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The spin-noise spectroscopy (SNS) method implies high efficiency of conversion of the spin-system magneti-
zation to the Faraday rotation angle. Generally, this efficiency cannot be estimated using the characteristics of the
regular magnetooptical activity of a paramagnet. However, it may be drastically enhanced in systems with strong
inhomogeneous broadening of the optical transitions. This enhancement leads to the giant spin-noise gain effect
and previously allowed one to apply the SNS to rare-earth activated crystals. We show that the nonlinear resonant
Faraday effect can be used to measure the homogeneous width of the inhomogeneously broadened transition and,
thus, to estimate the applicability of the SNS to this type of paramagnet. We present the theoretical description
of the effect and perform measurements on intraconfigurational (4 f -4 f ) transitions of the trivalent rare-earth
ions of neodymium and ytterbium in fluorite-based crystals. The proposed experimental approach establishes
new links between the effects of nonlinear optics and spin-noise characteristics of crystals with paramagnetic
impurities and offers new methods of research in the physics of impurity crystals.
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I. INTRODUCTION

The method of detecting magnetic resonances in the noise
of magnetooptical activity — the so-called spin-noise spec-
troscopy (SNS) — has been intensely developed during the
last 15 years [1–4]. Having been primarily demonstrated on
an atomic system [5], this technique has gained extensive
use since its successful application to semiconductors [6]. In
spite of its apparently lower sensitivity of detecting stochastic
(rather than regular) signals, SNS proved to be highly efficient
not only as a conceptually new method of radiospectroscopy,
but also as a peculiar method of optical spectroscopy, with its
abilities substantially exceeding those of conventional linear
spectroscopy [4].

Until recently, all attempts to apply SNS with its unique
potentialities to dielectrics with paramagnetic impurities had
failed [7] because of the smallness of the specific Faraday
rotation (Faraday-rotation cross section [8]) in these systems.
This result can be explained by the fact that the allowed tran-
sitions, in activated crystals, are usually strongly broadened,
while spectrally narrow lines are mostly weak. Both these
factors unfavorably affect the Faraday rotation (FR) per unit
spin density and the FR noise power.

In Ref. [9], it was shown, however, that the value of
the FR noise (spin-noise) power detected under conditions
of resonant probing is determined not only by the FR per
unit spin density, but also strongly depends on the homoge-
neous linewidth, which is hidden inside the inhomogeneously
broadened profile and cannot be revealed in linear optical
spectroscopy. By neglecting this fact, one may significantly
underestimate the noise signal for the following reason.

When the inhomogeneously broadened system is probed by
a monochromatic laser beam in the absorption region, the
polarization noise signal is contributed only by the ions
of the sample whose resonant frequencies coincide with that
of the laser light to within the homogeneous width γ . The
fraction of these ions with respect to their total number in the
beam can be estimated as γ /�, (here, � is the inhomogenous
linewidth of the optical transition) and may be extremely
small. Under these conditions, the relative spin fluctuations
of these ions may strongly exceed those of all the ions in the
laser beam. It was found that the gain factor that determines
the “enhancement” of the FR noise power is equal to the ratio
of the inhomogeneous linewidth to the homogeneous one and
may cover several orders of magnitude.

In Ref. [10], this idea was successfully applied to crys-
tals activated by rare-earth (RE) ions, with parity-forbidden
intraconfigurational ( f - f ) transitions, whose inhomogeneous
linewidths (usually lying in the range of several GHz) may ex-
ceed their homogeneous width by many orders of magnitude.
This giant spin-noise gain effect has allowed us to observe,
up to that point unreported, magnetic resonances in the FR
noise spectrum of an impurity crystal. At the same time, it
was found that, among the chosen RE ions and chosen f - f
transitions, only some of them appeared to be amenable for
detection of the ground-state magnetic resonance in the FR
noise spectrum, while others, showing similar linear mag-
netooptics, did not reveal any noticeable FR noise [10]. For
further development of the SNS of impurity crystals, it is re-
quired to find out, in more detail, the laws of formation of the
spin-noise signal. As follows from our previous experimental
results [9,10], reliable information about the applicability of
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SNS to an object cannot be obtained from its linear optical or
magnetooptical properties. Therefore, we plan to establish a
relation between the magnitude of the spin-noise power of a
paramagnet and its nonlinear magnetooptical characteristics.

In this paper, we study resonant spectra of the nonlinear
FR of RE-activated crystals in the range of the f - f transitions
and show that the diamagnetic contribution to the nonlinear
FR spectrum (controlled only by the magnetic splitting of
the energy levels) strongly depends on the probe beam inten-
sity and dramatically differs for lines with different types of
broadening. Thus, we found that high-resolution spectroscopy
of nonlinear FR can be used to measure, in a single-beam
configuration, the homogeneous widths of inhomogeneously
broadened transitions and thus to distinguish the f - f transi-
tions capable to reveal the giant spin-noise gain effect.

The paper is organized as follows. After the general moti-
vation in Sec. II we provide the theoretical background of the
expected effect in Sec. III; Sec. IV describes the experimental
setup and studied samples, while in Sec. V we discuss the
results of the measurements on different transition of RE ions.
Section VI concludes the paper.

II. GENERAL CONSIDERATIONS AND MOTIVATION

The FR spectra of paramagnetic ions in dielectric media are
known to be controlled by two main contributions — diamag-
netic and paramagnetic [11,12]. The first one is determined by
the magnetic splitting of optical transitions, while the second
is related to their intensity difference resulting from the Boltz-
mann distribution of populations over magnetic sublevels of
the ground state. Correspondingly, the diamagnetic contribu-
tion is temperature-independent, while the paramagnetic one
is proportional to the spin-system magnetization and, in the
high-temperature limit, obeys Curie’s law. Without entering
into details of the FR spectra, we note that the diamagnetic
contribution is described by the derivative of the line’s disper-
sion curve and, therefore, increases with decreasing linewidth.

Along with the temperature and spectral properties of
these two contributions, they can be distinguished by their
inertial characteristics: the diamagnetic contribution responds
to magnetic-field variations practically instantaneously, while
the paramagnetic contribution does it with some delay that
is needed to establish thermal equilibrium of the populations
over magnetic sublevels of the ground state. Thus, in the
response to a magnetic field modulated at sufficiently high fre-
quency (exceeding the ground-state spin-relaxation rate), the
paramagnetic contribution can be strongly suppressed even at
low temperatures [13].

The behavior of the absorption and FR spectra of in-
homogeneously broadened lines under conditions of strong
resonant excitation has been previously studied for optical
transitions in atomic (gaseous) systems, where the inhomo-
geneous broadening is associated with the Doppler effect
[14,15]. In these systems, under the usual experimental condi-
tions, the magnetic splitting of the energy levels appears to be
smaller than the thermal energy kBT (kB being the Boltzmann
constant) by many orders of magnitude, and, as a result, the
paramagnetic contribution to the Faraday effect may be ne-
glected. In this case, the pure diamagnetic FR spectrum of an
isolated optical transition looks as shown in Fig. 1(c).
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FIG. 1. (a,b) Absorption (D) and refraction (n) spectra of an
isolated inhomogeneously broadened optical transition; (b) for the
transition with a spectral hole burnt by monochromatic laser light.
(c,d) Corresponding spectra of diamagnetic FR (φ). The spectra of
the transition with a spectral hole are supposed to be measured with
an additional light source. �ω is the relative detuning from the
resonance.

Under conditions of strong resonant laser excitation of an
inhomogeneously broadened transition, the absorption line
profile [see Fig. 1(a)] becomes distorted by the hole-burning
effect [Fig. 1(b)], and an additional spectral contribution
(contribution of the “hole”) to the FR spectrum arises. As
compared with the FR spectrum in the linear regime, this
contribution has the opposite sign, is spectrally narrower, and,
accordingly, is greater in magnitude [Fig. 1(d)]. The ratio of
the amplitudes of the two components (“broad” and “narrow”)
to the FR spectrum, as can be expected, should correlate
with the ratio of the inhomogeneous to homogeneous widths,
which, as seen from the figure, can be measured in a single-
beam (rather than pump-probe) configuration with the probe
beam tuned to the line center.

As was shown in a number of previous publications [16,17]
and noted in our recent work [10], this ratio, in the f - f
transitions of RE ions in crystals, may reach six to eight orders
of magnitude, and, correspondingly, the nonlinear Faraday
effect in these systems may exceed its linear counterpart also
by many orders of magnitude. It is important to note that,
in the single-beam measurements of the nonlinear Faraday
effect, the wavelength of the laser beam always coincides with
the hole center, where the nonlinear FR angle is the greatest.
Thus, we can conclude that, with increasing intensity of the
probe laser light, the resonant FR in the center of the f - f
transition will change its sign and increase in magnitude by
many orders of magnitude.

III. THEORETICAL BACKGROUND

This section presents a semiquantitative consideration of
the nonlinear Faraday effect observed for resonant prob-
ing of an inhomogeneously broadened spectral line. Similar
phenomena in gas systems, with inhomogeneous broadening
caused by the Doppler effect, were described in Refs. [14,15].
Here, we consider optical transitions of paramagnetic ions
in a crystal lattice, with a static inhomogeneous broadening
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FIG. 2. The simplest energy-level diagram of a Kramers impurity
ion in magnetic field. E1 and E2 are the ground and excited states,
and ±1/2 indicate the spin levels split by the longitudinal magnetic
field. Under real experimental conditions, the magnetic splittings of
the ground and excited states are much smaller than the total width
of the transition, and the line profile, under strong resonant pumping,
looks like curve D in Figs. 1(a) or 1(b) depending on whether the
inhomogeneous width predominates homogeneous one or not.

associated with spatial fluctuations of the local crystal fields.
The results of this treatment are further applied to RE-
activated crystals. For consistency of their relation, we first
consider the general characteristics of the FR spectra in the
linear regime and, then, specific features of the nonlinear FR
from inhomogeneously broadened transitions of ensembles of
paramagnetic atoms (ions).

A. Homogeneous broadening, linear FR

As is known, the FR angle φ is expressed in terms of
the refractive indices n±(ω) of the medium for the circularly
polarized waves σ± as

φ = ωl

c
[n+(ω) − n−(ω)], (1)

where ω is the optical frequency of the probe beam, l is the
sample length, and c is the speed of light. The contribution
of the impurity ions to the refractive index n+(n−) is deter-
mined by the transitions between the energy states, with the
difference �M of the projections of angular momentum on the
light propagation direction equal to +1 (−1) (Fig. 2). In zero
magnetic field, B = 0, the values of the relative population
difference p± (the difference between the diagonal elements
of the density matrix of the impurity system), as well as
the frequencies ω± for the transitions with �M = +1 and
�M = −1 are the same (for zero magnetic field, we denote
p± ≡ p and ω± ≡ ω0), and the FR vanishes (φ = 0). When
the magnetic field B is turned on, the energy levels of the
impurity centers undergo the Zeeman splitting, which for
the states with |�M| = 1 is equal to the Larmor frequency
ωL ≡ gμBB/h̄ (here, g is the factor describing the magnetic

splitting of a given ion, μB is the Bohr magneton, and h̄ is
the reduced Planck’s constant). Therefore, the frequencies and
populations for the transitions with �M = +1 and �M = −1
become different and can be presented in the form

ω± = ω0 ± ωL, p± = p ± h̄ωL/2kBT, (2)

where kB is the Boltzmann constant, and T is the temperature.
[Eq. (2) is valid for h̄ωL/2kBT < 1]. In the case of the absence
of the inhomogeneous broadening, when the frequency ω0 is
the same for all impurity centers, we can represent the above
refractive indices n± in the form

n±(ω) = 2πd2

h̄
N p± f (ω± − ω)

= 2πd2

h̄
N[p ± h̄ωL/2kBT ] f (ω0 ± ωL − ω). (3)

Here, d is the dipole moment of the optical transitions σ±,
N is the concentration of the impurity centers, the function f
describes the frequency dependence of the refractive indices
n±(ω), and for the homogeneously broadened optical transi-
tion has the form

f (ν) = ν

ν2 + γ 2
, (4)

where γ is the width of the homogeneously broadened transi-
tion. In Eq. (3), we do not take into account the background
part of the refractive index not associated with the considered
transition of the impurity ion.

At low magnetic fields, where ωL < γ , kBT , the depen-
dence of the FR angle on the magnetic field (or on the Larmor
frequency ωL) is linear and can be found using Eq. (1):

φ

ωL
= ωl

c

d

dωL
[n+(ω) − n−(ω)]|ωL=0. (5)

Substituting here n±(ω) from Eq. (3), we have

φ = φC − φA,

φC ≡ V h̄

2kBT
f (ω0 − ω), φA ≡ V p

∂

∂ω
f (ω0 − ω),

V ≡ 4πd2N

h̄

ωLωl

c
. (6)

The contribution φC , usually referred to as paramagnetic or
C-term [11] is associated with variations of the impurity
energy-level populations in the magnetic field. As seen from
Eq. (6), the C-term decreases with increasing temperature.
Dynamics of this contribution under variations of the mag-
netic field is controlled by the population relaxation time T1,
so that, upon modulation of the magnetic field at frequen-
cies exceeding 1/T1, the contribution φC is being suppressed.
Thus, at sufficiently high temperatures (kBT � h̄ωL) and un-
der conditions of sufficiently high frequency of the magnetic
field modulation, the contribution of the C-term to the de-
tected FR signal can be neglected.

The contribution φA, usually referred to as diamagnetic
or A-term [11], is related to the shift of the impurity energy
levels in the applied magnetic field. This contribution, which
is temperature independent and practically inertialess, will be
most important for interpretation of our experimental data.
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Below, we consider the behavior of this contribution for inho-
mogeneously broadened transitions at high intensities of the
probe beam, where the effects of optical nonlinearity become
essential.

B. Inhomogeneous broadening, nonlinear FR

Let the line of the inhomogeneously broadened transition
be centered at the frequency ω̄ and described by the shape
function P (ν) > 0 (

∫
P (ν)dν = 1), so that NP (ω0 − ω̄)dω0

is the concentration of the impurity centers with the transi-
tion frequency lying within the range [ω0, ω0 + dω0]. With
the inhomogeneous broadening introduced in this way, the
diamagnetic contribution to the FR is given by the relation

φA(ω) = V
∫

dω0P (ω0 − ω̄)p(ω0)
∂

∂ω
f (ω0 − ω). (7)

Equations (3) and (7) show that the contribution φA(ω) is
proportional to the derivative of the refractive index n± (at
ωL = 0).

At low light intensity, when the impurity system is prac-
tically not perturbed by the light, the population difference
p(ω0) for all spectral fractions remains the same [p(ω0) =
peq], as well as the total population of the lowest states of the
impurity centers. With increasing intensity, the population dif-
ference for the resonant and near-resonant spectral fractions
may decrease, giving rise to the so-called hole-burning effect
and to the nonlinear Faraday effect.

Let us estimate, first, the value of the FR in the linear
regime. We assume here that the function P (ν) is essen-
tially nonzero within the range ν ∈ [−�,�], where P (ν) ∼
1/[2�] ≡ P̄ . In this case, the quantity � characterizes the
inhomogeneous width, which is assumed to be much greater
than γ . Denoting the FR at the center of the inhomogeneously
broadened line (ω̄), in the absence of saturation, by φA0 and
using the accepted simplifications, we obtain for this quantity
[setting ω = ω̄ in Eq. (7)] the following estimate:

φA0 ≈ −V peqP̄
∫ ω̄+�

ω̄−�

∂

∂ω0
f (ω0 − ω̄) dω0 = −V peqP̄

2�
.

(8)
Let us make now a similar estimate for the FR φA1 under

the condition of optical saturation. As noted above, in this
case, the function p(ω0) appears to be distorted by the “hole”
at the frequency ω0 ≈ ω̄. We will characterize this hole by
a bell-shaped function L(ν), which reaches its maximum at
ν = 0, has a width of γ̃ > γ , and is, in magnitude, restricted
to 0 < L(ν) < 1. Using this function, we can represent the
population distribution p(ω0) in the form

p(ω0) = peq[1 − L(ω0 − ω̄)]. (9)

As follows both from intuitive and from more rigorous theo-
retical considerations, the function L(ν), describing the hole,
should meet certain requirements. The depth of the hole L(0)
and its width γ̃ should depend on the probe beam intensity I ,
so that limI→0 L(0) = 0 and limI→0 γ̃ = γ . With increasing
intensity, the amplitude L(0) should increase and tend to unity
as I → ∞. Regarding the hole width γ̃ , at low and moderate
intensities, when L(0) 	 1, it should be ∼ γ , and start to
increase with further growth of the intensity.

Substituting Eq. (9) into Eq. (7) and taking into account
that � � γ̃ (i.e., the width of the burnt hole is always smaller
than the inhomogeneous width), we can write for the FR angle
φA1 measured under these conditions the following relations:

φA1 = φA0

+V peq

∫
dω0P (ω0 − ω̄)L(ω0 − ω̄)

∂

∂ω0
f (ω0 − ω̄)

≈ φA0 + V peqP (0)
∫

dω0L(ω0 − ω̄)
∂

∂ω0
f (ω0 − ω̄).

(10)

Now, taking into account that the function L(ω0 − ω̄) is
essentially different from zero at ω0 ∈ [ω̄ − γ̃ , ω̄ + γ̃ ] [where
it is ∼ L(0)], and also the fact that P (0) ∼ P̄ , we obtain, for
φA1, the following estimate:

φA1 ≈ φA0 + V peqP̄L(0)
∫ ω̄+γ̃

ω̄−γ̃

dω0
∂

∂ω0
f (ω0 − ω̄)

≈ V peqP̄
[L(0)

2γ̃
− 1

2�

]
. (11)

In accordance with the properties of the quantities L(0) and
γ̃ described above, with increasing intensity of the probe, the
first fraction in the square brackets first increases [since L(0)
grows], reaches its maximum at a certain intensity I = Ic and
then slowly decreases [when L(0) ≈ 1 and γ̃ continues to
grow]. From Eq. (11) one can see that, at sufficiently high
intensities, the first term becomes greater than the second, and
φA1 changes its sign.

The relationship (11) allows us to propose a way to es-
timate the ratio �/γ (inhomogeneous width to homogeneous
width), which is, as noted in Ref. [10], an important parameter
for assessing the applicability of SNS to a particular impurity
system. Indeed, when the probe beam intensity is equal to
Ic, the value of L(0) is already close to unity, while the hole
width γ̃ is yet close to the homogeneous width γ . Now, as can
be seen from Eqs. (11) and (8), the easily measurable ratio
R ≡ φA1/φA0 can be estimated as

R|I=Ic = φA1|I=Ic

φA0
∼ �

γ
. (12)

Thus, we see that the large value of the ratio of the inho-
mogeneous width of a transition to its homogeneous width
provides not only the “giant SN gain effect” [10], but may
also give rise to a “giant nonlinear FR.”

A more rigorous quantitative consideration, which we do
not present here, confirms the above reasoning and leads to
the following formula for the ratio R introduced above:

R = �2 + γ 2

�γ

πs

2
√

s + 1(
√

s + 1 + 1)2
− 1,

s ≡ �2
R

γ γ exc
. (13)

Here, �R ∼ √
I and γ exc are the Rabi frequency and the

excited-state decay rate, respectively, of the impurity-ion
transition. An example of the dependence R(s) is presented
in Fig. 3. Qualitatively, the behavior of the nonlinear FR

174430-4



NONLINEAR FARADAY EFFECT AND SPIN NOISE IN … PHYSICAL REVIEW B 104, 174430 (2021)

0 2 4 6 8 10

0

20

40

60

80

s

R

30

100

/  = 300

0 0.01 0.02

−1

0

1

s

R

FIG. 3. Dependence of the resonant nonlinear FR (in units of
linear FR) on the probe beam intensity (in units of the saturation
factor s) for three values of the ratio �/γ . The inset in the center
shows inversion of the FR sign at low light intensities.

described by this formula is well correlated with our ex-
pectations: with increasing intensity of the probe beam, the
FR, first, decreases, then changes its sign, before it strongly
increases in magnitude.

The value s ∼ I is usually referred to as the saturation
factor. The second fraction in Eq. (13) reaches its maximum
(0.27) at s = sc = 4.81. The probe beam intensity (the light
power density) corresponding to this value of the saturation
factor was denoted above by Ic.

Now, one can easily see that, at � � γ , Eq. (13) yields a
result similar to (but more accurate than) the estimate (12)

R|I=Ic = 0.27
�

γ
. (14)

This equation can be used to estimate the homogeneous width
of the optical transition from the “FR gain factor” and to
predict the efficiency of application of the SNS technique to
this particular system.

IV. METHODS AND SAMPLES

To perform the experiments suggested above with a solid-
state paramagnet, it is not enough to measure the FR at high
intensity of the probe beam. One also has to get rid of the
paramagnetic contribution, which usually predominates at low
temperatures and may substantially distort the results of the
measurements. In addition, the spectral width of the probe
beam should be smaller than the homogeneous width of the
transition under study.

The schematics of the experimental setup is presented in
Fig. 4. As a light source we used a tunable Ti:sapphire contin-
uous wave ring laser (Coherent MBR110) with the linewidth
of around 40 kHz. The linearly polarized laser beam of
2-mm diameter was focused at the sample using the 60-mm
focal-length lens. The rotation of the polarization plane of
the transmitted beam was analyzed by the half-wave plate
followed by the Wollaston prism and balanced photodiodes
(Newport Nirvana 2007). Using additionally the single diode
output, we were able to evaluate the absolute value of the
rotation angle. The sample was mounted inside the continuous

FIG. 4. A sketch of the experimental setup for measuring the FR
angle. The laser beam power was controlled by the λ/2 plate and
Glan-Taylor (GT) prism. Longitudinal magnetic field was created
by a pair of coils. Polarimetric detector consisted of λ/2 plate,
Wollaston prism (WP), and a pair of photo diodes. The FR angle
was obtained by measuring the difference signal I1 − I2 normalized
by I1.

flow cryostat on a cold finger at the temperature of ∼6 K. To
measure the diamagnetic contribution to the FR, we applied
a longitudinal oscillating magnetic field using an electromag-
net, with its frequency ( fm = 333 Hz) substantially exceeding
the spin-lattice relaxation rate of the ground-state spin system.
This frequency was then used as a reference for a lock-in
amplifier to detect the signal.

To be able to compare the results of magnetooptical and
spin-noise measurements, we used here the same crystals that
were studied in our previous work on SNS [10]. These include
a SrF2 crystal coactivated with Nd3+ (0.5 mol %) and Yb3+

(0.15 mol %), and a crystal of CaF2:Nd3+ (0.1 mol %).

V. RESULTS OF THE MEASUREMENTS

A. Nonlinear FR spectra

The measurements of the FR spectra were performed on
several lines of the f - f transitions of Nd3+ and Yb3+ ions
in the CaF2 and SrF2 crystals. As expected, the behavior of
the FR spectra strongly differed at different transitions. Some
of them had a complicated structure, which did not allow
us to apply our simplified model. Still, there were several
well-isolated lines with a pronounced dependence of their
FR spectra on the probe beam intensity. As an example,
Fig. 5(a) shows the evolution of the FR spectrum of the line
at 862.68 nm of Nd3+ in CaF2 with increasing probe beam
intensity. This transition of the tetragonal center is character-
ized by the longest lifetime of the excited state (∼1.5 ms) [18].
Several FR spectra at the lowest light intensities (presumably
in the linear regime) are shown in the inset. As we can see, the
observed behavior perfectly agrees with the predictions of our
model: the spectrum of the linear FR (at low light intensity)
approximately corresponds to the derivative of the line’s re-
fractive index. Then, with increasing light intensity, the FR,
in the line center, inverts its sign and strongly increases in
magnitude. In this particular case, the greatest nonlinear FR
exceeded the linear FR by nearly two orders of magnitude.

This is, however, not a common type of intensity-related
behavior of the FR spectrum. Figure 5(b) shows another ex-
ample of this behavior, when the FR spectrum virtually does
not vary with the light intensity. In accordance with Ref. [18],
this transition belongs to the Nd3+ M-center (pair center),
characterized by fast cross-relaxation between the levels of
the Nd ions comprising the center, which drastically shortens
the excited-state lifetime (to 92 μs). Under these conditions,
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FIG. 5. Two patterns of behavior of the FR spectrum vs probe
light intensity for (a) inhomogeneously and (b) homogeneously
broadened transitions measured for the CaF2-Nd (0.1%) crystal. In
the first case, panel (a), the FR, as a function of laser intensity,
changes its sign at the resonance and grows in magnitude (see also
the inset for lower powers), while in the second case, panel (b), it
remains the same in a wide range of laser intensities. The spectra are
shifted for clarity, whereby the zero level is marked by the dashed
horizontal line. Note the scale difference between panels (a) in radian
and (b) in milliradian.

the line appears to be broadened homogeneously, and no spec-
tral hole is produced.

B. Measuring the homogeneous widths

As follows from the above treatment, the homogeneous
width of the transition can be found by measuring the factor
of enhancement of the nonlinear FR (R). Figure 6 shows the
light-intensity dependencies of the resonant FR measured on
several transitions of the RE ions in the studied crystals. The
general pattern of these dependencies, for all lines, correlates
well with the results of our treatment presented in Fig. 3.

The results of the calculations of the homogeneous
linewidths of the studied transitions obtained using our ex-
perimental data and Eq. (14) are presented in Table I. These
results show that the quantity γ is of the same order for all
the transitions that revealed a pronounced nonlinear Faraday
effect and lies in the range of a few tens of MHz. To make sure
that the estimates of the homogeneous linewidths obtained
from the measurements of the nonlinear FR are correct, we
performed independent measurements of this quantity. The
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FIG. 6. Dependencies of the resonant FR for the studied transi-
tions on the probe beam power density for (a,b) SrF2:Yb (0.15%),
for (b) SrF2:Nd (0.5%), and for (c) CaF2:Nd (0.1%). λ is the
probe wavelength at the transition. The FR enhancement factor R =
|FRmax/FRmin|, see panel (a). T = 6 K, maximal amplitude of the
oscillating magnetic field B∼ = 0.3 mT, fm = 333 Hz. The green
lines are guides for the eyes and are connecting the data points.

used method was based on the fact that the nonlinear FR
measured in our experiments should depend linearly on the
applied oscillating magnetic field only as long as the Zeeman
splitting modulation remains smaller than the width of the
hole burnt by the laser light in the inhomogeneously broad-
ened line. Thus, the width of the hole can be estimated by

TABLE I. Evaluation of the homogeneous width for some tran-
sitions of Nd3+ and Yb3+ in the studied crystals. λ is the probe
wavelength at the transition, R is the FR enhancement factor, � is the
measured spectral width of the transition, and γ is the homogeneous
width of the transition, calculated using Eq. (14).

Crystal λ, nm R �, GHz γ , MHz

SrF2-Yb (0.15%) 965.44 13 2.68 44
SrF2-Yb (0.15%) 965.15 28 4.0 31
SrF2-Nd (0.5%) 863.365 134 26.8 54
CaF2-Nd (0.1%) 862.68 108 15.2 38
CaF2-Nd (0.1%) 863.415 70 12.8 50
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FIG. 7. Dependence of the FR signal on the amplitude of the
applied oscillating magnetic field for the transition at 862.68 nm of
Nd3+ in CaF2. T = 6 K, fm = 333 Hz. Red line is a linear fit. Vertical
dashed line at 0.5 mT shows the point where the data start to deviate
from the linear dependence.

measuring the dependence of the FR signal on the applied
field amplitude.

Results of such measurements made on the 862.68 nm
line of Nd3+ in CaF2 are shown in Fig. 7. These measure-
ments were performed at the light power density of around
0.3 kW/cm2, falling into the range of the initial linear de-
pendence of the nonlinear FR on the probe beam intensity
(Fig. 6), where the hole width is supposed to be not broadened
by the light. It is also important that the amplitude of the
oscillating field used in the measurements presented in Fig. 6,
as one can see, belongs to the linear part of the plot in Fig. 7,
which means that the approximation of smallness of the field
amplitude, in these measurements, was satisfied.

As seen from Fig. 7, the presented dependence starts to
deviate from a linear dependence at around 0.5 mT, which,
for the mean g factor 3, yields the value gμBB/h ≈ 21 MHz,
correlating well with the measured homogeneous widths (h is
the Planck’s constant), see Table I.

C. Discussion

Now, we can check whether the results of the FR-based
measurements of the homogeneous widths agree with the the-
oretical estimates of this value. To evaluate the homogeneous
width associated with the magnetic dipole-dipole interaction
of the paramagnetic ions, we can use the following formula
[19]:

γ = k̃Cg̃2μ2
B

h̄
, (15)

where g̃ is the characteristic g factor of the impurity ion,
k̃ ∼ 2.53 is a numerical factor, governed by the relative values
and signs of two pairs of g factors of the ground and excited
states of the ion, and C is the impurity concentration. The
estimate of γ using Eq. (15) for the tetragonal Nd3+ center
in the CaF2 crystal with C = 2.46 × 1019 cm−3 and g̃ = 4
yields γ = 2π × 16 MHz, which, taking into account the

uncertainties of our measurements and made approximations,
agrees well with the experimental data of γ for the transitions
presented in Table I.

We did not find, in the literature, results of measuring
the homogeneous linewidths of the f - f transitions in these
particular transitions, whereas it is known that, for other RE
ions and for different f - f transitions, these values may vary
from tens of Hz to several GHz [17,20]. In particular, in
Ref. [21], the homogeneous width of the f - f transitions of
Nd3+ in CaF2 at 9 K reached 350 MHz. Studies of this kind
are mainly aimed at searching for the smallest linewidths,
most interestingly from the viewpoint of applications [22–24].
For this study, we did not specfically choose samples with an
extraordinary small linewidth to observe a strong nonlinear
FR, and we believe that, using other RE-doped crystals and
other transitions, the effect of the enhanced nonlinear FR,
being several orders of magnitude stronger, will become ob-
servable.

VI. CONCLUSION

In this paper, we demonstrated specific features of the
nonlinear resonant Faraday effect observed on the f - f tran-
sitions of trivalent rare-earth ions in crystals. We show that in
transitions broadened essentially inhomogeneously and under
conditions of sufficiently high intensity of the probe beam,
the diamagnetic Faraday rotation may increase by several
orders of magnitude as compared with its linear (unperturbed)
value. In other words, we show that the giant spin-noise gain
effect, not revealed in the regular linear Faraday rotation of
the medium, can be revealed as an equally giant regular non-
linear Faraday effect under conditions of resonant probing.
The results of our magnetooptical measurements confirm the
correlation between the magnitude of the spin noise and the
homogeneous width of the transition. The proposed magne-
tooptical method of testing optical transitions can be useful
not only for studying the applicability of spin-noise spec-
troscopy to a particular system, but also as a single-beam
method for measuring the homogeneous width of the optical
transitions of paramagnetic impurities in crystals. Note also
that the giant nonlinear Faraday rotation that may exceed the
linear Macaluso-Corbino effect by many orders of magnitude,
can find application in numerous magnetooptical devices for
the laser wavelength stabilization and for magnetometric pur-
poses [15].
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