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We construct a two-channel scattering model for the triangular network of valley Hall states in interlayer-
biased minimally twisted bilayer graphene from symmetry arguments, and we investigate electronic transport in a
four-terminal setup. In the absence of forward scattering, a single phenomenological parameter tunes the network
between a triplet of chiral zigzag modes and pseudo-Landau levels. Moreover, the chiral zigzag modes give rise to
robust Aharonov-Bohm resonances in the longitudinal conductance in the presence of a perpendicular magnetic
field or an in-plane electric field. Interestingly, we find that when both a magnetic field and an in-plane electric
field are applied, the resonances of different zigzag branches split depending on their propagation direction
relative to the in-plane electric field. We further demonstrate that while the Hall response vanishes in the chiral
zigzag regime, a finite Hall response is obtained without destroying the Aharonov-Bohm resonances in the
longitudinal response by weakly coupling different zigzag branches, which also gives rise to Hofstadter physics

at accessible magnetic fields.
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I. INTRODUCTION

In recent years, twisted bilayer graphene [1,2] has attracted
a great deal of interest from the condensed-matter community.
In this system, two graphene layers are rotationally mis-
matched, giving rise to a moiré pattern in the layer stacking.
In a large part, this interest was motivated by the experimental
discovery of superconductivity and correlated phases [3—13]
at the “magic” twist angle (8 ~ 1°). For tiny twist angles
(6 ~ 0.1°), also known as minimally twisted bilayer graphene
(mTBG), the moiré pattern grows so large that it becomes
energetically favorable to shrink hexagonal stacking regions
where locally all carbon atoms are eclipsing (AA stacking)
in favor of expanding the Bernal-stacked regions (AB or BA
stacking) where only atoms of different sublattices overlap, at
the expense of intralayer strain [14,15]. The relaxed structure
is then given by a triangular tiling of alternating AB and
BA regions, see Fig. 1(a), whose vertices correspond to AA
regions. The latter act as topological defects, giving rise to
three AB/BA domain walls intersecting at each node [16].
Upon application of an interlayer bias, e.g., due to an electric
field perpendicular to the layers, a local gap is opened in the
Bernal-stacked regions, while the AA regions remain metallic.
When the Fermi level lies in the local gap, one can thus think
of mTBG as a triangular lattice of quantum dots. Moreover,
the AA regions are coupled via the AB/BA domain walls,
which support two chiral modes per valley and spin, and
which are helical in the sense that states in opposite valleys
counterpropagate; see Fig. 1(b). The existence of these chiral
modes can be understood from the change in valley Chern
number ANy = —ANg = £2 across an AB/BA or BA/AB
domain wall, respectively. Here, the valley Chern number
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is defined locally in real space and momentum space, and
therefore it is not necessarily quantized [17,18]. Nevertheless,
the change in valley Chern number across a domain wall is
quantized [17]. From the bulk-boundary correspondence [19],
we require two chiral modes per valley and spin that propagate
along the domain walls, where the propagation direction is
opposite for opposite valleys. The low-energy physics is thus
captured by a triangular network of chiral modes where the
AA regions act as scattering centers [18,20-27], which is
illustrated in Fig. 1(c). Assuming the valleys are decoupled,
we have (for each spin) two triangular networks of opposite
orientation, related by time-reversal symmetry. For a given
valley, this system is reminiscent of a triangular [28] Chalker-
Coddington oriented network [29,30].

Recently, robust Aharonov-Bohm (A-B) oscillations at-
tributed to the network were observed in transport experi-
ments in interlayer-biased mTBG [25]. The A-B oscillations
were observed on top of a constant plateau and persisted at
finite temperatures below the local gap. In addition, oscilla-
tions of the Hall resistivity were also observed. The latter
are not robust against temperature and can be qualitatively
understood in terms of network bands of alternating elec-
tron and hole character. On the theory side, microscopic
calculations demonstrated that the network hosts so-called
one-dimensional (1D) chiral zigzag (ZZ) modes [31,32]. In
this regime, the network (for a given valley and spin) ef-
fectively splits into three independent families of 1D chiral
modes, where each family consists of modes propagating
in parallel, giving rise to a nested Fermi surface between
valleys [33]. Moreover, in the presence of a magnetic field
perpendicular to the graphene layers, scattering between par-
allel ZZ modes gives rise to robust A-B oscillations in the
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FIG. 1. (a) Illustrative example of the TBG lattice for 6 = 7.34°,
where atoms of the top and bottom layers are shown as black and
orange dots. Note that this is not a minimal twist angle. The AB,
BA, and AA stacking domains are shown as gray, white, and brown
regions, and Ny = —Ng = %1 is the local valley Chern number in
the presence of an interlayer bias U. (b) Dispersion along domain
walls between two semi-infinite AB and BA regions, calculated with
the four-band continuum model for U/y, = 0.1, showing two chiral
modes (blue and red lines) per valley and spin. (c) Network of valley
Hall states (for a single valley and spin) where domain walls and
AA regions correspond to links and scattering nodes of the network,
respectively. (d) Unit cell of the network.

longitudinal conductance [32]. However, given the 1D na-
ture of these chiral ZZ modes, one expects a vanishing Hall
response, at odds with experiment. In this paper, we show
that this dilemma is resolved when different ZZ branches are
weakly coupled, in which case the A-B oscillations persist and
the Hall response can be nonzero.

This paper is organized as follows. In Sec. II, we introduce
the network model. We take a phenomenological approach
and obtain the general constraints on the S matrix from sym-
metry arguments. First, we consider the case without forward
scattering at the nodes. In this case, the S matrix depends on a
single parameter, which tunes the network in mTBG between
a triplet of one-dimensional chiral zigzag modes [31-33] and
pseudo-Landau levels [21]. We then allow for forward scat-
tering and discuss different processes between zigzag modes.
Coupling between parallel zigzag channels only warps the
Fermi surface, while a gap is generically opened due to
scattering between zigzag modes that propagate in differ-
ent directions. In Sec. III, we investigate electronic transport
in the chiral zigzag regime in a four-terminal setup in the
presence of a magnetic field perpendicular to the layers, as
well as when a uniform in-plane electric field is applied to
the system. Here, forward scattering gives rise to Aharonov-
Bohm oscillations in the longitudinal conductance, and we
show that resonances of different zigzag branches are split

by the in-plane electric field. This gives rise to magnetoelec-
tric Aharonov-Bohm oscillations. Similar oscillations of this
kind were recently observed in mTBG by scanning tunneling
microscopy measurements [34]. We also discuss magneto-
transport in the percolating regime, i.e., when different zigzag
branches are coupled, giving rise to Hofstadter physics at
experimentally accessible magnetic fields. Finally, we present
our conclusions in Sec. IV.

II. NETWORK MODEL

The network in mTBG consists of scattering nodes (AA
stacking regions) that form a triangular lattice and links be-
tween these nodes (AB/BA domain walls), as illustrated in
Fig. 1(a). Each link hosts two valley Hall channels (for a given
valley and spin) [Fig. 1(b)] such that each scattering node has
six incoming and six outgoing modes, as shown in Fig. 1(c).
We label the nodes by a pair of indices (m, n) with position
mly + nly, where 1, =1(—1/2, :I:\/§/2) are moiré lattice
vectors, with | = a/2sin(8/2) ~ 14(#°)~' nm the moiré lat-
tice constant and a & 0.25 nm the graphene lattice constant of
graphene. The scattering amplitudes of the incoming modes
at node (m, n) are then written as

/ / / t
Amn = (almna A s Dmns Aoys A3mns a3mn) P (1)

where the numbers 1, 2, and 3 indicate the link as defined
in Fig. 1(d), and the primed amplitudes belong to the second
channel (not to be confused with the valley). The outgoing
amplitudes are defined in the same way, and denoted as b,,,.
They are related to the incoming modes via the § matrix,

bmn = Samn s (2)

which characterizes the nodes of the network. Current conser-
vation at a node is expressed as STS = 1.

In this work we do not consider intervalley scattering, as
the moiré pattern varies slowly on the interatomic scale for
small twists. Hence, we consider two independent networks,
one for each valley, with opposite orientations as the valleys
are related by time-reversal symmetry.

A. S matrix

To find the S matrix, we take a phenomenological ap-
proach, where we constrain its form with unitarity and
the symmetries of mTBG in the presence of an interlayer
bias [35,36]. The symmetries of interlayer-biased TBG are
given by C; and C, rotations about the z axis with respect
to the center of an AA region, and time-reversal symmetry
T. While C;3 symmetry conserves the valley, both C, and T
flip the valley index. Within one valley, the symmetries are
therefore given by Cs; and C,T. The former corresponds to a
cyclic permutation of the incoming amplitudes a; — a, —
as — ay; see Fig. 1(d). It follows that the S matrix can be
written as

St S Sr
S=|s s¢ s, 3)
S Sr Sf

where sy, s,, and s; contain the amplitudes for forward
scattering and right and left deflections by 120°, subject to
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STS = 1. Furthermore, when additionally C, or T is con-
served, it can be shown (see Appendix A) that the amplitudes
of different valleys are related as follows:

Coi sy =S,y Sp=5p “)

sp= () 5)

such that when the combined symmetry C,T is conserved, we
have for a given valley

GT: s, = (),

T: sqa= (Sg(r))t’

Sf = (Sf)f. (6)

One can show that these conditions reduce the number of
free parameters of the S matrix to six real parameters (not
including a global phase). We demonstrate this explicitly in
Appendix A, where we construct the most general S matrix
using a scattering basis that transforms properly under C; and
GC.

B. Network bands
The incoming modes of a given node are related to outgo-
ing modes of neighboring nodes,

2w E/E, /
Ay — € / ’(blm—ln—h b1"171n71,

/ /
b2m+lnv b2m+1n’ b3mn+l’ b3mn+1) (7)

where E; = hv/l =~ 3000°(v/vg) meV is the energy scale
of the network (with vg = 10° m s~' the Fermi velocity of
graphene). The network modes pick up a dynamical phase as
they propagate along a link with velocity v, which we assume
is equal for the two valley Hall states. For a clean network
with translational invariance, the Bloch theorem gives [20,37]

blm—ln—l blmn
b2m+1n =M (k) men s (8)
b3mn+l k b3mn k

with M(k) = diag(e’®, e1, e*2), where k;=k-1; (j=
1,2,3) and I3 = —(I; 4+ 1,). If we now combine Egs. (2)
and (8), we obtain

M) ® 1,18 ay = e *"E/ i g, )

such that the network energy bands are given by the phase of
the eigenvalues of [M (k) ® 1,]S.

In mTBG, the scattering parameters likely depend on the
Fermi energy, as well as the interlayer bias, twist angle, etc.,
which alter the microscopic details of the chiral modes and
the scattering nodes. In this work, we assume the § matrix
is independent of energy, which we estimate should hold for
energy windows that are small compared to the local gap
induced by the interlayer bias.

C. Chiral zigzag modes and pseudo-Landau levels

As a first approximation, we consider the case without
forward scattering, i.e., sy =0 in Eq. (3). This is a good
approximation if the localization length of the chiral modes
is not too small relative to the moiré scale. In this case, there
can be a large wave-function overlap between incoming and
outgoing modes for deflections [38]. Hence, we only need

to determine s, subject to s.sF =0 and sjs,. + 555, ) = 1.
These conditions are satisfied up to an overall phase by

i _<€i¢«/Pd1 ~ P ) (10)
v )

with s; = (s,)', and where P;; (P2 and P;y) is the intra-
channel (interchannel) deflection probability, where 2P;; +
P> + Pyo =1 and Py = /P21 Pin. Hence, there are two
parameters, e.g., Py, and ¢ with 0 < P;; < 1/4. Equation (9)
gives the secular equation

1 — 28 + 220 %ak) — a(k)*](1 — 4Py, sin” ¢)
+2iX 2Py sing)® =0, (11)

with A = ¢ E/Ei and a(k) = e + ¢ + ¢, which is in-
variant under Cs. Solving for A yields the network energy
bands E (k). Since the energy enters via the dynamical phase,
the spectrum is periodic and thus unbounded. In mTBG, the
network exists only in a finite energy range where the gap is
opened by the interlayer bias. We can simplify our analysis
by defining sin ¢’ = 2+/Py sin ¢, which has a real solution
for ¢ because 0 < P;; < 1/4. Hence, we find that Eq. (11) is
equivalent to Pyy = Pppy = Pyyp = 1/4 with ¢ — d)/, and we
only have to consider this special case. In the following, we
drop the prime for convenience. Furthermore, by inspection,
we observe that all distinct cases are obtained for ¢ € [0, 7 /2]
since the substitution ¢ — 7w — ¢ leaves the secular equation
invariant, and ¢ — —¢ is equivalent to A — —A, which is a
constant energy shift.

In two limiting cases, we find that Eq. (11) yields an ana-
lytical solution: ¢ = 0 and ¢ = 7 /2. For ¢ = 0, the network
bands are given by

hv
Enj(k) = 2—1(271n+k,), (12)

where n is an integer, j = 1,2, 3, and which is shown in
Fig. 2(a). The network modes are given in this case by three
chiral modes with velocity v/2 that propagate in the /; di-
rections. When ¢ > 0, these modes hybridize [Fig. 2(b)].
However, certain crossings at the I, K, and K’ points in the
moiré Brillouin zone (MBZ) are symmetry-protected by C,T
and C; symmetry. At the T point, the secular equation (11)
reduces to

(A 4 2irsing — 1)(A? — irsing — 1)*> =0, (13)

such that there is always a doubly degenerate mode at the
" point that becomes triply degenerate for the special case
¢ = 0. Increasing ¢ further, an indirect band gap opens at
¢ = m /6; see Fig. 2(c). Hence, in the absence of forward scat-
tering, the network is metallic for 0 < ¢ < 7 /6 and gapped
for 7 /6 < ¢ < 7 /2. Furthermore, for ¢ = 7 /2 — €, we find
in lowest order of €

hv

Enji ~ ]

T €
[Znn + g(4J -+ glf(k - ko_;)l], (14)
where koj = (4m/31)(j — 1)e, and f(k)=1+e*" +
e * At ¢ = /2 (¢ = 0) there are three doubly degenerate
flatbands per period E; that are equally separated by E;/3.
For finite €, the degeneracy is lifted and each pair of network
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FIG. 2. Network bands in the absence of forward scattering along high-symmetry lines [see the inset in (d)] for the K valley (solid black)
and K’ valley (dashed red). Here, we have shifted the energy by an overall constant E;/12. (a) Chiral zigzag regime. (b) Coupled zigzag modes.
(c) Indirect gap opening. (d) Regime close to flatbands showing graphenelike bands.

bands resembles those of graphene with only nearest-neighbor
hopping; see Fig. 2(d). However, in this case the spectrum of
each pair is shifted in momentum space by k.

To understand these results physically, we perform a basis
transformation, U = 13 ® e~7%/4¢/%°:/2_ The new basis cor-
responds to superpositions of the two valley Hall states on the
same link,
ip/2

1 .
ay = —(ae'?? F d e 9/?), (15)

and we obtain
usu='=1s35 3 5/, (16)

where §; remains zero, and

Er:(O 'cc?s¢>>’ gl:<ism¢ 0>. (17
0 ising cos¢p O

Thus, in the new basis, we see that for ¢ = 0 there are
only interchannel deflections to the right (left) for a; (a-)
modes. This gives rise to a chiral zigzag motion in the net-
work, as shown in Fig. 3(a), where a (a_) modes correspond
to solid (dashed) arrows. We call these modes chiral zigzag
(ZZ) modes [31,32]. Moreover, because of the ZZ motion,
they effectively have a velocity of v/2 as it takes twice as
long compared to direct propagation between two nodes. In
the flatband limit (¢ = 7 /2), we find that the network modes
in the new basis form two sets of decoupled trimers, given
by clockwise (counterclockwise) triangular orbits around AB
(BA) regions for a_ (a;) modes. Hence, the network is local-
ized and we obtain flatbands which are known in the literature
as pseudo-Landau levels [21]. Note that C,;T symmetry is
conserved on the whole, because the orbits rotate in opposite
directions. For a given orientation, we obtain three pseudo-
Landau levels per network period as each orbit consists of

three parts, giving three possible superpositions with a dif-
ferent energy. Furthermore, pseudo-Landau levels of opposite
orientation can be thought of as two sublattices of an effective
honeycomb lattice; see Fig. 3(b). In this way, the spectrum
for ¢ = m /2 — € is understood in terms of nearest-neighbor
hoppings t; = €/3 and r, =] = ¢*"3¢ /3 on a honeycomb
lattice, where € is the amplitude for a chiral ZZ process.

In the absence of forward scattering, we conclude that
the network model already captures two phenomena which
were known from band-structure calculations: chiral zigzag
modes [31,33] and pseudo-Landau levels [21]. Next, we
demonstrate how the network model can be used to under-
stand interference oscillations in magnetotransport in terms of
couplings between zigzag modes.

D. Coupling of zigzag modes

In the limit of tiny twist angles 6 ~ 0.1°, the localization
length of the chiral modes decreases as the domain walls
become more sharply defined due to lattice relaxation [15,39].
Hence, we expect that forward scattering becomes more

(a) +\b4\4\/‘ (b) 5
<eeee- l1>—l3 . ar+ .
/12 3
b‘”[ff%? t

FIG. 3. (a) Triplet of 1D chiral zigzag modes (¢ = 0) along
directions I (j = 1, 2, 3) where solid (dashed) lines correspond to
ay (a-) superpositions of valley Hall states along the same link
[Eq. (15)]. (b) Pseudo-Landau levels (¢ = m/2) with the effective
honeycomb lattice superimposed.
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FIG. 4. Regions in the (P, P;,) plane consistent with unitarity
as well as C; and G,T symmetry. For a given value of Py, the
allowed region corresponds to the area bounded by the curve and
the P;; axis. The density plot shows the total forward scattering
probability P = Py + Py,, and the dashed (dotted) line corresponds
to Py = Py (Py» = 3P;1), where the latter gives the maximal value
of Py, for a given Py,.

likely. Therefore, we consider the following parametriza-
tion [32]:

. (ei(¢+x) N - /P ) )
—\/P_fz —eHo+T0) Py

5 = (eiwf‘“ MG ) (19)
=\ _up; —ewyr)

with s; = (s,)" and where Py (Py,) is the probability for intra-
channel (interchannel) forward scattering, and Py (Py3) is the
probability for intrachannel (interchannel) deflections. Here,
the phase shift ¢ is an independent real parameter. The S ma-
trix is unitary for 2(Py; + Pg2) 4+ Pri + P = 1 and cos x =
(Pa2 — Py1)/2,/Ps1 P41, where we take x > 0. Moreover, x
has to be real, which implies 2,/Pr(Py; > |Pg» — Pa1|. Hence,
we obtain an upper bound on P;, as illustrated in Fig. 4,
where we show the allowed regions in the (P, P;;) plane for
different values of Py, and where we have superimposed the
value of Py = Pgi + Py>. These regions are bounded by

Py < 2/Py1(1 — Ppy) — 3Py, (20)

which is independent of ¢. Note that this parametrization is
not the most general. An explicit construction of the general
S matrix is given in Appendix A. However, we believe this
parametrization suffices to capture the network physics in
mTBG. Henceforth, we consider four independent scattering
parameters that can be chosen as ¢, Pr(, Pry, and A = Py; —
Pdg.

To investigate the effect of forward scattering on the chiral
zigzag modes, we make the same basis transformation as in
Eq. (16). In the new basis, we find that the S matrix can be

(b) Pr=004Pp=0

(c) Pri=0.Pp =00

FIG. 5. (a) Schematic showing scattering processes between par-
allel ZZ channels. (b),(c) Network energy bands in the MBZ for
A = ¢ =0 with (b) P;; =0.04 and P, =0, and (c) Ps; =0 and

written as
—i 6+ sin 84 cos
§f=<.f* ‘i), su:( 7sme O .¢>, @1
gt —f drcos¢ idising
with

f = +/Pr2 cos + i\/Ps1 sin(¢ + x), (22)
g = /P2 sing +iy/Ppi cos (¢ + x), (23)

O+ = VPy1 £/ Ppa. (24)

In the ZZ regime (¢ = 6— = 0) we have x = /2 and g = 0,
such that only parallel zigzag channels are coupled due to in-
trachannel forward scattering in the ay basis with probability
| £|?, which is illustrated in Fig. 5(a). In this case, the spectrum
becomes (j =1, 2, 3)

1+1 kj .
— )+ > =+ arcsin Fj(k) |,

h
(25)

where

F; = /P cosqj — /P2 sing;, (26)
where g; = k;/2 + k;;1 with k4 = k; and which is shown in
Figs. 5(b) and 5(c). Note that the accidental triple degen-
eracy at the I', K, and K’ points is not lifted by forward
scattering, such that it cannot open a gap. Indeed, forward
scattering only results in an overall energy shift at the high-
symmetry points, as F;(I') = \/P; and F{ (£K) = F,(£K) =
—F3(x£K) = —/Pyy. Furthermore, we observe that the Fermi
surface becomes warped depending on the type of for-
ward scattering; see Fig. 5. For example, in the absence of
interchannel forward scattering (Pr, = 0) the bands are sym-
metric in k,, which follows from Fj (k,, —k,) = F>(k,, k,) and
F3(k,, _ky) = F3(k,, ky)

In general, however, the three chiral zigzag channels are
coupled through several processes, which are illustrated in
Figs. 6(a)-6(c). For example, one such process is due to in-
terchannel forward scattering in the a4 basis with probability
|g|? [Fig. 6(a)]. Consequently, the bands belonging to different
zigzag branches hybridize except at the I, K, and K’ points of
the MBZ, where the crossing is protected by C; and C,T sym-
metry; see Fig. 6(d). Moreover, for ¢ = 0 there is always an
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DOS [arb.]

0.25 " s .

M K’ DOS [arb]

K r

FIG. 6. (a)—(c) Scattering between different chiral zigzag
branches. (a) Interchannel forward scattering, where a. (a_) modes
are solid (dashed) arrows. (b) Intrachannel deflections. (¢) Interchan-
nel deflections that are opposite to zigzag processes. (d) Network
bands and density of states (DOS) for ¢ = 0.2, A=P;; — P;p =0,
and Py = Py, = 0.05 and (e) for ¢ =0, A =0.4, Py =0.1, and
Py, = 0. The gray line in the DOS corresponds to the constant DOS
(4/.A)(6/E)) in the chiral ZZ regime, where A is the moiré cell area.

accidental triply degenerate crossing at high-symmetry points
regardless of the value of A, which prevents a gap from being
opened, as shown in Fig. 6(e).

The nesting between the Fermi surfaces of opposite
valleys, which was first investigated with the continuum
model [33], can thus be understood from the 1D nature of the
zigzag channels.

By comparing the network energy bands to microscopic
band-structure calculations [31,33], we estimate that ¢ ~
A =~ 0 for mTBG and that forward scattering increases in the
presence of lattice relaxation, as evidenced by the deformation
of the Fermi contour.

III. TRANSPORT IN THE PRESENCE
OF EXTERNAL FIELDS

We now study electronic transport through the network in
the presence of a magnetic field B = Be, perpendicular to the
graphene layers, as well as a uniform in-plane electric field
E =Ce,.

In the gauge A = Bxe,, a Peierls phase =®p(x) is accu-
mulated along a downward/upward diagonal link starting at a

(3 O, e

(%0, %0)

Y

e-‘ri(bp(l‘o)
1 1 L
X 0 1 2 3 4 /2

FIG. 7. (a) Peierls phase in the Landau gauge A = Bxe, accumu-
lated after propagation along links. (b) Staircase potential with step
height V; along the x direction.

node with horizontal position x, with

®p(r) 7d [/ x n 1 27
X)=—|[—+=,
d @ \1/2 ' 2

where ® = BA is the flux through a moiré cell, A = v/31%/2
is the moiré cell area, and &y = h/e. In this gauge, no Peierls
phase is accumulated along horizontal links. This is illustrated
in Fig. 7(a). We introduce the in-plane electric field in the
network model via the dynamical phase [40] with the substi-
tution E — E — V(x), where V(x) = e£(x — [/4). Note that
the total phase after propagation, e.g., along a diagonal link,

1 2 ot 27x0 Vi
— | asv = —/ dxV(x)= 22020 (gg)
hv h Jy, 1/2 E

with Vy = e€1/2, is the same for the staircase potential

V) =Vo Yy nlf(x —nl/2) — 0 — (n+ DI/2)].  (29)

as shown in Fig. 7(b).

We want to emphasize that both the magnetic and the
in-plane electric field break the symmetries of the triangular
network, i.e., the former breaks time-reversal symmetry and
the latter breaks rotation symmetry. Hence, there are fewer
constraints on the S matrix in general. We therefore consider
the regime where the magnetic length is large compared to the
dimensions of the scattering region. We further assume that
the variation of the potential in the scattering region is small
on the scale of the confinement energy. In this regime, we
expect that the symmetries are conserved locally, such that the
S matrix approximately maintains its form dictated by C; and
C,T symmetry. At minimal twists 6 ~ 0.1°, the diameter of
the scattering region is a fraction «(6) < 1 of the moiré length
! due to lattice relaxation [14,15,39]. Hence, our assumption is
reasonable for [z > «l, where [ is the magnetic length, which
is equivalent to ®/®y < a2, as well as Vy/E; < a~'. Note
that it is still possible that the S matrix gains an x dependence
due to V(x). We do not consider such a dependence in this
work.
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FIG. 8. Four-terminal setup with width W = +/3M! and length
L = NI, shown here for M = 2.

A. Four-terminal setup

We calculate the transmission functions in a four-terminal
setup with length L = NI and width M = «/3MI, which is
shown in Fig. 8. Hence, we need to calculate the total S
matrix of the open system. To this end, we divide the network
along the x direction in 2N + 1 transverse slices, labeled by
n=1,...,2N + 1. If each node is equivalent, odd (even)
numbered slices always have S matrix S (S>), as illustrated in
Fig. 8. These S matrices are explicitly given in Appendix C.
Hence, the total S matrix can be written as

S=8 xS x---x8 x8 xS, (30)

2N+1 factors

where the operation x refers to combining S matrices and
which is explicitly defined in Appendix C. The total S matrix
then becomes

4iM 4M+2 2N 2N

rL ILR ttv  tip\4M +2
IRL TR tRu  trD 4M
S = , 3D
tyL fur ry  typ 2N
Ip.  Ipr by Tp 2N

where 7,4 are matrices that contain scattering amplitudes from
lead B to lead o with r, = t,4, and where the labels L, R, U,
and D correspond to the left, right, up, and down leads; see
Fig. 8. Here, we show the number of rows and columns above
and on the right side of the matrix, respectively. Note that
Eq. (31) gives the S matrix for one valley, and that Sk (®) =
[Sx'(—®)]'. The transmission functions then become

Tup(®) = Y Tr(t}ptap)e = Tpu(—®),  (32)
t=K,K'

where the transmission of different valleys is generally not
equal in the four-terminal setup. Remember that the total net-
work (disregarding spin) consists of two decoupled networks,
one for each valley, related by time reversal.

In the Landauer-Biittiker formalism, the current at lead «
is given in linear response by [41,42]

Iy =Y Gup(Ve — Vp), (33)
B

where V, is the voltage at lead « and

262

afo T—0 262
Gor =7 )

dETaﬂ(—ﬁ — TTaﬁ(EF), (34)

where fj is the Fermi-Dirac distribution, Er is the Fermi level,
and «, 8 =L,R,U,D. We then determine the longitudinal
conductances Gy, and G,,, as well as the transverse responses
G, and G, from Eq. (33) for the case in which a current
is applied between opposite leads (Ix = —1I;, and Iy = —Ip).
More details can be found in Appendix C.

Finally, we briefly address the symmetry constraints on the
conductivity tensor o. The Onsager reciprocal relations are
given by 0;;(®) = 0;i{(—P) (i, j = x,y) or 6(P) = o (—DY
such that o is symmetric when time-reversal symmetry is
preserved. In addition, for the bulk network, C; symmetry
implies 0 = R(27 /3)0R(—27/3) such that o, = o,, and
0yxy = —0y, in the absence of an in-plane electric field. The
latter also hold within a single valley as C; conserves the
valley. In general, we can write oy, /yx = 05 &= oy, Where o =
(oxy — 0yy)/2 is the Hall response and og = (0y, + 0,x)/2.
While the Hall response oy vanishes in the presence of time-
reversal symmetry, the symmetric (Drude) part oy can be finite
even when time-reversal symmetry is preserved in the absence
of rotation symmetry [43,44]. Since the four-terminal setup
breaks C; symmetry, we find that og is generally nonzero in
the coordinate system of Fig. 8. Furthermore, for a given value
of og one can always find new coordinates (x', y')’ = O(x, y)'
with 00" = 1 such that oy — 0, while oy — det O oy trans-
forms as a pseudoscalar.

B. Chiral zigzag regime

In the chiral ZZ regime, different ZZ branches are de-
coupled (¢ = A =0) and the network corresponds to three
decoupled quasi-1D systems (for each valley and spin). We
show the longitudinal conductance in this regime in Fig. 9 as
a function of the magnetic flux through a moiré cell & and
the potential step height V. We find Aharonov-Bohm (A-B)
resonances that are split in the presence of an in-plane electric
field. Since each ZZ branch propagates in a different direction,
they accumulate a different phase in the potential V (x), while
the phase due to the magnetic field is the same for every
branch. Hence, A-B resonances originating from different ZZ
branches are affected differently by the in-plane electric field.
We demonstrate this explicitly for a small system for which
the transmission can be calculated analytically. Because the
Z7Z branches are decoupled, the total transmission function
can be written as T =Ty + T + T3, where T; is the trans-
mission of the ZZ branch that propagates in the I; direction
(G=1,2,3).

Consider a network strip of length L = 3//2 and infinite
width. The amplitudes of Feynman paths for the I, branch,

195410-7



DE BEULE, DOMINGUEZ, AND RECHER

PHYSICAL REVIEW B 104, 195410 (2021)

24

22

2.0

r0.95

r0.90

-1 - —.5 - 0 - 05 - 1
®/®,

FIG. 9. Zero-temperature conductance G,, and G,, of the four-
terminal setup with N = M = 10 as a function of the magnetic flux
@ per moiré cell and the slope of the scalar potential V (x) = 2Vjx/I.
Here, Gy = 4¢?/h and the scattering parameters are ¢ = A = 0 and
Pfl = sz =0.4.

illustrated in Fig. 10(a), are given up to an overall phase by
A= f* (35)

d 3V
Ay = f4(8P;f)cos [H(CITO + E")] (36)

' ® 3V
At = fH8PLf)" cos” [n <<1TO + E")} (37)

where the index labels the path length 3nl, such that per
transverse unit cell

Ti(Vo) = Y 1A, (38)

n=1
4
i

T 1—4(1 — P/)?P;cos’ [7(&+3%)]

(39)

A (Vo) (b)

A 2V By
2
r
Af
y P
‘f —A3(—Vo)
@ |
0o 1 2 3
By
NN
I3
. I,l II' l2
3 4

FIG. 10. Network strip of length L = 3//2 and infinite width,
where we show the amplitudes of some of the shortest Feynman paths
in the chiral zigzag regime (¢ = A = 0) for the I, (a), I, (b), and I3
(c) zigzag branches.

and Th,(Vp) = T1(—Wy); see Fig. 10(b). Also, T3 = 2 since
there are two incoming modes per transverse unit cell that
belong to the I3 branch, which are always transmitted as they
are chiral in the transport direction. The total transmission
becomes

I'=24+Ti(V)+ Ti(=V), (40)

which is independent of energy. This follows from the fact
that interfering paths in the chiral ZZ regime always have
the same length, and therefore the dynamical phase enters
as an overall phase factor in the amplitudes. In turn, this
implies that the A-B resonances are not smeared out at finite
temperatures [32,45]; see Eq. (34).

We see that the potential enters in the transmission through
D/ Dy - &/Py £ 3V, /E;, which also holds in larger systems
for an arbitrary Feynman path. The resonance condition is
thus given by

@ + Vo = 2’ 41)

q)() El m
with n and m # 0 coprime integers and where the 4 (—)
sign corresponds to the /| (I;) ZZ branch. Hence, an in-plane
electric field separates the A-B resonances of different ZZ
modes. This gives rise to the fractal pattern in the conduc-
tance shown in Fig. 9. Moreover, along any resonant path in
the (g, Vo) plane, there are additional resonances when the
resonance conditions of different ZZ branches are satisfied
simultaneously.

In the four-terminal setup, G, and G, also display broad
antiresonances and resonances corresponding to the dark
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A = 0. (b) Longitudinal conductance and (c) Hall conductance for

the four-terminal setup with N = M = 10, for the same scattering parameters as in (a) with Gy = 4¢?/h.

and bright vertical bands in Fig. 9, respectively, that are
independent of V;. These are due to the I3 ZZ modes, which
propagate along the x direction of the four-terminal setup
shown in Fig. 8. For this ZZ branch, the relative phase of inter-
fering paths is unaffected by the potential V (x). We illustrate
this in Fig. 10(c), where we show a long network strip with
width W = /31. Here, the amplitudes of the three shortest
paths for transmission in the y direction of the /3 branch are

By = (—f*), (42)

By = (—f*)*8P; cos <71 3) , (43)
D

By = (—f*)34Pd[l6Pd cos? (n%) — 1}, (44)
0
up to overall phases. Hence, the resonances are independent of
Vo, giving rise to the background in G,,. The antiresonances
seen in Gy, are understood in the same way, as some of the
13 77 modes that contribute a constant transmission in the x
direction can now also transmit to the up and down leads.
From these results, we can make some predictions of
magnetotransport in the ZZ regime at a potential hill that
varies slowly on the moiré scale. Initially, the increase of the
potential gives rise to resonances along lines in the (&, Vj)
plane given by Eq. (41). Resonant paths have either a positive
or negative slope, depending on their respective ZZ branch.
However, at the other end of the barrier, the sign of Vj is
changed. Therefore, resonances across the whole barrier ap-
pear only when two resonant paths of opposite slope intersect,
which occurs only for rational numbers

) 3V0 _ ny np
CDO’ El - ml’mg '

Finally, we find that the total transverse response Gy, =
(Gs + Gg)/2 vanishes in the ZZ regime. Within a single
valley, the Hall response Gy vanishes while the symmetric
transverse response Gg is nonzero in the presence of an in-
plane electric field but opposite in each valley. This is allowed
since both the four-terminal setup and the potential V (x) break
C; symmetry.

(45)

C. Percolating regime

When different zigzag branches become coupled (¢ # 0 or
A # 0), the network corresponds to a true two-dimensional
percolating system. In this case, the presence of a perpendicu-
lar magnetic field gives rise to network Landau levels at small
® /P and Hofstadter physics when ® /Py ~ 1, where

240,
B~ ——(6°)°T, (46)
)
such that the Hofstadter regime is experimentally accessible
for minimal twist angles 6 ~ 0.1°. For simplicity, we only
consider the case without an in-plane electric field in this
section (Vy = 0).

In Figs. 11(a) and 12(a), we show the magnetic network
bands at zero momentum, i.e., the Hofstadter butterfly (see
Appendix B). The case shown in Fig. 11 corresponds to a
gapped network, which requires 7 /6 < ¢ < /2 without for-
ward scattering [46]. Note that there are two bands of states
with opposite spectral flow, indicative of a nontrivial topologi-
cal phase [47,48]. Indeed, the two-channel triangular network
in the presence of C,;7 symmetry hosts a valley anomalous
Floquet insulator [46]. When the network is metallic at zero
flux, several magnetic gaps develop at finite flux, as shown
in Fig. 12. If the Fermi level lies in the magnetic gap, we
expect a vanishing longitudinal response and a quantized Hall
response. This is shown in Figs. 11(b) and 11(c) for the
gapped network, and in Figs. 12(b) and 12(c) for weakly
coupled ZZ branches. Note that the Hofstadter pattern in the
response matches well to the magnetic bands. However, as
we consider a finite system, the Hall conductance Gy is not
perfectly quantized. Indeed, due to tunneling processes the
longitudinal conductance does not vanish completely in the
magnetic gaps. Such finite-size effects also limit the resolution
of the Hofstadter pattern.

Finally, we address the temperature dependence of the
conductance, which is shown in Fig. 13 for the same scat-
tering parameters as in Fig. 12. As we mentioned before,
the A-B oscillations due to chiral zigzag processes are due
to interferences between paths that accumulate the same dy-
namical phase, while contributions from scattering between
different zigzag branches do accumulate a relative phase.
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FIG. 12. (a) Hofstadter butterfly for Vo =0, ¢ = 0.5, Py = Py, = 0.3, and A = 0. (b) Longitudinal and (c) Hall conductance for the
four-terminal setup with N = M = 20, for the same scattering parameters as in (a) with Gy = 4¢*/h.

Hence the latter are suppressed at finite temperatures due
to averaging over dynamical phases, which is demonstrated
in Fig. 13(a), where we introduced a network temperature
scale 7 = kp/E; =~ 3400(6°) K. On the other hand, the Hall
response shown in Fig. 13(b) is always suppressed with tem-
perature since processes giving rise to the A-B oscillations do
not contribute to the Hall response. At this point, we would
like to point out some similarities to mesoscopic A-B rings.
Similar to the network, one can find two kinds of interferences
in A-B rings, namely those between paths accumulating the
same or a different dynamical phase [49-51]. The latter give
rise to so-called universal conductance fluctuations, which
are sensitive to system parameters such as the electron den-
sity. In contrast, the former are due to time-reversed paths,
and their contributions survive ensemble averaging [52]. In
the network, however, contributions independent of the dy-

T/T; = 0.02

—7T/T}) =0 —T/T;=0.006 —T/T; =0.01
(a) (c)

3+ 4

°

| g
LAAC A

L | L
07 =05 0.5
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O/D,

@
:A

A A T )‘ fﬂf‘” ﬁ&f"ﬂ&%‘
IWWWM\W R&w /]

P \
“05 ~0.25 0 0.25 0.5 -0.5 ~0.25 0 0.25 0.5
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FIG. 13. Temperature dependence of the magnetoconductance.
(a), (c) Longitudinal response as a function of the magnetic flux ®
per moir€ cell for Er /E; = 0.1 [horizontal dashed line in Fig. 12(b)]
for the one- and two-channel network, respectively, with 7; ~
3400(6°) K. Network parameters correspond to Figs. 12 and 14. For
visibility, the curves are shifted by increments of 0.6 with increasing
temperature. (b),(d) Hall response as a function of the Fermi energy
for B = 4(6°)~2 T [vertical dashed line in Fig. 12(c)].

namical phase do not correspond to interference between
time-reversed paths because they occur within a single valley.
In this respect, the A-B physics of the network is less robust
since irregularities of the lattice or the electron density can
locally alter the dynamical phase [32].

The one-channel model exhibits a similar phenomenology,
as shown in Figs. 13(c), 13(d), and 14. At temperatures 7 <7,
all possible periods are present, but as the temperature is
increased, only contributions independent of the dynamical
phase survive. This gives rise to a change in periodicity from
2@, to ®( as the temperature is increased. There are also
some differences in comparison with the two-channel case.
First, the oscillations in the longitudinal conductance do not
appear on a constant background, and the main periodicity
at zero temperature always corresponds to two flux quanta
per moiré cell, as opposed to one flux quantum in the chi-
ral zigzag regime. Second, the energy bands obtained with
the one-channel theory do not reproduce microscopic band-
structure calculations [31,33]. In contrast, the two-channel
theory reproduces the energy dispersion and predicts robust
A-B oscillations in the longitudinal response. Hence, we be-
lieve that the observed A-B oscillations in the experiment of
Ref. [25] can be understood in terms of scattering between
parallel zigzag channels. Moreover, while the Hall response
vanishes in the chiral zigzag regime, a finite Hall response is
obtained when different zigzag branches are weakly coupled.
At the same time, the A-B oscillations persist and tend to
dominate at sufficiently high temperatures.

IV. CONCLUSIONS

We constructed a two-channel network model for the net-
work of valley Hall states that emerges in minimally twisted
bilayer graphene in the presence of an interlayer bias. To this
end, we constrained the S matrix of a single scattering node
with the symmetries of the bilayer system. In the absence of
forward scattering, we find that the model is characterized
by a single scattering parameter, given by the relative phase
shift that is acquired after deflections at a scattering node.
This parameter tunes the network between pseudo-Landau
levels and chiral zigzag modes, such that both phenomena are
captured by a single network theory. We proceeded to include
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FIG. 14. (a) Hofstadter butterfly of the one-channel triangular network with C,T symmetry for P; = 0.7. (b) Longitudinal and (c) Hall
response for the four-terminal setup with N = 30 and M = 60, for the same parameters as in (a) with Gy = 4¢*/h.

forward scattering, and we studied how additional scattering
processes affect the chiral zigzag modes. We find that there
are two regimes, depending on the couplings between zigzag
modes. In the chiral zigzag regime, only parallel zigzag modes
are coupled, such that the network effectively decouples into
sets of quasi-one-dimensional systems. On the other hand,
scattering between zigzag modes that propagate in different
directions gives rise to a two-dimensional percolating net-
work.

Subsequently, we used the network model to study elec-
tronic transport in the presence of a perpendicular magnetic
field for a four-terminal setup. In the zigzag regime, we find
that forward scattering gives rise to robust Aharonov-Bohm
oscillations in the longitudinal conductance, while the Hall
response vanishes. We also investigated the effect of a uniform
in-plane electric field in this regime. Surprisingly, we find that
the electric field leads to exactly the same oscillations at zero
magnetic field. Moreover, when both the magnetic and electric
field are present, the Aharonov-Bohm resonances of different
chiral zigzag modes can be separated. Hence, this effect could
be a further confirmation of the existence of chiral zigzag
modes in the network. To obtain a finite Hall response, we
introduced a weak coupling between different zigzag modes.
In this case, the network supports Hofstadter physics at ex-
perimentally accessible magnetic fields. Furthermore, when
the coupling between the different zigzag branches is not
too strong, the Aharonov-Bohm resonances survive and are
expected to dominate at finite temperatures.

To conclude, we demonstrated how one can construct a
scattering model for the topological network that emerges in
minimally twisted bilayer graphene under an interlayer bias,
using the symmetries of the system. We then performed four-
terminal transport calculations with this network model. Our
results are consistent with previous transport experiments, and
they suggest possible new experiments to further probe the
nature of the topological network in minimally twisted bilayer
graphene.
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APPENDIX A: GENERAL SCATTERING MATRIX

We first consider the one-channel case. We construct in-
coming modes in a single valley that are angular momentum
L, eigenstates. These modes form an irreducible representa-
tion of the C3 group,

1
= —(a; +n"ay + 1 "az), (A1)

V3

am

with n = e 273 where m = 0, & corresponds to the L.

eigenvalue. They are thus eigenstates of C; (a; — ar —
a3 — ay) with e=i5L/hg, = y"q,. Since the angular mo-

mentum is conserved, we have

s 0 0

b+ ay
by | = 0 o 0 ao |, (A2)
b_ 0 0 e'5- a_
s
with &,, real. In the original basis, S = V'SV with
. L nt
V= — 11 (A3)
NE] .
n n

If in addition C, symmetry is present, the eigenstates of the
full S matrix, including both valleys, are given by

|
) = —(a, £ d),

A4
" =7 (A4)
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where the prime indicates the other valley, and they transform properly under both C, and Cs. In this basis, we thus have

b 0 0
bg” 0 e 0
b+ 0 0 et
b 1o 0 0
by o 0 0
b o 0 o0

where the valleys are decoupled if both eigenstates acquire the
same phase shift £ = £(). Indeed,

1
by = —= 5P +557) (A6)
V2
iECH) i£() g g
e'sm + e'sm e'sm e'sm ,
= m . A7
. t T e (AD
The S matrix in the original basis is now obtained with the
transformation
0 1 (V +V> A8)
S L2\v —v)
givingS = §'.

Finally, we consider time-reversal symmetry. Time reversal
flips the valley and L., and exchanges incoming and outgoing
modes:

an = (b)), by — (@) (A9)

We find the following condition on the S matrix in the angular

momentum basis,
S =PS'P, (A10)

where the underline denotes the total § matrix containing both
valleys, and

0 0 1
0 1 0
1 00
P= , (A11)
0o 0 -1
0 -1 0
-1 0 0

with P? = 1 and which implies £ = £*. Moreover, in the
original basis, we have

S = (0"PO(Q'Q)'S'(Q' O)I(Q'PO), (A12)
where (Q'0)'S'(Q'Q) = S. This yields
sp= s}v, Sr=5), S =S5 (A13)

When both C, and T are present, we conclude that the S
matrix for the single-channel network has one real parameter
up to a global phase.

We generalize this approach to k channels per link. The S
matrix in the L, basis now takes the form

S =Uy(k) @ Up(k) @ U-(k), (Al4)

0 0 0 P

0o 0 0 ||aP

0 0 0 a™ (A5)
&0 o [[a7]

0o &5 o ||4a

0 0 et’éi" a(:)

(

where U, (k) is a unitary matrix of dimension k, giving 3k>
real parameters. The U matrices describe scattering processes
between channels with the same angular momentum. Simi-
larly as before, the unitary matrices are equal for the even
and odd C; states in the absence of intervalley coupling, while
T symmetry implies U, (k) = U_(k)" and Uy(k) = Uy(k)'. If
C,T is conserved, there are [k? — k(k — 1)/2] + k*> = k(3k +
1)/2 real parameters. For the network in mTBG (k = 2) there
are six parameters (not including a global phase), and an
explicit expression can be obtained with

UuR)= e’WZ( ) ¢ sin >,
—e 2 5in 6

e~ cos 6
where ¢, = /2 for Uj.

€% cosf
(A15)

APPENDIX B: MAGNETIC NETWORK BANDS
AND HOFSTADTER BUTTERFLY

In the Landau gauge A = Bxe,, the commensuration con-
dition is obtained by demanding that the Peierls phase returns
to itself after a translation x — x + gl, where ¢ is a positive
integer. We find

g =2np s 2 P
@, q p o g
where p is an integer and where all possible cases are obtained
by taking p and g coprime. Thus, the magnetic unit cell has
dimensions gl x /31, which is illustrated in Fig. 15forg = 5.
We label the amplitudes of incoming and outgoing modes in

the magnetic cell as

(BI)

Aq = (a1,17 a/l,l’ ) a/1!31 ) a2q,37 a/zq,?,)v (Bz)

Bq = (b],la b/],]5 MR b],37 b/],35 MR b2q,3’ b/2q’3)7 (B3)

a2q,2

o 1 2 3 4 5 6 1 8 9 10 2

FIG. 15. Magnetic unit cell (dashed rectangle) of the network in
a perpendicular magnetic field for the Landau gauge A = Be,, shown
for a commensurate flux with ¢ = 5.
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respectively, where the first index labels the scattering nodes
and the second index labels the channels, as shown in
Fig. 1(d). Here, we label the nodes by their horizontal position
x=nl/2 withn =1, ...,2q. In this basis, the total S matrix
becomes

S, =12, ®85, (B4)

where S is the S matrix for a single node, which is given in
Eq. (3), and B, = S;A,. Incoming and outgoing modes are
also related by

¢ A, = Mk, ®)B, = M,(k, ®)S,A,,  (BS)

where M, (k, ®)is a 12g x 12¢ matrix that connects incoming
and outgoing amplitudes of different nodes. For example, we
have

a1 = €*by ), (B6)

ayy = ek py, 5, (B7)
ars = i o ikedl =ik /31 bay 3. (BS)
ar| = e“by, (B9)

arp = eigeiky‘/gle"q)”(l)bl,z, (B10)
ars = efe o Wp, 5, (B11)

and similar for the other channel. The magnetic network bands
are then obtained by calculating the phase of the eigenvalues
of the matrix M, (k, ®)S,. The Hofstadter butterflies shown in
Figs. 11, 12, and 14 are obtained by collecting the spectra for
different fluxes at k = 0.

by

(1) (1) (1) (1)
by, L e\ (9
= . (ChH
b(l) t(l) r(l) a(l)
R RL R R
—-
S, in Fig. 8
where a(Ll) (ag)) contain amplitudes of incoming modes at the
left-hand (right-hand) side of the first section, as shown in

Fig. 8, and similar for outgoing modes. Here, the S matrix
for the first column is given by

r t’

N

1y,

c ’

(C2)

t r’

where any omitted entries correspond to zeros, and which
has dimension (4M + 1)N,, where N, is the number of chiral
channels per link. We have also defined

(0 0) (S[ Sf)

r= , = s

Sr Sy St Sy

. (0 s, . /1 0

r = y = .
0 Sy 0 Sf

The second column in Fig. 8 also contains modes of the up
and down leads. Hence, we can write

(C3)

(o2))

2 (2) (2) 2 2 (2)
by Lo g hwo U\ (%
APPENDIX C: FOUR-TERMINAL SETUP pP 2 e 0 Q) a?
R | _ |’ 'R RU  'rD R (C5)
Here, we give a detailed overview of the calculation of the bg) tl(J2L) [;]213 rl</2> tL(/ZL)) ag) ’
total S matrix for the four-terminal setup of the scattering @) Q@ @ @) @
network as shown in Fig. 8 with length L = N/ and width bp ) o 'or v D . ap
W = M+«/3l, where M,N = 1,2, ....The incoming and out- S, in Fig. 8
going modes at the first column of nodes in Fig. 8 are related with
J
S S f Sy
r
r ¢
1y,
Sy Sr S
S, = Sy Y] Sf , (C6)
t
t r
S Sy Sf
Sf Sy S
Sf S Sy
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where again omitted entries are zero and which has dimen-
sion (4M 4 3)N,. Incoming and outgoing modes of different
columns are related by

(n+1)

ag’ = bV, af"™l = By, (C7)

where for the clean network

i(é‘—Vn)/z’ ,Bn — ei(é‘—Vn)A((_l)n-‘rlncD)’

o, =e (C8)
with ¢ = El/hv the dynamical phase, V, =27V (x,)/E; =
2nnV,y/E; is the value of the scalar potential at x,, = ({/2)(n +
1/2) [Fig. 7(b)], and A(z) = 1y Q [exp(—izmo,/Py) ® 1]
gives the Peierls phase in the Landau gauge A = Bxe,. In the
presence of smooth charge disorder, the matrices «,, and B,
will also contain random phases.

The total S matrix for the first and second column is de-

noted as (S; x S»);. Hence, we can write

by iR\ (4
ol I G S B )
5 B P O | P
b’/ ol toe tpy oy \ap)
(S1x82)
where we eliminated ag), a(Lz), bg), and b(Lz), giving
= 1o 00 P By, (C10)
tih = R 0Lt (C11)
) = tigen 031[7), (C12)
fp =t 0517, (C13)
ty) = 15 B1OV1y), (Cl14)
O =@ 120 a2, (C15)
1 =t + 12410V r e, (C16)
1 =19 + 152 51 0r Ve, (C17)
1) = 15101k, (C18)
1% = 15 + 1 B0V a2, (C19)
ry =+ 15800 r e, (C20)
t9) = 155 + 15 B0V r ), (C21)
1) = 126001, (C22)
15n = tom + 15 51 OrP e, (C23)
thy =ty + 15 BIOV R oty (C24)
S = 128100V r a3, (C25)

with
-1
O = [Louw, — rPanr®pi] ™, (C26)
-1
OV = [Lamrnw, — 2 pirg en] . (C27)

Assuming identical scattering nodes throughout the sample,
we obtain the combined S matrix for the (2j — 1)th and (2)th

column in a similar way, where j = 1, ..., N. For example,
for the third and fourth column, we have
3) (Q10] I [€19) n 3)
by L bR tw  hp ar,
b(4) t(ll) r(H) I(H) t(ll) a(4)
R RL R RU RD R
(4) - (ID) (I I an @ | (C28)
by yp twr v’ Wwp||%Ww
(4) (1D I 1) an “4)
by, . Int bR oy 'p ,\p
(S1x82)n

where the scattering matrix in Eq. (C28) contains the same ex-
pressions (C10)—(C25) with phase matrices «y, 81 — o3, B3.
If we now combine the two two-column § matrices in
Egs. (C9) and (C28), we obtain

ry IR Ly, Ly, ILp1 ILp,1
b(4)
R IRL TR IRU 1 1RU 2 IrD,1 IrD,1
2
b turi twril  tual Tua2  tupil tupiz
bg” ftuyLp 1Tur2 Tu2i ru2  tup21 tubp22
bg) IpL,1 I'br1  Ipual Ipuiz o D12
bg) IpL2 Ipr2 Ipup2l Ipu2x D21 D22
1)
ar
“)
ag
o
X @ | (C29)
ay
2)
ap
“4)
ap

where the total S matrix for the two columns now has dimen-
sion (4M + 5)N,.. Here, we used

aP = b, a¥ = pbY (C30)
to obtain Eq. (C29), where

re=r" 4+ 10a0,r M Byt (C31)

fr =t 0ot (C32)

oy =13 + 10 00r ™ Bty (C33)

tw 2 = iR Qathy), (C34)

tp = 11 + tinea 0ot ot (C35)

tipa = tinea Oathy), (C36)

tre, = thy BrQitg) (C37)
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_ aD 1) o, dD)
o= sy, (O3 ot = )+ OB, (C6Y
_ D (0]
.t =l P, (© .12 = (e Qo) (Co4)
_ 3D 1) o, dD)
w2 =t i ety (G40 o = a0y, (C65)
I 0]
t =t tory C41
RD,1 RL B201 RD ( ) poy = r(Dll) + tgi)ﬁZerI({l)aﬂi%)’ (C66)
tro.2 = thy + thy B2Q1rg oty (C42)  Wwith
tur1 = t) + tyxea0ar Bty (C43) b
W o 01 = [Loun, — ry’eary 'Ba] . (Ce7)
tur2 =ty B20O1tg; » (C44) M @ -1
: - 0> = [Lemsw, — 1y, Barg’ea] . (C68)
tur1 = type2Oat s (C45)
The S matrix of the total system can therefore be obtained
tura = tl(fl}e) + tl(}? B0 Pt (C46) by first combining pairs of sections given by S; and S,. Then
we combine all the two-column § matrices with Egs. (C7) for
ruan =1y 1 Qartt oty (C47)  evenn, as we have illustrated for n = 2. Note that in each step,
the S matrix grows as two more incoming and outgoing modes
ruan =t e Oatly), (C48)  are added from the up and down leads. In the last step, we add
one more section given by S;, where we use
() (0]
rua = tyg B2Qilgy s (C49)
UL RU a;zN) _ aZNb(LZNJrl)’ a(LzN+1) _ ﬁszﬁfN), (C69)
1) n ) (I1)
= +1 trr7 s C50 . . .
v =Ty vL POy oty (©30) such that the total S matrix of the four-terminal system has di-
tup1 = tl(JIl)) + t((JII)? @ erzn) :325(%[1; 7 (C51) mension (4M + 2N + 1)N,. The transmission functions then
become
tp,12 = te Oty (C52) ; :
’ Taﬁ(q)) = Tr[taﬁtaﬂ],( + Tr[taﬁtaﬁ]K/ (C70)
I I
tup.21 =ty BQuth, (C53) = T (D) + T (—=®) = Ty (—®), (CT1)
_ ID (ID) D D C54 . _ _
tup2 = typ + bty B2O1rg oty (C54)  with ry = t4q, and where «, 8 = L, R, U, D label the leads.
| | - . Here, the transmission of valley K’ follows from Sk (®) =
tor =ty + lél)gaz eré 'Batry, (C55)  [Sk(—®)]'. The current at each lead is given in linear response
- . by [41,42]
tpa = 1y BrQity (C56)
Io =) Gup(Va = Vp) (C72)
Ipr,1 = tS,laztaS,?, (C57) 5
tora = o8 + 15 BrQir ant (C58)  with y_, I, =0, V, is the voltage at lead &, and
¢9) 8] D 5 @) 2
t =t t tRus C59 2 0
U1l =ty +Ippe2 0oty Potpy) (C59) Gup = % dE Ty <_3_];?> (C73)
tou12 = thpeaOatly), (C60)
is the conductance between leads B and «, with f, the
thu2l = ng B0 t,gl}, (Co61) Fermi-Dirac distribution. Since the total current has to vanish,
Egs. (C72) are overdetermined. Therefore, we take lead R as
o2 =t + 15 B0y ety (C62)  the reference, for example, and obtain
J
I Gir+ Gy + Grp -Gy —Grp Vi
Iy | = —Gur Gur + Gur + Gup —Gup Vo | (C74)
Ip —Gpr —Gpuy Gpr +Gpr +Gpu /) \Vp
If we now consider the case in which I;, = —I and Iy = —Ip, one finds [41]
I = G (VL — Vr) + Gy(Vy — Vp), (C75)
Iy = Gy (VL — V&) + Gy,(Vy — Vp), (C76)
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0 0
d /P,

FIG. 16. Zero-temperature conductance Gy, and G,, of the four-terminal setup as a function of the magnetic flux ® per moiré cell and the

slope of the potential V (y) = 2Vyy/I for the same parameters as Fig. 9.

where we defined the conductances

n (Gpr + Gyr)(Grp + Gru)

Gxx = GRL ) 5 (C77)
Gip+G Gy, + G

Gy = Gun + (Grp RD)E(: UL UR)’ (€78

GipGry — Gy G
Gy = 10GRry - ruGro. (€79)

GpLGyr — GyrLG
Gy = pLGur uLGor. (C80)

>
with

X(®)=Grp+ Gy + Grp + Gru (C81)
= Gpi + Gy + Gpr + Gyr = Z(—P), (C82)

since Zﬂ Gpo = Zﬂ Gyp and Gop(P) = Gpo(—P) (o, B =
L,R,U,D).

Hence, we see that the Onsager relations G;;(®) =
G;i(—=®) (i, j = x, y) hold only if we sum up the transmission
of both valleys [Eq. (C71)]. Note that we have written the
longitudinal conductances in Eqgs. (C77) and (C78) as the
sum of a direct contribution (i.e., the two-terminal part) and a
contribution that can be interpreted as a weighted probability
to transmit to the longitudinal lead via the transverse leads.

As such, the longitudinal conductance is not given by the
sum of the conductance of each valley separately, since it
also contains incoherent scattering between the valleys via the
leads. In such processes, one first transmits in one valley to a
transverse lead followed by a transmission to the longitudinal
lead in the other valley. Finally, we obtain the Hall response

Gy — Gy

Gy = =

(C83)

APPENDIX D: DEPENDENCE ON THE DIRECTION
OF THE ELECTRIC FIELD

To investigate the dependence on the direction of the
in-plane electric field, we also performed four-terminal calcu-
lations for a constant electric field in the y direction, as defined
in Fig. 8. This is shown in Fig. 16. We find that the resonances
in Gy, are similar to those for the electric field along the x
direction, except for the scale on the vertical axis. This is
because the valley Hall channels along diagonal links accu-
mulate a larger phase between nodes for the potential V (y) as
compared to V (x) for the same electric field strength, since
they span a larger distance in the y direction. In contrast, the
zigzag branch that propagates along the x direction is affected
differently, which is clear from the square (anti)resonance
pattern in G,y (Gyx,) as compared to the vertical lines in Fig. 9.
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