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The dominant mechanism of high-transition-temperature (Tc) superconductivity in cuprates remains an ago-
nizing puzzle in condensed matter physics. The more recent discoveries of FeSe-based superconductors provide
ideal new platforms to explore the high-Tc superconducting mechanism. Here we develop a generic mechanism of
superconductivity centered at the commonality shared by many high-Tc materials, namely, their effective carrier
densities are universally low, and are therefore necessarily accompanied by low energy plasmons. We first show
that the excitations of such plasmons can largely suppress the Coulomb repulsion of the electrons. Furthermore,
the electron-phonon and electron-plasmon couplings can inherently join force in mediating electron pairing,
and when applied to the monolayered FeSe on SrTiO3, the plasmon-enhanced Tc is one order of magnitude
higher than that due to phonon alone, to the experimentally observed range. The present “phonon + plasmon”
mechanism also embodies characteristic dependences of Tc on the carrier density and isotope substitution,
and may find broad applicability in many superconducting systems with low carrier densities, including, most
notably, the cuprates.
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I. INTRODUCTION

Beyond their preceding counterparts of cuprates [1–3],
iron-based superconductors have attracted tremendous atten-
tion as a new and fertile ground for exploring microscopic
mechanisms of high-Tc superconductivity [4–12]. Most strik-
ingly, it has been observed that the Tc in unit-cell FeSe grown
on SrTiO3 (1uc-FeSe/STO) can be dramatically enhanced
from that of bulk FeSe [7–10], surpassing the expectation of
the standard BCS theory with conventional electron-phonon
coupling (EPHC) [13]. Consequently, other bosonic modes or
exotic mechanisms have been actively pursued to explain the
enhanced electron pairing, including spin fluctuations [14–17]
and interfacial polarons [18]. Despite these extensive efforts,
the dominant microscopic mechanism of enhancement re-
mains under active debate [19–22]. Needless to say, what is
really responsible for the high-Tc in cuprates remains as an
even more agonizing puzzle.

In searching for likely enhancement mechanisms of
high-Tc superconductivity in Cu- or Fe-based systems, a pro-
nounced feature to emphasize is the sensitively tunable Tc via
carrier doping [2,3,10]. However, even at the optimal doping
defined by the highest Tc, the effective carrier densities re-
main low [2,3,9,10]. Such low carrier densities are typically
accompanied by large Coulomb repulsions in the systems,
resulting from the less effective screening and weaker retar-
dation within the BCS picture [23,24]. On the other hand,
the low carrier densities are also necessarily accompanied by
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plasmons whose energies are as low as the typical phonon
modes invoked in the electron pairing via the EPHC mech-
anism, as explicitly shown for the 1uc-FeSe/STO system
[16,18,25–35]. Yet to date, whereas the role of phonons in
electron pairing has been well accepted [13], that of plasmons
as a bosonic mode in mediating electron pairing via electron-
plasmon coupling (EPLC) has been relatively less investigated
[36–39], especially for the iron-based high-Tc superconduc-
tors. In particular, the potential synergistic effect of EPHC and
EPLC in enhancing superconductivity, as treated in several
other systems [37,38,40–43], has never been considered for
1uc-FeSe/STO, and this treatment is the primary objective of
the present study.

In this study, we perform the first treatment on the crucial
role of low energy plasmons in enhancing electron pairing
of the 1uc-FeSe/STO system, especially with the EPHC and
EPLC treated on equal footing. We first show within a gen-
eralized Eliashberg formalism that the EPHC alone can only
yield a low Tc of a few Kelvin. However, there exists a dis-
tinct regime in which the EPHC and EPLC mechanisms, both
inherently connected to the ions, can naturally join force in
enhancing the Tc by one order of magnitude to the experimen-
tally observed range [8–10]. Remarkably, such a cooperative
effect is not operative in good metals with high-energy plas-
mons. The underlying microscopic mechanism is attributed
to the substantially weakened Coulomb pseudopotential in
the presence of the low energy plasmon excitations. In sharp
contrast, such a weakening effect cannot be expected within a
simple “phonon + phonon” picture of two phononic modes.
The present “phonon + plasmon” mechanism also embodies
characteristic dependencies of Tc on the carrier density and
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FIG. 1. (a) Schematic of the electron pairing mediated by the
EPHC. (b) Schematic of the optical plasmon mode from the per-
spective of electrons. The arrows indicate the displacements of
the ionic cores. (c) Schematic of the electron pairing mediated by
the EPLC. The green waves represent the plasmonic oscillations of
the conduction electrons, and the wavy lines connecting two elec-
trons in (a) and (c) indicates their pairing. (d) Distributions of the
coherence lengths (ξ ) due to the EPHC (blue area) and EPLC (green
area) mechanisms, with the overlapping and strongly constructive
region of the two highlighted in red as defined above the threshold of
the EPLC coherence length. Quantitative determinations of ξ are to
be presented in Sec. IV.

isotope substitution, and may find broad applicability in many
superconducting systems with low carrier densities, including,
most notably, the cuprates.

II. EPHC AND EPLC ON EQUAL FOOTING

Before specifying to the concrete system of 1uc-
FeSe/STO, we first elucidate the close analogy and generality
of the EPHC and EPLC mechanisms in mediating electron
pairing. As illustrated in Fig. 1(a), the well-established EPHC
mechanism is rooted in the attraction felt by one electron
due to the lattice distortion (or vibration) induced by another
electron. The plasmon mediated electron pairing is less well
accepted, but on a principle level is universally present as
well, as illustrated in Figs. 1(b) and 1(c). Physically, the
plasmon mode is the collective oscillations of the conduction
electrons against the static positive ionic lattice that provides
the restoring force. From the view point of the electrons, the
plasmon mode can be equivalently viewed as the collective
oscillations of the lattice, as schematically shown in Fig. 1(b),
which also underscores the optical nature of the plasmon.
The EPLC mechanism is rooted in the attractive force of two
electrons mediated by the plasmonic mode or equivalently
the collective oscillations of the lattice [see Fig. 1(c)] [37].
Here, it is worthwhile to emphasize that the dynamic lattice
nature of the EPHC and static lattice nature of the EPLC are
conceptually independent, each tied to its own physics origin.

Furthermore, the very fact that both mechanisms are naturally
rooted in lattice strongly implies that the two can also work
constructively in mediating electron pairing, especially when
the collective modes involved are comparable in energy, as in
the 1uc-FeSe/STO system. In contrast, such inherent superi-
ority is absent in those previously proposed “phonon + spin
fluctuation” picture.

Besides the two pairing glues discussed above, another vi-
tally important character is the overlapping coherence lengths
of the Cooper pairs due to the EPHC and EPLC mechanisms.
Within the standard BCS picture, the average coherence
length mediated by the EPHC is much larger than the lattice
constant as a result of the strong adiabatic effect depicted
in Fig. 1(a) [23,24]. Here, electron e1 distorts the lattice,
then moves away with the plasmon frequency �pl. If electron
e2 reaches the distorted region before the lattice relaxes to
its equilibrium configuration, e1 and e2 can pair via indirect
interaction through the lattice. Correspondingly, the EPHC-
mediated coherence length is proportional to �pl/�ph, which
is on the order of tens of nanometers for conventional super-
conductors. But for the systems with low carrier densities,
like the 1uc-FeSe/STO, due to the strong nonadiabatic nature
of the EPHC as manifested in the form of dynamic polarons,
the coherence length is only on the order of 1 nm [18]. In
contrast, given the long-range nature of the EPLC, the cor-
responding coherence length has a lower bound determined
by the wave vector of the highest �pl. For the EPHC and
EPLC mechanisms to work constructively rather than each
working independently on its own, one necessary condition
is the existence of an overlapping range between the EPHC
and EPLC coherence lengths, as shown in Fig. 1(d), and
also quantitatively substantiated in later presentations for 1uc-
FeSe/STO.

The general Hamiltonian containing both the EPHC and
EPLC can be expressed as

H = H0 + Hep + Hee, (1)

H0 =
∑
pσ

ξpC+
pσCpσ +�ph

∑
q

A+
q Aq+�pl

∑
q

B+
q Bq, (2)

He−p = 1√
ν

(∑
pqσ

gph
q C+

p+qσCpσ A+
q +

∑
pqσ

gpl
q C+

p+qσCpσ B+
q

)
,

(3)

He−e = 1

2ν

∑
pp′qσ

υqC+
p+q,σC+

p′−q,σCpσCp′,σ . (4)

Here, H0 is the noninteracting Hamiltonian for electron,
phonon and plasmon, ξp is the electron dispersion, C+

p ,
A+

q , and B+
q (Cp, Aq, and Bq) are the corresponding creation

(annihilation) operators. For the specific 1uc-FeSe/STO sys-
tem, we take the highest α-phonon mode with frequency
�ph ∼ 97 meV from experiment [18,25]. The plasmon fre-
quency �pl will be specified later, whose value has also been
cross checked by experimental measurement. In doing so, the
EPHC and EPLC are inherently coupled, and the polaronic
plasmon nature is fully considered within our picture. He−p

is the interaction containing both the EPHC and EPLC, with
gph

q and gpl
q the corresponding coupling matrix elements. He−e
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is the electron-electron (e-e) interaction, with υq = 4πe2/q2

describing the bare three-dimensional (3D) Coulomb repul-
sion, and the 3D nature is signified by the optical nature of
the plasmon mode observed experimentally [18]. Here, to
highlight the role of the EPLC, we have treated it separately
from the remaining e-e interaction, and the double counting
will be explicitly avoided, and discussed later.

Based on the above discussions and the observed s-wave
superconducting gap from experiments [9,44], we now treat
the EPHC and EPLC equally by generalizing the isotropic
Eliashberg equations [45,46] as

Z (iωn)=1+ πT

ωn

∑
n′

ωn′√
ω2

n′ +
(iωn′ )2
λtot (iωn−iωn′ ), (5)

Z (iωn)
(iωn)=πT
∑

n′


(iωn′ )√
ω2

n′ +
(iωn′ )2
K(iωn−iωn′ ) (6)

K (iωn − iωn′ ) = μ∗(iωn − iωn′ ) − λtot (iωn − iωn′ ). (7)

Here, iωn and iωn’ are the Matsubara frequencies of the elec-
trons, Z (iω) is the electron mass renormalization function,

(iω) is the superconducting gap function, μ∗(iω) is the re-
duced frequency-dependent Coulomb repulsion, and λtot(iω)
is an auxiliary function describing the total electron-boson
coupling. Here, in discussing the e-e attraction mediated by
electron-boson coupling, the plasmon and phonon modes can
be treated on equal footing, which results in the expression
shown in Eq. (8) below when both bosonic modes are repre-
sented by their respective Einstein modes:

λtot (iω) = λph ∗ �2
ph

ω2+�2
ph

+ λpl ∗ �2
pl

ω2+�2
pl

, (8)

where λph and λpl are the corresponding coupling strengths,
respectively. It is necessary to emphasize that the validity
of Eq. (8), namely, the consequent constructive interplay
between EPHC and EPLC, is based on their overlapped co-
herence lengths in Fig. 1(d).

Before proceeding any further, we first justify the validity
of the Elishberg formalism adopted here. Based on Migdal’s
theorem [47], the Eliashberg formalism would break down
in nonadiabatic regime (�ph ∼ EF ), because this formalism
has neglected vertex corrections in the many-body interac-
tion, while such vertex corrections measured by λ�ph/EF

cannot be readily neglected for reasonable strengths of λ.
Nevertheless, the vertex corrections beyond the Eliashberg
formalism can still be small enough to be perturbatively
treated as long as λ is small [26,32,48]. In doing so, as demon-
strated in Ref. [48], Tc can be significantly enhanced only
within the forward-scattering approximation, and stays nearly
as a constant when all the scattering processes are included.
When specified to the present system of 1uc-FeSe/STO, the
electron-boson coupling strengths are relatively small (see
detailed calculations later), and the backward scattering chan-
nels are as important as the forward scattering ones [18].
Accordingly, the Tc enhancement from the vertex correc-
tions becomes negligibly small and the Eliashberg formalism
adopted here can provide a reasonably reliable description of
Tc for the nonadiabatic 1uc-FeSe/STO system.

Beyond the considerations of the finite momenta of the
bosonic modes, we also note that for 1uc-FeSe/STO, the
observed Fermi surface is distinctly isotropic [9,10,16], and
the system exhibits an s-wave superconducting gap [9,44].
Therefore it is justified to neglect the electronic momentum
dependence in the Eliashberg formalism [48], aside from a
specific account of the magnitude of the Fermi wave vector.
On the other hand, in the present study, we find the frequency
dependence (namely, the dynamic nature) plays a dominant
role in enhancing the Tc, which is the central message to be
conveyed.

III. EPLC WEAKENED COULOMB PSEUDOPOTENTIAL

In the following, we elucidate the different aspects of the
dynamical nature of the reduced Coulomb repulsion μ∗(iω)
in Eq. (7). In conventional superconductors, μ∗(iω) is com-
monly approximated as an instantaneous constant, because
the energy scale of �pl is too large to be relevant to the su-
perconductivity [23,24]. For systems with relatively low �pl ,
its dynamical nature is nonnegligible and care must be taken
when the EPLC and reduced dynamical Coulomb repulsion
are both considered explicitly, to avoid double counting. This
can be achieved by separating the EPLC from the total dy-
namical e-e interaction as follows, similar to the separation of
the EPHC from the total e-e interaction established previously
[49].

We first identify the EPLC contribution in the screened e-e
interaction μ(iω) expressed as

μ(iω) = 1

4π2νF

∫ 2kF

0

qυq

ε(q, iω)
dq. (9)

Here, νF is the Fermi velocity, kF is the Fermi wave vector,
and ε(q, iω) is the frequency-dependent dielectric function.
It is worth to note that the range of the momentum inte-
gration 2kF encompasses all the electron-boson scattering
processes (namely, through both EPHC and EPLC) within the
parabolic band of focus. Within the random phase approxima-
tion (RPA), ε(q, iω) is given as

ε(q, iω) = ε∞ − υq

N

∑
p,σ

nF (ξp) − nF (ξp+q)

ξp − ξp+q + iω
, (10)

where ε∞ is the optical dielectric constant, ξp and ξp+q
are the respective electron and hole energies measured from
the Fermi level, N is the electron density of states at the
Fermi level, and nF is the Fermi distribution function. For
the 1uc-FeSe/STO system, we plot ε(q, iω) on the imaginary
frequency axis in Fig. 2(a) by only considering the contribu-
tions of the bands cross the Fermi level, which are essentially
degenerate [16]. Our adopted band dispersion for the 1uc-
FeSe/STO system is fitted from the experimental observations
in Fig. 2(a) of Ref. [18], which is parabolic, with an effec-
tive electron mass m∗ = 2.9me. Here, the two black dashed
lines represent the optical and acoustic plasmons defined by
ε(q, iω) = 0. The long wavelength limit of �pl is ∼160 meV,
which agrees with the experimentally measured value [18]. In
our calculations, we have set ε∞ = 10, close to the value for
Nb-doped SrTiO3 [50].
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FIG. 2. (a) Dielectric function ε(q, iω) calculated within the RPA for 1uc-FeSe/STO, with the blue region highlighting the regime with
e-e attraction. The optical nature of the plasmon mode is tied to the 3D nature of the interfacial electrons in the system. The Fermi energy
of EF = 56 meV is adopted from Ref. [18]. (b) Frequency dependence of the screened Coulomb repulsion μ(iω) as obtained from Eq. (9)
with ε(q, iω) > 0. (c) Dynamical structures of the boson-mediated attraction λtot(iω), the Coulomb pseudopotential μ∗(iω), and the total e-e
interaction K (iω) = μ∗(iω) − λtot(iw) on the imaginary frequency axis. The shaded region represents the typical range of the instantaneous
Coulomb pseudopotential in conventional superconducting systems. The Coulomb pseudopotential here is directly calculated from Eq. (21).

The dielectric function between the optical and acoustic
plasmons is negative, signifying the attractive e-e interaction
induced by the EPLC. These results provide the basis that the
EPLC could effectively reduce the Coulomb repulsion, and
even further induce electron pairing in the regime of low car-
rier density, thereby potentially sustaining superconductivity
without the EPHC [51]. We also note that the EPLC mediated
attraction might be overestimated within the RPA [52]. To
avoid this problem, we separate the EPLC mediated attraction
from the repulsive part of the dynamical e-e interaction in
Eq. (9) as follows [49]:

μ(iω) = 1

4π2vF

∫ 2kF

0

qvq

ε+(q, iω)
dq − VEPLC, (11)

with ε+(q, iω) indicating only the positive part of the di-
electric function and treated within the RPA in Eq. (10),
while the attractive EPLC part is absorbed into Eq. (8) on
equal footing with the EPHC, with λpl = 0.25 estimated from
Appendix A. The accuracy of the RPA in estimating the
screened Coulomb repulsion is confirmed through our explicit
calculations of the plasmon frequency for the 1uc-FeSe/STO
system, yielding �pl that is consistent with the experimental
observations [18]. Detailed numerical calculations of the first
term in Eq. (11) further give the steplike Coulomb repulsion
shown in Fig. 2(b).

In Fig. 2(b), we show the calculated screened e-e repul-
sion μ(iω) of 1uc-FeSe/STO as depicted in the first term of
Eq. (11). In deriving the steplike behavior in Fig. 2(b), we
have explicitly treated the dispersive nature of the dominant
plasmon mode contained in the dielectric function ε(q, iω), as
marked by the black dashed line in Fig. 2(a). Physically, the
Coulomb repulsion is largely screened at frequencies smaller
than �pl, while less screened at frequencies larger than �pl.
Qualitatively, the frequency dependence of the Coulomb re-
pulsion could be divided into two parts according to �pl in
Fig. 2(b), and is less dispersive on either side. For the fea-
sibility of obtaining analytical integrations, we replace this
complex curve of μ(iω) by a step function as follows:

μ(iω) =
{
μ1, (ω < �pl )
μ2, (ω > �pl )

, (12)

where μ1 and μ2 are constants representing the values for the
screened e-e repulsion with frequency smaller or larger than
�pl, respectively.

Now, we move to the Coulomb pseudopotential by solving
the self-consistent gap equations [24], while maintaining the
frequency-dependent screened e-e interaction as

′
1(ω) = 
0[(1 + ξ )U (ω) − ξ ], (13)

′
2(ω) = 
0

∫ 
0

0

[(1 + ξ )U (z) − ξ ][λU (ω − z) − μ(ω − z)]

i
(

2

0 − z2
)1/2 dz,

+
0

∫ �cut


0

[(1 + ξ )U (z) − ξ ][λU (ω − z) − μ(ω − z)](
z2 − 
2

0

)1/2 dz, (14)

where 
0 corresponds to the superconducting gap and ξ is the auxiliary parameter in introducing the trial function, λ is the
joint electron-boson coupling strength, and �cut is the truncation energy of electrons. ′

1(ω) is the trial gap function, and ′
2(ω)

is the gap function to be calculated self-consistently. Within the Einstein mode approximation, the phonon Green’s function
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is defined as U (ω) = ω2
q

ω2
q−ω2 . As pointed out previously [24], the integration can only be done analytically in the limit where

the frequency is much smaller or much larger than �ph due to the singularity in U(ω) at ω = �ph [24]. Consequently, �ph and
�pl can be approximately viewed equally in these two limits, and the EPLC contribution is contained in the electron-boson
coupling strength λ. Here, the EPLC associated with the bosonic plasmon mode can be treated on equal footing with the EPHC
in mediating e-e attraction, justifying the validity of Eq. (14).

The integrations in Eq. (14) are carried out analytically, and the obtained gap equations are

′
2(ω) ≈ 
0

[
λ ln

(
2�ph


0

)
− μ1 ln

(
2�ph


0

)
+ μ2ξ ln

(
�cut

�ph

)]
, ω � �ph, (15)

′
2(ω) ≈ −
0

[
μ1 ln

(
2�ph


0

)
− μ2ξ ln

(
�cut

�ph

)]
, ω 	 �ph, (16)

where only the real part of the obtained gap function is shown.
When comparing the obtained ′

2(ω) in Eqs. (15) and (16)
with the limiting cases of the trial function ′

1(ω) in Eq. (13),
the parameters 
0 and ξ need to satisfy the following two
conditions:

(λ − μ1) ln

(
2�ph


0

)
+ μ2ξ ln

(
�cut

�ph

)
= 1, (17)

μ1 ln

(
2�ph


0

)
− μ2ξ ln

(
�cut

�ph

)
= ξ . (18)

Solving the above two equations, we obtain the supercon-
ducting gap as follows:

ln

(
2�ph


0

)
=

[
λ − μ1

1 + μ2 ln
(

�cut
�ph

)
]−1

. (19)

The obtained Coulomb pseudopotential μ∗ with the frequency
dependent Coulomb repulsion retained is

μ∗ = μ1

1 + μ2 ln
(

�cut
�ph

) . (20)

Here, the Coulomb pseudopotential is largely suppressed due
to the strong Coulomb repulsion μ2 at high frequencies [see
Fig. 2(b)], and it restores to the traditional form μ∗ = μ/(1 +
μ ln(�cut /�ph )) in the static regime with μ1 = μ2. Here, it is
worth to note that we can reproduce this simple but important
relation later in Eq. (30), using a much simpler trial function,
indicting its correctness and robustness rooted in the underly-
ing physics and irrespective of the trial functions.

We notice that the obtained Coulomb pseudopotential in
Eq. (20) is of the static form that does not capture its dynamic
nature, which is proven to be important for superconductivity
in previous studies [38,53]. A rigorous analytical derivation of
its full frequency-dependent form is presently beyond reach.
Instead, we take an ad hoc generalization to other frequencies
as follows:

μ∗(ω) =

⎧⎪⎨
⎪⎩

μ(ω)

1+μ(�cut ) ln
(

�pl
�ph

) , ω < �pl

μ(ω)

1+μ(ω) ln
(

�cut
�ph

) , ω > �pl
. (21)

Here, the generalized frequency-dependent Coulomb pseu-
dopotential is based on physical intuitions, in that it properly
reduces to the expected limiting qualitative behaviors for
higher or lower frequencies. Qualitatively, these findings
agree well with the recently reported dynamical Coulomb

repulsion structure of the superconductivity in lithium using a
first-principles approach [38]. We have also tested the conver-
gence of Tc on the truncation frequency �cut in Appendix B,
which gives �cut ∼ 15�pl. We should emphasize that we in-
tentionally choose a relatively smaller cutoff energy of �cut =
15�pl in the dynamical case, which may overestimate the Tc

by at most a few Kelvin in Fig. 4(c). Such an accuracy is ac-
ceptable within the scope of present study. In doing so, we also
avoid the likely scenario of invoking ill-defined quasiparticles
when a too large cutoff energy is taken [43].

In Fig. 2(c), we illustrate the different interaction ker-
nels K (iω) on the imaginary frequency axis, including the
total electron-boson coupling λtot(iω), the Coulomb pseu-
dopotential μ∗(iω), and the effective e-e interaction μ∗(iω) −
λtot(iω) for 1uc-FeSe/STO at optimal doping, where the
electron energy dispersions are fitted from experimental ob-
servations [10]. Here, we choose a modest EPHC strength
λph ∼ 0.36 within the range (0.2–0.5) given from theoretical
and experimental considerations [16,24,54–56], and the EPLC
strength is calculated to be λpl ∼ 0.25 (see Appendix A). Here
again, both couplings are relatively weak, which guarantees
the validity of the Eliashberg equations. As a comparison,
we also plot as the blue shaded region the instantaneous
Coulomb pseudopotential μ∗ = 0.1–0.2 typically adopted in
conventional superconductors [57], which would severely un-
derestimate the Coulomb repulsion at high frequencies.

IV. ENHANCED Tc FROM THE COOPERATIVE
EFFECT OF EPHC AND EPLC

Next, we shift our focus to the superconducting transi-
tion temperature Tc for 1uc-FeSe/STO at optimal doping due
to the EPHC or jointly with EPLC, within the generalized
Eliashberg formalism. In Fig. 3(a), we first show the tempera-
ture dependence of the superconducting gap at the Fermi level
due to the EPHC alone, with the Coulomb pseudopotential
taking its static limit of μ∗(iω) = μ∗(0) ∼ 0.076 in Fig. 2(c).
The resulting Tc,ph ∼ 6 K. Clearly, the EPHC alone is insuf-
ficient to explain the high Tc observed at optimal doping of
the 1uc-FeSe/STO. We note that our phonon-only results are
quantitatively consistent with that of an existing related study
[56]. Furthermore, in several recent studies [26,32,58], high Tc

’s were predicted within a modified BCS framework invoking
forward electron-phonon scattering [16], a picture that is still
under active debate [18,29].

184503-5



TONG WEI AND ZHENYU ZHANG PHYSICAL REVIEW B 104, 184503 (2021)

FIG. 3. (a) Evolution of the superconducting gap with temperature within different mechanisms. (b) Evolution of Tc at increasing interfacial
carrier density as measured by the Fermi energy. Here, our calculated results (blue solid triangles) are compared with available experimental
data (empty squares) [10]. (c) Evolution of Tc at increasing interfacial carrier density as measured by the plasmon frequency. Here, the data
(empty triangles), black, and red curves are from our numerical results, Eqs. (31) and (32), respectively.

Now, we consider the constructive interplay of the EPHC
and EPLC mechanisms based on the overlapped coherence
lengths. The EPLC is of long range in nature, and the cor-
responding coherence length has a lower bound defined by
the largest momentum of the plasmon mode, given by ξpl ∼
2π/qmax ∼ 2 nm with qmax ∼ 1.3 kF [see Fig. 2(a)] and kF ∼
0.22 Å−1 [9,10]. Separately, the average coherence length me-
diated by the EPHC is decided by the ratio �pl(qmax)/�ph ∼
2.5 in 1ucFeSe/STO, yielding ξph ∼ 2 nm [18]. Therefore,
constructive interplay between the EPHC and EPLC is ex-
pected in the range around 2 nm [see in Fig. 1(d)], and

FIG. 4. (a) Tc evolution with �cut in the static limit of the
Coulomb pseudopotential. (b) The corresponding gap function at
T = 2.5 K and the total e-e interaction on the imaginary frequency
axis. (c) and (d), same as (a) and (b), but in the dynamical regime.

encouragingly, this range is also consistent with the pairing
sizes observed experimentally [8,44].

We then obtain the constructive interplay of the EPHC and
EPLC on Tc, with the Coulomb pseudopotential first treated
in the static limit. The corresponding temperature evolution
of 
ph+pl,s is shown in Fig. 3(a), and the resultant Tc,s ∼ 50 K
is far beyond Tc,ph obtained earlier. The strikingly large en-
hancement in Tc can be rationalized from three aspects, one
transparent, the other two more subtle. Obviously, the total
attractive strength of electron pairing is naturally strengthened
by the joint efforts of both the phonon and plasmon modes
as bosonic glues, as each glue only needs to overcome a
fraction of the total Coulomb repulsion. At a more subtle
level, the formation of plasmon itself necessarily consumes
the static long-range part of the Coulomb repulsion [59,60].
Furthermore, the dynamic nature of the EPLC further renor-
malizes the Coulomb repulsion, resulting in a substantially
weakened Coulomb pseudopotential due to the cooperative
effects of retardation and renormalization [see Eqs. (20) and
(21)]. Beyond these three factors, the large enhancement also
stems from the nonlinear dependence of Tc on the total pairing
strength [see Eq. (32)].

Next, we assess the role of the dynamical structure of
the Coulomb pseudopotential in electron pairing, expected to
be particularly important for 1uc-FeSe/STO with low carrier
densities. The results are shown in Fig. 3(a). Indeed, the resul-
tant Tc,d due to the interplay between the EPHC and EPLC is
further enhanced in the dynamic regime from Tc,s of the static
regime, reaching ∼67 K, and falling into the experimentally
observed range [8–10,14]. At a more subtle level, the effect of
the dynamical Coulomb pseudopotential is mainly manifested
by the dynamical electron correlations in the frequency space
[53], as elaborated in more detail in Appendix B. It is also
worth to caution on the absolute magnitudes of the difference
between static and dynamic T ′

c s, which can be enlarged by
the choices of the cutoff energies in Figs. 4(a) and 4(c). On
the other hand, even with much larger cutoff energies, the
dynamic Tc is still substantially higher than the static Tc,
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reaffirming the validity of dynamically enhanced supercon-
ductivity at the qualitative level.

V. CHARACTERISTIC DEPENDENCIES OF Tc

We finally examine the characteristic dependencies of Tc

on various controllable physical parameters, including the
interfacial electron density and isotope substitution. For the
1uc-FeSe/STO system, given that the electronic screening
effect is much weaker in the direction perpendicular to the
FeSe plane, the EPHC should exhibit only weak dependence

on the electron doping. In contrast, the plasmon related pa-
rameters should naturally depend on the electron doping in a
more sensitive manner. In Fig. 3(b), we plot the calculated
Tc evolution with the Fermi energy, together with several
experimentally observed values [10], displaying quantitative
agreements. Beyond such numerical results, we can also ob-
tain a characteristic dependence of Tc on �pl.

To derive the analytic expression of Tc based on the picture
presented above, we start with the following pairing equation
at the transition temperature Tc, with the EPHC, the EPLC,
and frequency-dependent Coulomb repulsion considered ex-
plicitly:


(ω) = 1

Z (ω)

{∫ ∞

0

dω′

ω′ Re [
(ω′)][Hph(ω′) + Hpl(ω
′)] −

∫ ∞

0

dω′

ω′ μ(ω − ω′) Re [
(ω′)][1 − 2 f (ω′)]
}
, (22)

Hph (pl)(ω
′) =

∫ �ph (pl)

0
dωqα

2
ph (pl)(ωq)Fph (pl)(ωq){[N (ωq) + f (−ω′)][(ω′ + ωq + ω)−1 + (ω′ + ωq − ω)−1]

− [N (ωq) + f (ω′)][(−ω′ + ωq + ω)−1 + (−ω′ + ωq − ω)−1]}. (23)

Here, ω and ωq are the electron and boson (phonon or plasmon) energies, 
(ω) is the superconducting gap function, αph (pl)(ω)

is the electron-phonon or electron-plasmon coupling strength, Fph (pl)(ω) is the boson density of states function, and N (ωq ) and
f (ω) are the boson and electron distribution function, respectively. The frequency-dependent screened Coulomb repulsion μ(ω)
has been simplified as in Eq. (12). An approximate solution to Eq. (22) can be obtained by substituting a trial function for 
(ω)
and then performing the integration self-consistently. The trial 
′(ω) can be chosen as [57]


′(ω) =
{

0, 0 < ω < �pl


∞, ω > �pl
, (24)

and 
(0) and 
(∞) can be calculated from Eq. (22) as follows:


(0) = 1

Z (0)

{

0

[
λph ln

(
�ph

Tc

)
+ λpl ln

(
�pl

Tc

)
− μ1 ln

(
�pl

Tc

)]
+ 
∞

[
λph〈ωph〉

�ph
+ λpl〈ωpl〉

�pl
− μ2 ln

(
�cut

�pl

)]}
, (25)


(∞) = − 1

Z (∞)

[
μ1
0 ln

(
�pl

Tc

)
+ μ2
∞ ln

(
�cut

�pl

)]
, (26)

where �cut is adopted to truncate the electron energy in the second integration in Eq. (22). The averaged bosonic frequencies
〈ωph (pl)〉 is expressed by

〈ωph (pl)〉 =
∫ �ph (pl)

0 dωqα
2
ph (pl)(ωq)F 2

ph (pl)(ωq)∫ �ph (pl )
0

dωq

ωq
α2

ph (pl)(ωq)F 2
ph (pl)(ωq)

. (27)

When we consider only the highest phonon mode and the optical plasmon mode within the Einstein mode approximation, we
have < ωph (pl) >= �ph (pl). The renormalization is found to be Z (∞) = 1 and Z(0) = 1 + λtot = 1 + λph + λpl. In Eqs. (25) and
(26), we have also defined λph (pl) as

λph (pl) = 2
∫ �ph (pl )

0

dωq

ωq
α2

ph (pl)(ωq)F 2
ph (pl)(ωq). (28)

Next, self-consistency requires 
(0) = 
0 and 
(∞) = 
∞. Then we have


(0) = 
0 = 1

1 + λtot

{

0

[
λph ln

(
�ph

Tc

)
+ λpl ln

(
�pl

Tc

)
− μ1 ln

(
�pl

Tc

)]
+ 
∞

[
λtot − μ2 ln

(
�cut

�pl

)]}
, (29)


(∞) = 
∞ = −μ1
0 ln

(
�pl

Tc

)
− μ2
∞ ln

(
�cut

�pl

)
= − μ1
0 ln

(�pl

Tc

)
1 + μ2 ln

(
�cut
�pl

)

= −μ∗
0 ln

(
�pl

Tc

)
,

(30)

where μ∗ = μ1/(1 + μ2 ln(�cut/�pl )) is the Coulomb pseudopotential, which has the same form as Eq. (20).
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Solving Eqs. (29) and (30) together, we have

Tc = �ph

(
�ph

�pl

) λpl−μ∗ (1+λtot )

λtot−μ∗ (1+λtot )

exp

[
− λtot + 1

λtot − μ∗(λtot + 1)

]
(static), (31)

Tc = �ph

1.571

(
�pl

�ph

) λpl−μ∗ (λtot+1)

λtot−μ∗ (λtot+1)

exp

[
−0.758

λtot + 1

λtot − μ∗(λtot + 1)

]
(dynamic). (32)

In the above derivation of Tc, the dynamic electron correlation
effect has not been included, as reflected by the static form
μ∗. With the inclusion of the dynamical electron correlation
effect, a mathematically rigorous form cannot be obtained, but
the numerical results can still be well fitted by Eq. (32) above.
The two system-dependent fractional constants appearing in
Eq. (32) are determined by fitting the numerical results shown
in Fig. 3(c), to capture the effect from the dynamical nature
of the Coulomb pseudopotential. In Fig. 3(c), we compare the
dependence of Tc on �pl as obtained under the two different
physical situations. We clearly see that Tc from Eq. (31) is
lower than the one from Eq. (32), owning to the absence
of the dynamical electron correlation effect. We also note
that the present system is on the BCS side of the BCS-BEC
crossover [61,62], and is of the generalized BCS type, not only
because of the nonadiabatic nature of the EPHC, but also due
to the cooperative effects of the EPHC and EPLC in mediating
electron pairing.

Beyond the estimated Tc, the present “phonon + plas-
mon” picture also provides new angels to further understand
other related properties of the studied system. First, one pro-
nounced feature of the multichannel pairing is the weaker
isotope effect, as expected from Eq. (31) or (32), yielding α =
λph/2(λtot − μ∗(1 + λtot )) < 1/2. This finding is qualitatively
consistent with existing experimental observations [63]. Sec-
ondly, an intriguing replica band has been experimentally
observed in 1uc-FeSe/STO, yet its underlying physical origin
is still under active debate [16,18,29]. The prevailing picture
is based on the electron-boson forward scattering mechanism,
even though the responsible bosonic mode is unsettled. Based
on the present study of the “phonon + plasmon” mechanism,
the plasmon mode can naturally give rise to an additional
replica band within the forward scattering mechanism asso-
ciated with its long wavelength. Potential existence of such a
weaker plasmon-based replica band below the phonon-based
replica band might even have been seen experimentally (see
Fig. 4 in Ref. [16]). Collectively, the concerted “phonon +
plasmon” mechanism offers new angels to understand the
different manifestations of 1uc-FeSe/STO as a high-Tc super-
conductor, and some of our unique predictions can be tested
in future control experiments.

VI. DISCUSSION AND CONCLUSION

Before closing, we wish to stress the general applica-
bility of the plasmon enhanced superconductivity theory
presented in this work. In particular, the EPLC mecha-
nism should always play an important role in systems
with low effective carrier densities. Such systems, includ-
ing other properly doped superconductors with FeSe as the
elemental superconducting blocks [11,12,64–68], alkali-

metal-doped C60 compounds [69,70], and even the Cu-based
superconductors [1–3], share the striking commonality: All
with very low carrier densities even at optimal doping defined
by the highest Tc. Such low carrier densities are demanded
by the metallicity nature of the systems in the normal states,
and are simultaneously also accompanied by low energy plas-
mons, thereby providing the foundation of the “phonon +
plasmon” mechanism to be operative. It is therefore highly
desirable to generalize this mechanism to other related system
with effective low carrier densities at a quantitative level, a
task for future studies.

Within the main objective of the present study, we have
focused on conveying the vital physics of low energy plas-
mon mode and the frequency dependent Coulomb repulsion
in enhancing the superconductivity when join force with a
phonon mode, especially when applied to the 1uc-FeSe/STO
system. In doing so, some approximations are necessarily
adopted, and errors in the range of a few Kelvin are introduced
correspondingly into the obtained Tc. Such errors are tolerable
at the present stage, especially given the vital finding that the
”plasmon + phonon” mechanism can enhance the Tc by one
order of magnitude to the experimentally observed range. We
expect more accurate evaluations of the Tc will be achieved as
field further advances.

In conclusion, our work reveled for the first time the crucial
role of low energy plasmons in enhancing electron pairing in
1uc-FeSe/STO, especially with the EPHC and EPLC treated
on equal footing. We found that, whereas the EPHC mech-
anism alone could only yield a low Tc of a few Kelvin, its
constructive interplay with the EPLC is able to produce a
strikingly large enhancement of Tc to tens of Kelvin. More-
over, we expect that the characteristic dependences of Tc on
the plasmon frequency and isotope substitution can serve
as important guides in future experimental studies, and the
generic “phonon + plasmon” theory to be broadly applicable
to many superconducting systems possessing low carrier den-
sities and accordingly low energy optical plasmon modes. In
particular, we expect the present study will also shed new light
on the eventual identification of the dominant microscopic
mechanism(s) of Cu-based superconductors.
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APPENDIX A: ESTIMATION ON THE EPLC STRENGTH

We follow the work of Lundqvist [71,72], who studied the
EPLC in a degenerate electron gas and predicted the plasmon-
based satellite band in the single-particle spectrum induced
by the EPLC. In his derivations, the general EPLC matrix
element gq is expressed as

|gq|2 = V (q)
∂ε(q,ω)

∂ω

∣∣
ω=ωpl

, (A1)

where ε(q, ω) is the dielectric function, V (q) = e2/(�ε0q2)
is the Coulomb repulsion, and ε0 is the static dielectric con-
stant. Given that the superconducting gap in 1uc-FeSe/STO
is largely isotropic [9,44], the EPLC matrix element can be
treated as a constant [73](

g

�pl

)2

= 1

ε0

e2q0

π�pl
, (A2)

here, q0 is the radius of the spherical Brillouin zone.
To estimate the EPLC strength in 1uc-FeSe/STO from

Eq. (A2), ε0 is derived from the expression for the density de-
pendence of the plasmon frequency �pl = (4πe2n/ε0m∗)1/2,
where n is the electron density, and m∗ is the electron effec-
tive mass. The electron density n is estimated to be 2.9 ×
1021 cm−3 using 0.12 e− per Fe atom in the FeSe monolayer,
as measured experimentally [10]. The effective electron mass
is estimated to be m∗ ∼ 3m0 by fitting the band dispersion
from experimental observations [10]. Given the plasmon fre-
quency in the main text, we have ε0 ∼ 45.468. Finally, we
chose q0 = 4kF to approximate the Brillouin zone contain-
ing two iron atoms in 1uc-FeSe/STO, and obtain (g/�pl )2 ∼
0.518. Then, we can derive the EPLC strength λpl(k) by the
following expression

λpl(k) = 2V

(2π )3

∫ q0

0

d2 p

vF

|g(k − p)|2
�pl(k − p)

. (A3)

Here, V is the volume of the unit cell of the monolayered
FeSe. Since the isotropic approximation is adopted, we have

λpl = λpl(k) = 2V

(2π )3
· πg2q2

0

vF �pl
∼ 0.25, (A4)

where vF is the Fermi velocity. It is worthwhile to emphasize
that λpl ∝ (g2/�pl ) = e2q0/(πε0) is independent of the elec-
tron density, as ε0 is unchanged when the electron density is
varied.

APPENDIX B: DETERMINATION OF THE TRUNCATION
FREQUENCY �cut

To self-consistently solve the Eliashberg equations, it is
necessary to truncate the summation over the Matsubara fre-
quency of the electrons. In traditional systems, the typical
energy associated with �cut is on the order of 1 eV, set as
four to ten times of the largest phonon frequency [74,75].
Here, when we examine the convergence of Tc on �cut in
1uc-FeSe/STO, we find the Tc evolution with �cut exhibits in-
triguing new features, as discussed below. In Fig. 4(a), we first
show the Tc evolution with �cut using the interaction kernel

FIG. 5. (a) Gap function along the imaginary frequency axis
at T = 2.5 K. (b) Real part of the gap function on the real
frequency axis obtained by the Páde approximation from (a).
(c) The corresponding normalized DOS in the superconducting sate.
(d) Magnified region near the boson (phonon and plasmon) frequen-
cies, as indicated by the rectangle in (c).

K(iω) = μ∗(0) − λtot (iω), in which the Coulomb pseudopo-
tential is in its static limit. We find Tc increases with �cut

slowly and converges within the typical range of (5 − 10)�pl,
as traditionally expected. Figure 4(c) further shows the strik-
ingly contrast Tc evolution with �cut when the dynamical
nature of the Coulomb pseudopotential μ∗(ω) is explicitly
considered. Here, Tc decreases inversely with �cut rapidly and
converges around �cut ∼ 15�pl.

The above contrast features can be qualitatively understood
as follows. As we know, not all the electrons within the Fermi
window can form Cooper pairs and directly contribute to
the superconductivity. This is reflected by the fact that the
interaction between some electrons within the Fermi window
is still repulsive, preventing their pairing. As a result, the gap
function 
(ω) will have both positive and negative parts along
the frequency axis [53]. When specified to the present case, as
shown in Figs. 4(b) and 4(d), the ”sign-changing” structure
of 
(ω) correlates with the total e-e interaction strength [or
the interaction kernel K (ω) defined in the main text] on the
frequency axis. Importantly, the Coulomb repulsion can scat-
ter the electrons from one regime defined by a specific gap
sign to another regime with the opposite gap sign, but such
scattering processes are imbalanced, in that on average more
electrons are scattered from the negative gap regime with
strong Coulomb repulsion to the positive gap regime with net
e-e attraction. Such frequency-dependent scattering processes
are labeled as the dynamical electron correlation effect in Ref.
[53].

When comparing Figs. 4(a) with 4(c) at the same �cut, the
obtained Tc is increased in the latter case due to the stronger
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Coulomb pseudopotential at high frequencies, which leads to
a larger scattering probability and a higher Tc accordingly.
In the static case, increasing the cutoff energy could enlarge
the contribution of the above scattering processes, resulting in
the slowly increasing Tc shown in Fig. 4(a). On the contrary,
in the dynamical case, Tc now decreases with �cut, caused
by the decreased Coulomb pseudopotential at ω > �pl [see
Eq. (21)].

APPENDIX C: SUPERCONDUCTING GAP FUNCTION
ON THE REAL FREQUENCY AXIS

In Fig. 5(a), we show the superconducting gap func-
tion 
iω solved on the imaginary frequency axis at T =
2.5 K and then continue it to the real frequency axis by
the Páde approximation shown in Fig. 5(b) [74]. Clearly,

the superconducting gaps at the Fermi level obtained on the
imaginary and real frequency axis agree with each other.
The broad peak emerging in Fig. 5(b) indicates the energy
scale of the boson frequencies [75]. Furthermore, we can
obtain the normalized density of states (DOS) in the su-
perconducting state as NS(ω)/N0 from the gap function on
the real axis by NS (ω)/N0 = Re[ω/

√
ω2 − 
2(ω)], where

N0 is the DOS at the Fermi level in the normal state, and
the result is shown in Fig. 5(c). The strong Van Hove sin-
gularity highlights the leading edge 
0 = 10.5 meV for
the superconducting gap in 1uc-FeSe/STO at the optimal
doping. The DOS near the boson frequencies is magnified
in Fig. 5(d). The fine structure signifies the electron-boson
coupling and may provide a basis for direct measure-
ment of the Eliashberg spectral function using tunneling
spectroscopy [76].
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