,
we will now consider a similar method for the third-order
polarizability, following the procedure delineated by Svend-
sen [47,48] and recently applied by Henriques er al. [49] to
intralayer excitons in TMDs.

Maintaining the definition for the ¢* coefficients given in
Eq. (A10), and following closely [43,48,49], we write the
functional

K = (E4p(wa, wp)|Hy — Ep + wq + wpl&gp(wa, wp))

+ (%-aﬁ(wav wb)ldﬁh/fa(wa)) + (wa(wu)|dﬂ|gaﬂ(wuv Cl)b))
(20)

where d is the dipole operator defined previously, Ey the
ground-state energy, Hy the unperturbed Hamiltonian [defined
in Eq. (9)] and |,) the basis obtained via the ¢* coefficients
and the Bessel functions Ji(z;,,) in Eq. (17). This functional
is then minimized with respect to |£.p4), defined analogously
to Eq. (17) as

+00 +00 p eil(;
Eapl(wa, wpy 1) = ;a,;ﬁ(a)a, wp)J] (Z ,n_) —>
8 b ;‘;::0 I, oM i\2n g —
@D

where we will focus our attention on the xx component of &.g.
The discussion of minimization of this /C functional, done in a
similar fashion as for the [ functional, is performed in depth
in Appendix C.

Having defined both ¢ and ¢ in Egs. (C9)—(C12),
respectively, the third-order susceptibility follows from
Ref. [49] (with w, = w| + @y + w3) as

3) . 1 T T XX X, X
Xaxox(— @5 01, 02, 03) = yfp =" ((—ws)) - [To - ¢ (—w2, —w3) + T - &5 (—w2, —w3)]

N . . R2

HIS - e(—wp)] x | 3 (=) en(@n2r [l | (22)
n=1

with P denoting the different permutations of the frequencies (—w,; @1, w2, w3), Ty, is defined in Eq. (C3), and S is the vector

in Eq. (A4). Having defined Eq. (22), we will now utilize it to compute two different regimes for the third-order polarizability of

interlayer excitons in WSe,; /WS,.

(

as we will with the third-harmonic generation. Similarly to
what was done in Fig. 3, we plot the real and imaginary parts
of the two-photon absorption third-order susceptibility for a
broadening small enough (0.05 meV) such that each individ-
ual peak can be clearly observed. This plot is visible in Fig. 4,

A. Two-photon absorption in WSe, /WS,

We will now compute the xxxx component of the
two-photon absorption third-order susceptibility, defined as
XA (@) = x8) (—w;, —w, ®). As the two-photon absorp-

tion was considered in [49], we will not discuss it as in depth
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FIG. 4. (Left) Real (blue) and imaginary (red) parts of the two-photon absorption third-order susceptibility (normalized by the peak value
for the 1 — 3d transition at ~17.5 meV) as a function of the incident photons’ energies for a broadening A = 0.05 meV and basis size
N = 120. The resonances correspond to 1s — ns transitions (black dashed lines) and to 1s — nd transitions (dark orange dashed lines). The
dominant 1s — 2p transition is at ~29.0576 meV, outside of the frequency range plotted in this figure. (Right) Diagrammatic representation of
the 1s — ns (blue arrows) and 1s — nd (red arrows) transitions. Topmost black line represents the resonance when fiw = E|,_,,,. We remark
that the red and blue arrows represent the selection rules of the system, that is, the only allowed transitions.

normalized by the peak value for the 1 — 3d transition at
~16.6 meV, along with a diagram representing the 1s — ns
and 1s — nd transitions.

B. Third-harmonic generation

To finalize this paper, we will now compute the xxxx
component of the third-order susceptibility third-harmonic
generation of interlayer excitons in WSe,/WS,, which is
defined as xH9(3w) = &) (—3w; w, , w). Following the
same approach as in Sec. IV A, we will begin by comput-

ing x1%(3w) for a small enough broadening such that each

o
0.4 N 2
Voo — Real Part
— 1 1 1
1 1 1 -
1%/ 0.2 i i i — Imaginary Part
IRt 1 1 1 [ | Il 1 1 [
z 5 ! R
Hg Lo A
M SRR
T 0.0
N
=
=
3
2 -0.2 |
Lo
o
—0.al R

L
3huw (meV)

80

resonance is clear. The left-hand side of Fig. 5 has been nor-
malized by the peak value for the resonance at 3fiw = E,_.2),
while the right-hand side features a diagram representing the
various transitions.

Spectral broadening as low as A ~ 2 meV (i.e., the broad-
ening that was considered for Fig. 3) can be achieved for low
temperature encapsulated systems [64]. Considering much
higher values of the broadening than in Fig. 5, namely A =
1 meV and A =2 meV, we recompute x(3w), obtaining
Fig. 6.

Although some 1s — np resonances are already appar-
ent at A =2 meV, namely at ~40 meV (ls — 5p) and

7s

T
R 1 7
[ [ R 7y s
by ee " 6d
L B 1 [ 5s
A
b e ; sd
R H—as
A 1 49
L T ¥ 33
Lo 25
[}

. Lo,
o o A |
vi o A |
[ [ R A
li o M 1
b o A
[} 1 [
v o
1o 1 [
L o

100 1s 1s

FIG. 5. (Left) Real (blue) and imaginary (red) parts of the third-harmonic generation third-order susceptibility (normalized by the peak
value for the 1 — 2p resonance at ~29.0576, meV) as a function of the incident photons’ energies for a broadening A = 0.05 meV and basis
size N = 120. The resonances correspond to 1s — np transitions (black dashed lines), 1s — ns transitions (green dashed lines), and 1s — nd
transitions (dark-orange dashed lines). The ~87.1727 meV resonance (black dot-dashed line) corresponds to the response at frequency 3%iw =
3E\s2p- (Right) Diagrammatic representation of the various transitions visible in the plot on the left-hand side. The colors of the arrows
represent the different transitions: 1s — np (black), 1s — ns (green), and 1s — nd (dark-orange), while the number of arrows represents the
frequency of the transition: 3 arrows for 3w = E;_ ¢, 2 arrows for 2/iw = E;_, ¢, and 1 arrow for /iw = E;_, ;. Again, as in Fig. 4, the arrows
represent the selection rules associated with the third-harmonic generation (THG) nonlinear process.
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FIG. 6. Real (left) and imaginary (right) parts of the normalized third-harmonic generation third-order susceptibility for different
broadening values: A =2 meV (solid lines) and 1 meV (dashed lines). The basis size is fixed at N = 120. The resonances correspond to
1s — np transitions (black dashed lines), 1s — ns transitions (green dashed lines) and 1s — nd transitions (dark orange dashed lines). The
~87.1727 meV resonance (black dot-dashed line) corresponds to the response at 3/iw» = 3Ej,_, ;).

~60 meV (ls — 8p), most 1s — ns and ls — nd transi-
tions only become clearly visible in the sub-meV regime. At
those broadenings, the most clear peaks are at 3Ziw & 50 meV
(Is — 3d) and at 37w =~ 56 meV (1s — 4s). The two reso-
nances at ~72 mev and ~75 mev are joined into one at A =
1 meV, although their presence is noticeable from comparison
with the adjacent 1s — np transition peaks.

The 1s — np resonance peaks occur for 3fiw = Eis_p,
while the 1s — ns and 1s — nd peaks are situated at 37w =
%Elx_,m/nd. Additionally, the peak at 3/iw = 87.1727 meV
corresponds to 3/iw = 3E,_,2,. This is due to the response
at both 2w [65] and w also being present in this process, de-
scribed in detail in Sec. 3.2 of Ref. [66], i.e., 2iw = E\s— ns/na
and fiw = Ej_,2,. No other peaks for fiw = Ej,_,,, are visi-
ble, as they would already be outside the considered frequency
domain (3E,-.3, ~ 105.872 meV, barely outside of the plot).

V. CONCLUSIONS

In this paper, we discussed interlayer excitons in a
WSe,/WS;-based van der Waals heterostructure, for which
recent experimental measurements of the polarizability
through pump-probe experiments [21] have been performed.
In these experiments, the transition from bright to dark states
has been accessed for both interlayer and intralayer excitons.
In this paper, we focused ourselves solely on the transitions
between intraexcitonic states for interlayer excitons in a cir-
cular WSe, /WS, dot.

Approximating the interlayer modified Rytova-Keldysh
potential in a power series, we motivate a Gaussian variational
ansatz for the ground state of the system. After discussing
the necessary material-dependent parameters, we consider
both this ansatz and a complete set of basis functions the
Bessel functions of the first kind to estimate the excitonic
wave functions through variational methods. We apply
Fowler’s and Karplus’ method variational method to access
the linear polarizability of two-dimensional interlayer
excitons, focusing on the transition from bright to dark
states (more specifically, 1s — np transitions) in a circular
dot of a WSe, /WS,-based van der Waals heterostructure with
Dirichlet boundary conditions.

For the linear regime we consider a broadening of
A =2 meV, allowing for the clear observation of the multiple

peaks in the excitonic polarizability. We observe an almost
perfect agreement between the frequency of each resonance
and the energy differences between the ground state and
the excited states of the exciton. These energy differences
were calculated both numerically (via the Numerov shooting
method) and variationally (via both a Gaussian ansatz for the
ground-state and a finite basis of Bessel function of the first
kind), allowing for a greater confidence in their values. As
expected [21], comparing the linear polarizability of interlayer
excitons in the heterobilayer against intralayer excitons in
each of the individual layers shows that the binding ener-
gies are much lower in the interlayer regime [Figs. 3 and 7,
Table II, and Eq. (B2)].

Onto the third-order polarizability, we began by provid-
ing an in-depth discussion of Svendsen’s variational method
[47,48]. After outlining this method and analyzing the re-
quired modifications due to the necessity of orthogonality
between the various states, we work on the algebraization of
the method, arriving at a purely vectorial problem after the
necessary integrals are computed. The obtained expression is
then tested first with the two-photon absorption and then with
third-harmonic generation.

Starting by two-photon absorption, a process which was
discussed in-depth by Henriques et al. [49], we perform
the necessary calculations with a broadening small enough
such that the resonance associated with each individual in-
traexcitonic energy level transition can be clearly identifiable
(A = 0.05 meV). The two-photon absorption third-order sus-
ceptibility is then normalized by the value at the Ej;_34
resonance as to facilitate the comparison of each peak. Of note
is the amplitude of the resonance associated with the Ey_74
transition, peaking at around 40% of the maximum and
being dramatically larger than the adjacent transitions. Ad-
ditionally, the individual selection rules for this system were
identified.

Finally turning to the third-harmonic generation in the
third-order susceptibility, we first perform the calculations
for a very small broadening (A = 0.05 meV). Each indi-
vidual transition was clearly identifiable, with resonances at
hw = E;_, y and 3iw = E;_, for 1s — np transitions, and at
2hw = E;_, ; for both 1s — ns and 1s — nd transitions. The
individual selection rules for the third-harmonic generation
process were clearly identifiable.
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Considering experimentally obtainable values of the broad-
ening, we compare the third-harmonic generation third-order
susceptibility for A = 1 meV and 2 meV. We argue for the
feasibility of experimentally observing the three well-resolved
resonance peaks, associated with 1s — 2p, 1s — 3d, and
1s — 4s transitions, where the latter two could be an ex-
perimental indication of third-harmonic generation due to
intraexcitonic transitions in this specific van der Waals het-
erostructure.
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APPENDIX A: VARIATIONAL COEFFICIENTS
FOR THE LINEAR POLARIZABILITY

Recalling the orthogonality relation of Bessel functions on
a finite disk of radius R [67],

R 2
ZomT Zont R
Jp(—).]\;< ) dr = _511m Jv vm 2’
/0 R 7 )rdr=- (1141 (Zom)]

(AD)

with z,,, the mth zero of J,(z), one easily shows that the
functional can be rewritten as
Je=m Z Z cfckil'k,, + 27 Z cfSn
n=1 k=1 n=1
—_— — =L — Fy & how ([ (z12)]7,
+ 2§¥W[MR2 0 £ ho |[J2(z10)]
(A2)

where 7, and S, refer to the following integrals involving two
and one Bessel functions, respectively,

Tin = /O RJ, (%)VRK@Jl (ZIIT”r)rdr, (A3)
S, = /O RJI(Z';V) r Y (rrdr. (A4)

Differentiating 7. with respect to the different ¢ coeffi-

cients, one finds

RALG )| 2,
+ J J
Cj { 3 ZMRZ —E():I:a) +Ijj

N
+ chz-jn = _Sj7
n#j

(A5)

with j € {1, 2, ..., N}. This equation defines a linear system of
equations whose solution determines the values of the coeffi-
cients cZ.

We can write Eq. (A5) in a more concise manner, using
matrix notation, as

M -¢* = -8, (A6)
where ¢* and S are column vectors defined as
(] = (cf ek, ), ST=(51,80...,80), (AT)
and M is a N x N matrix with:
(M);; = g (@)8; + Lij, (A8)

where §;; is the Kronecker delta and
R[L@)I’ [z,
2 2uR?

After M and S are computed using Egs. (A3) and (A9) and
Eq. (A4), respectively, the coefficients that determine wli(r)
are readily obtained as

ct=-—M"".8§,

g (@) = —Ey+ a):| (A9)

(A10)

and the solution of the differential equation is found.

APPENDIX B: LINEAR POLARIZABILITY FOR
INTERLAYER AND INTRALAYER EXCITONS

In this Appendix we will make a quick comparison be-
tween the linear polarizability of both interlayer and intralayer
excitons in a WSe,/WS, heterobilayer. Intralayer excitons
are considered for both the WSe, and the WS, layers, with
the relevant material-dependent parameters. Additionally, due
to the Coulomb-like divergence of the potential at » = 0, we
consider the more appropriate variational ansatz, defined by
Pedersen [55], given by

Yo(r) =Ce™™ —be V" )R —r). B1)

Minimizing this functional, the ground-state energy for
excitons each layer will be

Ews, = —0.00438405 = —119.296 meV,
Ewse, = —0.00541680 = —147.399 meV, (B2)

both closely matching the energies obtained via the finite
basis approach from Sec. II C. These binding energies are also
substantially larger than the ground-state energy for interlayer
excitons in the heterobilayer (Table II), as expected from
experimental studies [21]. Computing the linear polarizability
with the formalism described in Appendix A, normalized by
the value at the ls — 2p peak, we display the results in
Fig. 7.

APPENDIX C: VARIATIONAL COEFFICIENTS
FOR THE THIRD-ORDER POLARIZABILITY

Defining g{!’(w) as a more general form of Eq. (A9)

R*[J DT 2,
gD (w) = [Ji1p+1(z1.n)] [ i

> 2R —Ey+ a)i|
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FIG. 7. Imaginary part of the normalized linear polarizability for
interlayer excitons in a WSe, /WS, heterostructure and intralayer ex-
citons in both a WS, and a WSe, monolayers. The peaks correspond
to transitions between the 1s state (ground-state) and the excited np
states.

and V¥

nm

analogously to Eq. (A3)

Vi—rk (1)

v = Vo )
nm "R "R

R r r
= ; Ji (Zl,nﬁ)VFRKJZ (Zl,mE>rdr,

the functional of Eq. (20) can then be rewritten using the both
the cf and the ¢; , coefficients as

+00 400

K= Z Z [{l.n]ng)(wa + wb)é‘l,n

n=1 |1|=0

+oo  +0o0

+ )Y G Vdim

n,m=1 |[|=0

1 X
+5 2 {0l T e +c)

n,m=1

F el (T2 el + T2 ) +ec). (CD

In Eq. (C1), 7,!, is the dipole transition amplitude between the
functions of the basis, denoted by (Y, (w4)|dgl&ap(wa, wp)) in
Eqg. (20) and given by

r r
Ton = (i (ze) | o (1)
= [ sy
= ) 1 Zl,nR rJi Zl,mR rar.

The solution of this integral can be written in a closed form
by applying the more general expression

1
/ Jo(aryrd, 1 (Brirdr
0

i
B ﬁ[—zﬂmm + @ = BWen (B (C2)

valid as long as J,(«) = 0. Comparing with the definition of
T! . Eq. (C2) can be simplified further as J,,(8) = 0. Per-

nm>

forming the necessary changes of variable, and substituting
Jy+1(B) into Eq. (C2), T! can be written as

nm

,T([zo) _ _2R3 ZO,nZl,mJl (ZO,n)JOEZI,m)
(Z(%,n - Z%,m)
n 'n] n ‘I m
7’-15’11:2) _ _2R3ZI, 22, 2(21, ) 1(Z2, ) (C3)

2
(@, =2

As done in the Appendix of Ref. [49], we separate the ] = 0
and the [ = 2 cases. Looking first at the more complicated
case of [ = 0, we must ensure that |§,4) is orthogonal to the
considered ground-state [(in our case, the ansatz of Eq. (8)].
As such, to ensure this, we must have

oleas) = 3 28 01 w(voldo(z00%)) = 0. (4
n=1

where nonzero angular momentum terms vanish upon angular
integration due to the isotropic nature of the ground-state
ansatz. Separating the first term of the sum, this condition is
given by

céf*f (@q, wb)<lﬁo ’Jo (Zo,1 1))

R
+ f &P (@ar wb)<l//0‘fo (ZO’"I%» —0.
n=2

which can then be rewritten as

o Jo (20 &
Gt o om = — Y i o AR E0 ) )

o (Voldo 201 %))

This means that ¢y ; is no longer considered an independent
variable and, as such, we will focus our attention on the n > 2
terms. For compactness, we define

£, = (wOUO(Z(),n[_:))’ (C6)
(VolJo(z0.1 %))
which lets us rewrite Eq. (C5) as
+00
ol (@ p) = =Y g5 (@ar ), (C7)
n=2

Substituting Eq. (C7) into Eq. (C1) and then differentiating
the resulting expression with respect to [¢;,,]7, we obtain for
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n>=?2,
(81 (@at @) ufut Vi ] 00—V 0 G0.0 =V G0 n

I,m n,l1

1 +00
=50 2 T ()

m=1
+00 oo
+ 3800 + 0o+ Y Vo
n=2 n,m=2
1 +00
+ E n;z {7:zlm:0 : (C; +c,)+ C.C.} =0. (C8)

This means that the system can be easily solved algebraically
as

C())C’x (wa’ C()b)

= [F + MO (w, + 0] ™" - [WE (@a) + £ (@4)],

(€9
with M©(w, + w;) defined as in Eq. (A7) and
N
Wit =T ¢ (%), =1 enTilen.
m=1
(F)ij = [87(@a + wp) + VO ]EE;
-Vt - VL. (C10)

The missing coefficient C(‘;"lﬁ (w4, wp) is obtained by cal-
culating Eq. (C7) with the solution of Eq. (C9). Several
expressions have been already simplified by taking ad-
vantage of the parity of Bessel functions of the first
kind,

J1(x) = (=D ).

Looking now at the simpler / =2 case, and as no
orthogonality-based restrictions need to be applied to its
coefficients, we can directly differentiate Eq. (C1) with re-
spect to [¢.,]7 and then minimize the resulting expression,
obtaining

+00 +oo
Zgglz)(a)a + wp)lon + Z Vi tam
n=1

n,m=1

1 +00
+5 2 AT+ T e =0. (€1

n,m=1

The ¢, , variational coefficients can then be obtained, in vector
form, as

& M (wa, 0p) = [IMP (@, + o)™ - Wi (@),  (C12)

a similar system to the one in Eq. (A10) with W3* de-
fined analogously to Wy, after simplifications from parity of
Bessel functions.

[1] N. Mounet, M. Gibertini, P. Schwaller, D. Campi, A. Merkys,
A. Marrazzo, T. Sohier, I. E. Castelli, A. Cepellotti, G.
Pizzi, and N. Marzari, Two-dimensional materials from high-
throughput computational exfoliation of experimentally known
compounds, Nat. Nano. 13, 246 (2018).

[2] R. F. Frindt and A. D. Yoffe, Phys. properties of layer struc-
tures : optical properties and photoconductivity of thin crystals
of molybdenum disulphide, Proc. R. Soc. London A 273, 69
(1963).

[3] E. Fortin and W. M. Sears, Photovoltaic effect and opti-
cal absorption in MoS2, J. Phys. Chem. Solids 43, 881
(1982).

[4] R. Lv, J. A. Robinson, R. E. Schaak, D. Sun, Y. Sun, T. E.
Mallouk, and M. Terrones, Transition metal dichalcogenides
and beyond: Synthesis, properties, and applications of single-
and few-layer nanosheets, Acc. Chem. Res. 48, 56 (2015).

[5] T. Mueller and E. Malic, Exciton physics and device application
of two-dimensional transition metal dichalcogenide semicon-
ductors, npj 2D Mat. App. 2, 29 (2018).

[6] G. Wang, A. Chernikov, M. M. Glazov, T. F. Heinz, X. Marie,
T. Amand, and B. Urbaszek, Colloquium: Excitons in atomi-
cally thin transition metal dichalcogenides, Rev. Mod. Phys. 90,
021001 (2018).

[7]1 Q. Ma, G. Ren, K. Xu, and J. Z. Ou, Tunable Optical Properties
of 2D Materials and Their Applications, Adv. Opt. Mater. 9,
2001313 (2020).

[8] H. Yu, X. Cui, X. Xu, and W. Yao, Valley excitons
in two-dimensional semiconductors, Natl. Sci. Rev. 2, 57
(2015).

[9] C. Schneider, M. M. Glazov, T. Korn, S. Hofling, and B.
Urbaszek, Two-dimensional semiconductors in the regime
of strong light-matter coupling, Nat. Commun. 9, 2695
(2018).

[10] W.-T. Hsu, J. Quan, C.-Y. Wang, L.-S. Lu, M. Campbell, W-H.
Chang, L.-J. Li, X. Li, and C.-K. Shih, Dielectric impact on
exciton binding energy and quasiparticle bandgap in monolayer
WS 2 and WSe 2, 2D Mat. 6, 025028 (2019).

[11] X.-X. Zhang, T. Cao, Z. Lu, Y.-C. Lin, F. Zhang, Y. Wang, Z.
Li, J. C. Hone, J. A. Robinson, D. Smirnov, S. G. Louie, and
T. F. Heinz, Magnetic brightening and control of dark excitons
in monolayer WSe 2, Nat. Nano. 12, 883 (2017).

[12] A. Taghizadeh and T. G. Pedersen, Nonlinear optical selection
rules of excitons in monolayer transition metal dichalcogenides,
Phys. Rev. B 99, 235433 (2019).

[13] M. V. Durnev and M. M. Glazov, Excitons and trions in
two-dimensional semiconductors based on transition metal
dichalcogenides, Phys. Usp. 61, 825 (2018).

[14] M. Koperski, M. R. Molas, A. Arora, K. Nogajewski, A. O.
Slobodeniuk, C. Faugeras, and M. Potemski, Optical properties
of atomically thin transition metal dichalcogenides: Observa-
tions and puzzles, Nanophotonics 6, 1289 (2017).

[15] G. Berghéuser, A. Knorr, and E. Malic, Optical fingerprint of
dark 2p-states in transition metal dichalcogenides, 2D Mater. 4,
015029 (2016).

[16] K. Miyajima, K. Sakaniwa, and M. Sugawara, Optical
transitions from the lowest to higher exciton and biexci-
ton Rydberg states in CuCl, Phys. Rev. B 94, 195209
(2016).

205433-10


https://doi.org/10.1038/s41565-017-0035-5
https://doi.org/10.1098/rspa.1963.0075
https://doi.org/10.1016/0022-3697(82)90037-3
https://doi.org/10.1021/ar5002846
https://doi.org/10.1038/s41699-018-0074-2
https://doi.org/10.1103/RevModPhys.90.021001
https://doi.org/10.1002/adom.202001313
https://doi.org/10.1093/nsr/nwu078
https://doi.org/10.1038/s41467-018-04866-6
https://doi.org/10.1088/2053-1583/ab072a
https://doi.org/10.1038/nnano.2017.105
https://doi.org/10.1103/PhysRevB.99.235433
https://doi.org/10.3367/UFNe.2017.07.038172
https://doi.org/10.1515/nanoph-2016-0165
https://doi.org/10.1088/2053-1583/4/1/015029
https://doi.org/10.1103/PhysRevB.94.195209

THIRD-ORDER POLARIZABILITY OF INTERLAYER ...

PHYSICAL REVIEW B 104, 205433 (2021)

[17] D. Frohlich, A. Nothe, and K. Reimann, Observation of the
Resonant Optical Stark Effect in a Semiconductor, Phys. Rev.
Lett. 55, 1335 (1985).

[18] G. Berghduser, P. Steinleitner, P. Merkl, R. Huber, A. Knorr,
and E. Malic, Mapping of the dark exciton landscape in
transition metal dichalcogenides, Phys. Rev. B 98, 020301
(2018).

[19] T. Tian, D. Scullion, D. Hughes, L. H. Li, C.-J. Shih, J.
Coleman, M. Chhowalla, and E. J. G. Santos, Electronic
polarizability as the fundamental variable in the dielectric
properties of two-dimensional materials, Nano Lett. 20, 841
(2020).

[20] C. Poellmann, P. Steinleitner, U. Leierseder, P. Nagler, G.
Plechinger, M. Porer, R. Bratschitsch, C. Schiiller, T. Korn,
and R. Huber, Resonant internal quantum transitions and fem-
tosecond radiative decay of excitons in monolayer WSe 2, Nat.
Mater. 14, 889 (2015).

[21] P. Merkl, F. Mooshammer, P. Steinleitner, A. Girnghuber, K.-Q.
Lin, P. Nagler, J. Holler, C. Schiiller, J. M. Lupton, T. Korn, S.
Ovesen, S. Brem, E. Malic, and R. Huber, Ultrafast transition
between exciton phases in van der waals heterostructures, Nat.
Mater. 18, 691 (2019).

[22] P. Rivera, K. L. Seyler, H. Yu, J. R. Schaibley, J. Yan, D. G.
Mandrus, W. Yao, and X. Xu, Valley-polarized exciton dynam-
ics in a 2d semiconductor heterostructure, Science 351, 688
(2016).

[23] C. Jin, J. Kim, M. I. B. Utama, E. C. Regan, H. Kleemann,
H. Cai, Y. Shen, M. J. Shinner, A. Sengupta, K. Watanabe, T.
Taniguchi, S. Tongay, A. Zettl, and F. Wang, Imaging of pure
spin-valley diffusion current in WS2-WSe2heterostructures,
Science 360, 893 (2018).

[24] Y. Gong, J. Lin, X. Wang, G. Shi, S. Lei, Z. Lin, X. Zou,
G. Ye, R. Vajtai, B. 1. Yakobson, H. Terrones, M. Terrones,
B.-K. Tay, J. Lou, S. T. Pantelides, Z. Liu, W. Zhou, and P. M.
Ajayan, Vertical and in-plane heterostructures from WS2/MoS2
monolayers, Nat. Mater. 13, 1135 (2014).

[25] B. Miller, A. Steinhoff, B. Pano, J. Klein, F. Jahnke, A.
Holleitner, and U. Wurstbauer, Long-lived direct and indirect
interlayer excitons in van der Waals heterostructures, Nano Lett.
17, 5229 (2017).

[26] F. Vialla, M. Danovich, D. A. Ruiz-Tijerina, M. Massicotte,
P. Schmidt, T. Taniguchi, K. Watanabe, R. J. Hunt, M.
Szyniszewski, N. D. Drummond, T. G. Pedersen, V. I. Fal’ko,
and F. H. L. Koppens, Tuning of impurity-bound interlayer
complexes in a van der Waals heterobilayer, 2D Mater. 6,
035032 (2019).

[27] L. Chao-Cador and E. Ley-Koo, Two-dimensional hydrogen
atom confined in circles, angles, and circular sectors, Int. J.
Quantum Chem. 103, 369 (2005).

[28] B. Munkhbat, A. B. Yankovich, D. G. Baranov, R. Verre,
E. Olsson, and T. O. Shegai, Transition metal dichalcogenide
metamaterials with atomic precision, Nat. Commun. 11, 4604
(2020).

[29] F. Karimi, S. Soleimanikahnoj, and I. Knezevic, Tunable
plasmon-enhanced second-order optical nonlinearity in tran-
sition metal dichalcogenide nanotriangles, Phys. Rev. B 103,
L161401 (2021).

[30] F. Wang, J. Shan, M. A. Islam, I. P. Herman, M. Bonn, and T. F.
Heinz, Exciton polarizability in semiconductor nanocrystals,
Nat. Mater. 5, 861 (2006).

[31] S. Cha, J. H. Sung, S. Sim, J. Park, H. Heo, M.-H. Jo, and H.
Choi, 1 s -intraexcitonic dynamics in monolayer MoS 2 probed
by ultrafast mid-infrared spectroscopy, Nat. Commun. 7, 10768
(2016).

[32] D. P. Shelton, Hyperpolarizability of the hydrogen atom, Phys.
Rev. A 36, 3032 (1987).

[33] N. L. Manakov, S. I. Marmo, and E. A. Pronin, Dynamic hy-
perpolarizabilities of excited states of hydrogen, J. Exp. Theor.
Phys. 98, 254 (2004).

[34] H. Zeng, G.-B. Liu, J. Dai, Y. Yan, B. Zhu, R. He, L. Xie, S. Xu,
X. Chen, W. Yao, and X. Cui, Optical signature of symmetry
variations and spin-valley coupling in atomically thin tungsten
dichalcogenides, Sci. Rep. 3, 1608 (2013).

[35] H. G. Rosa, Y. W. Ho, L. Verzhbitskiy, M. J. F. L. Rodrigues,
T. Taniguchi, K. Watanabe, G. Eda, V. M. Pereira, and J. C. V.
Gomes, Characterization of the second- and third-harmonic op-
tical susceptibilities of atomically thin tungsten diselenide, Sci.
Rep. 8, 10035 (2018).

[36] C. Janisch, Y. Wang, D. Ma, N. Mehta, A. L. Elias, N. Perea-
Lépez, M. Terrones, V. Crespi, and Z. Liu, Extraordinary
second harmonic generation in tungsten disulfide monolayers,
Sci. Rep. 4, 5530 (2014).

[37] C. Torres-Torres, N. Perea-Lopez, A. L. Elfas, H. R. Gutiérrez,
D. A. Cullen, A. Berkdemir, F. Lépez-Urias, H. Terrones, and
M. Terrones, Third order nonlinear optical response exhib-
ited by mono- and few-layers of WS2, 2D Mater. 3, 021005
(2016).

[38] K. Yao, N. R. Finney, J. Zhang, S. L. Moore, L. Xian, N.
Tancogne-Dejean, F. Liu, J. Ardelean, X. Xu, D. Halbertal,
K. Watanabe, T. Taniguchi, H. Ochoa, A. Asenjo-Garcia, X.
Zhu, D. N. Basov, A. Rubio, C. R. Dean, J. Hone, and P. J.
Schuck, Enhanced tunable second harmonic generation from
twistable interfaces and vertical superlattices in boron nitride
homostructures, Sci. Adv. 7, eabe8691 (2021).

[39] V. Shahnazaryan, V. K. Kozin, I. A. Shelykh, I. V. Torsh, and
O. Kyriienko, Tunable optical nonlinearity for transition metal
dichalcogenide polaritons dressed by a fermi sea, Phys. Rev. B
102, 115310 (2020).

[40] G. Wang, S. Zhang, X. Zhang, L. Zhang, Y. Cheng, D. Fox,
H. Zhang, J. N. Coleman, W. J. Blau, and J. Wang, Tunable
nonlinear refractive index of two-dimensional MoS_2, WS_2,
and MoSe_2 nanosheet dispersions [invited], Phot. Res. 3, A51
(2015).

[41] S. N. Rytova, The screened potential of a point charge in a thin
film, Mosc. Un. Phys. Bul. 22, 18 (1967).

[42] L. V. Keldysh, Coulomb interaction in thin semiconductor and
semimetal films, Sov. J. Exp. Theor. Phys. Lett. 29, 658 (1979).

[43] M. Karplus and H. J. Kolker, A Variation-Perturbation Ap-
proach to the Interaction of Radiation with Atoms and
Molecules, J. Chem. Phys. 39, 1493 (1963).

[44] P. W. Fowler, Energy, polarizability and size of confined one-
electron systems, Mol. Phys. 53, 865 (1984).

[45] S. Mossman, R. Lytel, and M. G. Kuzyk, Dalgarno—lewis per-
turbation theory for nonlinear optics, J. Opt. Soc. Am. B 33,
E31 (2016).

[46] A. A. Kocherzhenko, S. V. Shedge, X. S. Vazquez, J. Maat,
J. Wilmer, A. F. Tillack, L. E. Johnson, and C. M. Isborn,
Unraveling excitonic effects for the first hyperpolarizabilities
of chromophore aggregates, J. Phys. Chem. C 123, 13818
(2019).

205433-11


https://doi.org/10.1103/PhysRevLett.55.1335
https://doi.org/10.1103/PhysRevB.98.020301
https://doi.org/10.1021/acs.nanolett.9b02982
https://doi.org/10.1038/nmat4356
https://doi.org/10.1038/s41563-019-0337-0
https://doi.org/10.1126/science.aac7820
https://doi.org/10.1126/science.aao3503
https://doi.org/10.1038/nmat4091
https://doi.org/10.1021/acs.nanolett.7b01304
https://doi.org/10.1088/2053-1583/ab168d
https://doi.org/10.1002/qua.20540
https://doi.org/10.1038/s41467-020-18428-2
https://doi.org/10.1103/PhysRevB.103.L161401
https://doi.org/10.1038/nmat1739
https://doi.org/10.1038/ncomms10768
https://doi.org/10.1103/PhysRevA.36.3032
https://doi.org/10.1134/1.1675894
https://doi.org/10.1038/srep01608
https://doi.org/10.1038/s41598-018-28374-1
https://doi.org/10.1038/srep05530
https://doi.org/10.1088/2053-1583/3/2/021005
https://doi.org/10.1126/sciadv.abe8691
https://doi.org/10.1103/PhysRevB.102.115310
https://doi.org/10.1364/PRJ.3.000A51
https://doi.org/10.1063/1.1734470
https://doi.org/10.1080/00268978400102701
https://doi.org/10.1364/JOSAB.33.000E31
https://doi.org/10.1021/acs.jpcc.8b12445

QUINTELA, HENRIQUES, AND PERES

PHYSICAL REVIEW B 104, 205433 (2021)

[47] E. N. Svendsen, A variational method for calculation of dy-
namic third-order susceptibilities, Int. J. Quantum Chem. 34,
477 (1988).

[48] J.-R. Gabryl, C. Barbier, P. Lemaire, and E. N. Svendsen,
Variational calculation of the dynamic third-order suscep-
tibility of water, J. Mol. Struct., Theochem 357, 199
(1995).

[49] J. C. G. Henriques, H. C. Kamban, Thomas G. Pedersen,
and N. M. R. Peres, Calculation of the nonlinear response
functions of intraexciton transitions in two-dimensional tran-
sition metal dichalcogenides, Phys. Rev. B 103, 235412
(2021).

[50] B. R. Johnson, New numerical methods applied to solving the
one-dimensional eigenvalue problem, J. Chem. Phys. 67, 4086
1977).

[51] B. R. Johnson, The renormalized Numerov method applied to
calculating bound states of the coupled-channel Schrodinger
equation, J. Chem. Phys. 69, 4678 (1978).

[52] G. V. Berghe, V. Fack, and H. E. de Meyer, Numerical meth-
ods for solving radial Schrédinger equations, J. Comput. Appl.
Math. 28, 391 (1989).

[53] J. C. G. Henriques, M. F. C. Martins Quintela, and N. M. R.
Peres, Theoretical model of the polarizability due to tran-
sitions between exciton states in transition metal dichalco-
genides: application to wse2, J. Opt. Soc. Am. B 38, 2065
(2021).

[54] H. C. Kamban and T. G. Pedersen, Interlayer excitons in van der
waals heterostructures: Binding energy, stark shift, and field-
induced dissociation, Sci. Rep. 10, 5537 (2020).

[55] T. G. Pedersen, Exciton stark shift and electroabsorption in
monolayer transition-metal dichalcogenides, Phys. Rev. B 94,
125424 (2016).

[56] A. Edery and P. Laporte, First and second-order relativistic
corrections to the two and higher-dimensional isotropic har-

monic oscillator obeying the spinless salpeter equation, J. Phys.
Commun. 2, 025024 (2018).

[57] B. Cohen-Tannoudji, F. Laloe, and D. Claude, Quantum Me-
chanics, 2nd ed., Vol. 3 (Wiley-VCH Verlag, Weinheim,
Germany, 2019).

[58] M. Quintela and N. Peres, A colloquium on the variational
method applied to excitons in 2d materials, Eur. Phys. J. B 93,
222 (2020).

[59] F. Grasselli, Variational approach to the soft-Coulomb potential
in low-dimensional quantum systems, Am. J. Phys. 85, 834
(2017).

[60] N. Aquino and E. Castafio, The confined two-dimensional hy-
drogen atom in the linear variational approach, Rev. Mex. Fis.
E 51, 126 (2005).

[61] H. E. Montgomery and T. G. Rubenstein, One-electron wave-
functions. Dynamic dipole polarizabilities, Chem. Phys. Lett.
58, 295 (1978).

[62] R. Yaris, Time-Dependent PerturbationdAT Variation Method,
J. Chem. Phys. 39, 2474 (1963).

[63] R. Yaris, Time-Dependent Perturbation-Variation Method. 1I,
J. Chem. Phys. 40, 667 (1964).

[64] C. Robert, M. A. Semina, F. Cadiz, M. Manca, E. Courtade,
T. Taniguchi, K. Watanabe, H. Cai, S. Tongay, B. Lassagne, P.
Renucci, T. Amand, X. Marie, M. M. Glazov, and B. Urbaszek,
Optical spectroscopy of excited exciton states in MoS2 mono-
layers in van der waals heterostructures, Phys. Rev. Materials 2,
011001(R) (2018).

[65] W. Kim, J. Y. Ahn, J. Oh, J. H. Shim, and S. Ryu, Second-
harmonic youngaAZs interference in atom-thin heterocrystals,
Nano Lett. 20, 8825 (2020).

[66] R. Boyd, Nonlinear Optics (Academic Press, London, 2020).

[67] A. Jeffrey and D. Zwillinger, Table of Integrals, Series,
and Products, 8th ed. (Academic Press, Amsterdam, Boston,
2014).

205433-12


https://doi.org/10.1002/qua.560340851
https://doi.org/10.1016/0166-1280(95)04337-5
https://doi.org/10.1103/PhysRevB.103.235412
https://doi.org/10.1063/1.435384
https://doi.org/10.1063/1.436421
https://doi.org/10.1016/0377-0427(89)90350-6
https://doi.org/10.1364/JOSAB.421279
https://doi.org/10.1038/s41598-020-62431-y
https://doi.org/10.1103/PhysRevB.94.125424
https://doi.org/10.1088/2399-6528/aaadcd
https://doi.org/10.1140/epjb/e2020-10490-9
https://doi.org/10.1119/1.4994809
https://doi.org/10.1016/0009-2614(78)80297-8
https://doi.org/10.1063/1.1734050
https://doi.org/10.1063/1.1725187
https://doi.org/10.1103/PhysRevMaterials.2.011001
https://doi.org/10.1021/acs.nanolett.0c03763

