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Arc-shaped structure factor in the J;-J,-J; classical Heisenberg model on the triangular lattice
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We study the J;-J,-J3 classical Heisenberg model with ferromagnetic J; on the triangular lattice using
the nematic bond theory. For parameters where the momentum space coupling function J; shows a discrete
set of minima, we find that the system in general exhibits a single first-order phase transition between the
high-temperature ring liquid and the low-temperature single-g planar spiral state. Close to where J; shows a
continuous minimum, we on the other hand find several phase transitions upon lowering the temperature. Most
interestingly, we find an intermediate temperature “arc” regime, where the structure factor breaks rotational
symmetry and shows a broad arc-shaped maximum. We map out the parameter region over which this arc regime
exists and characterize details of its static structure factor over the same region.

DOI: 10.1103/PhysRevB.104.184427

I. INTRODUCTION

The Mermin-Wagner theorem [1] forbids magnetic long-
range order in two-dimensional Heisenberg magnets at finite
temperatures. Nevertheless, such magnets may still exhibit
phase transitions where a discrete point group symmetry of
the lattice is broken. The type of order to expect in such cases
is usually that of a single-g planar spiral state with a pitch
vector taken from the set of wave vectors O that minimize
the coupling function in momentum space J;. Lattice point

group symmetries will transfer the Js into one another and
can be broken if the different Os correspond to inequivalent
spin states under global continuous spin rotations [2].

This scenario becomes more complicated when the Os
form a continuous set. In those cases the entropy, in con-
trast to the energy J;, may favor a discrete subset of the Os
and so there can still be phase transitions breaking lattice
point group symmetries at finite temperatures. This order
by disorder scenario [3-5] happens in particular for the
Heisenberg antiferromagnet on the honeycomb lattice for suf-
ficiently large second neighbor coupling [6,7] and on the
square lattice when a third neighbor coupling is included [8].
In all these cases, the order to expect can be inferred by finding
the Os corresponding to maximal spin wave entropy.

Here we investigate the lattice symmetry breaking phase
transitions of the classical Heisenberg model on the triangular
lattice. Spontaneous breaking of lattice symmetries does not
happen for the nearest neighbor model. Therefore, we add
second and third neighbor interactions as shown in Fig. 1. The
Hamiltonian is

H:J]Zgi-§j+JQZ§i-§j+J3Z§i~§j. (1)
(i, /) (i) (@,

This J;-J,-J3 Heisenberg model has several distinct phases
at zero temperature [9]. At finite temperatures in a magnetic
field it is known to have a skyrmion lattice phase [10]. It
has been proposed as a model for NiGa,S, [11-13], and its
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spin-1/2 version has been studied in the context of quantum
spin liquids [14,15]. The extended couplings allow us to tune
J; between discrete and continuous minima. For this J;-J>-J3
Heisenberg model with ferromagnetic J;, we also find the
order by disorder scenario, but it plays out in an interesting
way. Our main result is that the ordering occurs via a se-
quence of two phase transitions as the temperature is lowered.
Particularly interesting is the intermediate phase, where the
static structure factor is dominated by an arc-shaped ridge.
This arc breaks lattice rotational symmetry, but not all mirror
symmetries, and is not a single-g state.

To be able to efficiently investigate large portions of pa-
rameter space, we employ the nematic bond theory (NBT)
[16], which is a set of approximate self-consistent equations
for classical Heisenberg magnets. The equations can be solved
numerically for large lattices [17]. Besides calculating order
parameters and correlation functions, we show here that the
NBT can also be used to calculate the free energy directly,
which allows us to determine the order of the phase transi-
tions. We explain the NBT with an emphasis on how to obtain
the free energy in Sec. II. The details of the J;-J>-J3 model on

FIG. 1. The triangular lattice with up to third nearest neighbor
interactions.
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the triangular lattice are given in Sec. III, and the results are
presented in Sec. IV. We end with a discussion in Sec. V.

II. METHOD

The NBT is conveniently formulated in momentum space:

H=>"J;8;5 )

where the sum goes over the first Brillouin zone. The classical
spins on all sites are unit length vectors: |Sz| = 1. These length
constraints are enforced in the partition function as integral
representations of é functions

o ® Bdri g (33

8(|S7| . 1) = '3— e_’ﬁ)‘F(SF'S?_l), 3)
o T

where we have scaled the integration variable A; by the inverse

temperature, 8 = 1/7T. This gives the partition function

Z= fDSdAD,\e B aw (Kaa—Aag )SpSp+BVA (g

where we have introduced a momentum space matrix A ; =

—ihg_g(1 — 854), and Az is the Fourier- transformed con—
straint integration variable. We have separated out its § = 0
component and written it as A = i);—o and put it into another
momentum space matrix Kz 7 = K 8.4, where Kz = J; +
A. The integration measures are always redefined to 1nclude
factors of volume V, B, m, and —i. The inverse of Kj is
essentially the spin-spin correlation function in momentum
space, and A can be interpreted as the average constraint, sim-
ilar to the self-consistent field in the self-consistent Gaussian
approximation. The NBT goes beyond this as it also accounts
for the fluctuations Az around the average constraint. This
is essential in order to capture lattice point group symmetry
breaking phase transitions.

The integrals over the spin components can now be taken
as independent Gaussian integrals. We generalize the spins to
have N; vector components but will set Ny = 3 at the end of the
calculation. We scale the spin components by a factor 1/./8
and perform the Gaussian integrals to get

= /dA D e S8, 3)
where the effective constraint action is
N;

S[A, A = 7Trln(K—A)—/3VA. (6)

Expanding this expression in powers of A, we get

SIA A = —BVA + S TeimK+ ~ S A oD A0 + S
[A,A] =8 —|—7rn +§Z -§Do g4a + 5r,
G#0

(7N

where we have used the quadratic term in A to give the inverse
constraint propagator D0 i = D 8q g with

N;

= KoLK (8)

-1
DOJ? 2 ptq

FIG. 2. A ring with three wavy hooks; the n = 3 term in S,.

and the interaction S, is
Ny o 1
S,=—=) -Tr(K'A)". 9
> ;n r(K™'A) ©)

There is no linear term in A because A has no diagonal
components, which follows from separating out A;—o

We then treat S, as a perturbation about the Gaussian action
defined by the quadratic terms in A and integrate over A so that

= f dAe SAL (10)

where

In (e75).
(11)

The brackets () indicate an average with respect to the
Gaussian action.

The perturbation theory can be formulated diagrammat-
ically with solid and wavy lines indicating K—! and D,
respectively. Interactions in S, are ring diagrams having hooks
where wavy lines can attach, see Fig. 2. We then use a
self-consistent procedure where a self-energy X; 5 = ;855
and a polarization Il ;; = Il; §; ;- are defined to renormalize
K~! and Dy, respectively, according to the Dyson equations
shown in Fig. 3.

The Dyson equations yield Ky =K — X and D' =
D, ! — 1. The self-energy and the polarization are next ap-
proximated self-consistently by the diagrams in Fig. 4, which
are equivalent to the equations

=—> Ky 5D (12)

p#0

N,
_1 s
Iz = Z & P ffﬁ+7 KﬁﬁK, . (13)

p

Ny 1
S[A]=—pVA+ —TrinK + 5Trlnngl -

Combining the Dyson equation for D! with Egs. (8) and (13),
the renormalized constraint propagator becomes

i = Z ffP+f1Ke;fP (14)

+ —Q—
+ @

FIG. 3. Dyson equations for (a) the renormalized spin propagator
Ke}fl (bold solid line) and (b) the renormalized constraint propagator
D (bold wavy line).
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FIG. 4. Self-consistent equations for the self-energy and the po-

larization. The bold lines on the right hand sides also include the
self-energy and the polarization.

The unrenormalized propagators can be expressed in terms of
their renormalized equivalents so that S[A] becomes

N 1 -1
S[A]=—-BVA+ ?Trln K + ETrlnD

+ %Tr(K;ff' %) + Sk, (15)
where the remainder Sg is defined in Appendix A. In the
following we will simply omit Sg, which means that after
this omission S[A] includes all diagrams of the sort shown
in Fig. 5, but neglects, among others, diagrams with vertex
corrections shown in Fig. 6.

The final integral over A is performed using the saddle
point approximation, see Appendix B, which gives the con-
dition

N,T _
v Y Kgli=1. (16)
q

By taking also into account the Gaussian fluctuations in A
about the saddle point value and restoring omitted constants,
we find the following expression for the free energy density
f=—gyInZ:

N,T _ N, T _
f=-A- % Zln (TKefflci) + v ZKeff]riEri
7 7
T _ (N, — DT
+ 3 Zln (1°D;"'/2V) — ———— Iz, (17
q

where the In Dq_l—sum also includes the 4 = 0 term. This
expression is similar to that used in Ref. [18] in the context
of the self-consistent screening approximation.

We solve the self-consistent equations (12) and (14) nu-
merically, as described in details in Ref. [17], and obtain
expressions for Ke_ffl, D, and X, which are then used to com-
pute the free energy density from Eq. (17), and the static

; %®
RO

FIG. 5. Diagrams included in the free energy.

@ OO

FIG. 6. Leading order nonvanishing diagrams in Sg.

structure factor
. - . NT
5@ =8-4-Sp) = —Kale (18)

as shown in Refs. [16,17]. We note that the sgdd{e point
condition Eq. (16) is equivalent to the condition (S7 - S7) = 1.

IIL Jy-J>-J; MODEL

On the triangular lattice, the momentum space coupling
function is

Ji = Jilcos (g1) + cos (g2) 4 cos (g3)]
+ J[cos (g1 — q2) + cos (g2 — g3) + cos (g3 — q1)]

+ Jz[cos (241) + cos (2¢2) + cos (2¢3)], (19)
where ¢; = ¢ - d; and the lattice vectors are d; = X, d, =
—%fc + %gy and ds = —%fc — */;)7. The lattice spacing has

been set to unity. For further analysis, it is convenient to
rewrite J; as

2
= 213[(A,7 - l(1 - J—l)) } +(Jo — 203)B; + C.

2 2J;
(20)
where Az = cos(q1) + cos (q2) + cos (g3), B; =
cos (g1 — q2) +cos (g2 —q3) +cos(qg3 —q1), and C is

a parameter-dependent constant. We will set J;, = —1
(ferromagnetic) which defines our unit of energy.

By minimizing J; with respect to ¢, we can find which
single-g states that minimize the energy. For generic choices
of the parameters J, and J3, these minimal Os form a discrete
set of symmetry-related points in the Brillouin zone. The
different regions of Js minimizing J; are shown in Fig. 7,
with the corresponding Qs illustrated in Fig. 8. We define
I'M(I'K) as the lines connecting the I point and the M(K)
points, illustrated by the green(blue) lines in Fig. 8. As shown
in Ref. [9], the length of the Js minimizing J; in region II is

given by
1—-J
= ) Q1)

2
= ——arccos{ ———
n g (212 YA

V3

while it in region III is given by

3J, —2J3 — /(BJr +2J3)? + 8J
Om = 2 arccos ( 2 =V 8]2 2+ 3>. (22)
-8/

On the boriier between regions II and III, where J, = 2J3,
the minimal Qs form a continuous set defined by A5 = %(1 —

j—;). This collection of minimal Js make a slightly deformed
circular ring in momentum space. It is this border region
which is of special interest in this paper.
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FIG. 7. Regions of different classes of wave vectors ( mini-
mizing J; for ferromagnetic nearest neighbor coupling, J; = —1.
The pink thick line shows the II-III border, where the Js form a
continuous set.

IV. RESULTS

A. Generic parameters

For generic parameter values, the Qs form a discrete set,
but it is only possible to break the point group symmetries of
the lattice in regions I, II, and III. Such symmetry breaking is
not possible in region IV, as all configurations are equivalent
by a global spin rotation. In the regions I, II, and III, we
in general find that the system exhibits a single first-order
temperature-driven phase transition breaking rotational sym-
metry of the lattice. In Fig. 9 we show as an example of
this the free energy density as a function of T for the point
(J2,J3) = (2,0) in region II. From this figure, we see that
there is a temperature region where the free energy density is

FIG. 8. Tllustration of where the Os minimizing J; are located in
reciprocal space for the different regions from Fig. 7. The illustration
is symmetric under rotations of Z. The first Brillouin zone boundary
is illustrated by the dashed lines. Q in the FM region is located at
I (black point). In regions I and IV the Js are located at M (yellow
points) and K (red points), respectively. Region II has Os along I'M
(green lines). In region III, the Qs lie on 'K (blue lines).
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T

FIG. 9. Free energy density vs T for (J>,J3) = (2,0). L = 200.
The free energy has been transformed by adding a linear term in 7 in
order to better visualize the discontinuity in its derivative. The free
energy density is multivalued in the region 7' € [0.770, 0.802].

multivalued. This multivaluedness reflects the fact that there
are multiple values of A with associated self-energies X, that
lead to the same temperature when solving the saddle-point
equation, Eq. (16). The thermodynamically stable states are
those which minimize the free energy density. The existence
of the corner point of the lowest free energy curve at 7, =
0.795 indicates a first-order phase transition there. Repeating
this for other parameter points (J,, 0) and also for (0, J3), we
find similar first-order phase transitions with critical tempera-
tures given in Fig. 10.

Such a phase transition is between a high-T' ring liquid
phase where the static structure factor S(g) shows a ringlike
feature in momentum space and a low-T" phase where the sys-
tem breaks the rotational symmetry of the lattice as it enters
a single-g spiral state, where the pitch vector is determined
by one of the minimal QOs. Thus, in region I we generally get
single-g states with § =M and in region II(IIl) we generally
get single-g states with § on 'M(I'K) with a length given

1.0
0.8
0.6
0.4

0.2

0.0

0.0 0.5 1.0 1.5 2.0
Ji

FIG. 10. Critical temperatures along the J, and J5 axis.
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FIG. 11. Structure factors S(§) for a parameter point in region II,
(J2, J3) = (2, 0.5), for different temperatures: (a) high-T ring liquid
phase at T = 0.869 and (b) low-T single-g phase with § on I'M at
T =0.868. L = 200.

by Egs. (21) and (22). Examples of both the high-7 and
low-T structure factors near the phase transition for a generic
parameter point in region II(IIT) are shown in Fig. 11(Fig. 12).

The structure factor is inherently inversion symmetric, and
a single-g state is thus characterized by two peaks in the
structure factor (both § and —g). If one however considers
one of these peaks alone, it will keep mirror symmetry about
one of the I'M lines in regions I and II, while it in region III
keeps mirror symmetry about one of the 'K lines.

B. II-III border

For parameter values near the II-III border, on which the
Qs form a continuous set, the phase structure is more com-
plicated. In particular we find that exactly on the border,
Jo = 2J3, there are two consecutive phase transitions as the
temperature is lowered. Figure 13 shows the structure factors
in the three distinct phases. At high T' the system is in the fully
symmetric ring liquid phase where the structure factor shows

(a) 4
2

S 0

-12.6
. ‘108

4
qx
(b) 4 -270
L2040
2 1210
180
a0 150
L 120
B 90
60
130
4
qx

FIG. 12. Structure factors S(§) for a parameter point in region
I, (2, J3) = (2, 1.5), for different temperatures: (a) high-T ring
liquid phase at 7 = 1.194 and (b) low-T single-§ phase with g on
'Kat7 = 1.191. L = 200.

a ring, Fig. 13(a). Then below a first-order phase transition
this ring is replaced by two partial rings/arcs, where only
about one third of the full ring is present and centered on
I'M, Fig. 13(b). This arc structure factor breaks rotational
symmetry, but is mirror symmetric about I'M. We describe
this regime in more detail in the following subsection. Then
below this, there is a second phase transition into a single-§
nonsymmetric phase where the structure factor has a narrow
peak centered on a point g* which is neither along I'M nor
I'K, see Fig. 13(c). In fact, §* rotates continuously towards
the value predicted by the maximum entropy of spin waves
around single-g spirals as the temperature is lowered, see
Appendix C. This single-§ phase breaks all the lattice
symmetries except inversion symmetry. The free energy is
qualitatively similar to Fig. 9 and shows a first-order phase
transition between the ring liquid and the arc regime, but no
apparent discontinuity in the derivative at the low-T phase
transition. The breaking of the remaining lattice mirror sym-
metries of phase II should however be accompanied by a

184427-5
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FIG. 13. Structure factors S(g§) at the II-III border, (J,,J3) =
(2, 1), for different temperatures: (a) high-7' ring liquid phase at
T = 0.943, (b) intermediate arc regime at 7 = 0.927, and (c) low-T
nonsymmetric phase at 7 = 0.788. L = 200.

phase transition, and thus we conclude that the low-7 phase
transition between the arc regime and the nonsymmetric phase

1.2-
Ring liquid

1.0-

0.8 -

Non-symmetric

& 06-

Phase 11 Phase III

0.4 -

0.2-

0.0-

0.8 1.0 1.2 1.4 1.6
J3

FIG. 14. Phase diagram for J, = 2. The purple region indicates
the arc regime. The green and blue curves indicate first-order phase
transitions, while the pink curve indicates continuous phase transi-
tions. The II-III border is at J5 = 1.

is continuous. The transition temperature is in this case found
by considering the symmetries of the structure factor.

By investigating also J3 values away from the II-III border
for J, = 2 we establish the phase diagram shown in Fig. 14.
The phase diagram shows four phases: At high T, we find
the ring liquid phase, where all lattice symmetries are present.
Phase II and phase III are in general single-g spiral states,
where ¢ is determined by the respective minima of J;. These
phases break rotational symmetry while keeping some mirror
symmetries. The nonsymmetric phase is a single-g spiral state
in which both the rotational symmetry and all the mirror
symmetries are broken. The arc regime, discussed below, is
shown in purple. This regime is continuously connected to
phase II, while a first-order phase transition separates it from
phase III.

C. Arc regime

The structure factor arc, Fig. 13(b), has the same sym-
metries as the single-g phase in region II where the peak is
centered on I'M. However, the structure factor arc near the
II-IIT border cannot be characterized as a single-g state as the
arc length covers almost a quarter of the full circle. Figure 15
shows how the angular length of the arc and the position of its
maximum change as the II-III border is approached from the
region II side. The arc length increases monotonically, while
the maximum intensity is on I'M.

Intriguingly, we see from Fig. 14 that the arc regime
(purple region) also extends into the region III side of the
II-IIT border where J; develops minima at I'K. On this side,
the arc intensity develops a split maximum with two peaks
located symmetrically about I'M. These peaks approach I'K
as J3 is increased, as seen for J3 > 1 in Fig. 15. Examples
of the arc intensity just below the highest 7. for different J3
are shown in Fig. 16. These intensity shapes depend also on
the temperature: When lowering the temperature from 7, the
split peaks move towards I'M. Figure 17 shows where the arc
intensity has its maximum on I'M and where the maximum is
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FIG. 15. Properties of the structure factor arc at the highest 7, for
J, = 2. L =500. Pink circles: Angular length of the structure factor
arc defined as the full width at half maximum. Purple diamonds: The
angular position of the maximum/maxima of the structure factor.
The arc is always centered on I'M, thus there is a split maximum
for J3 > 1.

split. The arc regime exists also for other values of J, near the
II-1II border, see Fig. 18.

V. DISCUSSION

The behavior of the J;-J,-J3 Heisenberg model on the tri-
angular lattice with J; < 0 is well understood for the whole
parameter space at low temperatures: When the Os form a
discrete set in regions I, II, and III, the system breaks lattice
rotational symmetry by forming one of the single-g spiral
states with minimal energy. Wherever the Qs form a contin-
uous set, i.e., at the II-IIT border, the degeneracy is lifted by
the spin wave entropy, and the system breaks lattice rotational
symmetry by forming one of the single-g spiral states with
maximal entropy.

—— ;=085
20 J3=0.90
— J3=0.95
—— J;=1.00
—— ;=105
15 2
—— =110
IS
&
10
5
0

'K I'M 'K I'M 'K I'M 'K

FIG. 16. The arc intensity at constant |G| for T just below the
highest 7. and J, = 2. L = 800. The horizontal axis shows the angu-
lar variation of g, illustrated by the pink solid line in the inset.

1.05
1.00
0.95
~ o Split
.x.\maximum
0.90 \.\
Maximum N
onI'M
0.85
0.80
1.00 1.05 1.10 1.15
J3

FIG. 17. Cutout of Fig. 14. The purple dashed line shows where
the maximum of the arc intensity goes from being on I'M to splitting
into two maxima located symmetrically about I'M. J, = 2.

In the discrete case, we find that the transition into the
low-T ordered phase from the high-7 symmetric state is gen-
erally a direct first-order phase transition. This is in agreement
with Monte Carlo simulations on the triangular J;-J3 model
[13,19]. The critical temperatures obtained in this paper are
however likely to be overestimated as was seen in Ref. [17]
for layered square lattices. We believe this is caused by the
neglect of fluctuations associated with vertex corrections in
the NBT. We have made sure that all of our results are carried
out at a sufficiently large system size, so that increasing it only
gives minor corrections.

Close to the II-III border the phase transition is not di-
rect. Instead, as the temperature is lowered from the high-7
phase, there is a first-order phase transition to an intermediate

1.6

1.4

1.2 .
Region III

1.0

J3

0.8

0.6

0.4 Region II
0.2
0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Jo

FIG. 18. An illustration of where in parameter space the arc
regime exists. We have only studied J, < 3. The arc regime also
exists on the region II side of the II-III border. However, as the arc
regime is continuously connected to phase II, it cannot be distin-
guished from phase II in a well-defined way, as shown for J, =2
in Fig. 14.
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regime: the arc regime. Then at lower T there is a second
transition. If the system is at or very close to the II-III border,
this second transition is a continuous phase transition into the
nonsymmetric single-g phase. In this phase, the pitch vector
of the spiral changes continuously as 7 is further lowered
and reaches eventually the value maximizing the spin wave
entropy. Further into the region III side of the II-III border, the
second phase transition becomes first-order into the single-
g phase III. Such two-step pattern of symmetry breaking
vaguely resembles the well-known hexatic melting scenario
where the system with broken orientational and translational
order is melted via an intermediate hexatic phase which breaks
translational, but not orientational, order [20,21].

The structure factor arc has the same symmetries as the
single-4 states in phase II. Nevertheless the structure factor arc
cannot be characterized as a single-g state. In fact, the static
structure factor of the arc resembles rather the high-T ring
liquid, but with portions of the ring removed. If one interprets
the ring liquid as a spiral liquid consisting of a collection of
short spirals with pitch vectors free to point in any direction,
but constrained to have magnitudes lying on the manifold 0, it
is natural to conjecture that the arc is similar, but with the ori-
entation of the spiral pitch vectors restricted to a distribution
about one I'M. This would also explain the split maximum
of the arc intensity towards I'K, as domains with single-g
spirals along 'K become energetically favorable on the re-
gion III side of the II-III border. However, the coexistence
of many spirals is far from trivial and leads naturally to the
consideration of energy and entropy of domain walls between
single-g spiral domains. A very impressive characterization
and observation of these has recently been done for helical
magnets where the pitch vector is perpendicular to the spiral
plane [22-24]. In particular bisector domain walls, where the
domain wall bisects the two pitch vector orientations on either
side, are favorable energetically. The analysis of how such
domain walls lead to phase transitions must also include their
entropy induced by kinks and spin waves. Such an analysis
for the Ising model with extended range interactions on the
triangular lattice showed that double domain walls [25] lead to
an intermediate nematic phase [26]. We note that stable point
defects can also exist in triangular lattice antiferromagnets
[27], but their role in breaking lattice symmetries is unclear.
In order to understand the arc regime, lattice details must also
be accounted for to explain why the arc is centered on I'M and
not on I'K.

The structure factor arc resembles strikingly the half moon
patterns seen in simulations [28] and experiments [29] on
kagome and pyrochlore lattices. These half moons occur both
in the dynamic [30] and static structure factors [31], however
they do not break lattice rotational symmetry. Furthermore,
the static half moons are a consequence of having several
atoms in the unit cell, as the half moon is the complement
of the flat band combined with another dispersive band with a
continuous minimum [31]. Thus, except for their appearance,
it is not clear if or how the structure factor arc is related to the
half moons.

It is pertinent to contrast the result obtained here to that
obtained for the J;-J,-J3 Heisenberg model on the square
lattice. Among other results, Ref. [8] found an intermediate
vortex crystal phase between the single-g and the ring liquid

at a single parameter point where the Os form a continuous
set. The vortex crystal state has a structure factor peaked on
four particular momentum vectors. Such a state is favorable
when all these four momentum vectors lie at or very near the
minimal J; contour. We have attempted construction of similar
combinations of 3-§ and 4-g states for the triangular lattice
J1-J»-J3 model, but have not found a suitable candidate that
keeps the spins normalized, and where all the g ’s minimize
J; simultaneously. In any case, if there is such a candidate, the
resulting vortex crystal would probably only exist in a narrow
range about one particular parameter point and not for such an
extended region in parameter space as we have found the arc
regime.

To strengthen the validity of our findings, it would be very
valuable if our results could be confirmed by independent
Monte Carlo simulations. We also hope that future research
will properly explain the origin of the arc regime. Experimen-
tally, the results obtained in this paper should be relevant for
any magnetic material that can be described by the classical
J1-J»-J3 Heisenberg model on the triangular lattice with ferro-
magnetic J;. In such materials, the first-order magnetic lattice
symmetry breaking phase transitions, that we have found to
occur over large portions of the phase diagram, may also be
accompanied by concomitant structural instabilities triggered
through magnetoelastic couplings [32]. An experimental ob-
servation of the arc regime will probably have to await a
genuinely tunable magnet where the coupling parameters can
be adjusted so that the minimal Qs form a continuous set.
We note that a magnetic system with tunable anisotropy has
already been realized with cold atoms [33]. The NBT method
used here can also be employed to investigate other spiral liq-
uids, such as the extended Heisenberg model on the diamond
lattice, relevant for the material MnSc,S,4 [34].
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APPENDIX A: Sg
In Eq. (15), S[A] is expressed in terms of renormalized
propagators and a remainder

o0

S =—%in_lTr(K—1z)"+ller(D m”
R="7 o 2 n 0

n
n=1

— In(e™5r), (Al)

where it is understood in Eq. (15) that the § = 0O contribution
must be omitted when evaluating Trln D~! and Tr(DyI1)". In
arriving at this expression we have added and subtracted a
term

N,

(o]
5 (K5 %) = % > TrK'Dy" (A2)
n=1

so as to cancel the term Tr(K~!'X) in Sg. This term causes Sg
to be O(N?) as there are no single-ring diagrams with one
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wavy line in In (¢~5). The term In {¢~5") can be evaluated
using the cumulant expansion and consists of all connected
diagrams of rings with three or more wavy hooks. Each wavy
line carries a factor D which is O(1/Ny) and each ring with
n wavy hooks a factor Ny(—i)"/2n and n factors of K~!.
Momentum is conserved at every vertex.

Many diagrams cancel each other in Sg, in particular the
types shown in Fig. 5. To see this, take first the connected
diagram with m > 1 identical rings each with 2k hooks con-
tracted sequentially in the fashion shown in Fig. 5 left for
the case k = 2. The mth cumulant of —In (¢~5) gives this
diagram with a combinatorial factor —(—1)""(1/2)""/2m
where s is a symmetry factor which is 1 if the ring with
2k hooks is symmetric when flipped about its external wavy
lines and zero otherwise. The term ﬁTr(Dol'I)m gives also
this diagram when IT is expanded to the k — 1th order in the
self-energy. In fact, it gives the same contribution but with
opposite sign. In the cases when the external hooks on each
ring are nearest neighbors, like the diagram Fig. 5 left, there
are additional contributions. The first comes from the term
—%Tr(K’1 ¥)* where one of the X is written in terms of
the full propagator D which in turn is expanded to the m — 1th
power in the polarization, while the rest are replaced with its
lowest order contribution. This gives the combinatorial factor
—(=1)(k — 1)/2. The second contribution, which cancels
the first, comes from the term %Tr(Dol'[) when expanding
the polarization in terms of the self-energy to the k — Ith
power and then replacing one of the self-energies with the
full propagator D and the rest with Dy. Therefore all these
diagrams vanish in Sg. Similarly the single ring diagram with
k sequential wavy lines shown in Fig. 5 right will also vanish.
Adding together the combinatorial factors: —1/2k + 1/2 —
(k — 1)/2k that comes from the terms — In (e=5"), %Tr(DOH)

and —%Tr(K’1 ¥)k, respectively, we get zero.

APPENDIX B: SADDLE POINT

The saddle point method including Gaussian corrections
gives

02
/(—i)dAe_S[A] O( e*SIAolf% In (7 d”ileJ>|A:A0 , (B1)
where the saddle point value of A is determined by setting
g—i = (0. We have here restored the factor —i which comes
from changing the variable A;_o = —iA. Differentiating S[A]
gives

OS] _ gy Mo (ot (12 22)) 4 Lrp 22
- 2 e\ A 2 9A

A
N,  [0KZ! E)))
+ —‘Tr< off ¥+ K/ )

= B2
2 A ff 5A (B2)

This can be simplified by using Eq. (14) to deduce

—1
9 aKeff q

D!

q -1

IA :NSZ Kerpea =55
P

(B3)

and Eq. (12) to rewrite the self-energy. It follows that

IS[A N,
9IAL_ —BV + —TrK,

dA 2 (B4)

'K ™ 'K ™
1 1 1 1
0.020
0.015
Q
2
3
S 0.010
0.005
0.000
1 1 1 1
0 /6 /3 /2

0

FIG. 19. Entropy of spin wave fluctuations around an ordered
single-g spiral state for (J,, J3) = (2, 1). The spiral pitch vector §
lies along the ringlike minimum of J; with an angle 6 relative to the
g, axis.

which implies the saddle point condition Eq. (16).
The second derivative is

32S[A] N, N A\ _
W = —7T1' Keff Keff 1 — a_A ~ _quov (BS)

where we have neglected % as it is O(1/Ny). The Gaussian
correction to the saddle point gives thus the missing § = 0 part
of the In D(;l—sum in the free energy.

APPENDIX C: SPIN WAVE ENTROPY

The spin wave entropy per spin is given by

s:—‘llzmﬂwz, (C1)
k

where @y is the spin wave dispersion. As shown in Ref. [8],
the spin wave dispersion around an ordered planar single-g

-I'M
0.5-

0.4-
0.3-
0.2-

0.1-

0.0- -I'K

0.0 0.5 1.0 1.5 2.0
T

FIG. 20. Angular position of the maximum of S(§) as function
of T on the II-III border, (J,, J3) = (2, 1). L = 1000.
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spiral state characterized by a pitch vector Q is

1
wp = \/E[JQH? +Joi

This result is strictly only valid where there is true long-range
magnetic order at 7 = 0. We assume here that we can never-
theless use it to find the s with maximum entropy also at low
T where the spin correlation length is large. The spin wave
entropy for the minimal Os when (J», J3) = (2, 1) is shown in

— 205110z — J51. (C2)

Fig. 19. We have taken the entropy to be zero at 'M. Taking
6 to be the angle between O and the g, axis, we find that
the spin wave entropy has its maximum for 8 = 0.154 and
symmetry-related values.

Figure 20 shows how the position ¢* of the maximum
of §(g) varies with temperature for (J», J3) = (2, 1). In the
nonsymmetric phase (7T < 0.80), the angular position 6* of
g * changes continuously from 8* = 7 /6 (M) to 6* = 0.155,
which is very close to the value predicted by the spin wave
entropy.
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