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The recent reported robust surface states in a photonic metamaterial are usually limited to the gapless type. In
this work, we propose a photonic topological metamaterial that can support surface states with gaps. The gaps
appear when the electromagnetic duality symmetry of the material system is broken. Despite the existence of
gaps, the surface waves can still bypass sharp corners robustly. We further demonstrate the filtering effect which
can be viewed as a fingerprint of the existence of the gapped surface states. By changing the electromagnetic
parameters of the covering materials, the filtering effect with controllable bandwidth can be realized.

DOI: 10.1103/PhysRevB.104.205403

I. INTRODUCTION

In the past decade, topological photonics has emerged as a
rapidly developing research field [1–3]. It opens up an intrigu-
ing way to control the propagation of electromagnetic waves.
Various photonic topological phases have been proposed and
realized, including topological insulators [4], higher-order
topological states [5], and topological semimetals [6]. They
have enriched opportunities for realizing singular topological
models and exploring and utilizing topological effects in new
ways. In particular, topological insulators have the charac-
teristics of bulk insulation but edge/surface conduction [1].
The key feature of edge/surface states is that they can remain
robust against defects and overcome backscattering [7–16].

Recently, the robust transport property of the gapped edge
states has been proved in photonic crystals [17–21]. For ex-
ample, in a photonic crystal system, when the C6 symmetry
is broken at the interface, a gap is opened near the point
� and the gapped edge states emerge [21]. Because of the
appearance of bandgaps, a direct question to ask is whether
filtering effect exists in a photonic topological system with the
gapped edge states. To the best of our knowledge, the filtering
effect research in topological materials is still limited to the
electronic systems [22–27]. In particular, the spin filtering
effect in topological Dirac semimetals [24] and the valley
filtering effect in a topological domain wall [26] have been
proposed and studied recently.

The electromagnetic metamaterials provide a new method
to produce photonic surface modes [13–16]. For example, the
triple degenerate points and the bulk-edge correspondence in
hyperbolic metamaterials have been studied [15]. The gyro-
electromagnetic metamaterial is a new-type artificial medium
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[28–33]. It simultaneously has nonzero gyrotropic elements
in the permeability and permittivity tensors. The gyroelectro-
magnetic metamaterials have been extensively studied in the
fields of topological transitions [28], extraordinary dispersion
[29], symmetry-protected scattering anomaly [30], and highly
localized surface waves [33]. However, to the best of our
knowledge, the gapped surface states have not been studied
in the metamaterial system. Hence, two important questions
naturally arise. Can the robust gapped photonic surface states
exist in the gyroelectromagnetic metamaterial system? If so,
can the filtering effect be realized based on the gapped surface
states in the photonic topological metamaterial system?

In this work, the robust gapped surface states are demon-
strated and we propose to use them to realize optical filtering
effect for the surface waves on the photonic gyroelectromag-
netic metamaterial. In particular, the gapped surface states
arise when the electromagnetic duality symmetry of the mate-
rial system is broken. We demonstrate that the surface states
can still propagate stably around sharp corners. The filtering
effect emerges concomitantly in the gapped surface states. The
mechanism of the filtering effect is that the surface waves
with the same polarization can nearly freely pass through,
but those in the gap are totally blocked. The filtering effect
with controllable bandwidth can be realized by changing the
electromagnetic parameters of the covering materials.

The paper is organized as follows. In Sec. II, the band
structures of the gyroelectromagnetic metamaterial are given.
In Sec. III, the topological invariants and photonic surface
states on the metamaterial are investigated. The gapless pho-
tonic surface waves on the metamaterial are given in Sec. IV.
Gapped photonic surface states and robust surface waves
are shown in Sec. V. Filtering effect in the photonic topo-
logical gyroelectromagnetic metamaterial system is given in
Sec. VI. In Sec. VII, the realization of the gyroelectromag-
netic metamaterial is proposed. The conclusions are given in
Sec. VIII.
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II. BAND STRUCTURES

The permittivity tensor of the uniaxial anisotropic gyro-
electromagnetic metamaterial is

ε =
⎛
⎝ εt ig 0

−ig εt 0
0 0 εz

⎞
⎠. (1)

Here, g represents gyrotropic effect which is determined by
the applied magnetic field along the z direction. It means
the time-reversal symmetry of the metamaterial is broken.
We assume that the gyroelectromagnetic metamaterials have
electromagnetic duality symmetry, i.e., μ = ε. The electro-
magnetic duality is a natural property in free space [34].
The electromagnetic duality model has been applied in many
works in recent years [35–44]. For example, the electromag-
netic duality symmetry is utilized to realize the photonic
Dirac points [35], spin-locked edge states in the photonic
crystals [40], and three-dimensional photonic topological
insulators [44].

The band structures of the nondispersion gyroelectromag-
netic metamaterials can be obtained by solving the Maxwell’s
equations. The Maxwell’s equations can be transformed into
an eigenfrequency form Ĥ |�〉 = ω|�〉 [15,45], with eigenfre-
quency ω, operator Ĥ , and eigenvector |�〉:

Ĥ =
(

ε 0
0 μ

)−1(
0 κ

−κ 0

)
, |�〉 =

(
E
H

)
, (2)

where κ is the skew-symmetric tensor of wave vector k. In the
present study, the wave vector is normalized to k0, where k0 is
the wave number in vacuum. The eigenfrequency is normal-
ized to ck0, where c represents the speed of light in vacuum.
Note that the state at (k, ω) stands for the same physical state
at (−k,−ω) owing to the symmetry Ĥ (−κ) = −Ĥ (κ) [15].
Therefore, for better visualization, we only consider the part
of the band structures with ω > 0.

The band structures for different electromagnetic parame-
ters are plotted in Fig. 1. Starting with an isotropic medium
with εt = εz = 2 and g = 0, at this time the bulk state of
the medium is hyperbolic, as illustrated in Fig. 1(a). When
the gyrotropic parameter g is not zero (e.g., g = 0.5), the
two bulk modes with different polarizations are lifted, as
shown in Fig. 1(b). However, there is no common bandgap
between the bulk states and the vacuum state. On the other
hand, when εz is tuned to a negative value while keeping εt

fixed, as illustrated in Fig. 1(c), the double semi-ellipsoid-like
bands are well separated from the vacuum. The common
bandgap [gray region in Fig. 1(c)] is a prerequisite for the
formation of photonic surface states. Moreover, there is a
degenerate line between the metamaterial and vacuum state

when g > (
√

εz

√
εz + 4ε2

t εz + 4
√

ε2
t ε2

z − εz )/2εz(g > 1), as
shown in Fig. 1(d). In this case, there is also no common
bandgap between the semi-ellipsoid-like band and vacuum. In

FIG. 1. Evolution of band structures due to changing the material
parameters. (a) Isotropic medium with g = 0 and εz = 2. (b) The dou-
ble hyperbolic gyroelectromagnetic metamaterial with g = 0.5 and
εz = 2. (c) and (d) The double semi-ellipsoid-like gyroelectromag-
netic metamaterial with g = 0.5/g = 1.1 and εz = −2, respectively.
The magenta dotted line represents the degeneracy between the meta-
material and vacuum state. Here, the green bands are the vacuum
state. The other parameters are εt = 2 and kz = 1 for all plots.

the following work, we will study and discuss the topological
properties of the metamaterial in Fig. 1(c).

III. TOPOLOGICAL INVARIANTS
AND PHOTONIC SURFACE STATES

The characteristics of the band structures in the gyro-
electromagnetic metamaterial can be characterized by the
topological invariants (Berry phase/Chern numbers). In math-
ematics, the Berry phase can be expressed as the integral of
Berry curvature. The Berry phase of the eigenmode in optical
media is expressed [1],

γ = i
∮

�k × 〈U(k)|�k|U(k)〉 · dk, (3)

where U(k) = [E, H]T represents an eigenpolarization state
of the media and � = �k × 〈U(k)|�k|U(k)〉 is the Berry
curvature. Moreover, the Chern numbers can be obtained by
C = γ /2π .

It is well known that the surface state exists at the boundary
of photonic topological insulators with the different Berry
phases. It is the inherent property of the photonic topological
insulators. Next, we study the surface states supported by
the interface between an arbitrary isotropic medium (ε, μ)
and the gyroelectromagnetic metamaterial. The half-space
x > 0 is occupied by the isotropic medium and the half-space
x < 0 is the metamaterial. We use the method proposed by
Dyakonov [46] to calculate the surface modes. According to
the Maxwell’s equations, the eigenfields on either side of the
interface (x = 0) are given by the nontrivial solutions of E
and H.

205403-2



ROBUST GAPPED SURFACE STATES AND FILTERING … PHYSICAL REVIEW B 104, 205403 (2021)

In the isotropic medium, the two orthogonal eigenmodes can be expressed as

E1 = (−kykx1, εμω2 − k2
y ,−kykz

)
, H1 = (−εωkz, 0, εωkx1), (4)

E2 = (
kzkx1, kykz,−εμω2 + k2

z

)
, H2 = (−εωky, εωkx1, 0), (5)

where kx1 =
√

εμω2 − k2
y − k2

z is the normal direction wave vector. Similarly, two eigenstates of the gyroelectromagnetic
metamaterial can be expressed as

E3 =
(

ωε1.5
t ky + i(gω + kz )k+

x

2gωkz + k2
z + ω2

(
g2 − ε2

t

) ,
iky(gω + kz ) − ωεt k+

x

2gωkz + k2
z + ω2

(
g2 − ε2

t

) , i
)

, (6)

H3 =
( −iωε1.5

t ky + (gω + kz )k+
x

2gωkz + k2
z + ω2

(
g2 − ε2

t

) ,
ky(gω + kz ) + iωεt k+

x

2gωkz + k2
z + ω2

(
g2 − ε2

t

) , 1
)

, (7)

E4 =
(

ωε1.5
t ky + i(gω − kz )k−

x

−2gωkz + k2
z + ω2

(
g2 − ε2

t

) ,
iky(gω − kz ) − ωεt k−

x

−2gωkz + k2
z + ω2

(
g2 − ε2

t

) ,−i
)

, (8)

H4 =
(

iωε1.5
t ky + (−gω + kz )k−

x

−2gωkz + k2
z + ω2

(
g2 − ε2

t

) ,
ky(−gω + kz ) − iωεt k−

x

−2gωkz + k2
z + ω2

(
g2 − ε2

t

) , 1
)

, (9)

where k±
x = −

√
(−k2

y εt − (±2ωgkz + k2
z + ω2(g2 − ε2

t ))εz )/εt .

The superscripts + and − refer to two independent polarizations in the metamaterial. The eigenfields in Eqs. (4)–(9) share
the common tangential wave vector components ky and kz across the interface, as a direct consequence of the phase matching of
electromagnetic fields.

The tangential components in Eqs. (4)–(9) are continuous across the interface, leading to the determinant problem of a 4×4
constraint matrix M,

Det[M] =

∣∣∣∣∣∣∣
E1y E2y E3y E4y

E1z E2z E3z E4z

H1y H2y H3y H4y

H1z H2z H3z H4z

∣∣∣∣∣∣∣
= 0. (10)

The characteristic equation of the surface modes are given as(
iεω3

(
εk2

x1C2 + C3 + 2kx1(C4 + C5 − ikyεtC6)
))/

C1 = 0, (11)

where the effective parameters are defined as

C1 = (−2gωkz + k2
z + ω2(g2 − ε2

t

))(
2gωkz + k2

z + ω2(g2 − ε2
t

))
,

C2 = −2igky
(−k2

z + ω2
(
g2 − ε2

t

)) + C7,

C3 = μ
(
εμω2 − k2

y − k2
z

)(−2igky
(−k2

z + ω2
(
g2 − ε2

t

)) + C7
)
,

C4 = εμk4
z − k2

z

(
2g2εμω2 + (2εμω2 + k+

x k−
x )ε2

t

) + εμω2
(
g4ω2 + (−2g2ω2 + k+

x k−
x )ε2

t + ω2ε4
t

)
,

C5 = k2
y

(
(g2 + εμ)k2

z − ω2
(
g4 + g2εμ − 2g2ε2

t + ε4
t

))
,

C6 = k+
x

(
gεμω2 + gk2

z − ωkz
(
g2 + εμ − ε2

t

)) + k−
x

(
gεμω2 + gk2

z + ωkz
(
g2 + εμ − ε2

t

))
,

C7 = εt
(
k+

x

(−2gωkz + k2
z + ω2

(
g2 − ε2

t

)) + k−
x

(
2gωkz + k2

z + ω2
(
g2 − ε2

t

)))
.

IV. GAPLESS PHOTONIC SURFACE WAVES
IN THE COMMON BANDGAP REGION

Here, we assume an ideal situation that the overall ma-
terial system has electromagnetic duality symmetry [35].
Figure 2(a) shows the surface states [based on Eq. (11)] at
the interface between the vacuum (ε = μ = 1) and the gy-
roelectromagnetic metamaterial with μ = ε (εt = 2, εz = −2,
and g = 0.5). The surface states connect the vacuum (green
solid line) to the bulk state (cyan line) of the metamaterial.
The two surface states (LCP and RCP) do not interact owing
to the electromagnetic duality symmetry of the system [35].

It should be noted that only the surface states in the common
bandgap region have robust transmission. The Berry curva-
tures on the kx − ky − ω surfaces are shown in Figs. 2(b) and
2(c). The Berry curvatures are mainly concentrated near the
center of the k space for the metamaterial. The Berry curvature
is negligible when the wave vector increases to infinity. Based
on Eq. (3), the Berry phases γ = ±2π can be obtained. It
corresponds to quantized Chern numbers of ±1 [see Fig. 2(a)].

As presented in Fig. 2(a), there are two surface states in
the common bandgap region. The robust propagation property
of the gapless surface states can be confirmed by numerical
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FIG. 2. Topological properties of the gyroelectromagnetic metamaterial. (a) The cyan/pink lines and the green solid line represent 2D
band structures of the metamaterial and vacuum, respectively. The gray region corresponds to the common bandgap. The gapless surface
states are colored with purple and black lines. The LCP (black lines) and RCP (purple lines) represent left and right circular polarizations
on the vacuum side, respectively. The number label assigned to each bulk state represents its associated Chern number. (b) The distribution
of the Berry curvature (�) of the cyan band in (a). (c) The distribution of the Berry curvature of the pink band in (a). (d) and (e) Simulation
of the surface waves with ω = 0.95, corresponding to points “A” and “B” in (a). (f) and (g) The field distributions of surface waves with
ω = 0.815 at the intersection point “C” in (a). The green pentagram represents the electric dipole. The parameters of the metamaterial are
εt = 2, εz = −2, g = 0.5, and kz = 1, respectively.

simulation (COMSOL multiphysics) at the interface (denoted
by the blue dashed lines) between the metamaterial and the
vacuum, as shown in Figs. 2(d)–2(g). A dipole source is
placed at the interface to excite the surface waves, as depicted
in Figs. 2(d) and 2(e). One corresponds to the positive y-
direction transmission (point “A”). The other is in the negative
y direction (point “B”). Owing to the opposite ellipticity, the
two surface waves can propagate independently although they
have the same frequency. The robust propagation indicates
the nontrivial topological characteristics of the gyroelectro-
magnetic metamaterial system. Moreover, the degenerate state
at point “C” can be regarded as the superposition of two
orthogonal modes. These two orthogonal surface states can
be distinguished by their opposite ellipticities. It is analog to
the spin Hall effect in the electronic system [38]. We use two
electric dipoles to excite the left and right circular polarized
surface states at point “C,” respectively. Figures 2(f) and 2(g)
show the robust propagation of these two surface waves.

V. GAPPED PHOTONIC SURFACE STATES IN THE
MATERIAL SYSTEM WITHOUT ELECTROMAGNETIC

DUALITY SYMMETRY

In Fig. 3(a), we calculate the surface states on the interface
(x = 0) between an isotropic medium with μ �= ε (μ = 1
and ε = 1.2) and the gyroelectromagnetic metamaterial with
μ = ε (εt = 2, εz = −2, and g = 0.5). Different from the case
in Fig. 2(a), the isotropic medium has different relative per-
mittivity and permeability. Thus, the electromagnetic duality
symmetry of the material system is broken. The symmetry
breaking lifts the degeneracy of the two surface states. A small
gap of the surface states arises at ky = −0.13. In this case,
the surface states (red/black lines) are not spanning the whole
bandgap. There is no surface state distribution in the orange
region [Fig. 3(a)]. Hence, the gapped surface states arise when
the electromagnetic duality symmetry of the material system
is broken. It is worth noting that the asymmetry of material

on either side of the interface can break the electromagnetic
duality.

FIG. 3. Gapped surface states in the material system without
electromagnetic duality symmetry. (a) The cyan/pink lines and the
green dashed line represent 2D band structures of the metamaterial
and the isotropic medium (μ = 1 and ε = 1.2), respectively. The
gray and light green regions correspond to the bandgaps. The orange
region is the gap of the surface states. The red and black curve lines
are the gapped surface states. The LEP and REP represent left and
right elliptical polarizations on the metamaterial side, respectively.
(b) The dashed and solid lines represent the ellipticities of the gray
and light green shadow areas in (a), respectively. (c) and (d) Sim-
ulation of propagation of the surface waves at points “D” and “E”
in (a), respectively. S1(S2) and S3(S4) represent the energy flow of
the surface waves before and after passing through the square defect,
respectively. The electromagnetic parameters of the metamaterial are
the same as in Fig. 2.
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Starting from the boundary condition, the ellipticities of
the surface state can be calculated following the steps below
[35]. First, the electric field on the isotropic material and the
gyroelectromagnetic metamaterial side can be obtained by
summing the two independent eigenfields in Eqs. (4)–(9)

Eiso = (A1E1 + A2E2), Egyr = (A3E3 + A4E4), (12)

where A1, A2, A3, and A4 are constants. The polarization
ellipticities of the surface state lie in a plane perpendicular
to the interface because the energy flow is along the interface.
The polarization ellipticities can then be calculated by the tan-
gential and vertical components of the electric field at a point
which is very close to the boundary. The electric field compo-
nents in Eq. (12) are projected to the left (CLCP = (E iso(gyr)

x +
iE iso(gyr)

t )/
√

2) and right (CRCP = (E iso(gyr)
x − iE iso(gyr)

t )/
√

2)
circular polarization states, where E iso(gyr)

t is the complex am-
plitude of the tangential electric field (0, E iso(gyr)

y , E iso(gyr)
z )T .

Then, the ellipticities of the surface state can be obtained by
χ = (|CRCP| − |CLCP|)/(|CRCP| + |CLCP|).

We calculate the ellipticities of the gapped surface states
on the metamaterial side and show them in Fig. 3(b). First,
the surface states are not pure circularly polarized modes
when the electromagnetic duality is broken. Second, there is
an obvious singularity at ky = −0.13 where the ellipticity is
uncertain. Near the singularity, the ellipticity changes dras-
tically as illustrated by the yellow shade in Fig. 3(b). So,
although the degeneracy is lifted as shown in the band diagram
[Fig. 3(a)], the two surface states with different ellipticity
cannot smoothly transform to each other. There is no smooth
transition zone between them.

Apart from the singularity position, the two surface states
can still robustly propagate without backscattering. For the
gapped surface states, the robust propagation property can be
confirmed at the interface between the metamaterial and the
isotropic medium in Figs. 3(c) and 3(d). The transmissions
of the gapped surface waves are given in Figs. 3(c) and 3(d),
corresponding to points “D” and “E” (ω = 0.9) in Fig. 3(a),
respectively. To check the robustness of these surface waves,
the square obstacles are inserted as defects. The surface waves
can bypass the sharp corners and no scattering occurs [the
ratios S2/S1(S4/S3) approximately equal to 1].

VI. FILTERING EFFECT IN A PHOTONIC TOPOLOGICAL
GYROELECTROMAGNETIC METAMATERIAL SYSTEM

In this paper, the surface wave filter consists of three parts:
region I, region II, and region III, as shown in Fig. 4. For
the regions I/III and II, the surface states are located on the
interface between the vacuum/isotropic medium (μ �= ε) and
the gyroelectromagnetic metamaterial. It should be noted that
region I is the same as region III, so they have the same
band properties. The surface states in regions I/III and II are
gapless [Fig. 2(a)] and gapped [Fig. 3(a)] types, respectively.
The waves are incident from region I (port) and finally are
transmitted into region III, as illustrated in Fig. 4.

Now we study the surface wave behaviors in the filter
(Fig. 4). To show the results more clearly, we focus on the
behavior of the right elliptical polarization surface state. The
surface state with the same polarization can nearly freely

Isotropic
medium

Region I Region II Region III

muucaVmuucaV

Metamaterial

Port T

x

y

FIG. 4. Schematic diagram for the photonic filtering device. The
device consists of regions I, II, and III. The cyan, green, and magenta
regions represent the vacuum, isotropic medium, and metamaterial,
respectively. T is the transmission of the surface waves through the
photonic filtering device.

pass through the filter. The gapless and gapped surface states
exist in the regions I/III and the region II, respectively. The
band diagrams and the transmission curves are depicted in
Figs. 5(a) and 5(b), respectively. In particular, there exist two
possible paths: transmitting to the region III or completely
reflected back. Here and in the following, the transmission
(T) is numerically calculated (COMSOL multiphysics) by the
ratio of the energy flow of the surface wave in region III to the
incident surface wave in region I (Fig. 4). The transmittance
(T) approaches to 1 in the gray regions in Fig. 5(a). Namely,
the surface waves from region I can be almost completely

FIG. 5. Filtering effect. (a) The cyan/pink lines and the green
solid/black dashed lines represent 2D band structures of the meta-
material and the vacuum/isotropic medium (μ = 1 and ε = 1.2),
respectively. The purple and red curve lines are RCP gapless
[Fig. 2(a)] and REP gapped [Fig. 3(a)] surface states, respectively.
The gray regions correspond to the common bandgaps. The orange
region is the gap of the surface states. (b) Transmission spectra
(T) from region I to region III (Fig. 4). (c)–(e) Simulation of the
propagation of the surface waves at points “F”, “G”, and “H” in
(b), respectively. (f) One-dimensional field profiles, corresponding
to points “F” and “G” at lines AA/AB and AC/AD in (c) and (d),
respectively. The electromagnetic parameters of the metamaterial are
the same as in Fig. 2.
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Gapless
Gapped

Gapless
Gapped

ky ky

)b()a(

Gapless
Gapped

Gapless
Gapped

Region I Region II Region III

Isotropic mediumVacuum Vacuum

 Metamaterial

y
x

|E|
max

min

(d)

(e)

(f)

(g)

T

(c)

FIG. 6. Bandwidth-controllable filtering effect. (a) and (b) The cyan/pink lines and the green solid line represent 2D band structures of
the metamaterial and the vacuum, respectively. The magenta solid and dashed lines represent 2D band structures of the isotropic medium
μ = 1, ε = 1.1 and μ = 1, ε = 1.3, respectively. The gray regions correspond to the common bandgaps. The orange regions is the gap of
the surface states. The purple and red curve lines are RCP gapless and REP gapped surface states, respectively. (c) Transmission spectra
(T) from region I to region III (Fig. 4). (d) and (e) Simulation of the propagation of the surface waves at ω = 0.72 and ω = 0.78 of the
isotropic medium (μ = 1 and ε = 1.1) in (c), respectively. (f) and (g) Simulation of the propagation of the surface waves at ω = 0.69 and
ω = 0.74 of the isotropic medium (μ = 1 and ε = 1.3) in (c), respectively. The electromagnetic parameters of the metamaterial are the same as
in Fig. 2.

transmitted to region III because of the topological properties
of the metamaterial. On the other hand, the transmission drops
rapidly to zero in the green region of Fig. 5(b). The origin
of the filtering effect is that there is no surface mode in the
region II of Fig. 4. The surface wave incident from region
I is completely reflected back. Note that the orange region
in Fig. 5(a) corresponds to the green region in Fig. 5(b). It
directly verifies the theoretical analysis.

The transmission of the surface waves are given in
Figs. 5(c)–5(e), corresponding to the points “F” (ω = 0.71),
“G” (ω = 0.76), and “H” (ω = 0.89) in Fig. 5(b). In Figs. 5(c)
and 5(e), the surface waves from region I can be nearly fully
transmitted to region III. However, the surface wave incident
from region I is completely reflected back in Fig. 5(d). The
profiles of the incident and the transmitted surface state are al-
most the same for point “F,” as depicted in Fig. 5(f). However,
for point “G,” there is almost no field distributed in region
III (green dashed line). The surface field is concentrated in
region I (black solid line) due to the filtering effect, as shown
in Fig. 5(f).

Figures 6(a) and 6(b) show the results of gapped surface
states when the permittivity of the isotropic material is 1.1

and 1.3. The gaps of the surface states are located at ω ∈
[0.78, 0.79] and ω ∈ [0.73, 0.76], respectively. The transmit-
tance of the surface waves through region II (Fig. 4) covered
by these two materials are shown in Fig. 6(c). The transmis-
sion patterns of the surface waves are given in Figs. 6(d)–6(g),
corresponding to ω = 0.72, ω = 0.78, ω = 0.69, and ω = 0.74
in Fig. 6(c), respectively. The surface waves from region I
can be nearly fully transmitted to region III in Figs. 6(d) and
6(f). Figures 6(e) and 6(g) show the cases where the surface
wave incident from region I is completely reflected back.
Thus, by changing the electromagnetic parameters of isotropic
materials, the filtering effect with controllable bandwidth can
be realized.

VII. REALIZATION OF THE PROPOSED
GYROELECTROMAGNETIC METAMATERIAL

In Fig. 7(a), we propose a periodic layered structure to
realize the gyroelectromagnetic metamaterial. The bilayer su-
perlattice is composed of a magnetized plasma layer [47]
(magenta) with relative permeability μ1 and a ferrimagnetic
garnet layer [11] (yellow) with relative permittivity ε2. More-
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FIG. 7. (a) Illustration of the proposed gyroelectromagnetic metamaterial as a superlattice composed of a magnetized plasma layer and
a ferrimagnetic garnet layer. The layers are infinite in the xy plane. (b) The cyan/pink lines and the green dashed line represent 2D band
structures (kz = 1) of the dispersive metamaterial and the isotropic medium (μ = 1 and ε = 1.2), respectively. (c) Mode profiles |E | of the
gapped surface states, corresponding to points “K”, “L”, “M,” and “N” in (b), respectively. (d) and (e) Simulation of the robust surface waves
at the interface between the isotropic medium and the metamaterial with ω = 0.9, corresponding to points “K” and “L” in (b). (f) and (g) The
field distributions of surface waves with ω = 0.86 at points “M” and “N” in (b). The parameters of the magnetized plasma and ferrimagnetic
garnet layers are ωp = 1.625ω0, |ωB| = 0.325ω0, μ1 = 5, |ωm| = 0.9ω0, and ε2 = 7, respectively. (h) The ratios of effective electromagnetic
parameters of the proposed gyroelectromagnetic metamaterial.

over, the thicknesses of the magnetized plasma layer and
the ferrimagnetic garnet layer are d1 and d2 (d1 = 2d2),
respectively.

For the magnetized plasma layer, the relative permittivity
tensor is

ε1 =
⎛
⎝ α iδ 0

−iδ α 0
0 0 β

⎞
⎠, (13)

where α = 1 − ω2
p/(ω2 − ω2

B), δ = ωBω2
p/(ω(ω2 − ω2

B)), and
β = 1 − ω2

p/ω
2. Here, ω is the angle frequency, ωp represents

the plasma frequency, and ωB is the cyclotron frequency.
According to the effective medium theory (EMT) [28,48],

the effective relative permittivity tensor of the metamaterial
can be written as

εeff =

⎛
⎜⎜⎝

d1α+d2ε2
d1+d2

id1δ
d1+d2

0

− id1δ
d1+d2

d1α+d2ε2
d1+d2

0

0 0 (d1+d2 )βε2

d1ε2+d2β

⎞
⎟⎟⎠. (14)

For the ferrimagnetic garnet layer, the relative permeability
tensor is

μ2 =
⎛
⎝ μ iσ 0

−iσ μ 0
0 0 μ

⎞
⎠, (15)

where μ = 1 + ω0ωm/(ω2
0 − ω2) and σ = ωωm/(ω2 − ω2

0 ).
Here, ω0 represents the resonance frequency and ωm is the
characteristic frequency. The signs of ωm and ωB depend on
the orientation of the extra magnetic field [11,47].

The effective relative permeability tensor of the metamate-
rial is given by

μeff =

⎛
⎜⎜⎝

d1μ1+d2μ

d1+d2

id2σ
d1+d2

0

− id2σ
d1+d2

d1μ1+d2μ

d1+d2
0

0 0 (d1+d2 )μμ1

d1μ+d2μ1

⎞
⎟⎟⎠. (16)

The effective electromagnetic parameters are inevitably
dispersive since the media of both layers in Fig. 7(a) have
dispersions. In this case, the effective electromagnetic param-
eters of relative permittivity and permeability tensors of the
gyroelectromagnetic metamaterial can be written as

εeff =
⎛
⎝ εt ig 0

−ig εt 0
0 0 εz

⎞
⎠, μeff =

⎛
⎝ μt iκ 0

−iκ μt 0
0 0 μz

⎞
⎠,

(17)
where εt = (2(1 − ω2

p/(ω2 − ω2
B)) + ε2)/3, g = 2ω2

pωB/

(3ω(ω2 − ω2
B)), μt = (1 + ω0ωm/(−ω2 + ω2

0 ) + 2μ1)/3,
κ = ωωm/(3(ω2 − ω2

0 )), εz = (3(1 − ω2
p/ω

2)ε2)/(1 −
ω2

p/ω
2 + 2ε2), μz = 3μ1(1 + ω0ωm/(−ω2 + ω2

0 ))/(2(1 +
ω0ωm/(−ω2 + ω2

0 )) + μ1).
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In Fig. 7(b), we plot the two-dimensional (2D) band struc-
tures and surface states on the dispersive gyroelectromagnetic
metamaterial using the effective electromagnetic parameters
in Eq. (17). Similar to Fig. 3(a), the isotropic medium with
different relative permittivity and permeability (μ = 1 and
ε = 1.2), so the gapped surface states also arise in Fig. 7(b).
The gray region is the common bandgap. The orange region is
the gap of the surface states. The gapped surface states are col-
ored with red and black lines. The four points on the gapped
surface states all have field localization, as shown in Fig. 7(c).
The x > 0 and x < 0 regions are the isotropic medium and the
metamaterial, respectively. The robust propagation property
of the gapped surface states can be confirmed by numerical
simulation at the interface, as shown in Figs. 7(d)–7(g). The
surface waves can stably bypass the square defects. In par-
ticular, for the common bandgap region, the surface waves
propagate along the positive y direction (points “K” and “M”).
The others propagate along the negative y direction (points
“L” and “N”). It is similar to the results in Figs. 3(c) and 3(d).
Comparing Fig. 3 with Fig. 7, the bandgap width decreases
owing to the effect of dispersion. However, the dispersion of
the metamaterial does not change its main characteristics, i.e.,
the robustness of the surface waves. Previous studies have
shown that the dispersion of the material has no decisive
influence on the topological properties [10,12,40]. Thus, the
dispersion of the metamaterial is not considered in Eq. (1) to
simplify our theoretical analysis.

In general, the electromagnetic duality symmetry in the
metamaterial is usually achieved by a fixed ratio between the
permittivity and permeability tensor elements [35,49]. Here,
we examine the electromagnetic duality symmetry of the

proposed gyroelectromagnetic metamaterial [Fig. 7(a)]. The
ratios of the effective electromagnetic parameters [Eq. (17)]
for the metamaterial [Fig. 7(a)] are given in Fig. 7(h). The
electromagnetic duality cannot be satisfied for all frequencies
[Fig. 7(h)] due to the material dispersion [40]. However, the
ratios of the permittivity and permeability tensor elements are
roughly equal to each other in ω ∈ [0.87, 0.90], as shown by
the light purple region in Fig. 7(h). In this case, the meta-
material can be regarded as having electromagnetic duality
symmetry [36].

VIII. CONCLUSIONS

In conclusion, we have studied the photonic gapped surface
states in the topological gyroelectromagnetic metamaterial.
When the electromagnetic duality symmetry of the material
system is broken, the gapped surface states arise. This kind of
gapped surface wave can bypass the sharp corner, demonstrat-
ing its robust property. Moreover, the filtering effect occurs
concomitantly in the gapped surface states. The square de-
fects are considered along the interface of the filtering device
to verify the robustness of our systems. The filtering effect
with controllable bandwidth can be realized by changing the
electromagnetic parameters of the isotropic materials.
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