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Lina Yang,1,* Yi Jiang,1 and Yanguang Zhou2,†

1School of Aerospace Engineering, Beijing Institute of Technology, Beijing 100081, China
2Department of Mechanical and Aerospace Engineering, The Hong Kong University of Science and Technology,

Clear water bay, Kowloon, Hong Kong SAR, China

(Received 12 July 2021; revised 17 October 2021; accepted 20 October 2021; published 11 November 2021)

Thermal transport in nanocrystalline Si is of great importance for many advanced applications. A better
understanding of the modal thermal conductivity of nanocrystalline Si will be expected. In this work, the efficient
variance reduced Monte Carlo simulation with full band phonon dispersion is applied to study the modal thermal
conductivity of nanocrystalline Si. Importantly, the phonon modal transmissions across the grain boundaries
which are modeled by the amorphous Si interface are calculated by the mode-resolved atomistic Green’s function
method. The predicted ratios of thermal conductivity of nanocrystalline Si to that of bulk Si agree well with
that of the experimental measurements in a wide range of grain size. The ratio of thermal conductivity of
nanocrystalline Si is decreased from 54% to 3% and the contribution of phonons with mean free path larger than
the grain size increases from 30% to 96% as the grain size decreases from 550 to 10 nm. This work demonstrates
that the full band Monte Carlo simulation using phonon modal transmission by the mode-resolved atomistic
Green’s function method can effectively capture the phonon transport picture in complex nanostructures, and
therefore can provide guidance for designing Si based devices with better performance.
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I. INTRODUCTION

Thermal transport properties of nanostructures are of
great importance for advanced applications including ther-
moelectrics [1,2], microelectronics [3], and thermal barrier
coatings [4]. Silicon-based nanostructures are relatively in-
expensive, most are nontoxic and stable, which is important
for many applications. For example, nanocrystalline Si (nc-Si)
based thermoelectrics are used as radio isotope thermoelec-
tricity generator for space missions and nc-Si is also a key
component of the commercial polycrystalline silicon photo-
voltaic solar cells [5]. Thermal transport properties of nc-Si
are crucial for improving the efficiency of thermoelectrics
or influencing the energy conversion efficiency and lifetime
of photovoltaic solar cells. Recent studies have shown that
nanocrystalline materials can largely reduce the lattice ther-
mal conductivity (κ), which can largely benefit the efficiency
of thermoelectrics [6,7]. Further understanding the thermal
transport of nc-Si is necessary for optimizing the performance
of devices such as thermoelectrics and photovoltaic solar cells.

In nanocrystalline materials, the remarkable reduction of
κ is caused by the impedance of phonons at the grain bound-

aries when the grain size approaches or is smaller than the
phonon mean free path (MFP) [8–11]. Therefore, grain size
and phonon transmission at boundaries are two important
factors that affect the κ . Wang et al. found that κ of nc-Si
show a T 2 dependence at low temperature, which cannot
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be explained by the traditional phonon gray model, further,
the frequency dependent (nongray) model should be used for
boundary scatterings [8]. A similar phenomena was also found
in Si inverse opals [12]. Later, Jugdersuren et al. studied nc-Si
with grain size decreased to ∼10 nm [13]. The study of nc-Si
with smaller grain size by molecular dynamic (MD) simu-
lations [9,14] found that the κ is quickly decreased as grain
size (<8 nm) decreases, which is caused by the restraining
of phonon MFP by the nanograin boundaries [9]. Although
there are many works about the thermal transport of nanocrys-
talline materials, researches based on modal κ analyses are
few, which is critical for further understanding the underlying
mechanisms of thermal transport.

To quantitatively investigate the phonon modal contri-
bution in nanocrystalline materials, modeling the phonon
mode transport process in nanocrystals is required. Phonon
Monte Carlo (MC) simulations have been used to study the
thermal transport in many complex nanostructures including
nanocrystallines [15–18]. Later, the efficiency of traditional
phonon MC method is improved by several orders of magni-
tude by the efficient variance-reduced Monte Carlo (VRMC)
algorithm [19,20], which has been widely used in the study of
complex structures under the assumption of isotropic phonon
dispersion [21,22]. To obtain modal κ , full band phonon
dispersion should be used. MC simulations using full band
phonon dispersion were applied to study the thermal transport
of bulk Si and Si structures [23,24] based on the adia-
batic bond charge model and Callaway-Holland model, which
found that the correct implementation of phonon dispersion
in MC simulations is essential to accurately capture the qua-
siballistic phonon transport [24]. Full band MC simulation
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FIG. 1. (a) The schematic of the nanocrystalline Si. The grain boundaries, which are represented by red, blue, and green planes, are
perpendicular to the x, y, and z direction, respectively. The red dashed circle shows the zoom-in of the grain boundary, which is modeled by the
a-Si interface. (b) The unit cell (UCmc) used in the calculation of full band phonon dispersion for the MC simulations and the unit cell (UCagf )
used in the calculation of phonon modal transmission by the mode-resolved AGF method.

is also used to investigate the thermal transport of Si/Ge
heterostructures, however, the phonon transmissions across
the interface are calculated by the diffusive mismatch model
[25]. Later, the efficient VRMC with full band phonon dis-
persion using the optimized phonon transmission was applied
to study the κ of nc-Si [26]. The calculated κ of nc-Si
is quite close to the experimental measurements in a wide
range of temperature. The ab initio based full band MC
simulation was used to study the cross plane κ of Si thin
film [27]. Apart from the recent progress of full band MC,
using modal level phonon transmission is important to pro-
vide a physical and reliable phonon transport picture in
nanocrystals.

Many approaches have been applied to calculate the
phonon modal transmissions across the interfaces. For in-
stance, the frequency dependent phonon transmission cal-
culated by the spectral diffuse mismatch model [28] was
integrated in the MC simulations to calculate the interfacial
thermal conductance (ITC). Modal analyses of ITC based
on molecular dynamics inherently include the anharmonicity
effect, but are hard for large systems due to its high compu-
tational requirement [29,30]. On the other hand, the atomistic
Green’s function (AGF) method is more efficient and easier
to be implemented, and therefore has been used extensively
to compute the frequency dependent phonon transmission
[31–34]. Several extended techniques based on the AGF
method have been developed to compute phonon modal trans-
mission [35–38]. A similar numerical method was developed
using perfectly matched layer boundaries to compute modal
transmission [39]. The scattering boundary method can also
calculate the phonon modal transmission [40], which is theo-
retically equivalent to the AGF method. Recently, Ong and
Zhang have extended the conventional AGF formalism to
mode-resolved AGF [37], which has been used to calculate
the phonon modal transmission across the Si/Ge interface [41]
and the amorphous Si (a-Si) interfaces [42]. Although phonon
modal transmission by the mode-resolved AGF method has
been used to analyze the ITC, few works have integrated it in
the κ calculations of nanocrystals.

In this work, the modal κ of nc-Si is investigated by the ef-
ficient VRMC with full band phonon dispersion using modal

transmission calculated by the mode-resolved AGF method.
The grain boundaries are modeled by the a-Si interface. The κ

of nc-Si with grain size from 10 nm to 700 nm are calculated,
and compared to the experimental works. The thickness of
grain boundary which will affect the phonon modal trans-
mission is modulated to study its effect on the κ of nc-Si.
Furthermore, the frequency and MFP dependence of κ are an-
alyzed. All the κ of nc-Si are calculated at room temperature.

II. MODEL AND METHOD

A cubic simulation box oriented along the x, y, and z
directions as shown in Fig. 1(a) is used to simulate the nc-Si.
The periodic heat flux boundary condition [15] along the x
direction and a specular boundary condition in the y and
z directions are applied, so that the computational domain
represents a unit cell which is repeated in all directions. A
temperature gradient is applied in the x direction. Three grain
boundaries (red, blue, and green planes in Fig. 1) at the center
of the simulation box are perpendicular to the x, y, and z
direction, respectively. Due to the symmetry boundary con-
ditions, the grain size is the same as the size of the simulation
box. The red dashed circle shows the zoom-in of the grain
boundary, which is modeled by a-Si interface. The thickness
of all the a-Si interfaces is the same in the nc-Si, but it can be
modulated for different nc-Si models. The specularity in all
the simulations are set as unity, since the a-Si interface is not
severely rough and the phonon transmissions have a stronger
effect on the κ than specularity [26].

The phonon transport in nc-Si (Fig. 1) is described by
the Boltzmann transport equation under the relaxation time
approximation. The deviational energy based Boltzmann
transport equation [19] is given by

∂ed

∂t
+ vk,p · ∇ed = (eloc − eeq ) − ed

τ (k, p, T )
, (1)

where ed = h̄ω( f − f eq
Teq

) is the desired deviational distribution

function, vk,p is the group velocity, f eq
Teq

= [exp( h̄ωk,p

kBTeq
) − 1)]−1

is the Bose-Einstein distribution at the control temperature
Teq, ωk,p is the angular frequency, and τ (k, p, T ) is the re-
laxation time. Here k and p denote the wave vector and

195303-2



QUANTITATIVELY PREDICTING MODAL THERMAL … PHYSICAL REVIEW B 104, 195303 (2021)

polarization of a specific phonon mode, respectively. Equation
(1) can be solved by using the linearized version of VRMC
algorithm [20]. In MC simulation, 10 648 k points with 24
polarizations are sampled over the entire Brillouin zone. The
number of deviational particles is set as Nph = 8×106 for each
simulation. Teq is set as 300 K. The temperature difference
between the two ends of simulation box in x direction is 0.1
K. The grain size can be controlled. The details of the effi-
cient VRMC with full band phonon dispersion, which follow
the steps in Refs. [20,26], the temperature profile, and heat
flux are shown in Sec. B in the Supplemental Material [43].
Here, only the implementation of grain boundary scattering is
briefly shown. The phonon particles can be scattered by inter-
nal scattering or the effect of grain boundaries when advect
in the simulation domain. When a phonon particle incident
happens on a grain boundary, it can be reflected or transmitted
which is determined by the phonon modal transmission. First,
a random number in standard uniform distribution is drawn,
then it is compared with the modal transmission of the inci-
dent phonon. If the random number is smaller than the modal
transmission, then the phonon is transmitted, otherwise, it
is reflected. The specularity of a-Si interface is set as unity
in this work, so the phonon wave vector stays the same if
the phonon transmits the grain boundary, otherwise the wave
vector undergoes specular reflection by the grain boundary.

The full band phonon dispersion and relaxation time of
bulk Si used as inputs for the MC simulations, are calculated
by SHENGBTE package [44]. Here, the conventional cell (CC)
of bulk Si is used as the unit cell (1×1×1 CC, denoted as
UCmc) in Fig. 1(b) for the calculation of full band phonon
dispersion, which results in 24 polarizations. The interaction
between Si atoms is described by the Tersoff potential [45].
The κ of bulk Si is calculated as 239.5 W/m K, which is
consistent with the results of MD simulation with the Tersoff
potential [46]. The κ based on Tersoff potential is overes-
timated, but still meaningful for investigating the trend and
mechanism of the κ reduction in nanostructures. The phonon
group velocities and relaxation time of bulk Si are shown in
Sec. A in the Supplemental Material [43].

For the calculation of phonon modal transmission across
the grain boundaries (modeled by a-Si interface), the mode-
resolved AGF method [37] is applied. The unit cell of the Si
contacts is set as 1×4×4 CC (denoted as UCagf ) in Fig. 1(b).
The Tersoff potential [45] is also used. The a-Si interface
which is in the center of the system are generated by melt-
quenching method performed in LAMMPS [47], while crystal
Si atoms are at the left and right side of the a-Si interface,
which is shown in the zoom-in figure in Fig. 1(a). According
to the framework of AGF, the system is divided into three
parts: the left and right semi-infinite leads (crystal Si) and the
interface (a-Si). The equation of motion of the system can
be written by the following matrix form : (ω2I − H)ψ = 0,
where I is the identity matrix, ψ is the eigenvectors of the
whole system, and H is the dynamical matrix representing
the atomic interactions. The frequency interval in all the AGF
calculation is 0.1 THz. The key point for the calculation of
phonon modal transmission is to construct the mode-resolved
transmission matrix t . The system is periodic in the y and z
directions, therefore, Fourier transform can be applied to the
equations of motion following the steps Ref. [37]. The wave

vector
−→
k‖ (ky, kz) is in the plane of y and z. Correspondingly,

the mode-resolved transmission matrix t is expressed as

t(
−→
k‖ ). For a given

−→
k‖ , the mode-resolved transmission for

mode i with frequency ω on one side of the interface
coupled with mode j on the other side of the interface is

�i j (ω,
−→
k‖ ) = |ti j (

−→
k‖ )|2. Finally, the modal transmission

of phonon mode i can be obtained by summing over all

possible phonon modes coupled with mode i, �i(ω,
−→
k‖ ) =

∑
j �i j (ω,

−→
k‖ ) = ∑

j |ti j (
−→
k‖ )|2. The settings of the device

and the details of mode-resolved AGF calculation, which
follows the steps in Refs. [37,42], are shown in Sec. C in
the Supplemental Material [43]. In the following, the mode-
resolved AGF method is referred to as AGF for simplicity.

It can be noticed that UCmc and UCagf are 1×1×1 CC
and 1×4×4 CC, respectively. Obviously, UCagf is four times
the size of UCmc in y and z directions, and the same in the
x direction. Therefore, the Brillouin zone (BZ) of UCmc is
folded two times in y and z directions, then the folded BZ
has the same size as that of UCagf . After folding, the phonon
modes of UCmc can be directly compared with that of UCagf ,
therefore, the phonon modal transmissions of the modes in
UCmc, can be directly obtained by linearly interpolating the
corresponding modal transmission of the modes in UCagf .
Here is the procedure to apply linear interpolation. Firstly,

for a given
−→
k‖ point in the BZ of UCagf , the phonon dis-

persion calculated by the mode-resolved AGF method needs
to be meshed by frequency and kx. The frequency is equally
meshed, the kx is meshed by all the different value appearing

in the phonon dispersions. Then, at the given
−→
k‖ point, for

each phonon mode of UCmc, the bin is searched according
to its frequency and kx. After finding the bin, the modal
transmission is calculated by linear interpolation of that of
the phonon modes at the edges of the bin. According to this
procedure, all the phonon modal transmissions are obtained
by performing linear interpolation. In the following, the modal
transmissions used in the MC simulation are referred to as
modal transmissions by interpolation. The details of the BZ
folding and the linear interpolation of modal transmission are
shown in Sec. D in the Supplemental Material [43].

III. RESULTS

Firstly, the thickness of a-Si interface is set as 5 CC (2.716
nm). The phonon modal transmissions across the a-Si inter-
face which are calculated by the AGF method are shown
in Fig. 2(a). The normalized ky = 0.167 and kz = 0.167. The
solid black lines calculated by the general utility lattice pro-
gram (GULP) [48] are shown for leading the eye. The phonon
modal transmissions by interpolation are shown in Fig. 2(b),
which are obtained by linear interpolation of the modal trans-
missions in Fig. 2(a). Figure 2(c) shows the phonon modal
transmissions by interpolation for all the phonon modes,
and the corresponding modal transmissions by the AGF
calculations. We find that the phonon modal transmissions
are close to unity when the frequency is smaller than 3 THz,
and quickly decrease as frequency increase. To investigate the
thickness effect of a-Si interface, the phonon modal transmis-
sion for a-Si interfaces with thickness of 4 and 6 CC are also
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FIG. 2. (a) The phonon modal transmissions calculated by the mode-resolved AGF method (colored dots). The normalized ky =0.167
and kz = 0.167. The value of transmission is according to the color bar. (b) Phonon modal transmissions by interpolation for the MC
simulations (colored dots). The corresponding modal transmissions by the mode-resolved AGF method are these in (a). The black solid lines
in (a) and (b) are calculated by lattice dynamics (LD) using GULP [48] for leading the eye. (c) Phonon modal transmission by interpolation
for all the phonon modes and the modal transmission by the AGF method. The thickness of a-Si interface is 5 CC (2.716 nm) in (a), (b), and
(c). (d) Phonon modal transmissions by interpolation for all the phonon modes across the a-Si interface with thickness of 4 (blue dots), 5 (red
dots), and 6 (dark grey dots) CC.

studied. The phonon modal transmissions by interpolation for
a-Si interface with thickness of 4 CC (2.172 nm), 5 CC (2.716
nm) and 6 CC (3.259 nm) are shown in Fig. 2(d). It is found
that the phonon modal transmissions are slightly decreased at
low frequency (<3 THz) and gradually decreased at higher
frequency (>3 THz) as the thickness of a-Si increases.

Based on the modal transmission by interpolation in
Fig. 2(d), the efficient VRMC with full band phonon disper-
sion is applied to investigate the thermal transport in nc-Si.
Figure 3(a) shows the ratio of κ of nc-Si to that of bulk Si
versus the thickness of a-Si interface. For comparison, the ex-
perimental results [8] of the nc-Si with grain sizes of 550 and
76 nm are also shown. Interestingly, the predicted ratio of κ

agrees well with the experiment results, when the thickness of
a-Si interface is 5 CC (2.716 nm) and 4 CC (2.172 nm) for nc-
Si with grain size of 550 and 76 nm, respectively. The modal
κ of nc-Si and bulk Si are also studied and shown in Fig. 3(b).
The modal κ is decreased in the whole frequency range as
the grain size decreases. Further, the distribution of phonon

MFPs of bulk Si and nc-Si with grain sizes of 550 and 76 nm
are compared in Fig. 3(c). It is found that the MFPs of low
frequency phonons are much larger than the corresponding
grain size because of the large modal transmission [Fig. 2(d)].
Furthermore, the ratios of MFPs of nc-Si to that of bulk Si are
studied [Fig. 3(d)], which finds that the phonon MFP can be
effectively reduced in the whole frequency range as the grain
size decreases.

Furthermore, the spectral κ of bulk Si and nc-Si with the
interface thickness of 4, 5, and 6 CC based on the modal κ

are shown in Fig. 4(a). For comparison, the corresponding
normalized cumulative κ are calculated in Fig. 4(b). Here, the
cumulative κ are normalized by the κ of bulk Si. As shown in
Fig. 4(a), the contributions of phonon with frequency ranging
from 3 to 8 THz in nc-Si is largely reduced because of the
reduction of the modal transmission [Fig. 2(d)]. Moreover, as
the thickness of a-Si interface increases from 4 CC (2.172 nm)
to 6 CC (3.259 nm), the κ of low frequency phonons
(<3 THz) is almost unchanged and the overall κ is slightly
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FIG. 3. (a) The ratio of κ of nc-Si (κnc-Si) with grain sizes of 550 nm (red triangle) and 76 nm (blue triangle) to that of bulk Si(κbulk ) versus
the thickness of a-Si interfaces 4 CC (2.172 nm), 5 CC (2.716 nm) and 6 CC (3.259 nm). The horizontal red and blue dashed lines represent
the experimental measurements [8] for the nc-Si with grain size 550 nm and 76 nm, respectively. (b) The modal κ of nc-Si and bulk Si. (c) The
phonon MFP of bulk Si and nc-Si. The pink and blue dashed lines are for reference. (d) The ratios of MFPs of nc-Si to that of bulk Si. In (b)
to (d), the nc-Si with grain size 550 and 76 nm are represented by the red and blue dots, respectively.

decreased in Fig. 4(b). To further investigate the grain size
effect, the spectral κ of nc-Si with grain size 550 and 76 nm,
and the corresponding normalized cumulative κ are shown
in Figs. 4(c) and 4(d), respectively. The thickness of a-Si
interface is 5 and 4 CC for the nc-Si with grain sizes of 550
and 76 nm, respectively. The results show that as the grain size
decreases, the overall κ is largely reduced [Fig. 4(c)] and the
ratio of contribution of low frequency phonons is increased
[Fig. 4(d)], which indicates that grain size has a strong effect
on the κ in the whole frequency range.

To further investigate the grain size effect, nc-Si with grain
size varying from 10 to 700 nm are studied. The larger grain
size (extended to 5 μm) effect is also provided in Sec. E
in the Supplemental Material [43]. The ratio of κ of nc-Si
to that of bulk Si versus grain size are shown in Fig. 5(a).
For comparison, the experiment measurements of nc-Si with
grain sizes 550 nm [8], 144 nm [8], 76 nm [8], 30 nm [49],

and 9.7 nm [13] are also shown in Fig. 5(a). We find that
the predicted ratio of κ are quite close to that of the experi-
mental measurements when the thickness of a-Si interface is
around 5 CC (2.716 nm), which implies that the effect of grain
boundary on phonon transport can be reasonably modeled by
the a-Si interface. The ratio of κ of nc-Si to that of bulk Si
is significantly decreased from 54% to 3% as the grain size
decreases from 550 to 10 nm. The normalized cumulative
κ versus phonon frequency and phonon mean free path for
bulk Si and nc-Si with the grain boundary thickness of 5
CC are shown in Figs. 5(b) and 5(c), respectively. These low
frequency phonons (<3 THz) transport substantial amounts of
heat in nc-Si by contributing 37%, 46%, 50%, 54% and 57%
to the total κ of nc-Si with the grain sizes of 550, 144, 76, 30,
and 10 nm, respectively [Fig. 5(b)]. Although the grain size
can be reduced to a small value, but the phonon MFPs can
be much larger than the grain size [Fig. 3(c)]. As shown in
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FIG. 4. (a) The spectral κ of bulk Si (black dotted line) and nc-Si with a-Si interface thickness of 4, 5, and 6 CC versus frequency. (b)
Normalized cumulative κ of bulk Si and nc-Si versus frequency. The κ of nc-Si is normalized by the κ of bulk Si. The grain size of nc-Si is
550 nm in (a) and (b). (c) The spectral κ of bulk Si (black dotted line) and nc-Si with grain size of 550 nm (red dashed line) and 76 nm (blue
dashed line) versus frequency. (d) The normalized cumulative κ of bulk Si and nc-Si with grain sizes of 550 nm (red line) and 76 nm (blue
line).

Fig. 5(c), the phonons with MFP larger than the corresponding
grain size contribute from 30% to 96% in nc-Si as the grain
size decreases from 550 to 10 nm. These analyses indicate that
the efficient VRMC with full band phonon dispersion using
modal transmission by mode-resolved AGF can effectively
predict the ratio of κ of nc-Si which is close to the experi-
mental measurements in a wide range of grain size, and the
phonon modes with MFP larger than the grain size transport
substantial amounts of heat in nc-Si.

IV. CONCLUSION

In this work, the efficient variance reduced Monte Carlo
simulation with full band phonon dispersion using modal

transmission by mode-resolved AGF is applied to study the
thermal transport in nc-Si. We found that the modal transmis-
sion across a-Si interface is close to unity at low frequency
(<3 THz) and quickly decreases as the frequency increases.
The predicted ratio of κ of nc-Si to that of bulk Si agrees
well with the experimental measurements in a wide range of
grain size, which is largely decreased from 54% to 3% as
the grain size decreases from 550 to 10 nm. The analyses
show that the phonon MFP can be reduced in the whole
frequency range as the grain size decreases, moreover, the
phonons with MFP larger than the corresponding grain size
contribute from 30% to 96% in nc-Si as the grain size de-
creases from 550 to 10 nm. As the thickness of a-Si interface
increases from 4 CC (2.172 nm) to 6 CC (3.259 nm), κ of
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FIG. 5. (a) The ratio of κ of nc-Si to that of bulk Si versus grain size. The thickness of a-Si interface is varied from 4 to 6 CC. The
experiment measurements of nc-Si with grain sizes of 550, 144, 76 nm [8] (triangle), 30 nm [49] (star), and 9.7 nm [13] (square) are shown for
comparison. The normalized cumulative κ versus frequency (b) and phonon mean free path (c) for bulk Si and nc-Si with grain sizes of 550,
144, 76, 30, and 10 nm. The thickness of a-Si interface is 5 CC in (b) and (c).

nc-Si is slightly reduced. This work demonstrates that the ef-
ficient VRMC with full band phonon dispersion using modal
transmission by the mode-resolved AGF method can be an
effective way to study the modal κ of nc-Si, which can provide
deep insight into the thermal transport properties of complex
nanostructures.
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