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We study properties of thermal transport and quantum many-body chaos in a lattice model with N — oo
oscillators per site, coupled by strong anharmonic terms. We first consider a model with only optical phonons.
We find that the thermal diffusivity Dy, and chaos diffusivity Dy, (defined as Dy = v3/A., where vp and A,
are the butterfly velocity and the scrambling rate, respectively) satisfy Dy, ~ yD; with y = 1. At intermediate
temperatures, the model exhibits a quantum “phonon fluid” regime, where both diffusivities satisfy D~! oc T,
and the thermal relaxation time and inverse scrambling rate are of the order the of Planckian timescale 71/kgT . We
then introduce acoustic phonons to the model and study their effect on transport and chaos. The long-wavelength
acoustic modes remain long-lived even when the system is strongly coupled, due to Goldstone’s theorem. As a
result, for d = 1, 2, we find that Dy, /D; — oo, while for d = 3, Dy, and D, remain comparable.
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I. INTRODUCTION

Quantum many-body chaos has recently been put forward
as a useful paradigm in the strive to understand thermaliza-
tion and transport properties of strongly correlated systems.
Specifically, by relating transport coefficients to current re-
laxation times, a recurrent theme has emerged, in which
the relaxation time satisfies T ~ tp;, where tp = hi/kpT is
the so-called Planckian timescale [1-5]. The most canoni-
cal instances are strange metals, where the electrical current
relaxation time exhibits striking universality with T = ap,
such that ¢ ~ 1 in various setups, within the linear-in-T'
regime of the resistivity [6—11]. These observations, supported
by evidence from solvable models, holography, and systems
near quantum critical points [3,12-24], motivated the notion
of a fundamental limit to (inelastic) relaxation times, saturated
by tpj, up to an unknown coefficient of order unity. Alongside
the establishment of quantum many-body chaos as a probe
of thermalization [15,25], together with the celebrated bound
on chaos [26], where the quantum Lyapunov exponent was
shown to obey A; < 27 /tp|, readily led to the idea that the
transport in strongly correlated systems might be connected
to their quantum many-body chaotic dynamics.

Making a concrete connection between transport and quan-
tum many-body chaos is a challenging task. Indeed, it is
not a priori clear which physical quantities, if any, should
be subjected to a fundamental bound. In particular, bound-
ing relaxation times directly typically fail in the presence
of elastic scattering processes. In an attempt to overcome
this issue, it has been proposed that the proper way to for-
mulate such a connection is by considering thermoelectric
diffusivities rather than the relaxation times directly [27-30].
Specifically, the diffusivities Dy were suggested to obey
D ~ Dy = vjty, which implies that D > vitp /27 due to the
bound on chaos. While several works have demonstrated the
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lack of such a connection for the electrical (charge) diffusivity
[18,31-33], it appears that the thermal diffusivity might be
related to the chaos diffusivity in actuality, such that Dy, ~ Dy,
in many generic cases! [27,32,32,35-39].

Toward testing this hypothesis, Zhang et al. performed
measurements of the thermal diffusivity in the intermediate-
T “bad metal” regime of a strongly correlated cuprate [40].
Measuring the diffusivity allows one to extract the thermal
relaxation time from the relation Dy, = v27y,, where the veloc-
ity scale v is operationally defined based on the characteristic
velocity in the system. Clearly, identifying the relevant v is
necessary to meaningfully define ty,. However, these measure-
ments showed pronounced phononic contributions, which led
to an interpretation in terms of a strongly coupled incoherent
electron-phonon “soup”, where neither electrons nor phonons
are well-defined quasiparticles. While being intriguing on its
own, this interpretation has made it clear that relating the
thermal diffusivity to a relaxation time in this scenario is par-
ticularly challenging since energy is carried by two degrees of
freedom with different characteristic velocities. Therefore, it
is highly desirable to find simpler setups where this hypothesis
can be tested, where thermal transport can be assigned to a
single degree of freedom.

To this end, insulators, in which lattice vibrations carry
the thermal current, could serve as a much simpler platform
for experimental and theoretical investigations. Remarkably,
recent experimental studies of the thermal diffusivity in a
wide class of insulating compounds identified emergence
of a Planckian transport time at intermediate tempera-
tures [41-44]. These materials—e.g., complex oxides like

Reference [34] constructed a model in which Dy,/D; can be ar-
bitrarily small, necessitating a sharper formulation of the conditions
for which this proposed relation is expected to hold.
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FIG. 1. Summary of 0D model. (a) Phonon lifetime against 7 in
a single-branch model. 7, exhibits three dynamical regimes defined
by their 7' dependence. (b) Phase diagram of a single-branch model
in the (€29, T') plane: a glassy phase and a disordered phase, separated
by a first-order transition.

SrTiO3—showed a wide range of temperatures, ranging from
~50 K to well above room temperature, where the ther-
mal diffusivity is inversely proportional to temperature. The
thermal relaxation time was extracted according to 1 =
Dy,/v?, where v was operationally defined as the averaged
speed of sound. The relaxation time was found to obey
T = aTp, With o & 1-3, as opposed to good thermal con-
ductors such as diamond, where the same procedure yields
o ~ 50 [43]. The appearance of the Planckian timescale at
these elevated temperatures is particularly counterintuitive
as one would naively expect the dynamics to be essen-
tially classical, with o > 1 [45]. In addition, the observation
of such short transport times has the interesting implica-
tion that these materials might be described in terms of a
strongly coupled “phonon fluid”, similarly to the soup in
Ref. [40].

These exciting observations motivated us to formulate a
theoretical framework where thermal transport and many-
body quantum chaos can be systematically studied in a model
of strongly coupled phonons. In our previous work [45],
we considered a zero-dimensional (0D) model of strongly
coupled anharmonic oscillators. We demonstrated that the
real-time dynamics, probed by the phonon lifetime, ex-
hibits a phonon fluid regime at intermediate temperatures,
where the phonon lifetime is of the order of the Planck-
ian timescale. See Fig. 1 for a schematic summary. In
this paper, we study properties of thermal transport and
quantum many-body chaos in a lattice generalization of
Ref. [45].

This paper is organized as follows. In Sec. II, we review
the 0D model we studied in Ref. [45]. In Sec. III, we discuss a
lattice generalization of Ref. [45] and summarize our main
results on transport and chaos. In Sec. IV, we discuss the
thermodynamics of the lattice model and describe the exten-
sion of the replica analysis to the lattice model. In Sec. V,
we elaborate on the analysis of thermal transport proper-
ties. In Sec. VI, we describe our methods to study quantum
many-body chaos and discuss some additional features of in-
formation scrambling. The correspondence between the chaos
and thermal diffusivities in a three-dimensional system is dis-
cussed in Sec. VII. The discussion and outlook are presented
in Sec. VIIL. Details on the imaginary- and real-time analysis
are given in Appendixes A and B, respectively. In Appendix
C, we define the generalization to higher dimensions, and
in Appendix D, we supply some details on the numerical
methods.

II. REVIEW OF ZERO-DIMENSIONAL MODEL

In this section, we highlight the main properties of theOD
model we studied in Ref. [45].2 This model serves as a single
unit cell of the lattice model we consider in this paper. As
we will see later on, the lattice model inherits many of the
properties of the 0D unit cell.

The OD model consists of N coupled anharmonic oscilla-
tors, governed by the Hamiltonian
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where ¢; is the displacement of the ith mode, dubbed the
ith phonon field, 7r; is the conjugate momentum (such that
[¢:, ;] = ihd;;), and €2; is the frequency in the absence of an-
harmonicity. Note that, as in Ref. [45], we have eliminated the
mass scale M in Eq. (1) via the rescaling ¢; — W@, T —
7:/~/M and, correspondingly, v; ;s — M>/?v;;x and u — Mu.
Inspired by the Sachdev-Ye-Kitaev model [15,46,47], the
cubic couplings v;jx are chosen to be independent random

Gaussian variables, each satisfying v;;; = 0 and vizjk =202,
where () denotes averaging over realizations of v; jk- The
quartic interaction u > 0 stabilizes the system (when u = 0,
the energy is not bounded from below, due to the cubic term).

In addition to the energy scale /€2, we can define two en-
ergy scales associated with the anharmonic terms. The v term
defines an energy scale 72, = h%3v%5, while the u term is
associated with the scale 72, = B*3ul/3. We set i = kg =1
henceforth, unless stated otherwise. We focus on the strong
coupling regime of the model, where Qg ~ v*/> ~ u'/3.

In the limit N — oo, the distribution of (bare) phonon
frequencies €2; is defined as W(Q2) = vazl 8(R2 — Q) >
Np(2), where p(2) is a function normalized such that
fdQ,o(Q) = 1. The support of p(£2) extends from Q;, to
Qmax, Where Quax — Qmin 1S the bandwidth of the model.
In practice, we consider distributions of the form p(2) =

2’21 npd(S2 — ), where we have Ng phonon branches with

relative fractions n;, = N,,/N, such that Zgil n, = 1. In the
remainder of this section, we consider the simplest case of
p(R) = 6(2 — Qp), i.e., where all Q; = 2y, dubbed the sin-
gle branch (SB) model. The more general case of multiple
branches is discussed in Ref. [45], and will be further dis-
cussed in the following sections.

A. Thermodynamics and phase diagram

We study the static properties of the system by considering
the disorder-averaged free-energy density within the frame-
work of the replica formalism. In the large-N limit, saddle
points of a functional integral over an effective action governs
the thermodynamics. There are two stable saddle points: a

Note that the 0D model is quantum mechanical, and hence can be
thought of as a d = 0 + 1 space-time dimensional model.
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replica diagonal solution, corresponding to the disordered,
self-averaging phase, and a one-step replica-symmetry break-
ing (1SRSB) solution, corresponding to an ordered, glassy
phase. The analysis is similar to that of the quantum spherical
p-spin-glass model [48].

The phase diagram in (€2, 7') plane (for fixed v, u) real-
izes a glassy (1SRSB) phase at low temperatures and small
20, while a disordered phase takes over for sufficiently high
temperature and large 2 [see Fig. 1(b)]. The two phases are
separated by a first-order transition. In addition, we study the
specific heat ¢(T') in the disordered phase, with which we di-
agnose the crossover to the classical limit of the model. At low
T, c(T) is exponentially small since the phonons are gapped
at T = 0; at high-T', ¢(T') — 3/4, satisfying an anharmonic
variant of the Dulong-Petit law and signaling the approach to
the classical limit; and at intermediate-T', ¢(T") extrapolates
between these two regimes—emphasizing the nonclassical
nature of the dynamical phonon fluid regime discussed in
the following subsection—and typically has a maximum near
T ~ Q, [45].

Before proceeding to consider the real-time dynamics, let
us define the renormalized phonon frequency (or phonon
stiffness) Qo = v Q2 — (iw, = 0), TT being the self-energy
in Matsubara-frequency space. For generic parameters in the
strong-coupling regime, € is an increasing function of 7'. In
particular, Qo ~ (uT)"/* for T/, > 1. The T dependence of
Qo will be useful when we discuss the renormalized phonon
velocities in the following sections.

B. Dynamics and the phonon lifetime

We study the real-time dynamics in the disordered phase
using the Keldysh formalism, along the lines of Ref. [20].
Similarly to the replica analysis, in the large-N limit, the
system is governed by a saddle point of a functional integral
over an effective Keldysh action, corresponding to a set of
self-consistent equations for the retarded and Keldysh Green’s
functions and the self-energy.

We focus on the phonon lifetime 7,,(7"), defined by the
late-time decay of the retarded Green’s function Gg(t)
e~!/™ as a probe to identify dynamical regimes as a func-
tion of temperature. We find that the system crosses over
between three distinct regimes: a semiclassical regime with
long-lived quasiparticle (phonon) excitations at low 7', where
Toh ™~ e/2T 3 classical regime at high temperatures, where
Toh X VM and approaches a constant independent of 7; and
an intermediate 7 strongly coupled phonon fluid regime,
where phonons are not well-defined quasiparticles. In the lat-
ter regime, T,n = o Tp, With o ~ 5-15 for generic parameters
in the strongly coupled regime, see Fig. 1.

III. LATTICE MODEL AND SUMMARY OF RESULTS

In this section, we introduce a lattice generalization of
Eq. (1) and highlight our main results for the thermal transport
and quantum many-body chaos. The lattice model we consider
henceforward has a few variants, each will serve us in a
different inquiry. We will start by considering simpler case,
where all phonon branches are optical (i.e., gapped), and later

consider more a involved case where acoustic phonons are
included.

A. Lattice model of optical phonons
The generalization of Eq. (1) to a d-dimensional square
lattice (d = 1,2,3) is given by the following Hamiltonian:
H =} (Ho+ Hyin), Wwhere

N 2
4
Hr,O = i:l Tr _¢z r + 5 Z (¢1 r+é — tr)z’
2
Hr int = Z Uz]k¢1 r¢] r¢k rt AN <Z ¢l r) . (2)
ljk

Here, r € [-N/2, ..., N'/2]¢ labels the lattice site, where A/
is the linear size of the system and the lattice constant is set
to unity. & are unit vectors in each spatial direction. Different
variants of Egs. (2) corresponds to different distributions of €2;
and Q,;: p(R2), defined similarly to Sec. II, with 6(2 — €2;,)
replaced by 6(2 — 2;), where £, = (2p, Q245). Note that the
Qq,; is the only dispersive coupling in H, i.e., for Q4; =0,
H is a sum of decoupled copies of Eq. (1). Note also that we
choose our model to be translationally invariant and isotropic:
for a given realization, the parameters v, are identical for all
sites, and €2, is identical for all spatial directions.

We begin by considering the simplest case of a single op-
tical branch: p(R2) = §(2 — R,), where £, = (2,, 24), and
we consider d = 1. As in Ref. [45], the Green’s functions in
imaginary time (real time) are determined by the SPEs of the
replica (Keldysh) effective action, respectively. For example,
the imaginary-time SPEs of the single optical branch model in
the disordered phase are given by

. 1
Glon ) = o A s (5) = Mom k) )
(z,r) = UZG(‘L', r? — uG(t, r)8(z)8(r). 4)

Throughout this paper, we will focus on the limit of weak
dispersion, defined by Q24 <« €2,. This limit is particularly
useful in that thermodynamical and dynamical properties of
the single optical branch model are essentially identical to
the 0D SB model, yet it allows us to consider transport and
spatial aspects of chaos. In practice, the weakly dispersive
limit corresponds to neglecting subleading corrections in 2,4
by approximating I1(iw,, k) ~ I1(iw,,), where [1(iw,,) is the
self-energy of the corresponding OD system (with €, = 0).
Single-particle properties that are encoded in the self-energy
(e.g., phonon lifetime, renormalization of the bare frequency
€2,) can thus be directly inferred from the OD model.

Consider v,—the speed associated with the optical branch.
We define it as v, = max;{|dye,(k)|}, where g, is the dis-
persion of the optical branch. The dispersion of the gapped,
optical modes is quadratic at small k, such that d;e,(k)|x=0 =
0 and the maximum is attained for some k # 0 momentum.
We identify the speed of the optical branch as v, = 3 /0,
Q, being the renormalized frequency. Importantly, ©, grows
with increasing 7', implying that v, diminishes with increasing
T. This is in contrast to acoustic modes, whose associated
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speed (the speed of sound) is proportional to €, and thus
grows with temperature, as we will see later on.

The generalization to multiple optical branches is given by
p(R) =", ny8(2 — R,). Each branch then defines a Green’s
function G, with frequency €2, dispersive coupling €245, and
relative fraction n,, that satisfies Eq. (3). The self-energy is
branch-independent and is given by replacing the single opti-
cal branch Green’s function G in Eq. (4) by G = ), n,G,—a
weighted sum over all branches. In the remainder of this sec-
tion, we will focus on the case of a single optical phonon (with
or without acoustic phonons), whereas models with multiple
optical branches will serve us in the following sections.

B. Adding acoustic phonons

We consider a system with N, acoustic phonons and N, =
N — N, optical phonons. Let us consider the case of d = 1 for
simplicity. Denote the flavor subsets of acoustic and optical
phonons by I, = {1, ..., N} and I, = {N, + 1, ..., N}, respec-
tively. Then, the addition of acoustic phonons is done by
letting ©24; = O for i € I, and replacing the phonon fields ¢; ,
in Eq. (2) with the generalized fields

(g. — ir+1 — Pir i€l
nr (pi,r i€ Im

that is, we replace the phonon fields of the acoustic branches
with discrete lattice derivatives. In this way, the Hamilto-
nian is invariant under a shift ¢;¢;, , — @icr,.» + constant. The
acoustic modes are the Goldstone modes associated with this
continuous symmetry.

It is instructive to consider a system with a single
acoustic branch and a single optical branch, defined by
p(R) = n, (R — Ry) + n,6(R — L) such that R, = (£2,, 0)
and R, = (2,, 24), where a/o denotes the acoustic/optical
branches, respectively. As before, the system is controlled by
the SPEs of the real- and imaginary-time effective actions
(see Appendixes A and B). For example, the disordered-phase
SPEs in real time are given by

&)

Grolw, k) = —

@? — Q2 — 4sin® (£)Q2 — Mgo(w, k)’
1

w? — 4sin® (£)Q2 — Mga(w, k)’

GRa(Cl), k) = -

Gip(w, k) = 2icoth (’BTw)Im[GRb(a), k)], b=a,o,
Mgo(t, ) = iv*Gr(t, )G (¢, 1) — %gx(h P)8()8(r),

M. (w, k) = 4 sin® (;) Mo (@, k). 6)

Here the Green’s functions G are defined with respect to
the ¢ fields (not ¢). The self-energies, however, contain a
weighted sum of the Green’s functions of the generalized
fields ¢, G(w, k) = 4n, sinz(g)Ga(w, k) + n,Go(w, k). Note
that letting n, — O collapses the SPEs Eq. (6) to those of a
single optical branch.

A few comments are in order. We first observe that, by con-
struction, the acoustic branch becomes gapless and infinitely

long-lived in the limit of & — 0. Its momentum-dependent
lifetime satisfies 7,(k) ~ 1 /k2 (see Appendix B). In addition,
the speed of sound v, is determined by the renormalized
acoustic frequency: Uy = 9k, (k)|x=0 = (Q2 + Tgo(0, 0))/2,
€a(k) being the dispersion relation of the acoustic branch.
In particular, v; is significantly enhanced by interactions for
generic parameters in the strongly-coupled regime, where
Mg (0, 0) > 0.

Despite its singular nature at small k, the acoustic branch
has a nonsingular contribution to the self-energy, in any
dimension. This is_due to the fact that the self-energy
is a function of G,, rather than G,, where G,(w, k) =
4sin2(’§‘)Ga(a), k) is nonsingular in the k — 0 limit. Impor-
tantly, the dependence on 63 rather than G, is also true for
the free-energy. This is in contrast to some dynamical quan-
tities (e.g., thermal conductivity) in which the contribution of
acoustic branches is singular in dimensions d < 2, as we will
discuss later on.

For analytical tractability, we will focus our attention on
the limit n, <« n,, where the small parameter n, enables a
controlled expansion about a system with n, = 0. We will
consider the first-order (linear) corrections in n,, for which our
previous approximation, Ilgy(w, k) = [1g,(w), holds. Sys-
tems with larger n,, and in particular n, = 1, are also highly
interesting, yet their analysis is more involved due to the
strong momentum dependence of the acoustic modes, and we
shall leave their treatment to future studies. Physically, the fact
that acoustic phonons constitute a small fraction of the system
means that the optical modes act essentially as a bath on the
acoustic modes.

C. Main results: Transport and chaos

In this subsection, we highlight our main results on trans-
port and chaos properties using the two simplest variants
of the model: a single optical branch, and a single optical
and a single acoustic branch. Variants with multiple phonon
branches follow the trends we describe here and allow us
to address more delicate questions regarding transport and
many-body chaos, see Secs. V and V1.

1. Opftical phonons

(n, = 0). We characterize thermal transport with the T
dependence of the thermal diffusivity Dy, and its associated
thermal current relaxation time ty,. Dy, is obtained via the
Einstein relation: Dy, = k/c, where k and ¢ are the thermal
conductivity and specific heat, respectively. Then, ty is op-
erationally defined as ty, = dDy/ vg, where v, is the phonon
velocity—the only velocity scale in the system with n, = 0—
and d is the spatial dimension of the system. To characterize
quantum many-body chaos, we consider the chaos diffusivity
D, , quantum Lyapunov time 7 (i.e., the inverse scrambling
rate 7, = 1/)A.), and butterfly velocity vg. Unlike thermal
transport, Dy and 1; are obtained directly from the Bethe-
Salpeter equation (BSE) of the out-of-time-order correlator
(OTOC), such that the butterfly velocity is determined by
Vg = «/dDL/'L'L.

We find numerically that D; and Dy, satisfy Dy, &~ y Dy,
with y > 1 being a nonuniversal constant that depends on
the system parameters. A representative set of results, with
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FIG. 2. Transport and chaos in a system containing a single highly degenerate optical phonon branch. (a) Comparison between 7D,
and T Dy, as a function of T'. Flat regions of the curves correspond to D o 1/T. (b) Thermal conductivity « and specific heat ¢ (per mode)
as a function of 7. (c) Comparison between T 7.y, T 7y, and T 7, as a function of T'. Flat regions correspond to t = « /7. (d) Lyapunov time
(7, = 1/X,) and butterfly velocity as a function of 7. Data shown with Q,/Q, = 1.1, Qﬁ/Q% = 0.008, u/Qf, =14,v= Qfl/Q0 = 0.0072€2,

andd = 1.

y ~ 1.5, is found in Fig. 2(a). Typically, y ~ 1-3, such that
Dy, 2, Dy. Furthermore, we find that the diffusivities track a
similar temperature trend to that of the phonon lifetime. In
particular, generic parameters in the strongly coupled regime
exhibits an intermediate-7 region where D o 1/T. This re-
gion is not parametrically large, yet we find that it expands
in the case where optical phonons are spread over a finite
bandwidth (see Sec. V).

Remarkably, we find that all timescales follow the same
T dependence of the phonon lifetime. The thermal relaxation
time satisfies 7y, ~ Tpn, While the Lyapunov time is typically
shorter than 7, and obeys 7, & 1, /Y, ¥ being the same coef-
ficient as in the relation between the diffusivities, see Fig. 2(c).
In particular, it appears that the phonon fluid regime identified
in Ref. [45] corresponds to a Planckian dissipative regime,
where 1, and ty, are of the order of the Planckian timescale
h/kgT. Note, however, that 7; does not saturate the bound
on chaos in our model. Moreover, unlike fermionic variants
of the SYK model (e.g., Refs. [20,22,23,34]), the appearance
of the Planckian timescale in our model is not a result of an
underlying quantum critical point [45,49,50]. Hence, it is not
clear whether any holographic interpretation [12,19,28,51—
53] may be applied.

Let us make a few more comments before proceeding
to discuss the n, > 0 case. First, note that as we decrease
T, k(T) is peaked at the temperature at which 1, starts to
increase rapidly, and c starts to significantly drop (T ~ 0.3
in Figs. 2(b) and 2(c). At this temperature, the fact that the
system is gapped (at T = 0) starts to manifest. The decrease
of k(T) as T decreases further is associated with the fact that
¢(T) decreases faster than tph(T)_l. Second, note that vg is
weakly dependent on T at low to intermediate 7', in compar-
ison to 7z, such that the dominant temperature dependence
of Dy is due to 7, see Fig. 2(d). At high-T, however, 7,
saturates to a constant value, while vg(T) ~ 1/T'/4, such that
Dy ~ l/ﬁ. Lastly, we find that v & v,.

2. Acoustic and optical phonons

(n, > 0). We consider a system with n, optical modes and
n, acoustic modes, such that n, > n,. This asymptotic case is
handy in that our approximation that I[1g, in Egs. (6) is weakly
momentum-dependent holds.

Consider thermal transport in the presence of acoustic
phonons. It is well known that long-wavelength acoustic
phonons may dominate the thermal conductivity in di-
mensions d = 1,2, at any T, leading to x = oo in the
thermodynamic limit [54-56]. Specifically, any n, > 0 re-
sults in k and Dy, being infinite for d = 1, 2, making the
limit n, — O highly singular. In d > 3, however, x < oo for
any n, > 0. Furthermore, in d = 3, we find that the velocity
relevant for thermal transport of the acoustic branch is the
renormalized speed of sound v, which is typically much
larger than v, in the weakly dispersive limit. The imbalance
between velocities is in competition with the phase space frac-
tion, such that, roughly speaking, the ratio r,, = naif /nov?
determines whether acoustic (ry, > 1) or optical (1, < 1)
modes dominate transport in d = 3. In the case of r,, K 1,
thermal transport follows the trends described in Fig. 2. We
comment on thermal transport in the general case in Sec. VII.

Next, we consider many-body quantum chaos in the
presence of acoustic phonons. This setting is particularly in-
teresting in that it enables us to study scrambling of a system
where long-lived, weakly interacting Goldstone modes (i.e.,
acoustic phonons) are coexisting with a strongly interacting
phonon fluid. We find that the quantifiers of many-body chaos:
Ar and Dy, are nonsingular in the limit n, — 0 in any dimen-
sion, namely, g; with g = A, D admit an expansion of the form
qr(ny) = qr(0) + n éqr + O(ng), such that 8¢y, is finite. Note
that the existence of a smooth n, — 0 limit for A; and D, is
strikingly different than the singular n, — 0 limit for « at low
dimensions. In particular, ind = 1, 2 our model is an example
of a system where D; < Dy, = 00.
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FIG. 3. Chaos in the presence of acoustic phonons in the n, < 1
limitind = 1. (a) Dy (n,)/D;(0) as a function of n,. (b) Ay (n,)/A.(0)
as a function of n,. (c) vg(n,)/ve(0) as a function of n,.
Vy(ny = 0) = /Q2 4 Tgo(w = 0) with I, (0) evaluated at n, = 0.
Data shown with T/Q, =1, Q,/Q, = 1.1,u/Q3 = 1.4, Q2/Q* =
Q2/Q2 =0.008, vp(0) = v, = Q2/Q, = 0.007Q, and v,(n, —
0) =0.77Q,.

By numerically solving the BSEs, we find that A, and Dy,
are increasing functions of n,, see Figs. 3(a) and 3(b). The
fact that Ay (n,) grows with n, may come as a surprise, as one
might suspect the long-lived modes associated with small k
would decrease the scrambling rate of the system. However,
the contribution of these modes is strongly suppressed in the
BSEs, such that fast-decaying operators dominate scrambling.
Proceeding to consider Dy, we observe that the effect of
acoustic phonons is much more significant, such that even a
relatively small fraction of acoustic phonons have a consid-
erable effect on D;. The reason for this behavior is the fact
that in the weakly dispersive limit, v; > v,. For a sufficiently
large n, such that naif > noig, we find that vg ~ ,/n, v, [see
Fig. 3(c)]. More details are given in Sec. V1.

IV. THERMODYNAMICS

In this section, we discuss the thermodynamics of the
lattice model. Our focus is twofold. As our primary interest
in this paper is transport and chaos in the disordered, self-
averaging phase of the model, we first map out the boundary
of this phase. In addition, we compute the specific heat in the
disordered phase ]see Fig. 2(b)], as it will allow us to evaluate
the thermal diffusivity. Fortunately, much of the thermody-
namic properties of the lattice model are inherited from the
0D model.

The thermodynamics properties of the system are con-
trolled by saddle points of an effective replica action, whose
replica-space structure characterizes different phases of the
model, such that the off-diagonal terms in replica space
serve as order parameters [S7]. In the lattice model, apart
from the replica-space structure, these off-diagonal terms may
have spatial dependence. That is, the off-diagonal terms may

probe replica-symmetry breaking between different lattice
sites. Here, we consider on-site order parameters to probe
replica-symmetry breaking. This order parameter is particu-
larly natural in light of the weakly dispersive limit considered
and it relates the thermodynamics of the lattice model to the
0D model in a well-defined manner.

In Ref. [45], we analyzed in detail the phase diagram of a
system with a single phonon branch, while for systems with
multiple branches, we relied on a simple physical argument to
bound the boundary of the glassy phase. Here, we generalize
the replica analysis to the case of multiple phonons, including
acoustic modes. In practice, we consider distributions p(2) =
>, mp8 (2 — R,) with fixed bandwidth A, fixed frequency
spacing and fixed fractions n,, and determine the transition
as a function of Qp;, in the limit 7 — 0. We then restrict
ourselves to systems that are in the disordered phase, away
from the boundary to the glass phase. The technical details of
the analysis are provided in Appendix A.

V. THERMAL TRANSPORT

In this section, we discuss thermal transport properties of
the lattice model Eq. (2). In particular, we compute the ther-
mal conductivity per mode, «, the thermal diffusivity Dy,, and
the thermal relaxation time ty. The diffusivity is exctracted
using the Einstein relation, Dy, = «/c. The thermal current
relaxation time is related to Dy, by operationally defining
Dy, = 031y /d, where the relevant velocity scale v is discussed
below.

We compute « using the Kubo formula:
im Im[G{Q(a))]

Nk =—1i
w—0 Tw

, N

where G is the retarded thermal current correlation function
which we compute directly in real time using the Keldysh
formalism (see Appendix B). We begin with the n, = 0 model
and discuss the contribution of acoustic phonons later on.
Note that we choose our model to be isotropic in any dimen-
sion, such that kg = a4k, Where o, B are spatial indices.

A. Optical phonons

Consider a system with a single optical branch. In the
weakly dispersive limit, the vertex corrections to G% are
suppressed by powers of €4/, < 1. Therefore, Gy is well
approximated by G{e(o), the correlation function without vertex
corrections, depicted in Fig. 4(a). Using this approximation,
we obtain that (see Appendix B)

4
K = S sin? kAo (v, k)z(ﬂv)zcsdﬁ(ﬁ). (8)
2 Jox 2

Here, A, (v, k) = Im[Gg,(v, k)] is the spectral function of the
optical branch. We use the shorthand notation [, , = [ %.
Note that Eq. (8) essentially extends the familiar Boltzmann
expression Kk = fk Ci v,% 7 beyond the quasiparticle regime,
where ¢y, vg, and 1}, are the k-dependent specific heat, phonon
velocity, and phonon lifetime, respectively.

In the 0D model, the phonon lifetime becomes much
larger than their inverse frequency in both the low- and high-

temperature limits [45]. This property carries over to the
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FIG. 4. Leading contributions to current correlator for (a) optical
and (b) acoustic branches. Solid lines represent Green’s functions,
where a/o denotes Green’s functions of acoustic/optical branches.
Dashed lines denote averaging over realizations of v; j;.

lattice model in the weakly dispersive limit. Hence, in these
regimes, the Boltzmann expression for « is valid. Further-
more, Kk ~ cigrph, where the k dependence of ¢; and t; can
be neglected. We may use properties of the OD model to
understand the 7' dependence of « in the different dynamical
regimes. Athigh 7', ¢ — 3/4 and 1, — constant, while v, =
Q2/Q, ~ 1/(uT)"*. Hence, k ~ 1/+/uT for T/, > 1. At
low-T, ¢ ~ e #%% where B = 1/T (since the optical phonons
are gapped), and T, ~ eP%/2 while v, ~ Qi/ﬁo(T =0)
as interaction have little effect on the frequency renormal-
ization in the low-T limit. We then expect k ~ ¢ #%/2 —
0 as T/Q2, — 0. In particular, notice that x increases as
we approach from high to intermediate 7 and eventually
decrease at low 7. This implies that « attains a maximum at
some intermediate temperature that is related to the onset of
the low-T behavior. Indeed, this maximum can be seen in the
numerical solution of x(T"), see Fig. 2(b).

For systems with multiple optical branches, using the same
approximation as above, the thermal conductivity is given
by a weighted average over the contribution of the differ-
ent branches: k = )", npk;, where «;, is defined by replacing
Qs — Qgp and A, —> A, in Eq. (8). We find that systems
with multiple optical branches have two interesting implica-
tions on thermal transport.

First, we study the effect of broadening the bandwidth on
the intermediate-7" phonon fluid regime, qualitatively identi-
fied as the region where diffusivity satisfies D o 1/T, namely,
we consider a system with ten optical branches uniformly
distributed between Q,;, and Qu.x, Where the bandwidth is
AQ = Qnax — Lmin. We set Qyp, = Q4 for all b, fix Qpax, and
evaluate Dy, (7) as a function of AQ in the vicinity of the
phonon fluid regime. We find that increasing A2 expands the
phonon fluid regime and lowers the values of the diffusivity in
this regime, making it more “Planckian”. Indeed, the presence
of a finite bandwidth actually increases the effective velocity
associated with thermal transport, due to weaker renormal-
ization of the phonon frequencies (compared to the AQ2 = 0
case). It then follows that the decrease in the value of Dy,

15F -
— S~ e
o (U ]

S IR EEEEES - - -AQ=0
& 51 S SAQ=0.1]
AQ =02

0 L L L L L L L

04 06 08 1 12 14 16

T[]

FIG. 5. Thermal diffusion in systems containing multiple optical
branches. We plot T'Dy, as a function of T for three models with dif-
ferent bandwidths. In all cases, Q. = 1.1, while Q,;, = 1.1, 1, 0.9.
Ten branches are distributed uniformly between 2,,;, and 2,,,x. Data
shown with u/Q3 = 1.4 and vy = Q2/Qax = 0.007Q,.

is due to shorter transport times. See Fig. 5 for Dy, in a
representative system with multiple optical branches.

Second, notice that Dy, can be made arbitrarily small in a
model with multiple branches by phase space considerations
[58]. Indeed, consider a model with two optical branches
such that Q| = Q, = Q, and 24 > Q4 = 0, namely, only
¢ carries heat in the system. Since x = nx; and c is inde-
pendent of 2, in the weak dispersion limit and independent of
ny, np since 2| = $2,, we obtain that Dy, = n «;/c. Hence, by
decreasing n; we effectively increase the specific heat of the
system ceff = c¢/ny, such that Dy, — 0 as n; — 0. This sim-
plistic demonstration can be easily generalized to any number
of optical branches or to systems containing acoustic branches
(if d > 2). However, this manipulation does not break down
the correspondence between Dy, and Dy . See further discus-
sions in Secs. VIC and VIII.

B. Acoustic phonons

Consider the contribution of acoustic modes to thermal
transport. Let us first recall the effect of long-wavelength
acoustic modes on «. For this purpose, it is useful to in-
voke the Boltzmann expression for the thermal conductivity
K= fk ckv,%rk. Indeed, since t; o< 1 /kz, irrespective of the
temperature, there will be a nonzero measure in k space of
acoustic modes that are sufficiently long-lived for which the
Boltzmann expression holds. For these modes, since vy & v
and c¢; ~ 1, we have that

k-1 v d=1
Kaznacif/rkadk7~ ny d=2 (9
k finite d > 3,

where V is the volume of the system, namely, x — oo in the
thermodynamic limit for d = 1, 2 due to the large phase space
of low-lying momentum states, whereas beyond the critical
dimension, d = 2, their contribution is suppressed due to the
their limited phase space.

Let us proceed to study the contribution of acous-
tic phonons to « for d =3. We focus on the n, K n,
limit. Consider a system with a single acoustic branch
and a single optical branch. Generalizing the following
to multiple branches is straightforward. To leading order
in n, and 4 /ﬁo, the thermal conductivity can be writ-
ten as Kk = nak, + nok,, where k), corresponds to the
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contributions from acoustic/optical phonons, respectively.
Ko is given by Eq. (8) with replacing sin® kA, (v, k)> by
e(k)A,(v, k)2, where e(k) = sin’ k, + sin’ ky + sin® k., and
replacing the integration over k to an integral over the three-
dimensional BZ.

We have previously noted that the physically relevant ve-
locity of the acoustic modes is the renormalized speed of
sound. In particular, we expect the thermal current carried
by acoustic modes to propagate with this velocity. Indeed, we
find that the anharmonic contributions to the thermal current
operator of the acoustic phonons sets the renormalized speed
of sound as the velocity of the thermal current of the acoustic
modes. Considering the retarded current correlation function
of the acoustic phonons, these contributions correspond to the
diagrams in Fig. 4(b). By computing their contribution to «,,
we obtain

—4
o= we(k)fli(v,k)(ﬂV)zcsch2<%>, (10)
k,v

where Q v)= Qz + Rellg,(v). The appearance of SZ =
asa prefactor conﬁrms that thermal current carried by acoustlc
modes propagates at the renormalized speed of sound. This
can be understood in analogy to the case of optical modes,
where the prefactor 94 corresponds to the appearance of the
renormalized velocity squared ° /SZ = 52 In the case of
acoustic phonons, we instead find that Qa(v = 0) corresponds
to the velocity $2. /S = S = v2 (see Appendix B).

Note that in the weakly dispersive limit, vy > v, due to
strong renormalization of the speed of sound. Hence, the small
n, limit, where optical modes dominate transport, should be

taken such that nav & 1,02, which corresponds to r,, < 1
as we discussed in Sec. II1 C

VI. MANY-BODY QUANTUM CHAOS

In this section, we study many-body quantum chaotic
properties of our system by analyzing the time and space de-
pendence of the OTOC. We begin by considering a model with
a single optical branch. We will then generalize our method to
multiple optical branches. This generalization will enable us
to address the case of scrambling in the presence of multiple
timescales and multiple velocity scales, from which we will
gain some intuition that will be helpful when we will finally
consider scrambling in the presence of acoustic phonons.

We diagnose chaos by considering the regularized
OTOC,>. defined as

C(1,2)= —ZTr(f[¢z(1) ¢;1v/pl9i(2), ¢;D, (11)

where | = (t;,r1),¢; = ¢;(0,0), and p = e~P7 /Z is the ther-
mal density matrix. In practice, we shall study the behavior of

C(t,r) = C(1, 1), which is expected to satisfy
ct.r~ Lexp(ur— = (12)
r) ~ —ex - —
NP T D

3Dependence on the regularization of the OTOC [59-61] is not
expected in our model [62]

c|l=11c

P 54

FIG. 6. Diagrammatic representation of the Bethe-Salpeter equa-
tion for the OTOC Egs. (13). Dashed line denotes averaging over
realizations of v; j.

where A, = 1/t is the scrambling rate (or quantum Lya-
punov exponent) that satisfies a universal bound A, < 27T
[26] and Dy is the chaos diffusivity. The exponential growth in
Eq. (12) is expected to hold up to some intermediate timescale
t < 1.1nN, called the scrambling time #y,. This is the time
over which information encoded in O(1) degrees of freedom
spreads into O(N) degrees of freedom, within the unit cell,
and becomes essentially inaccessible. Moreover, the diffu-
sive propagation in Eq. (12) is expected to break down at
distances |r| ~ ry, roughly defined by C(z, r)"19,C(t,r,) ~
2n T, since Eq. (12) is contradictory to the bound on chaos
for |r| > r, [63]. These effects are attributed to higher orders
in 1/N and are beyond the scope of our paper.

In addition to Az and Dy, we identify the butterfly velocity
vp = +/ArDy by equating the two arguments in the exponent
in Eq. (12). This velocity is associated with an emergent
effective light cone of information scrambling, in which the
OTOC is space-filling. The emergence of an effective light
cone is typical in quantities governed by an unstable temporal
exponential growth that spreads diffusively in space [64].

Let us proceed to consider the OTOC of a single optical
branch, defined by €2, and €2;. At order 1/N, the exponen-
tial growth of the OTOC is governed by a BSE, represented
diagrammatically in Fig. 6,

c1,2) = K(1,2,3,4)C(3,4),

3.4
K(1,2,3,4) = 20°Gr(13)Gr(24)Gw (34), (13)

where 13 = (#; — 13, r1 — r3), for example, and Gw (¢, r)d;; =
Tr(/pgi(t, r)/pd;) is the Wightman Green’s function. K is
the retarded ladder kernel, where rungs corresponds to a single
Wightman function due to the cubic interaction and rails are
given by retarded Green’s function. In the remainder of this
section, we set d = 1 for simplicity. Higher dimensions follow
a similar treatment and do not change the physical picture.

To proceed, we define the center of mass and relative coor-
dinates: a, = “';”Z,a_ =a; —ay,a=t,r,k (k denotes the
lattice momentum). Anticipating the behavior in Eq. (12), we
use the following ansatz:

c(1,2) = f ehntikrp g yehe ket (14)
ky,ky

Here, we assume the dominant momentum dependence
is encoded in the chaos exponent A(k;) and neglect the
k; dependence of the coefficient F, assuming it is a
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nonsingular function* that weakly depends on momentum.
This assumption is motivated by the weakly dispersive limit,
as our system is expected to be smoothly connected to a
system with Q; = 0, which is completely momentum inde-
pendent. Importantly, this assumption is invalid for systems
with a sufficiently large fraction of (strongly momentum de-
pendent) acoustic phonons, as we will discuss later on.
Note that Eq. (12) is related to Eq. (14) by

Clty,ry) = / 2k F (0, ket Ko r (15)
ky ke

Hence, by expanding Ay (k;) = Ao + A1k + O(k3) we may
directly extract D; = —A;. Note also that Ao = A corre-
sponds to the spatially averaged scrambling rate, related to
the growth of fr C(t, r). Furthermore, it will be convenient to
define f(r_) = [, F(1—, k_), with f = f(0) being the coef-
ficient in Eq. (12). We now proceed to describe the solution
of Eqgs. (13). A, and Dy, as a function of T are given for a
representative set of parameters in Fig. 2.

A. Scrambling rate of a single optical branch

We extract A, numerically following a procedure in the
spirit of Refs. [47,66], namely, by substituting the ansatz
Eq. (14) into Eqgs. (13), we recast Egs. (13) to an eigenvalue
equation of the form K| f) = e(Ar)|f). Then, Ay, is determined
by demanding the eigenvalue e(A;) = 1. Explicitly, the eigen-
value equation is given by

O (1) = / K.t k) f ),

K(t,t’,k+)=2v2/ by, (t —t', k )Gy (1),
k_

_ k_ _ k_
h)»L(t’k-ka—) = /gR(tv k+ + 7)8A<t — 1, k+ - 7>’
r

(16)

where gr/a(t, k) = ¢T3 Ggja(t, k). In the derivation of
Egs. (16), we used the weak dispersion limit to approximate
Gw(t, k) ~ Gw(t) = [, Gw(t, k).

This procedure allows us to extract the entire function
Ap(ky). The spatially averaged Ap is extracted by setting
ki =0, while D; can be extracted from a quadratic fit of
Mky)~ AL — DLki for sufficiently small values k. In the
next subsection, we describe another simple semianalytical
approach that enables us to extract Dy in a more physically
transparent manner.

B. Chaos diffusivity of a single optical branch

In this subsection, we derive a simple perturbative ap-
proach to directly compute D;. This approach will also be
handy in the discussion on scrambling and chaos diffusion in
the presence of acoustic phonons, as we will see later on.

4Similarly to Ref. [63], but unlike some holographic theories,
where the singular structure of the coefficient determines the spatial
decay of the OTOC, see, e.g., Refs. [34,65].

Suppose we know the solution for the k; = 0 eigenvalue
equation: Ky| fo) = e|fo), i.e., A and the eigenvector | fy), and
that we want to know what the leading order correction is for
ky+ # 0. Let us drop the subscript of k. for brevity: ky — k.
We may expand the eigenvalue equation for small £ # 0:

(Ko +8K)(1fo) +161)) = (e + 8e)(|fo) +16/)). (A7)

By multiplying the above with the left eigenvector [note that
K is not symmetric—(fy| # (|fo))'], we find that

(fol8K1fo) = Se(folfo) + O(5?). 18)

To satisfy the kernel equation, we must require that je = 0,
which is true when (fy|5K|fy) = 0.

Expanding K for small k and A, we write 6K = §A A +
k>B. Hence, 81;(fylAlfo) = —k*(fo|B|fo), from which one
can identify

(fol Bl fo)

T Al

Here, A = 35, 1)K |5, (t)=1,(0) and k>B is obtained by expand-
ing all terms in K to leading (nonvanishing) order in k. The
fact that the leading order correction is proportional to k>
is a consequence of inversion symmetry. We supply explicit
expressions for A and B in Appendix B.

We find that D, extracted from Eq. (19) is identical to
the straightforward extraction from the computation of A (k).
Moreover, Eq. (19) allows for some analytical control over
Dy . For example, we observe that Dj « Qj since B Qj.
Then, using vz = /Dy A; implies that vz o< Q2, allowing us
to tune vg. By dimensional arguments, we may further argue
that vp ~ 2/, = v,. Indeed, the numerical solution yields
vp = v, with an error of roughly 5%. We will see more exam-
ples in the following subsections.

19)

C. Generalization to multiple branches

Consider a system with Ng optical branches, defined by
p(R) =", myd(R — R,). We define the branch-dependent
OTOC for branches a and b (no sum):

Cap(1,2) = =Tr(/plda(1), pp1/P[#a(2), $p]).  (20)

The BSEs now contains cross scrambling terms between
the different branches:

Ca(1,2) =) "ne | Kae(1,2,3,4)Cr(3,4). (21
- 3.4

The kernels are given by Kap(1,2,3,4) =
202Gra(13)Gra(24)Gy (34), where Gy = >, Gwp. Note
that /C,, depends only on a since the external legs in C, are
fixed. The summation over branches in Gy and C., on the
right-hand side of Eq. (21) comes from contractions with two
interaction vertices.

Consider the case of Ng = 2. The BSEs can be conve-
niently written as a matrix equation in the branch space, where
they factorize to blocks of size Ng (in this case, 2),

Ci) _ mki mlkp\ (Cu
o mkor  naloy J\Co1 )’

and identically for Cj,, Cy,, such that it is sufficient to solve
the BSE of one block to characterize the chaos in the system.

(22)
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The identical BSEs of the two blocks hints that the scram-
bling rate is an intrinsic property of the system, rather than
a property of the individual branches. We discuss this further
later on. We proceed by assuming the system has a unique
scrambling rate and generalize Eq. (14) to

Cii(1,2) / iy tikars (e, [(F1E= k2)
= + , (23
<C21(1,2)> e TN R k) @Y

such that Eq. (22) can be recasted into

n Ky

AIf) = (m s

n2K2>(|f1>||fz)), (24)

where Kj, is defined as in Eqs. (16) with replacing gg/4 with
gry/ap Of the corresponding branch in h;,. At this point, we
may solve for A; and D, using the methods we described in
Secs. VI A and VIB. The generalization to N > 2 is straight-
forward.

D. Chaos with multiple scales

In this subsection, we consider a system with multiple
optical branches and make a few observations regarding
many-body quantum chaos in a system with multiple time and
velocity scales. The intuition we will gain here will help us
understand the more involved case of chaos in the presence of
acoustic and optical phonons.

Whether A is intrinsic to the system or varies between
different degrees of freedom is an interesting question. While
Az 1s intrinsic in most generic systems, exceptions may arise
in cases where different operators belong to different sectors
of the system [67]. In our system, the uniqueness of the
scrambling rate is supported by the following observation.

Consider a system with two optical phonon branches
(Ng = 2) and suppose that there exist two scrambling rates
A1 > Ay. The OTOCs can be written as

Cu@)\ _ (fie
(Czl(f) e ) @3)
Since the same BSE governs the dynamics of Cj, and Cy,
it follows that Ci»(t) ~ €™ # C,,. However, this contradicts
the fact that Cj, and C,; grows with the same rate, which is
an immediate consequence of time-reversal symmetry. Hence,

A1 > Ay 1is an inconsistent solution of the BSEs. Another ar-
gument can be made by writing the OTOCs as

Cii(1) — oM h — it ~fl
<C21(’>>_e <€“"’fz>_e (fm))’ 20

where AL, = A, — A1 < 0. Notice that fz(t) — 0 after a suf-
ficiently long time, such that ¢, effectively decouples itself
from ¢;. However, since f, > 0, some weight of ¢, has al-
ready been transferred to ¢, and this non-zero weight now
grows with a rate 1|, rendering this decoupling implausible.
In Fig. 7(b), we plot A, in a system with two opti-
cal branches as function of their relative fractions. This
demonstrates that A, is determined by all degrees of
freedom. Indeed, consider the limit 7y < n,. To zeroth order
in ny, Ay, is determined solely by the BSE of ¢: | f2) = K»| f>)
in Eq. (24), while the eigenvector related to cross scrambling
with ¢ is given by |fi) = Ki|f2). The same is true in the

b
- (a) - (b)
) S. <
> \\ >
805 N S
= =095
0 0.5 1 0 0.5 1
N9 U

FIG. 7. Chaos in a system containing two optical phonon
branches. (a) vg(n,)/v; as a function of n, for two optical branches
with Q2 /Q2, = 0.4. vy satisfies vg = \/n1v? + nyv? as expected
from the formula below Eq. (28). (b) A (n)/A; as a function of
ny. In (a), Q1 = 2, = 1 such that only the velocities are different
between the two branches. In (b), 2,/Q2, =1 < 2,/Q, = 1.1 such
that t; < 1, for all ny, ny. Note that A; > X, as expected from A,
1/7ph, where Ay = A (n; = 1) and similarly for A,. Data shown with
T/Q, =1and u/Q = 1.35.

opposite limit, implying that for general ny, np, A, must ex-
trapolate between the two cases. Notice, however, that while
all degrees of freedom affect )., the effect of operators with a
short lifetime is more pronounced, see Fig. 3(b).

Let us further ask what determines vp in a system where
different degrees of freedom propagate with distinct veloc-
ities. Intuitively one can think of quantum information as
propagating in an effective medium composed of all degrees
of freedom in the system. Each degree of freedom carries
information with its corresponding velocity while scattering
events average out the net velocity with which the information
propagates, such that vg is set by the velocity of the effective
medium rather than the largest velocity scale. Indeed, consider
the system from above with Q| = Q, =Q, ny =np, = 1/2
and general Qq;, 2245 The velocities of the two branches are
defined as v, = Qﬁb/ﬁ for b =1, 2. In the weak dispersive
limit, A, and | f) are independent of €2, for the two branches.
Then, we use Eq. (19) to obtain

LA ((Bi)o + (Ba)o). 27)

where (-)o = (fo| - | fo). Recall that By, sz and that in the
case of a system with a single optical branch, we have found

that Dy = 7.0 = ILQj /52. This implies that we can write
(A)g " (Bp)o = TLv2, such that

Dy = 1t (v] +v3), (28)

namely, vp = v/ (v} + v3)/2.

Following the same steps as above, one may conclude that
in a system with Ng optical branches, in the weak dispersion
limit, D, =7, ), nbvg, see Fig. 7(a). In particular, one can
think of a case where only a small fraction of the system
is dispersive. Let us denote this fraction by n,. For thermal
diffusion, such a case implies that Dy, & ny (see Sec. V A).
For chaos diffusion, we see that the same proportionality
holds, Dy o ng. In particular, this trick does not provide a way
around the observed correspondence, Dy, ~ Dy.
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E. Chaos with acoustic phonons

Consider a system with a single optical branch and a single
acoustic branch. The generalization to multiple acoustic and
optical branches is straightforward. Let us focus on d = 1 for
simplicity. The OTOCs of the acoustic phonons are defined by
Eq. (20), identically to the optical phonons. The difference in
the BSEs is due to the fact that the interaction vertices in the
retarded kernel now contain the generalized fields ¢ defined
in Eq. (5). This leads to the following BSEs:

Caa _ Nalaa 1Ko aaa
(Coa) - (nalcoa nOIC00> (5031) ’ (29)

where Kup(1, 2, 3, 4) = 202Gra(13)Gra(24)Gy (34), the gen-
eralized Green’s function, and OTOCs on the right-hand side
are defined as

A G,(t,r+1)— Gu(t, el
Ga(t,r)z{G (DGl sk (30)
- Ca(1+e,2+e)+ Cup(l,2)
Cap(1,2) = { —Cap(1 +¢,,2) = Cop(1,2+¢,) ac€l,
Car(1,2) a€l,,

and 1+e, = (¢,r 4+ 1), for example. QNW is defined below
Egs. (6). We proceed by substituting our previous ansatz
Eq. (14) for C,,, Coa. Then, following similar steps to the
derivation of Eqgs. (16), we arrive at the following BSEs:

Aflfo)) = (ni o )(Ifa 16, 6D

where

Kap(t. ' ky) = 20° / Saph k)
k_

X Bt — 1 Ky, k)G (1),

_ k_
h;»lf(tvk-kvk—) = /gRu<t9k+ + 7)
t
- k_
X 8Aa l—f,k+—7 )

Sab = (sl (k+3f(2]§f<; ’ k*) 52 (k<|iv k_ )) ) (32)

Here, a,b=a,o are in correspondence with Eq. (31),
Gw() = fk Gw (t, k), and the functions s, are related to the
spatial couplings between the OTOCs in Eq. (29) and are
defined as s1(ky) = m(cos(ky) + cos(3ky)) and sp (ki , k) =
—4 sin(% + %) sin(%+ — %’). Note that hf{lL’ depends only
on a.

Note that the ansatz Eq. (14) relies on the weakly dispersive
limit of the system. Here, we expect this ansatz to be valid in
the limit n, — 0, where acoustic phonons can be treated as a
controlled perturbation to the BSEs with n, being the small
parameter that balances their strong momentum dependence.
In this limit, the corrections to A; and D; are linear in n,.
In particular, the onset of nonlinear n, dependence in the
numerical evaluation of these quantities will signal the limit
of validity for Eq. (14).

In the remainder of this subsection, we will show that
Ar and D; are nonsingular in the n, — 0 limit, as we have

claimed in Sec. III C. To do that, we assume that there exist
an expansion of Ay and D; for small n,, such that g;(n,) =
qr(0) + n,8qr + O(ng) for g = A, D. Then, we will show that
the correction 8¢, is finite as it is expressed in terms of
converging integrals of nonsingular functions, which implies
that our assumption is consistent. We also verify this argument
numerically, where we find that A, and D, are finite and grow
linearly in n, for sufficiently small values of n,.

Consider the correction to A;. Following the steps of the
derivation in Sec. VIB with n, taking the role of the small
perturbation (rather than k. ), we obtain that the correction to
A is given by

SAL(P)o = —na(Q)o, (33)

where P = 8AL(HH)K|,\L(,1H)=,\L(0), Q = 3,1HK|na:0. Here, ()0 are
taken with respect to the n, = 0 eigenvectors.

Note that for n, = 0, (f,| = 0 because the top row in K’
is proportional to n, = 0 [see Eq. (31)]. This immediately
implies that (P) is finite as it contains data of the optical
branches alone: (P)o = (5101, Kool fo). For (Q)o, we have that

(Q)o = (folKoal fa)
= (f0|KoaKa0|fo>a (34)

where we have used the fact that |f,) = K| fo) for n, = 0.
Since K, is composed out of nonsingular exponentially de-
caying functions in time, the only issues may come from
Ky and, in particular, from the function #37 (z, k., k—) near
ki, k- =0, since Gy is also nonsingular. Specifically, if
h2(t, ki, k-) is a nonsingular function that decays suffi-
mently fast, we may conclude that (Q) is finite, showing that
our assumption is consistent and thus the correction to A, is

finite.
Indeed, note that
k_
8Ra| @, T
Gra[+ i,
Ra| @157

might be singular around k- =0 only for A, = 0. Since
Ar(n, = 0) > 0, these singularities are avoided. Furthermore,
the fact that A; > 0 also implies that gr,s—and therefore also
hi?—are exponentially decaying in time. This concludes our
discussion in the correction of A;.

Extending this argument to D;, is immediate. Indeed, we
may follow the steps above for ky # 0, with the minor mod-
ification that now the singularities of 43 in the A, = 0 case
are slightly shifted away from k_ = 0. The fact that A (ky #
0, n, = 0) > 0 implies that these singularities are avoided as
in the previous case. Hence, the correction Ap(ki # 0) is
finite, implying that the correction to Dy is also finite because
A(ky) = dp —kiDp + O(K3).

Finally, let us comment on the correction to Dy, for n, > 0.
As demonstrated in Fig. 3, this correction is rather violent,
in comparison to the mild correction to A;. As we mentioned
previously, this is due to the imbalance between v, and vy,
which is an artifact of the weakly dispersive limit. This can
be seen explicitly by considering the extension of Eq. (19)
to a system with acoustic phonons, where the sound velocity

2
KO (0, ky = 0,k_) =

(35)
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appears in the terms associated with the acoustic modes,

D = (A)y"| (Ba) + (Buo) + (Boa) + (Boo) |, (36)

Nnaif.

~nov2

where (A)( is defined as in Eq. (19) and (B.y) = (f1|Bas| fb)
such that a,b=a,o and |f,) denotes the n, > 0,k =0
eigenvectors, and similarly for (f,|. We can now see that
the large ratio if /v2 accounts for the pronounced effect on
the correction to Dy and, correspondingly, on vg for rela-
tively small values of n,. Explicit expressions are given in
Appendix B.

VII. DIFFUSION IN THREE DIMENSIONS

In this section, we discuss the correspondence between
thermal and chaos diffusion in a system withn, > Oind = 3.
Let us first recall the physical picture in lower dimensions
briefly. We have seen that the cases n, =0 and n, > 0 are
dramatically different in terms of transport, chaos, and their
correspondence. In the absence of acoustic modes (n, = 0) we
found that Dy ~ Dy, while for n, > 0, this correspondence
breaks down, since Dy, diverges while D; remains finite. The
divergence of the thermal diffusivity is rooted in the thermal
conductivity that is dominated by long-lived, long-wavelength
acoustic modes due to their relatively large phase space in
lower dimensions. In d = 3, the contribution of these modes is
finite due to their rapidly vanishing phase space. Does this im-
ply that correspondence Dy ~ Dy, holds in d = 3? We argue
that, in a generic setting, it does, and demonstrate it explicitly
in the n, < n, limit under a spherical approximation of the
three-dimensional Brillouin zone (BZ). However, a parametric
violation is possible in a strongly anisotropic 3d system.

In principal, to study the diffusivities in d = 3, one needs
to solve the SPEs for the Green’s functions and the BSE for
the OTOC with a three-dimensional BZ. A straightforward
approach in this case is computationally costly. Here, we
approximate k € [—m, w3 byk € B(keg) where B(k) = {k €
R3; |k|> < k?}, such that the dispersion is approximated to be
isotropic (i.e., to be a function of k = |k|) in two approxi-
mation schemes. In the first scheme, k., is determined such
that the volume of the BZ is preserved, with replacing disper-
sive terms by their kK — 0 (continuum) limit. In the second
scheme, we let ke, =, and use the 1d expressions (i.e.,
starting with the first approximation scheme and replacing
k* — 4sin*(%)). The two approximations give qualitatively
similar results, suggesting that they capture the physical pic-
ture in d = 3.

We find that, for sufficiently small values of n,, y =
Dy, /Dy, stays roughly constant, smoothly interpolating from
its n, = 0 value, such that the relation Dy, ~ Dy holds also for
n, > 0. The diffusivities as a function of n, for a fixed T of
a representative system is presented in Fig. 8. Notice that we
restrict ourselves to rather small values of n,. This is because,
in the weakly dispersive limit, the imbalance between vy and
v, dictates the limit for which we expect the small n, approx-
imation, where the diffusivities are linear-in-n,, to be valid.
As a rough estimate, we demand that n, /n, < v2/v? (1074
in Fig. 8). In particular, when this inequality starts breaking

(a) (b)

2 30
E — Dth
= =2 Dy,
S Q 20
~ 15 =

<
£ £10
= Q

Qe '

1 0

0 2 4 0 2 4
Na x107° n,  x107°

FIG. 8. Diffusion in three dimensions as a function of n, for fixed
T. (a) The ratio Dy, /Dy, as a function of n,. (b) Diffusivities, normal-
ized with respect to n, = 0 value, as a function of n,. Data shown
with Q6/Q2, = 1.1, u/Q3 = 1.4, T/Q, = 1, Q,.4/Q, = 0.09.

down, we arrive at a situation where optical phonons serve as
a bath to acoustic modes, but acoustic modes dominate the
diffusivities due to their large renormalized speed of sound.
To overcome this artifact, one has to go beyond the weakly
dispersive limit.

While our study is restricted to the weakly dispersive
limit, we expect the correspondence Dy, ~ Dy to hold in a
more generic, isotropic 3d system. This is since the short-
wavelength acoustic modes behave essentially as optical
modes, for which we already know that Dy, ~ D, (even in
a system with multiple optical phonon branches). In d = 3,
the long-wavelength acoustic modes do not dominate trans-
port properties due to their vanishing phase space. Hence,
we expect that in d = 3 and at sufficiently low temperature,
Dy ~ Dy, as we have demonstrated above in the n, — 0 limit.

Nevertheless, we comment that a parametric violation of
the correspondence between Dy, and Dy, is possible ind = 3
at finite temperature, if the system is strongly anisotropic.
Consider, for example, a three-dimensional system that con-
sists of an array of weakly coupled 1d chains. We define the
dimensional crossover temperature 7* as the energy at which
the contours of equal acoustic phonon frequency change from
elipsoids around k = 0 to open surfaces. At temperatures
T > T*, we expect that Dy, is parametrically large in the
anisotropic limit (where the coupling between the chains van-
ishes), whereas D; remains finite in this limit. Hence, Dy, >
Dy . At temperatures below T*, the relation Dy, ~ Dy, may be
recovered, although we leave a detailed analysis of this case
to future work.

VIII. DISCUSSION AND OUTLOOK

In this paper, we have studied properties of thermal trans-
port and quantum many-body chaos in a lattice model of
N — oo strongly coupled phonon modes per unit cell. In
the absence of acoustic phonons, we found that the thermal
and chaos diffusivities obey Dy, =~ yDy with y 2 1. In a
system with a single optical branch, the thermal relaxation
rate and scrambling rate track the inverse phonon lifetime
and the butterfly velocity is close to the maximum velocity of
the optical phonons. Furthermore, the intermediate-7 phonon
fluid regime we identified in Ref. [45] corresponds to a linear-
in-T dependence of the inverse diffusivities, where timescales
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associated with transport and chaos are of the order of the
Planckian timescale /i/kgT at strong coupling.

Introducing acoustic phonons to our system significantly
changes the physical picture in low dimensions. We found
that long-wavelength acoustic modes dominate transport but
not chaos, breaking the relationship between the diffusivities.
In particular, in d = 1 and 2, Dy, diverges even at nonzero
temperatures, while D, remains finite. Intuitively, this can be
understood from the fact that the transport properties tend to
be dominated by the longest-lived degrees of freedom, while
the scrambling is determined by the fastest-growing operator,
which is often related to the shortest-lived degrees of freedom.
In three dimensions, for sufficiently small values of the rela-
tive fraction of the number of acoustic modes, n,, we showed
that the correspondence between the diffusivities reappears.
We expect this relation to persist beyond the weakly dispersive
limit considered here for sufficiently isotropic systems. For
strongly anisotropic systems, we expect the relation Dy, ~ Dy,
to break down at temperatures above a crossover scale de-
termined by the degree of anisotropy but to be recovered at
asymptotically low temperatures.

Our interest in systems of strongly coupled phonons was
primarily ignited by measurements of thermal diffusion in a
broad class of insulating three-dimensional materials [41-44].
Despite the fact that our simple model does not attempt
to describe any specific material in detail, it is capable of
producing a wide linear-in-7" Planckian regime for Dl;l at
intermediate temperatures. This suggests that a strongly cou-
pled quantum phonon fluid is a generic property of strongly

J

anharmonic quantum oscillators at intermediate temperatures.
Importantly, we note that the phonon fluid regime in our
model emerges before the system crosses over to its classical
limit. This indicates that one may observe quantum mechan-
ical signatures in transport even at naively high temperatures
if a given system hosts sufficiently high-energy modes.

As a step toward a more realistic model, it would be in-
teresting to relax the assumption of weakly dispersive optical
phonons. Upon introducing acoustic phonons, our study was
restricted to the limit n, << 1, whereas for real insulators, 7,
and n, are comparable and, in particular, optical modes may
be as dispersive as acoustic modes. Another natural direction
would be to extend our analysis into to the glassy phase
[68,69], especially in light of the fact that the minimal phonon
lifetime, and correspondingly 7, and ty, are attained near the
phase boundary [45].

Finally, it would be exciting to embed electrons in the
strongly coupled lattice we studied here. The phonon fluid
regime might serve as a breeding ground to theoretically study
transport and chaos properties of a strongly coupled electron-
phonon quantum soup [40].
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APPENDIX A: IMAGINARY TIME

Here, we generalize the replica analysis of Ref. [45] to the lattice model. Following our steps in Ref. [45], we obtain the
effective action and corresponding SPEs of the two phases of the model. Let us consider d = 1 for simplicity. We comment
on higher dimensions later on. We integrate over the disorder and introduce the G, IT fields, such that the disorder-averaged
replicated partition function can be expressed as a functional integral given by

__ N
7" = DGDM exp (—’%Seff(c, n)), (A1)
where Ser = So + Sy, + S, with
k
Sy = an/ In det (aaﬁak%,su - r’)(—af + QF + 47, sin’ (E)) — P (—k, v, K, z’)),
P kK
2 ~
S, = ZZ / drdr/(—%g"‘ﬂ(r, o, ) + anngﬂ(r, T, r/)GZﬂ(r, 7, 1/)),
af rnr
u ’ ’ So Lol N2
S, = EZZ/drdr 8(t — 1)8,,180pG Br,o;r, 7). (A2)

af rnr

Here, we consider the most general case of Ng branches, including acoustic phonons, such that 5 = Zb n;,(~7;, where éb are
defined with respect to the generalized fields in Eq. (5). « and B are replica indices.

1. Replica-diagonal saddle point and specific heat

The replica-diagonal saddle point is defined as Gzﬂ (t,r;7,r") = Gp(t — ', r — r")84p. Substituting the solution in
Egs. (A2), we obtain the SPEs that govern the thermodynamics of the disordered phase. The optical branches satisfy Egs. (3)
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and (4) while acoustic branches satisfy

p—

Galiwn, k) =

w2 +4Q2sin? (§) — MaGiw,, k)’
k
,(iw,, k) = 4sin® (5) I, (iwp, k). (A3)

We solve the SPEs to linear order in n, by an iterative procedure similarly to Ref. [45]. In particular, the small n, and weakly
dispersive limit renders the self-energy of the optical phonons to be momentum independent to leading order. This is a major
simplification for the numerical solution of the SPEs.

To compute the specific heat, we obtain the internal energy U by repeating the steps in Ref. [45] where the only modification
is the added summation over space/momentum. U is given by

U=Y,m [, (94422 sin® (5))Gy(x = 0,k) = ¥, [dr5G(z,r)* + 2G(r = 0,r = 0)%. (A4)

From U, the specific heat c = drU can be computed either numerically or analytically in the low- and high-T limits similarly
to Ref. [45].

2. One-step replica symmetry breaking saddle point of optical modes

Apart from the replica-diagonal saddle point, the 1SRSB saddle point is the only other stable solution in replica space [45,48].
We extend our previous analysis to the lattice model. This is a two-step process. As a first step, we show that the SPEs are given
as a sum over the SPEs of the different branches. This allows us to explicitly solve the SPEs in the case of multiple optical
modes in the weakly dispersive limit, where we approximate the Green’s functions to be k-independent, i.e., letting 2; — O.
The reason for that is to avoid unnecessary complications related to k labels that have essentially no effect on the phase diagram.
As a second step, we introduce acoustic phonons and show that their contribution is continuous as a function of n,. Relying on
this fact, in the n, — 0 limit, staying sufficiently far away from the glass phase, we may consider systems with small n, > 0
without any risk of inducing a phase transition.

We define the local 1SRSB solution of the bth branch by

G (iwn, k) = (g1(iwn, k) — gEn)Sap + €apgin, (A5)

where gg, is the Edwards-Anderson order parameter, and €,5 = 1 if &, 8 are on a diagonal block of size m and zero otherwise.
As stated above, we consider the zeroth order in 2, where the solution is k£ independent:

GP (iw,) = (g(iwn) — 88A)Sup + €apgin- (A6)

To proceed, we follow our steps in Ref. [45], with the small modification of considering branch-dependent quantities. We arrive
at the following SPEs:

1
Ozgi’lb{m—(wrzl-i-le,—Hb(ia)n))}, (A7)
£,(0) + (m — 2)Bgra 5 . }
" = (2 — Mylio, = 0)) A8
Xb:nb{gﬁ(0)2+(m—2)ﬁgmg‘é(0)—(m_1)ﬁ2g2EA ( b p(iw )) (A8)
OZZnh{ ! _gEA}’ (A9)
b (g2(0) — Bgea)(£4(0) + (m — 1)BgEa)

mpBgea 24(0) — Bgea > 1, 4 }
0= 3 ; A10
Xh:nb{g‘i(o) T n— Dpgea | <g§(0)+ m—Dpen) T3 B gea (A10)

corresponding to 8S.r/80 =0 with © = HZ:’S (iw, # 0), HZ#} (iw, = 0), GZ# (iw, = 0) and m, respectively. Fortunately,
these equations are amenable to a similar treatment as the SB model, for any number of branches. Let us consider the case
of two branches for simplicity. Generalizing to any Np > 2 is straightforward.

We define
BgEA myp

Yo = , Xy = (A11)

FAO) 1=y

for branches b = 1, 2. Substituting the above in Eq. (A9) reads

2 2

g = m o (A12)
14+ x 14+ x
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such that Eq. (A10) can be recasted into

0 S ()l Y (e ()L (A13)
=n n n|{—— = .
: 14+ x; 14+ x 31+x "2 1+ X 14+ x 314 x
From here, it is useful to define regularized functions G, I1" according to
gi(la)n) = .BgEA‘Sn o+ GZ(ia)n)a H(iw,) = IBgi:ASH o+ nr(la)n) (A14)

Here we have already used the fact that the self-energy IT is branch-independent. Note that consistency demands that G (0) =
o 2 Bgra- Inserting Eq. (A14) into Egs. (A7) and (A8), we arrive that

1 1
0= — (0 + Q2 = (iwy)) § + 24 Q2 — ' (iw, Al5
n { G Gion) (a)n 1 (iw )) ny Grtian) (a)n > (iw )) ( )
where I (7) = G(1)* + 2gpaG(v) — w(G(T) + gea)d() with G = n, Gy + nyGo.
To solve the SPEs, we start by fixing m and x,. This determines x; implicitly according to Eq. (A13). Given x;, x, and m,
we may use Eq. (A12) to determine gga. Given m and gga, the constraint G} (0) = xﬂ,, Bgea is explicitly enforced by setting

8I1, = ﬁ, where §11, = Qi — IT7(0). This, in turn, determines the phonon frequency implicitly: .Qﬁ = 811, + IT7(0).

Having solved for all components of the SPEs, we may evaluate the free-energy density:

267 — an|:_<m’; 1>ln< I -y ) —In(1+ (m— l)yb)—ZIn ((a),21+§2§)g1,’,(iwn))i|
b n

1= (1 —m)y,
U2 p ’
+ Znh oy + Q)8 (i) — 1) — ?<ﬂ / dr(Znhg‘;(r)) +(m — 1)ﬁ2g3EA>
0 b

2
+ gﬁ (2}7: npgh(t = 0)) +C. (A16)

Here, C = Zn,b np ln(ﬂz(wﬁ + Qi)) =) ,m2InQ2 sinh(@)) [48,70]. For Np > 2, we simply replace the summation accord-
ingly, while in the solution we start by fixing m and x;, ..., xg and then extract x;.

One may extended this procedure to the case of 2; > 0. This will add k as a label to the variables we defined above. In
addition, a summation over k will be added to the summation over the branches. The limit of weak dispersion implies that the
corrections we neglected are small, such that our phase diagram and, in particular, the T — 0 glass boundary, are accurate up to
corrections of order €2,/ min[Q] < 1.

3. One-step replica symmetry breaking saddle point with acoustic modes

Before proceeding to consider a system with acoustic phonons, it is useful to note that it is sufficient to compute the free-
energy difference between the two phase in order to map out the phase diagram. By simply observing Eq. (A2), we notice that
only the k = 0 acoustic mode at w, = 0 might introduce a divergence. Importantly, this mode is decoupled from the rest of the
system in both phases, such that it drops out when one considers the difference in the free energy of the different phases. We will
now explicitly show this decoupling is consistent with the solution of the 1SRSB SPEs in the presence of acoustic phonons.

Let us now describe the solution for a system with a single acoustic and a single optical branch. We obtain the SPEs as above:

OZZ”hfk{m—(wi+eb(k)—nb(iwn,k))}, (A17)
nb/k {g‘,f(O o7 + (f: (Ozﬁz;i’;lg(ozgﬁm g~ @0~ T k))}, (A18)
- Xb:n /{ PTG gEA)(g‘,ﬁ(IO, Prp—rY - —bﬂzvngA}, (A19)
_ )
" Xb:nb/k {gi(o, Bt o D " (g@’,(og,dbk(;) o gﬁfegm) " v?”mzﬁzgi:f%}’ (A20)

where we introduced the shorthand notation €, (k) = Qi(l ~+ 8pad sinz(’%)) + 4Qqp sinz(’%) and b = fk [qg * g * q](k) with g(k) =
no + 4n, sin® % (* denotes convolution). The factor of b is the main difference between these SPEs and the n, = 0 SPEs. This

factor will force us to use slightly different definitions for the regularized function G”, I1". Similarly to the previous case, we
define

gi(lwn) = IBgEASn,O + GZ(lwn)v Hb(iwn) = pb(k)811,0 + HZ(lwn)v (A21)
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with p, = Nfé—i%“ and p,(k) =4 sinz(’%) Do, together with a momentum-dependent change of variables:
| (4ng si=(5)+n,
BgeA myp(k)
yu(k) = s k) = ———. (A22)
M=o MY T T 50
With these definitions, the SPEs can be recasted into
x2(k) x2(k)
0= | |n,—2 + ny—=2 — bm’B?g: } A23
/k [ Tl T+ xk) SEA (AZ3)
xa (k) < 1 ) 1 x2(k) > < Xo(k) ( 1 ) 1 x2(k) )}
0= a +In + = + n, +In + =
/k [” <1 T k) l+nk)) 31+xnk) "\ Tfank I+ x()) " 31+xk)
(A24)
(S (o + &a(k) — (i, k) § + 1oy ————— — () + 8o(k) — TT(iwy, k) (A25)
G (iwy, k) " : G’ (iwy, k) " o
where
T (i, k) = 8,.0([q % q1(k) — po)B&in + 2[Gea * Gl(iw, k) + G % Gliw,, k), (A26)

T, (i, k) = 4 sin>($)IT, iy, k) and Gea(in, k) = q(k)BgEadno.

Our main point in writing the above equations is that we can now explicitly observe that acoustic phonons can be treated in
the same manner as optical modes and, in particular, small values of n, correspond to a small smooth deformation of the phase
boundary. Indeed, the above equations are solved componentwise and branchwise. Then, for any k # 0, the solution is similar
to the case of optical phonons. For k = 0, we have that G}, (0, 0) = oo. This implies that y,(0) = 0 and accordingly x,(k) = 0,
which is a valid solution for the acoustic part of Egs. (A23) and (A24).

APPENDIX B: REAL TIME

We study the real-time dynamics, transport, and chaos in the disordered phase of the model using the Keldysh formalism.
At the N — oo limit, within the disordered, self-averaging phase, we obtain the SPEs by considering the disorder-averaged
partition function, following, step by step, the procedure and definitions we presented in Ref. [45]. This yields the SPEs as given
in Egs. (6).

Before discussing transport and chaos, let us quickly recall why 7,(k) ~ 1/k?. Consider a retarded Green’s function of the
form

—Grlw, k)™ = * — ak)? + ib(w, k) (B1)

and assume that b(w = a(k), k) < a. To extract the lifetime, we note that the pole of Gy (with positive frequency) is approxi-
mately given by

w = +ak)? —ib(a, k) ~ a — ib(a, k)/2a. (B2)

For acoustic phonons, at sufficiently small k, a, (k) = Q.k and by(w, k) = 2y wk?. Hence, we can readily identify that ra‘l (k) =
ba(a, k)/2a,(k) = yk>.

1. Thermal transport

Following the prescription in Eq. (7), we need to obtain the imaginary part of the retarded current-current correlation function.
To do that, we must first derive the current operator. We begin by deriving the thermal current of the optical phonons in d = 1
following Refs. [71,72]. Consider the continuity equation for the energy density E(r),

HE(r) + 0-Ju(r) = 0. (B3)

We multiply the above by r and integrate over r. Integrating the current term by parts read

/(3rJ;h(V)r) = _thh(r) + Jn(Mr), =%,

= _‘Ilh ) (B4)

where we consider an isolated system with open boundary conditions, and hence the boundary term on the right-hand side
vanishes. We have defined Jy, = fr Jun(r). Hence

Jn = /ri),E(r). (BS)
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(a) L Gr (C) a
Qe Gx (Ju,c1do,q) ~

(d)

Gho~ < D+ < o lnadea) ~

FIG. 9. Thermal current in Keldysh space. (a) Straight (dashed) lines correspond to cl(q) fields, giving the retarded/Keldysh components
upon contractions, accordingly (see, e.g., Ref. [73]). (b) Bare current correlator of optical phonons, corresponding to Eq. (B10). (c), (d) present
examples of diagrams that contribute to the current correlator of acoustic phonons in Keldysh space. Dashed grey lines in (d) denote averaging
over realizations of vjj.

In discrete notation: Ji, = Zr ro,E(r). The energy density E(r) is defined by a symmetrized version of H, o + H,.iy in Eq. (2).
Since the interaction term is local, we simply rewrite

N
7'[2 2

ir Qi 1
Hyo=Y_ S5t szﬁ,,(d»,%, — 5 @irngir+ ¢>i,r_1¢,-,r>). (B6)
i=1

such that E(r) = H, o + H, i, With the above form. The local energy density evolves in time according to the Heisenberg
equation, &,E(r) = i[H, H,o + H,in:]. One then has to evaluate the commutator and perform the summation. Eventually, we
obtain that

Q2. . .
Jn@) = —i Z % / (sin ko, i, —kPi k. — sinkepi _0;P; ), B7)
- k

where [, = /7% and we are using the rescaled fields.

Let us also describe a useful shortcut to obtain Jy,. Let us imagine that we take the continuum limit and consider the energy-
momentum (EM) tensor,

1 AL oL
T = E(a(ama"‘p + 3“"’8(8@)) ~ Ok ®Y

with i, v =1, r and L is the Lagrangian. Note that H = | Too and Jy, = [, Toy.
In the continuum limit, we may replace the discrete derivatives in Eq. (2) by derivatives: ¢,.; — ¢, — 9,¢. Then, for instance,

N 2

E | 1
H,-,() = Z 2’ + EQ?¢12r + EQ(zi,i(ard)i,r)za
i=1
N 2
@) 1 1
Lro= ) —5"— = 38, — 59, (0:9:)". (B9)

i=1
We may use the EM tensor to derive the continuum Jy,. To return to the discrete notation, we must replace d,¢, with its
symmetrized lattice derivative: 9,¢, — %((t),ur] — ¢r—1). This leads, again, to Eq. (B7).

Let us consider a single optical branch henceforth. To proceed, we recall the Keldysh-rotated fields ¢¢i/q = \/%(qbr +¢),
where £ denotes the forward/backward contours in real time, and cl/q are the classical/quantum components [73] corresponding
to straight and dashed lines in Fig. 9(a). These fields define the familiar Keldysh functions: Gg(w) = i{¢c(@)¢q(—w)) and

Gk (w) = i{¢e(w)pe(—w)). To obtain «, we need to evaluate G{e(a)) = i{Jih,cl(@)Jih q(—w)). Using «/Zlcl/q = J; £ J_ (defined
identically to the fields ¢) where J; ~ ¢, ¢, and similarly for J_, we may insert the definitions above to obtain the bare
current-current correlation function, given diagrammatically in Fig. 9(b),

2 2
—iGh(w) = (%) //251n2 k(2v — 0)* (G (v, k)Gr(w — v, k) + Gr(v, k)G (w — v, k)). (B10)
k Jv

From here, we neglect the term o w?, use the parity of the real and imaginary parts of Gz(w) to null the term o v, and expand

the remaining term to leading order in @ to obtain Eq. (8). Since the thermal current is written as a sum Jy, ~ Y. ¢;¢;, the
generalization to multiple optical branches is straightforward, given below Eq. (8). B

In the weakly dispersive limit, the corrections to the bare current correlator are suppressed by higher powers of ©,/Q2, <« 1.
To see this, we may write the Green’s functions as G(w, k) = G(w) + §G(w, k) where by construction §G(w, k) 52(21 /ﬁi
since we are expanding in powers of 2. Vertex corrections will vanish at order O(8G°) as the k integration now splits to two
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independent integrals: |, r sin? k /, 4w Sinksink” = 0. And indeed, nontrivial orders in 6G are suppressed since §G(w, k) o
Qe < 1.
Consider the low-T semiclassical regime, defined by 7 <« €2,,. In this limit, the specific heat of a mode with energy v is well-

approximated by its harmonic expression: c(v, 8) & %cschz(ﬂz—”), which comes from the free-energy Bf = In(2 sinh(%)).
Then, we may write

Ko = 2908 f sin? kA, (v, k)*c(v, B). (B11)
v,k
Using the weakly dispersive limit, we approximate A, (v, k) ~ A,(v), such that
Ko = Qj/AO(U)Zc(V, B). (B12)

Now, since T, is exponentially long at the semiclassical limit, the integrand above is concentrated around v = +Q,, with width
~tp]11 due to A,(v)>. Hence, we may approximate A,(v)> ~ (§(v — Q) + 8(v + 5(,))rp_h1 X ﬁ in the spirit of Eq. (B1),
o “ph

such that
Ko ~ DoTphe(Qo, B)- (B13)
We may also consider the high-7" limit, defined by 7/, > 1. In Eq. (B12), we have that ¢ ~ 1. Then, for example, by

approximating b(w, k) ~ 2w/t,n and a(w) ~ Q, in Eq. (B1) (as we did in Ref. [45]), we may carry out the integration in
Eq. (B12) to obtain «, ~ 6(2,rph, as before. Note that the approximated Green’s function captures the scaling of « up to O(1)

constants, whereas, in the actual computation of «, there is an excellent agreement to the exact Boltzmann expression.

Thermal current of acoustic phonons

In the presence of acoustic phonons, the thermal current is modified by interactions. These extra terms capture the renormal-
ized velocity of the acoustic modes. We will compute the thermal current related to the acoustic modes to linear order in n, and
in, as usual. Schematically, the current can be written as Jy, , = Jo + J, + J, where Jy, J, and J,, are related to the harmonic,
cubic and quartic parts of the Hamiltonian, respectively. The current correlator is then given, schematically, by

(Jinadim,a) = Jodo) + (Judv) + (Jodu)
+ (JUJ0> + (JOJv> + (Jv-]v>
+ (o) + Jodu) + (Judu)- (B14)
The terms above correspond to the diagrams presented in Fig. 4. In all of the above, we compute the disorder averaged correlators.
Only terms with J, are contracted with interaction vertices. Insertions of interaction vertices in other terms are higher order in
n, and Q,/<2,. Note also that to obtain x beyond the weakly dispersive limit, one must solve a Bethe-Salpeter-type equation for
the current vertex. This is beyond the scope of this paper.

It is convenient to derive the thermal current operator using the shortcut we have previously introduced. Consider current
associated with the quartic term, J,. Before the Keldysh rotation, we have that

u 1 e ¢',r 1= ¢'.r71 ¢'.r 1= (b'.rfl
Ju=— 3 Z (ﬁ Z¢,2r> Z (%@%,rhe@ + at¢j,r%ljelu> . (B15)
r J

i

A B

Here the indicator function 1;¢;, = 1 if j € I, and zero otherwise, namely, only acoustic phonons contribute to this term. In
addition, we see that upon contracting J,, with itself or with Jy, we will get a factor of n, from the summation over j. Notice that
B in Eq. (B15) has the structure of the quadratic current operator, while A is essentially the quartic renormalization to the bare
acoustic frequency. Indeed, for example, the (J,Jy) term, presented in Fig. 9(c), is given by

—iuQiGxo(t =0, r = 0)/2
42

//ZSin2 kv — 0)*(Gga(v, kK)Gra(@w — v, k) + Gra(v, k)Gia(w — v, k)). (B16)
kJv

Similarly, the current associated with the cubic term, before Keldysh rotation, is given by (d = 1 for simplicity)

1 - . - .
Jy = N Z Vijk ((3:9ir Lier,) BjrBrr + Bjrir (8BirLicr,)) + (i < j) + (i < k). (BI7)

ijk,r

Notice that J, contains no spatial derivatives in the leading order in n,. The contributions from this part of the current operator
require contractions with interaction vertices. For example, the contribution of (J,Jy) to «, corresponding to the Keldysh-space
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diagrams in Fig. 9(d), is given by

2
/ —QaRegR"(”)e(k)Ai(v,k)(vﬂ)zcsch2<?>, (B18)
k,v

where Tlg, , (V) = iv n2 fv, Gro(v — V)Ggo(V') is the self-energy of the optical phonons due to the cubic term. The remaining
diagrams in Eq. (4) are 31m11ar to the examples above, giving in total Eq. (10).

Consider the contribution of the long-wavelength modes to the thermal conductivity. Similarly to Eq. (B11), we may
approximate the contribution of these modes as

(0 (k) A2(v, k)(u,e)%sch2< 2’3 )

Ka,long-wavelength =/
|k|<ky,v

~ v K / A2(v, k)

k| <ks
N dkk®>— (B19)
k| <k, baa2
~ vésl kd+1 %
K<k, YUk
~ vzy—‘/ k43, (B20)
k<k,

Here k. is some upper cutoff and we used the same approximations as below Eq. (B2). We again see that the contribution of
these modes diverge with the system size for d < 2.

2. Chaos

Here we supply some extra details on our computations in Sec. VI. In particular, we give expressions for the matrices A and
B with which we computed the chaos diffusivity and butterfly velocity. The expressions are presented for the case of a single
optical and a single acoustic branch. The derivation of the corrections for systems with multiple optical branches are given by
the oo components of the expressions below, with the relevant optical branches. Note that the (nonsymmetric) matrices A and B
and the eigenvectors of the retarded kernel are real, ensuring that Dy is real.

Consider A, the matrix related to the correction in Ay, due to |ky| > 0. Note that the only A; dependence in K is coming from
the exponent in the functions hff [Egs. (32)]:

! Iy 7a
0,050 = (5 — 1)y =Bl (B21)
A is then given by K with replacing /$” by hg®

B is the matrix related to the leading behavior of K with respect to k. The components of B are obtained expanding h‘{f and
Sap to second order in k. Note that linear terms in k. vanish due to the integration over k_. We obtain that

) 5 (b —t k) noba(f—1t, k)
B=2v //;_ gW(t )(naboa(f -1, k,) noboo(lT -1, k,) ’ (B22)
where the components of B are given by
boo(t, k-) = [(10,2(t, foko)—1Ion(t,1, ko)), (B23)
t
boa(t, k) = 27 boo(t, k) — Smh) (¢, ky =0, k), (B24)

bao(t, k_) = 4/s1n <kz>(la_2(t,t_, ko) —Loa(t, 1, ko))

+h (t ky =0, ko), (B25)
(ke _ _
bau([,k,)zgﬂ s Z (Ia,Z(tvt’kf)_Ia,l(t’takf))
r

1 k_
+4n (5 — 5sin? ( 1 ))hii(r ky =0,k_), (B26)

195113-19



EVYATAR TULIPMAN AND EREZ BERG PHYSICAL REVIEW B 104, 195113 (2021)

with
_ _ k_ _k_
LIi(t, 1, k") = gro,1 l,7 &4o,1 t—t,7 , (B27)
_ _ k_ _ k_ _ k_ _ k_
IO,Z(ta t5 k—) == gRO,2 ta 7 ng t— ta 7 +gR0 t7 ? ng,Z r— t’ 7 ) (B28)
_ _k_ _k_
Ia,l(tat’k—) =gRa,1 t’ 7 gAa,l t_tv? ) (B29)
_ _k_ _k_ _ k_ _ k_
Ia,Z(t»t, k—) = gRa,Z t’ ? gAa r— t5 ? +gRa t5 ? gAa,2 r— ta 7 ) (BSO)
where we denoted
k_ L k_
8SRb t,; =e "21Ggp t,; , b=a,o, (B31)

0 5) = agzsin (K \emt [ oG kY’ (B32)
8Ro,1 "5 )= 4 sm 3 e we Ro| @, ) ,
3
8Ro.2 t,k—_ = 4Q% sin? ke e f €' Gpo w,k—‘ , (B33)
’ 2 d 2 » 2
) >

k- . k- —AL L it (2 - ?

8ra1lt, > = —2sin 5 e 2 [ e (Qa + HRO(C()))GRa w, 5 ) (B34)
k- k_ L. K-\’

gRaQ(r, 7) = 4sin’ <7>e_)‘"2 / e (2 + HRo(a)))zGRa<w, 7) . (B35)

Note that vg = /DA is determined by the two velocity scales in I, ,. Terms associated with the optical modes are propor-
tional to noQi, corresponding to noig, while terms associated with the acoustic modes are proportional to na(Qi + Mgo(w))?,
corresponding to naif (similarly to the case of thermal transport).

APPENDIX C: GENERALIZATION TO HIGHER DIMENSIONS

For n, = 0, the generalization for d > 1 is straightforward: In the harmonic part, we sum over spatial directions:

@+ 1) = () = Y ($r+8) —p(r). (C1)
)

One can also consider anisotropic couplings.

Upon introducing acoustic branches, we need to make the following modifications. The harmonic part is modified similarly
to optical phonons. In addition, we set the couplings containing different (discrete) derivatives of the acoustic modes to
be uncorrelated. The random cubic coupling is modified to be v;q)jm@m), where I, m, n = x,y, z denotes spatial directions.
Vi) jim)k(n) satisfies

Vi emkan Vi o ory = 20281 (Lier, 8 + Lie, )(j <> iy m <> D(k <> i, n <> 1). (C2)

Here 1;¢, is the indicator function: 1;¢;, = 1 if i € I, and zero otherwise. Essentially, the disorder remains the same for optical
phonons and makes sure that acoustic phonons, inserted as discrete derivative, are only correlated when acting in the same spatial
direction. Then, a summation over spatial directions is added to the flavor summation for the cubic term:

Z N Z = Z [(haﬂ Z+1,-E,o>(j oimoDk<oino 1)}. (C3)
ijk i(1)j(m)k(n) ijk 1

The quartic term is modified similarly,

Yo > (C4)

ij i(1)j(m)

2 2 . .. . . . . 2 k .
where ), ; refers to > ; ¢i,®;, in Eq. (2). These definitions simply imply that terms that contained, for example, sin”"(3) in the

d = 1 case, will contain sinz(%) + sinz(%) + sinz(%) in the d = 3 case, and similarly for d = 2.
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APPENDIX D: NUMERICS

The numerical solution of the SPEs in is done similarly to Ref. [45]. In real time, we account for the weakly dispersive
limit by computing the momentum-integrated Green’s function G(w) = |, « G(w, k) with every updating step, where the acoustic
modes are multiplied by 4 sinz(g) according to Egs. (6). The grid in frequency space is typically taken to be of size 2'¢, while
the k grid is typically taken to be ~40. Finite-size effects are found to be negligible at the weakly dispersive limit, giving an

error of roughly 5%.

To compute the chaotic properties of the system, we diagonalize a coarse-grained version of the retarded kernel in real time,
where the time data points are uniformly sampled such that the typical dimension of the retarded kernel is ~2!°. This is done
after we construct the relevant functions (Gy, ggr, g4) using a much finer grid (as above). The dependence on the maximal time

cutoff and coarse graining gives an error of roughly 5%.
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