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The electronic properties of -conjugated two-dimensional (2D) polymers near the Fermi level are determined
by structural topology and chemical composition. Thus tight-binding (TB) calculations of the corresponding
fundamental network can be used to explore the parameter space to find configurations with intriguing properties
before designing the atomistic 2D polymer network. The vertex-transitive fes lattice, which is also called a
square-octagon, 4-8, or 4.8 lattice, is rich in interesting topological features including Dirac points and flat
bands. Herein, we study its electronic and topological properties within the TB framework using representative
parameters for chemical systems. Secondly, we demonstrate that the rational implementation of band structure
features obtained from TB calculations in 2D polymers is feasible with a family of 2D polymers possessing fes
structure. A one-to-one band structure correspondence between the fundamental network and 2D polymers is
found. Moreover, changing the relative length of linkers connecting the triangulene units in the 2D polymers
reflects tuning of hopping parameters in the TB model. These perturbations allow sizable local band gaps
to open at various positions in the Brillouin zone. From analysis of the Berry curvature flux, none of the
polymers exhibits a large topologically nontrivial band gap. However, we find a particular configuration of
semimetallic characteristics with separate electron and hole pockets, which possess very low effective masses

both for electrons (as small as m? = 0.05) and for holes (as small as m; = 0.01).

DOLI: 10.1103/PhysRevB.104.205419

I. INTRODUCTION

Topological materials have been intensively investigated
in physical sciences [1-3], because they exhibit numer-
ous intriguing phenomena, such as the quantum spin Hall
effect [4,5], the quantum anomalous Hall effect [6,7],
topological superconductivity [8,9], or Majorana fermion ex-
citation [10,11], to mention a few. Similar to the case of
graphene or the Lieb lattice [12-16], the fes lattice—in the
physics community also referred to as a square-octagon or
4-8 lattice and in Schlifli nomenclature as the 4.8 lattice—is
an ideal playground for studying topological quantum effects.
Using tight-binding (TB) models, spin-density waves, super-
conductivity, and nontrivial topology were reported [17-25].
Additionally, with two different TB hopping parameters along
the square and octagon edges, topological and magnetic phase
transitions can be found [20,21,23].

The hypothetical realization of the fes lattice as a car-
bon allotrope, T-graphene [26-28], has been discussed but
remains elusive, as such structures involve highly strained
four-membered rings and are not stabilized by an aro-
matic w-electron system. Highly crystalline conjugated two-
dimensional (2D) polymers have become experimentally
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feasible with advanced surface synthesis techniques [29-32].
Therefore 2D polymers are an alternative to implement the
fes net [33]. For 2D polymers, the electronic structures
around the Fermi level are often coarse-grained by TB models
representing the respective network topology. This strategy
can also be turned around, and TB can be used to explore
the space of electronic properties that are possible for 2D
polymers [34,35]. Compared with ab initio calculations for
atomistic structures, simple TB models can be tuned much
more easily. Herein, we first use the TB model to explore
the properties of the fes net and, subsequently, propose a
hypothetical conjugated 2D polymer with matching electronic
structure.

Being a conjugated carbon system, the spin-orbit coupling
(SOC) in a 2D polymer will be small and results in tiny
SOC-induced band gaps, similar in magnitude to the &1 ueV
in graphene [36]. These tiny band gaps are too small for
utilizing their topological properties at accessible tempera-
tures, so additional mechanisms to increase the size of band
gaps are needed. Here, we present a chemically viable way
to open local band gaps in a 2D polymer with fes network.
Using a TB approach, we show that a band gap can be
opened by tuning the relative strength of the hopping parame-
ters while maintaining the space group. For the investigated
system, however, whenever a new band gap opens due to
structural perturbations in the TB model, the resulting sys-
tem becomes topologically trivial. For certain configurations,
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a semimetallic state with separate electron and hole pockets
arises. In semimetals, valence and conduction bands slightly
cross the Fermi level at different points of the Brillouin zone
and are not connected to each other. This leads to sepa-
rate electron and hole pockets. Hence the material can act
as a conductor with a limited number of electron and hole
charge carriers. Besides topological semimetals (e.g., Weyl
semimetals) [37], topologically trivial semimetals were found
to exhibit extreme magnetoresistivity [38].

Secondly, we generate the corresponding fes net as a con-
jugated 2D polymer. It is shown that varying the number of
linker units—as they control the hopping strength between
the vertices within the TB model (effectively the distance)—
retains the electronic structure of the fundamental net.

II. METHODS

Our TB model Hamiltonian

H = Zsicici + Ztlc;rcj + Z tzcchj + Hsoc (1)
i (i, (i)

considers first-neighbor (#;) and second-neighbor (;) elec-
tron hopping parameters with on-site energies ¢;. Hopping
parameters are usually negative (t; < 0), resulting in a node-
less orbital between centers and stabilizing bond formation
in chemical systems (see Sec. S1 of the Supplemental Ma-
terial (SM) [39] for details [40,41]). Since in 2D polymers
electronic bonding between vertices is facilitated through the
conjugated w bonds rather than through the distance in space
(see Fig. S1) [33], only interactions (hopping parameters)
through edges are considered. In order to account for SOC,
analogously to the Haldane model, time-reversal-symmetry-
breaking complex hopping terms were added [Eq. (2)]. This
induces local effective magnetic fluxes piercing the octahe-
dron plaquettes [6,20,42].

Hsoc = ) heiclc, @
(i, )

where the staggered-flux parameter was chosen to be ¢ =
Z; A is the SOC constant, v;; is defined as di x dy,
where d; and d, are two normalized vectors denoting the
connection from vertex i to j; v;; can only be £1 and in-
dicates the orientation path of an electron traveling from
vertex i to a second-neighbor vertex j through i’s first
neighbor.

For atomistic 2D polymers, band structures were evalu-
ated using density functional theory (DFT), employing the
generalized gradient approximation by Perdew, Burke, and
Ernzerhof (PBE) [43,44], a double-¢ basis set [45] with SOC,
and Grimme’s D3 dispersion correction [46]. A symmetric
reciprocal grid with five k points [47], as implemented in the
AMS-BAND software package [48,49], was used. Furthermore,
the number of charge carriers in each pocket and topological
properties of the polymer were evaluated. Hence a TB model
with parameters obtained from fitting the four characteristic
fes-like bands around the Fermi level to the DFT band struc-
tures was employed.

III. RESULTS

A. Investigation of the fundamental fes network

For TB investigations of the fundamental networks, two
symmetrically distinct types of first-neighbor hopping param-
eters can be used [see Fig. 1(a)]: #{ and #{ for the first-neighbor
hopping within the square and between two squares, respec-
tively. Analogously, the second-neighbor hopping parameters
along two square edges (#;°) and along one square and
one octagon edge (7;°) are independent of each other. The
band structure for the most commonly employed parameter
choice [17-19,24,25], t{ =t{, is shown in Fig. 1(b). The
bands have a threefold degeneracy at both the I and M points
as there Dirac cones intersect a flat band (the corresponding
Brillouin zone is shown in Fig. S4) [20].

Two effects that can lead to a formation of band gaps
are considered: SOC and second-neighbor interactions. In
Fig. 1(c), the effect of SOC is shown: A local band gap
(on the order of 107> eV) opens the formerly triply de-
generate points at the I' and M points. Furthermore, there
is the possibility to obtain a topologically nontrivial phase.
Nevertheless, the opened gaps are too small for applications
without further modification. Alternatively, sizable local band
gaps of 0.25 eV can be opened with second-neighbor inter-
actions, as shown in Fig. 1(d). However, these gaps result in
topologically trivial electronic structures. In Fig. 1(e), both
effects are included. All degeneracies in the band structure
are lifted. There are small topological band gap openings
due to SOC (E; = 0.16 meV) and larger trivial gaps due to
second-neighbor hopping (E, = 0.25 eV) at both I" and M [cf.
Fig. 2(a)].

In addition to second-neighbor hopping and SOC, the
band degeneracy can be broken by structural perturbation.
In organic polymer networks, this may be a promising and
feasible strategy to complement the tiny SOC-induced band
gaps. A similar idea has been successfully applied in carbon
nanoribbons, where quantum confinement due to the finite
ribbon width opens the band gap. This was first predicted
theoretically [50] and later confirmed experimentally [51,52].

Apart from the common parameter choice t{ = 7, hopping
parameter configurations for unequal edges are possible. Fig-
ure 2 shows the fes band structures when considering both
first- and second-neighbor hopping parameters, as well as
SOC. In addition, the Fermi level for different electron fillings
is shown. Considering the original parameter choice #j =t/
[Fig. 2(a)], the system is a narrow-gap topological insulator
(TI) for !/ filling (dash-dotted line), since the sum of Chern
numbers of occupied bands is nonzero. However, for 1/2 filling
(dashed line), it is a metallic system, whereas it is a trivial
system for 3/4 filling (dotted line), since the sum of Chern
numbers for occupied bands is zero. As shown in Fig. 2(b),
hopping strengths that are larger between squares than within
squares (#; > t7) open local band gaps between the second-
and third-lowest bands (blue and purple) at the ' and M
points, resulting in a semimetallic system. The second- and
third-lowest bands (blue and purple) cannot be fully separated
by any filling. For the half-filled system (dashed line), the
perturbed fes is a trivial semimetal with separate electron
and hole pockets (around the M and I' points, respectively).
In this hopping configuration, !/4 (dash-dotted line) and 3/4
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FIG. 1. (a) The fes network with squares and octagons. Exemplary first- and second-neighbor hoppings within the square, ¢ and #5°, as
well as between squares, ¢ and #;°, are shown. Arrows indicate which sites are involved in the interaction. (b) The corresponding fes band
structure with only first-neighbor hoppings (t{ = t}). (c)-(e) Band structure details near the originally triply degenerate points at M (red box)
and I' (blue box) when other interactions are added to #{ = ¢{, i.e., (c) first-neighbor hoppings and SOC, (d) under consideration of first- and
second-neighbor hoppings, and (e) first- and second-neighbor hoppings and SOC. Yellow boxes show small band gap openings due to SOC.
Band structures are obtained from TB; for details on hopping parameters, see SM Sec. S1 [39].

fillings possess nonzero Chern number. However, the SOC-
induced gaps that are accessed with 1/4 and 3/4 fillings are very
small (0.16 meV at both I and M). In the opposite hopping
configuration, considering smaller hopping strength along the
octagon edges [t} > # in Fig. 2(c)], the degeneracy between
highest and second-highest bands (red and purple) at the '
point and between lowest and second-lowest bands (green and
blue) at the M point is broken, and large gaps open. However,
the sum of the Chern numbers of occupied bands is always
zero when the Fermi level is placed at those gaps, and the two

bands with nonzero Chern number again cannot be separated
(blue and purple bands). Thus their topological properties can-
not be exploited. While Chern numbers change with stronger
SOC values (see Fig. S5 in the SM), the necessarily large SOC
cannot be found in metal-free, carbon-based systems.

B. Implementation as 2D polymer

In the TB picture, the position of band gaps was tuned
by alteration of relative strength of first- and second-neighbor
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FIG. 2. The fes band structures and corresponding Chern numbers with different hopping parameters for intrasquare and intersquare

interactions. The strength of SOC considered is A =2 x 1075 eV: (a) #§ = 1? = —3.438 eV, £5* = 15°
—0.185eV,and (c) ;] = —3.438¢V, ¢/

10 = —4.599eV, 15 = —0.126 eV, 3" =

—0.126 eV, (b) tj = —3.438 &V,
= —-2.562eV, 15 = —0.126 eV, 1;° = —0.086 eV. Dash-dotted,

dashed, and dotted lines indicate the Fermi level for /4, 1/2, and 3/4 fillings, respectively.
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FIG. 3. (a) Atomistic structure of a hypothetical 2D polymer with the underlying fes net topology. Light blue square and orange areas
indicate the position of the square and octagon of the fes net, respectively. Triangulene connectors (red circle) are put on vertex positions of the
fundamental fes network, while two types of linkers are put on the square and octagon edges. The relative interaction strength of connectors
(effectively corresponding to relative strength of hopping parameters in the TB picture) can be controlled by leaving one linker unchanged and
changing the length of the other linker. Here, the number of C, units in the linear linker (blue circle) is changed to control its length. Hydrogen,
carbon, and oxygen atoms are shown in white, gray, and red, respectively. (b)—(e) Band structures of the hypothetical 2D polymers with
different number of C, units as linkers connecting the squares from first principles. The black dashed line indicates the Fermi level. For (b), the
electronic effective mass is m? = 0.01 (blue band, I' point) and for holes the electronic effective mass is m;, = 0.05 (purple band, M point).

hopping parameters (#{ vs t{ and, hence, £§° vs £;%). This corre-
sponds to different distances of vertices along the two distinct
edge types in the 2D polymer. Two-dimensional polymers
consist of connectors with three and linkers with two connec-
tion points to other building blocks. In order to implement
the fes network as an atomistic structure, one connector with
three connection points to linkers [corresponds to vertices in
Fig. 1(a)] and two types of linkers, a linear linker along the
octagon edges and a bent one along the square edges, are
necessary. By changing the chain length of one linker type and
leaving the other unchanged, the relative interaction strength
can be controlled. However, this analogy between TB and the
atomistic structure only works if the building blocks of the 2D
polymer are fully 7= conjugated.

Figure 3 shows one of the proposed 2D polymers
[Fig. 3(a)] along with the corresponding band structures, ob-
tained for different linker lengths between the square units
[Figs. 3(b)-3(e)]. Triangulene units [red circle in Fig. 3(a)],
which were also used in the 2D polymer P>TANG [34], pro-
vide a singly occupied  orbital. This resembles the situation
in the TB calculations, where each site is treated as an in-plane
centrosymmetric orbital (like the p, orbitals in graphene).
Therefore four triangulene units per cell represent the sites
in the fes net. In order to form the characteristic squares of
the fes net, triangulene units are connected with bent linkers
[light blue squares in Fig. 3(a)]. This feature is the same for all
proposed 2D polymers. Thus the distance of scattering centers
within the square (coinciding with #] in the TB model) remains
the same. The squares are either linked directly with each
other using a C-C bond between triangulene units or with C,

units [blue circle, corresponding to ¢{ hopping according to
Fig. 1(a)].

Figures 3(b)-3(e) show band structures of hypothetical 2D
polymers with a different number of C, units used as linear
linkers between the triangulene building blocks. In Fig. 3(b),
the band structure of the polymer with a direct linkage be-
tween triangulene units (no extra linear linker connecting the
squares) is shown. It coincides well with Fig. 2(b), where the
interaction between squares is stronger than within squares
(#{ >t} and #;° > £;°). At the T" point, the third- and fourth-
lowest bands (purple and red) are degenerate, whereas at
the M point, the lowest and second-lowest bands (green and
blue) are degenerate. The relative interaction strength is also
reflected in the spatial distance between the scattering centers
in the triangulene units, which is 21.3 A within the square and
10.3 A between the squares. Band structures for 2D polymers
with one or two C, units [Figs. 3(c) and 3(d)] are more similar
to those shown in Fig. 2(a), where ¢} = 1} and #5° = #5°. How-
ever, as with all band structures for 2D polymers with an odd
number of C, units in the linear linker, the band structure in
Fig. 3(c) seems to be flipped along the energy axis compared
with the TB band structure of fundamental fes. The addition of
7 orbitals leads to a change in the nodal structure of molecular
orbitals for systems with an odd number of C, units. It can
be understood as a periodic 1D chain of orbitals, where the
addition of one orbital inverts the sign of the amplitude of
the wave function. Hence there is an overall sign change in the
energy spectrum. The structure with three C, units as linear
linkers [Fig. 3(e)] is similar to Fig. 2(c), where #j < ¢{ and
1;° < t3° due to the longer distance between the squares.
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FIG. 4. Extracted TB band structure and Berry flux €2,(k) around M of the hypothetical 2D polymer with carbonyl bridge group.
(a) Without a linear linker between triangulene units [cf. Fig. 3(b)] and (b) with two C, units as linear linker [cf. Fig. 3(d)]. The colored
frames of the Berry curvature plots indicate the corresponding band. In the structure without a linear linker, the lower two bands (green and
blue) form a Dirac cone at M and consequently have an enhanced Berry curvature flux in the vicinity of that point. Albeit very close in
energy, the third band (purple) exhibits almost no Berry curvature flux. By inserting the linker (b), the Berry curvature flux is transported to
higher-lying bands in the spectrum, bringing it closer to the Fermi level. See Table S6 in the SM [39] for TB parameters.

In order to investigate the topological properties of the
proposed 2D polymers, a TB model was extracted from each
ab initio band structure (see SM Sec. S2 A for details). Exem-
plary for the other structures, the 2D polymers with carbonyl
bridge group without linear linker [cf. Fig. 3(b)] and with two
C, units in the linear linker [cf. Fig. 3(d)] are assessed. In
Fig. 4, the Berry curvature flux €2, (k) for each band is shown
(see SM Sec. S3 for details). For the polymer without linear
linker, there is a strong enhancement of €2,(k) on the two
lowest bands (green and blue) close to the M point. These
fluxes have opposite signs and behave very similarly to the
case of the Haldane model on the hcb lattice at K and K'.
The third band (purple), which is very close in energy, carries
almost no €2, (k). As shown in Fig. 4(b), inserting two C, units
as a linker pushes the two middle bands (blue and purple)
slightly upwards, creating a band gap to the lowest bands
(green). Additionally, and more importantly, there is a strong
redistribution of €2,,(k) to the second-highest band (purple),
which previously carried almost no contribution at all. As a
consequence, the Dirac cone sits higher in energy, not because
of an overall shift in energy, but because of a transfer of €2,,(k)
to bands that naturally occupy states closer to the Fermi level.
Topological features in the bulk only enforce topologically
protected edge states if they sit directly at or very close to the
Fermi level. Thus this feature is more accessible without any
external field or charge carrier doping. However, if chemical
alteration is too drastic, the Berry curvature flux transfer can
become obstructed (cf. SM Sec. S3 A [39]).

Since there is a one-to-one correspondence of the TB
model and 2D polymer, the system with stronger interaction
between squares than within squares [Figs. 2(b) and 3(a)] is

semimetallic. Since both the electron and the hole pocket are
remains of the Dirac points in the unperturbed system, the
effective masses are remarkably small. For the system shown
in Fig. 2(b), very small effective masses (m} = 0.05 for the
blue band at the I' point and m;; = 0.01 for the purple band
at the M point) were found. For the 2D polymers with other
bridge groups, small effective masses were calculated, as well
(see Tables S2—-S4 of the SM). The largest effective masses
were found for the polymer with methylene bridge group and
no extra linear linker, which were m? = 0.06 and m; = 0.05.
These are remarkably low effective masses for 2D polymers.
This kind of low effective mass can only be found for transport
between layers [53]. However, it is limited to interlayer trans-
port. Within single layers, the effective masses are normally
much larger, in the 10~! order of magnitude [53-55], and can
easily go up to the order of m* = 1 or even larger [53,55-57].
The suggested 2D polymers possess outstanding low effective
masses, pointing towards very good electron transport proper-
ties.

Using the fitted TB model, the number of states in electron-
like and holelike pockets was calculated for the semimetallic
2D polymers. Since the I' and M points are symmetry con-
nected in the fundamental net, the charge carriers compensate
well (cf. Fig. S5). For example, for the polymer shown in
Fig. 3(a), the number of states in the electronlike pocket at the
M point and the holelike pocket at the I" point is in each case
0.25 states per unit cell. This points towards a potential use in
magnetoresistive materials, with the extreme magnetoresistive
effect being associated with electron-hole compensation [38].
For longer linear linkers, the number of states in the pockets
increases compared with the system without linear linkers
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with the same bridge group. The largest difference of states in
electronlike and holelike pockets is found for the methylene
bridge group and four C, units as linear linkers with 0.25 and
0.20 states per unit cell, respectively.

IV. CONCLUSIONS

We explored the electronic properties of the fundamental
fes net (square-octagon net) using a TB approach. It was
shown that the band structure and topological properties can
be tuned by changing the relative strength of hopping param-
eters of two distinct edges. Furthermore, different topological
states of the system (topological insulator, topological metal)
can be accessed by changing the electron filling. However,
the SOC-induced band gaps are too small for practical use.
Based on the TB investigations, a hypothetical atomistic 2D
polymer with fes net is proposed. By varying the length of
linkers (representing edges in the material implementation),
the band structure can be tuned in a one-to-one correspon-
dence to the TB results. We showed how the Berry curvature
is reconstructed whenever a sizable band gap is opened
due to structural perturbation with a TB model extracted

from ab initio band structures. For the configuration with
stronger interaction between squares than within the squares, a
semimetallic state with remarkably small effective masses can
be found. The proposed 2D polymers serve only as a represen-
tative example for implementation, as many other structures
may be possible to realize. They give the possibility to explore
properties of the fes net via structural modifications. Such a
proposal is, thus, much closer to the experimental realization
than the models published so far.
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