
PHYSICAL REVIEW B 104, 174424 (2021)

Spin pumping in noncollinear antiferromagnets
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The ac spin pumping of noncollinear antiferromagnets is theoretically investigated. Starting from an effective
action description of the spin system, we derive the Onsager coefficients connecting the spin pumping and spin-
transfer torque associated with the dynamics of the SO(3)-valued antiferromagnetic order parameter. Our theory
is applied to a kagome antiferromagnet resonantly driven by a uniform external magnetic field. We demonstrate
that the reactive (dissipative) spin-transfer torque parameter can be extracted from the pumped ac spin-current in
phase (in quadrature) with the driving field. Furthermore, we find that the three spin-wave bands of the kagome
antiferromagnet generate spin currents with mutually orthogonal polarization directions. This offers a unique
way of controlling the spin orientation of the pumped spin current by exciting different spin-wave modes.
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I. INTRODUCTION

Over the last years, there has been rapidly growing inter-
est in implementing antiferromagnetic elements in spin-based
electronics. This has led to the development of antiferromag-
netic spintronics [1–6], in which the information is coded
into the magnetic moments of antiferromagnets (AFMs) [7].
Unlike ferromagnets, which have been the traditional building
blocks of spintronics, AFMs are remarkably stable against
magnetic field noise due to their vanishing magnetization.
Furthermore, AFMs are characterized by terahertz (THz) spin
dynamics, which is a thousand times faster than the charac-
teristic frequency of ferromagnets. The ultrahigh frequency of
AFMs is desirable for use in future spin electronics because
it allows for significantly higher operational speeds of the
devices. Ultrafast switching of AFMs has been experimentally
demonstrated [8] and recent works have shown that the anti-
ferromagnetic order is efficiently manipulatable via electric
currents [8–21] as well as optical pulses [22–24].

A cornerstone of spintronics is the ability to manipulate
the order parameter of magnetic materials via spin-transfer
torques (STTs)—the process where spin currents produce
magnetic torques via direct transfer of spin angular momen-
tum from the itinerant electrons to the ordered spin system
[25]. The reciprocal process of the STT is spin pumping and
refers to the phenomenon where the collective spin excitations
of the magnet pump a spin current into adjacent metallic leads
[26]. Notably, the linear response coefficients describing the
STT and spin pumping are connected via the Onsager recipro-
cal relations [27–30]. Consequently, one can obtain significant
insight into the strength, symmetry, and governing mecha-
nisms of the STT by probing the reciprocal spin-pumping
process.

In AFMs, spin pumping [20,31,32] and STT [10,15,17]
have been theoretically investigated in several works, and two
experiments recently observed sub-THz spin pumping in the
uniaxial insulating AFMs MnF2 [33] and Cr2O3 [34]. Most
of these works have concentrated on collinear AFMs, which

are antiferromagnetic systems characterized by a single order
parameter (commonly known as the staggered field or Néel
vector). However, several AFMs require two or three mutually
orthogonal staggered fields to describe the spin order correctly
(see Fig. 1) [35]. In this case, the system is referred to as a
noncollinear AFM (NCAFM). The spin order of NCAFMs
is parameterized by a rotation matrix, which defines the ori-
entation of the reference frame spanned by the orthogonal
staggered fields [35,36]. To date, little knowledge exists on
how spin currents couple to the SO(3) order parameter of
NCAFMs. In Ref. [17], the STT was phenomenologically
investigated, whereas the dissipative coupling mechanism
was derived in Ref. [37] from a scattering matrix formalism
and applied to amorphous magnets and kagome AFMs in
Refs. [38,39]. However, so far, there have been no thorough
investigations of the spin pumping process in these nontrivial
spin systems.

In this paper, we derive a general theory of the reactive
and dissipative ac spin pumping in NCAFMs. The general
formalism is applied to NCAFMs with kagome lattice struc-
ture. Importantly, we find that both the reactive and dissipative
STT parameters can be mapped out from the spin-pumping
signal measured via the inverse spin Hall effect (ISHE). Ad-
ditionally, we show that the three spin-wave bands of the
kagome AFM produce spin currents with orthogonal spin po-
larizations, which enables manipulation of the spin current’s
orientation by only tuning the frequency of the external driv-
ing field. When the driving field hits the resonance frequency
of a spin-wave band, a current with a fixed spin polariza-
tion is created. This phenomenon differs markedly from spin
pumping of ferromagnets and collinear AFMs, where a re-
orientation of the magnetic state is required for changing the
polarization direction. Thus, our paper demonstrates that spin
pumping could represent an effective technique for exploring
novel spin torque mechanisms in NCAFMs.

This paper is organized as follows. Section II presents a
general effective action description of NCAFMs and derives
the Onsager coefficients representing the coupling between
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FIG. 1. Illustration of two reciprocal spin processes in a bilayer
consisting of an NCAFM interfaced with a normal metal (NM).
(a) A spin accumulation μs in the NM induces a spin current Is

that flows into the NCAFM, producing an STT on the NCAFM.
(b) A uniformly precessing NCAFM, which is driven by the effective
fields f r and f m, pumps a spin current Is into the NM layer. For a
uniformly precessing NCAFM with strong exchange interaction, the
antiferromagnetic spin state can be parametrized by the macroscopic
staggered vectors L1, L2, L3, and the dynamics can be described as a
rotation of the coordinate system spanned by these vectors. The STT
and spin pumping in (a) and (b), respectively, are connected via the
Onsager reciprocal relations.

the NCAFM and spin currents. From the Onsager coefficients,
a general theory of spin pumping is derived. Then, in Sec. III,
the general theory is applied to kagome AFMs. A summary
is provided in Sec. IV, whereas the action and dissipation
functionals of kagome AFMs are microscopically derived in
Appendices A and B.

II. GENERAL THEORY

We consider the reciprocal processes spin pumping and
STT in a bilayer consisting of an NCAFM of volume V inter-
faced with a normal metal (NM) (see Fig. 1) [20,28,40]. Our
main aim is to derive a general theory for the spin pumping of
a uniformly precessing NCAFM. To this end, we first consider
the STT, derive the Onsager coefficients governing the STT-
driven uniformly precessional motion of the NCAFM, and
then use the Onsager reciprocal relations to find an expression
for the spin pumping.

Our model is based on the assumption that the exchange
interaction of the NCAFM is much stronger than any other
interaction energies in the microscopic spin Hamiltonian such
that the mutual orientation of the sublattice spins only is
weakly affected by the dynamics of the NCAFM [35,36]. The
STT is produced by a spin accumulation μs in the NM layer at
the NM/NCAFM interface [40]. The vector μs has a direction
parallel to the out-of-equilibrium spin density in the NM and a

norm equal to the difference between the chemical potentials
of the spin-up and -down electrons. The spin accumulation
yields a spin current that flows into the NCAFM, transferring
its spin angular momentum to the antiferromagnetic system.
The source of this spin accumulation does not play a role in
the theory we develop and could, in principle, originate from
any microscopic mechanism generating an out-of-equilibrium
spin density (e.g., spin Hall effect). Furthermore, we disregard
the effects of the SOC that break the spin rotational symmetry
of the STT. In this case, the effective action S of the NCAFM
can to second order in the space-time gradients and external
forces (i.e., STTs and magnetic fields) be written as [36]

S =
∫

dV dtL. (1)

The Lagrangian density L = T − U − Us of the spin system
consists of a kinetic term T ,

T = a1

2
V · m, (2)

the energy U produced by the exchange interaction, the spin-
orbit coupling (SOC), and the magnetic field ∼h,

U = �
αβ
i j

[
∂αRT ∂βR

]
i j + νkl

i j Ri jRkl + κ̃i jmimj − h · m, (3)

and a term Us representing the coupling to the spin accumu-
lation μs of the itinerant quasiparticles that diffuse into the
NCAFM from the adjacent NM layer:

Us = λm · f s. (4)

Here, a1 is a constant that depends on the lattice structure, R
is a rotation matrix that describes the orientation of the refer-
ence frame spanned by the staggered fields of the NCAFM,
Vi = −(1/2)εi jk[RT Ṙ] jk (where εi jk is the Leivi-Civita tensor
and Ṙ ≡ ∂t R), f s = μs/h̄, and m is proportional to the out-
of-equilibrium magnetization produced by a relative tilting of
the magnetic sublattices. ∂αR represents the partial derivatives
of the rotation matrix with respect to the spatial coordinates,
i.e., α ∈ {x, y, z}. For further analysis, it is convenient to split
κ̃i j into isotropic and anisotropic terms: κ̃i j = a2δi j + ηi j (δi j

is the Kronecker delta). The coefficients �
αβ
i j and a2 (νkl

i j and
ηi j) are proportional to the isotropic exchange interaction (the
anisotropy energy), whereas the constant λ parameterizes the
strength of the reactive STT induced by the spin accumulation.
Throughout, Einstein’s summation convention is implied for
repeated indices.

The dissipative processes in the NCAFM is determined by
the dissipation functional [17,41]

G =
∫

dV dt

[
α̃

8
Tr

(
ṘT Ṙ

) + λ̃

2
V · f s

]
, (5)

where α̃ and λ̃ parametrize the damping of the spin system
and the dissipative STT, respectively.

In Appendices A and B, we microscopically derive the
above action and dissipation functional for a NCAFM with
a kagome lattice. For the sake of completeness, we have in
Eq. (3) also included the energy contribution from the spatial
variations of the order parameter. However, when deriving the
Onsager coefficients, we will restrict ourselves to the uniform
case and disregard the gradient terms.
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We consider small deviations from the uniform equilibrium
state of the NCAFM. In this case, it is convenient to use a
Gibbs vector representation of the SO(3) rotation matrix R.
The Gibbs vector r corresponding to a rotation by an angle of
θ about the axis n̂ is r = tan(θ/2)n̂, and the action of R on a
general vector v is [35,42]

Rv = v + 2

1 + |r|2 [r × v + r × (r × v)]. (6)

Furthermore, it is possible to represent the partial derivatives
∂μR of the rotation matrix in terms of the Gibbs vector via the
relationship (here, μ ∈ {t, x, y, z}) [42]

[(∂μR)RT ]i j = εik j
2

1 + |r|2 [∂μr + r × ∂μr]k. (7)

Note that the identity matrix corresponds to r = 0. Thus,
|r| � 1 since we consider small deviations from the equi-
librium state. Using Eqs. (6) and (7) and keeping terms in
Eqs. (2)–(4) up to second order in the out-of-equilibrium
quantities {r, m} and external force fields { f s, h}, we find the
Lagrange density:

L = a1m · ṙ − U (r, m) − Us(m, f s). (8)

Here, Us(m, f s) is given by Eq. (4), and the potential U (r, m)
takes the form of

U = 
αβ
i j ∂αri∂βr j + κi j rir j + κ̃i jmimj − h · m, (9)

where we have introduced the anisotropy tensor κi j =
2εkil [2εm jnν

mn
kl + εl jm(νkm

nn + νnn
km)] and the exchange tensor


αβ
i j = 4[�αβ

kk δi j − �
αβ
i j ]. The dissipation Eq. (5) becomes

G =
∫

dV dt[α̃ṙ2 + λ̃ṙ · f s]. (10)

Equations (8) and (10) provide a general effective descrip-
tion of the NCAFMs’ dynamics. In the absence of external
force fields, the Lagrangian Eq. (8) is equivalent to the phe-
nomenological theory derived from symmetry arguments in
Ref. [35]. This can be seen by minimizing the action with
respect to m, which yields m = (a1/2a2)[I + η/a2]−1ṙ (I is
the identity matrix). The norm of the matrix η/a2 is small be-
cause η is proportional to the SOC whereas a2 is linear in the
strong antiferromagnetic exchange interaction. This implies
that [I + η/a2]−1 ≈ [I − η/a2]. Substituting the expression
for m back into the Lagrange density leads to

L = χi j ṙi ṙ j − 
αβ
i j ∂αri∂βr j − κi j rir j, (11)

where χi j = (a2
1/4a2)[δi j − ηi j/a2]. To second order in r,

Eq. (11) is identical to the phenomenology developed in Ref.
[35]. The STT-induced coupling terms in Eqs. (4) and (5)
was phenomenologically derived in Ref. [17] based on the
spin-conservation principle.

Next, we will use Eqs. (8)–(10) to derive a general expres-
sion for the spin pumping in NCAFMs. We consider a spatial
uniform driving field h(t ) such that the spatial variations of
r and m can be disregarded. The NM is assumed to act as a
perfect spin sink, implying that the backflow of spin from the
NM to the NCAFM is negligible.

Generally, the state of a system can be described by a set
of thermodynamic variables {qi|i = 1, 2, 3...}. Let fi denote

the thermodynamic force that induces a flux Ji in the quantity
qi. In linear response, the fluxes are given by the equation
Ji = Li j f j , where the off-diagonal elements of the response
matrix [Li j] are related via the Onsager reciprocal relations
Li j = εiε jL ji. Here, εi = 1 (εi = −1) if the thermodynamic
variable qi is even (odd) under time reversal [27]. At con-
stant temperature T , the fluxes and forces are chosen such
that the entropy generation S is given by T Ṡ = ∑

i Ji fi [27].
NCAFMs are described by the variables r and m, which under
time reversal transform as r �→ r and m �→ −m. The fluxes of
the NCAFM are ṙ and ṁ, whereas the associated forces are
f r = −V ∂rU and f m = −V ∂mU , respectively [28–30]. Note
that we consider a uniformly precessing NCAFM. Thus, r and
m parametrize the uniform spin state of the entire NCAFM.
During precessional motion of the isolated NCAFM, the
heat generation of the antiferromagnetic system is f r · ṙ +
f m · ṁ ∼ T Ṡ. In the NM, f s is proportional to the out-of-
equilibrium spin accumulation, which leads to a flow of spin
from the NM into the NCAFM. The heat generation of this
process is f s · Is ∼ T Ṡ, which implies that f s is the ther-
modynamic force producing the pure spin current Is [28,40].
Thus, Is and f s are the flux and force of the out-of-equilibrium
spin density ρs at the NM/NCAFM interface, which under
time reversal transforms as ρs �→ −ρs. The relationship be-
tween the fluxes and thermodynamic forces are given by the
equation ⎛

⎝ ṙ
ṁ
Is

⎞
⎠ =

⎛
⎝Lrr Lrm Lrs

Lmr Lmm Lms

Lsr Lsm Lss

⎞
⎠

⎛
⎝ f r

f m
f s

⎞
⎠. (12)

Based on Eqs. (8)–(10), the Onsager coefficients gov-
erning the dynamics of r and m can be derived from
the NCAFM’s equations of motion. From the variational
equation δS/δq = δG/δq̇ (q ∈ {r, m}), we find Lrir j = 0,
Lrimj = −δi j/a1V , Lris j = λδi j/a1, Lmir j = δi j/a1V , Lmimj =
2α̃δi j/a2

1V , and Lmis j = −τδi j/a1. Here, we have defined τ =
(λ̃a1 + 2α̃λ)/a1. We see that the off-diagonal elements de-
scribing the dynamics of the isolated spin system satisfy the
expected reciprocity relations Lrimj = −Lmj ri . The coefficients
Lris j and Lmis j define the STT produced by the spin accumu-
lation. The Onsager reciprocal relations implies that Lsir j =
−Lrj si and Lsimj = Lmj si , which yields the spin pumping:

Is = − λ

a1
f r − τ

a1
f m. (13)

Equation (13) is the first central result of this paper and rep-
resents a general theory for the ac spin pumping of NCAFMs.
In Eq. (13), f s = 0 because the NM acts as a perfect spin sink
for the spin current pumped into the metallic layer.

III. SPIN PUMPING IN KAGOME LATTICES

We now apply the general theory to a thin-film (mono-
layer) NCAFM with kagome structure [43] interfaced with a
NM along z [see Fig. 2(a)]. Important examples of kagome
AFMs include Weyl semimetals and iron jarosites [44,45].
The Hamiltonian of the spin system is [41,46]

H = J
∑
〈i j〉

Si · S j +
∑

i

[Kz(Si · ê(z) )2 − K (Si · n̂i )
2]. (14)
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FIG. 2. (a) A kagome AFM at equilibrium. The spin order is
characterized by the staggered fields L1 = (S3 − S2)/

√
3S, L2 =

(S2 + S3 − 2S1)/3S [51]. The thin-film kagome AFM is interfaced
with a NM along z. (b) The spin-wave dispersion relation ω̃(i) =
(ω̃(i)2

0 + c(i)k̃2
x )1/2 with Kz/K = 10. We have introduced the dimen-

sionless quantities c(x) = 0, c(y) = c(z) = 1, ω̃(i) = ω(i)/ω
(z)
0 , k̃x =

kx (a
√

3JS/h̄ω
(z)
0 ). For a kagome AFM resonantly driven at frequen-

cies ω̃
(i)
0 by h (yellow arrows), the three spin-wave bands pump spin

currents with mutually orthogonal spin polarizations (red arrows).

Here, the first term represents the nearest-neighbor exchange
interaction J > 0, whereas the last term is the anisotropy
energy with Kz > 0 and K > 0. ê(z) is the unit vector
along z. Note that the three magnetic sublattices of the
kagome AFM experience different in-plane easy axes de-
fined by n̂1 = [0, 1, 0], n̂2 = [

√
3/2,−1/2, 0], and n̂3 =

[−√
3/2,−1/2, 0]. Consequently, the ground state of the

kagome AFM is given by a 120◦ ordering of the sublattice
spins such that Si = Sn̂i (or Si = −Sn̂i).

Following Ref. [36], the Lagrange density Eq. (8) of
the above spin Hamiltonian can be microscopically de-
rived (see Appendix A). For the constants in Eq. (8), we
find that a1 = 24h̄S/

√
3a2 and a2 = 36S2J/

√
3a, where a

is the lattice constant. The exchange energy tensor has
the nonvanishing tensor elements 

yy
xx = xx

yy = xx
zz = 

yy
zz =

4
√

3JS2/a and 
xy
xy = 

yx
xy = −4

√
3JS2/a, whereas for the

second rank tensors we find κxx = κyy = K1, κzz = K2, κ̃xx =
κ̃yy = a2, and κ̃zz = a2 + 4

√
3KzS2/a. Here, we have intro-

duced the anisotropy constants K1 = 8
√

3(Kz + K )S2/a3 and
K2 = 16

√
3KS2/a3. Equation (11) implies that the anisotropic

part of κ̃i j yields a correction on the order of ∼Kz/J to the spin
dynamics. In AFMs, the exchange energy is typically much
larger than the anisotropy energy. In what follows, we there-
fore disregard the anisotropic part and assume κ̃i j = a2δi j .
The thermodynamic forces in the spin-pumping expression

Eq. (13) are f r (t ) = −2VK · r(t ) and f m = −2a2V m(t ) +
V h(t ). Here, K is a diagonal matrix with Kxx = Kyy = K1 and
Kzz = K2. To find the time dependence of f r and f m, we solve
the equations of motion for r and m in the linear response
regime. With f s = 0, Eq. (12) yields 2a2m = a1ṙ + h and
a2

1 r̈ + 4a2K · r = −a1ḣ − 4a2α̃ṙ. Substitution of the ansatz
h(t ) = Re[h0eiωt ] and r(t ) = Re[r0eiωt ] into the equation for
r, produces the stationary solutions

ri = −h0,i
[
L(i)

s (ω) cos (ωt ) + L(i)
a (ω) sin (ωt )

]
, (15)

mi = h0,iA(i)

2a2

[
L(i)

s (ω) sin (ωt ) − L(i)
a (ω) cos (ωt )

]
, (16)

where A(i) = 4(ê(i) · K · ê(i) )a2/a1ω
(i)
0 (ê(i) are the three unit

vectors along the x, y, and z axes, respectively),  = 1/2a1�ω

with �ω = 2a2α̃/a2
1, and ω

(x)
0 = ω

(y)
0 =

√
4K1a2/a2

1, ω
(z)
0 =√

4K2a2/a2
1 are the resonance frequencies for the three spin-

wave bands of the kagome AFM (i.e., the frequencies of the
k = 0 spin waves). L(i)

s (ω) = (�ω)2/((δω(i) )2 + (�ω)2) and
L(i)

a (ω) = δω(i)�ω/((δω(i) )2 + (�ω)2) are symmetric and an-
tisymmetric functions of δω(i) = ω − ω

(i)
0 , respectively. In

arriving at the above expressions, we have expanded around
the resonance frequencies and assumed �ω/ω(i) � 1. Substi-
tuting the above stationary solutions into the thermodynamic
forces in Eq. (13), we arrive at an expression for the pumped
spin current [47]:

Is,i = h0,i
[
g(i)

1 (ω) sin (ωt ) − g(i)
2 (ω) cos (ωt )

]
. (17)

Here, the frequency-dependent functions are g(i)
1 (ω) =

VA(i)[τL(i)
s (ω)/a1 − λω

(i)
0 L(i)

a (ω)/2a2] and g(i)
2 (ω) =

VA(i)[λω
(i)
0 L(i)

s (ω)/2a2 + τL(i)
a (ω)/a1]. Equation (17) is

the second central result of this paper and provides a
theory for the spin pumping of NCAFMs with kagome
structure. Importantly, we notice that the spin current reduces
to Is,i = VA(i)h0,i[τ sin (ω(i)

0 t )/a1 − λω
(i)
0 cos (ω(i)

0 t )/2a2]
at the resonance frequencies ω

(i)
0 where L(i)

s = 1 and
L(i)

a = 0. This implies that the reactive (dissipative)
STT parameter can be extracted from the in-phase
(quadrature) component of Is with respect to the driving
field.

By applying the driving field along ê(i), the spin current
peaks at the resonance frequency ω

(i)
0 . The induced current

then only contains contributions from one of the three spin-
wave bands—the k = 0 spin wave with a frequency of ω

(i)
0 .

Interestingly, this makes it very easy to change the polariza-
tion direction of the pumped spin current since the different
spin-wave bands lead to different polarizations [Fig. 2(b)].
Specifically, a driving field h = h0ê(i) cos(ω(i)

0 t ) generates a
spin current with a spin polarization along ê(i). This is very
different from the situation in ferromagnets and collinear
AFMs, where the entire magnetic state must be rotated
for changing the polarization direction of the pumped spin
current.

A common way to detect spin pumping is to interface
the magnet with a NM having a large spin Hall angle. The
spin current injected into the normal NM layer generates a
transverse charge current due to the ISHE, which produces a

174424-4



SPIN PUMPING IN NONCOLLINEAR ANTIFERROMAGNETS PHYSICAL REVIEW B 104, 174424 (2021)

measurable Hall voltage [48–50]. We assume the NM layer
to be a heavy metal with strong SOC such that the backflow
of spin into the magnetic layer can be neglected. Further,
we consider the thickness tNM of the NM to be much larger
than the spin diffusion length λsd so the spin current vanishes
completely at the outer edge where z = tNM. An external
magnetic field h = h0 cos (ωt ) is used to excite the mag-
net. A spin current Is [given by Eq. (17)] is then pumped
into the NM. The spin current density js through the NM
layer is found by solving the spin-diffusion equation ∂tρs =
D∂2

z ρs − ρs/τsf with the boundary condition −D∂zρs(0, t ) =
Is/A at the NCAFM/NM interface and ∂zρs(tNM, t ) = 0 at the
outer edge. Here, ρs is the spin density in the NM, D is the
electron diffusion constant, τsf is the spin-flip time, and A
is the cross section area of the NCAFM/NM interface. The
spin current density is found from the solution of the spin
density via the relationship js = −D∂zρs, which yields [49]
js(z, t ) = −(Is/A) sinh [(z − tNM)/λsd]/ sinh (tNM/λsd) (here,
λsd = √

Dτsf). The charge current density generated by the
ISHE is [49,50] jISHE

c = γH (2e/h̄)[ê(z) × js], where γH is the
spin Hall angle. The system constitutes an open circuit. Thus,
the deflected charges accumulate at the interfaces, which in-
duce an electric field that exactly cancels jISHE

c . Integrating
the net current density over the metallic layer, one finds the
electric field [49],

EISHE = − 2eγHλsd

h̄AσNMtNM
tanh

(
tNM

2λsd

)
[ê(z) × Is], (18)

where σNM is the conductance of the NM layer. We have here
disregarded any electric currents in the kagome AFM layer be-
cause it is a thin film. EISHE is proportional to the spin current.
Thus, the reactive (dissipative) STT can be determined from
the in-phase (quadrature) component of the electric signal
with respect to h(t ).

IV. CONCLUSION

In conclusion, we have derived a general theory for spin
pumping in NCAFMs and applied the formalism to NCAFMs
with kagome lattice. Our findings reveal that spin pumping
represents a powerful mechanism for exploring both the re-
active and dissipative STTs of NCAFMs. We show that the
reactive (dissipative) part of the STT is proportional to the
in-phase (quadrature) component of the pumped spin current
at resonance. Additionally, we find that the three spin-wave
bands of the kagome AFM lead to currents with spin polar-
izations along the x, y, and z axis, respectively. This makes it
possible to orient the spin current along any axis by exciting
different spin-wave modes. Thus, our paper demonstrates that
the spin pumping of NCAFMs is richer and more complex
than in ferromagnets and collinear AFMs, and opens the door
for tuning the spin current’s orientation through the frequency
of h.
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APPENDIX A: EFFECTIVE ACTION OF KAGOME AFMS

The kagome AFM is modeled by the spin Hamiltonian
Eq. (14), where the three magnetic sublattices are connected
by the vectors ê1 = [1/2,

√
3/2, 0], ê2 = [1/2,−√

3/2, 0],
and ê3 = [−1, 0, 0] [see Fig. 2(a)]. The order parameter of
the spin system is a rotation matrix R ∈ SO(3), which defines
the local orientation of the reference frame spanned by the
mutually orthogonal staggered fields [51]. Additionally, we
introduce a vector field L representing a tilting of the spins S1,
S2, and S3. R and L both have three degrees of freedom each.
Thus, R and L can parametrize all possible configurations of
the three sublattice spins in a unit cell. The spin on the ith
sublattice can therefore be expressed as

Si = SR(n̂i + aL)√
1 + 2an̂i · L + a2L2

. (A1)

Here, a is the lattice constant and the denominator is intro-
duced to ensure that the spin vectors are correctly normalized.
We consider an AFM with large exchange energy, which
implies that |aL| � 1.

The action governing the spin dynamics is given by

S =
∑

i

∫
dtLi, (A2)

where Li = Ti − Ui − Us,i is the Lagrangian density of the
spin at lattice site i. The first term in Li describes the kinetic
energy and is given by Ti = h̄A(Si ) · Ṡi, where A is a vec-
tor potential satisfying ∇ × A(Si ) = Si/S. Ui = Hi − gB · Si

represents the interaction energy, where we have included
the coupling to an external magnetic field B. Hi is the con-
tribution of lattice site i to the Hamiltonian Eq. (14). The
coupling to the spin accumulation is Us,i = h̄λr f s · Si, where
λr parametrizes the reactive STT [40]. Because we consider a
thin-film NCAFM, f s is constant and determined by the spin
accumulation at the NM/NCAFM interface. Here, and below
in the case of the dissipative STT, we disregard effects of the
SOC that breaks the spin rotational symmetry of the STT.

In the following, we will derive an effective action de-
scribing the low-frequency, long-wavelength dynamics of the
kagome AFM. To this end, we follow Ref. [36] and expand
the action to second order in the external force fields {B, f s}
and out-of-equilibrium quantities (i.e., ∂μR (μ = {t, x, y, z})
and aL). Consequently, we only require terms up to first order
in aL in the spin vector Eq. (A1) and use the approximation:

Si ≈ SR(n̂i + �i ), (�i · n̂i = 0). (A3)

Here, �i = a(L − (n̂i · L)n̂i ). The total spin polarization of a
unit cell is then Stot = ∑3

k=1 Sk = 3aSR(TL), where we have
introduced the operator Tαβ = δαβ − (1/3)

∑3
k=1 nk,αnk,β . In

our case, the operator is diagonal with elements 2Txx = 2Tyy =
Tzz = 1.

To formulate a continuum model of the action in Eq. (A2),
it is convenient to first consider the energy contribution from
one unit cell (by grouping the three spins in each unit cell)
and then sum over all unit cells. We follow this approach for
all the calculations below.

First, we consider the kinetic energy term. The kinetic
energy of one unit cell is given by T (�) = ∑

k h̄Aα[Sk]Ṡk,α ,
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where k ∈ {1, 2, 3} labels the three spins in the unit cell and
Einstein’s summation convention is implied for the α index.
Using Eq. (A3) and expanding the vector potential A(Sk ) to
first order in the out-of-equilibrium quantities, one finds∑

k

h̄Aα[Sk]Ṡk,α ≈
∑

k

h̄S[Aα (Rn̂k ) · (Ṙn̂k )α

+ aεαβγ Lαnk,β (RT Ṙn̂k )γ ]. (A4)

Here, we have (in the last term) utilized the relationship
between the vector potential and spin vector, and the prop-
erty εαβγ Rαα′Rββ ′Rγ γ ′ = εα′β ′γ ′ of the rotation matrix. The
first term in Eq. (A4) is a topological term [36] that does
not affect the dynamics. Therefore, we disregard this term
in what follows. Because the rotation matrix is orthogonal
(i.e., RT R = I), the quantity RT Ṙ is antisymmetric. It can
therefore be written as (RT Ṙ)i j = −εi jαVα , where Vx, Vy, and
Vz parametrize the three independent matrix elements. Using
this expression and summing over the three spins, the kinetic
energy of one unit cell becomes T (�) = 3ah̄S(TL) · V .

Second, we consider interaction energy U . We start with
the Heisenberg exchange term H = J

∑
〈i j〉 Si · S j , where the

energy contribution from one unit cell is

H (�)
ex = J

[
Sl

1 · (
Sl+ê1

3 + Sl−ê1
3

) + Sl
2 · (

Sl+ê2
1

+ Sl−ê2
1

) + Sl
3 · (

Sl+ê3
2 + Sl−ê3

2

)]
. (A5)

Here, l denotes the position of the spin in the unit cell,
whereas l ± ê1 is the neighboring lattice site connected to l
via the lattice vector ±aêi [see Fig. 2(a)]. Substituting the
gradient expansion Sl±êi

j ≈ Sl
j ± a(êi · ∇)Sl

j + a2

2 (êi · ∇)2Sl
j

along with the expression Eq. (A3) into Eq. (A5), yield to
second order in aL and the spatial gradients of R the following
exchange energy of a unit cell:

H (�)
ex = 9a2S2J (TL)2 + Vc�

αβ
i j [∂αRT ∂βR]i j . (A6)

The tensor in the last term is defined as �
αβ
i j =

−(4S2J/a
√

3)[n1,in3, je1,αe1,β + n2,in1, je2,αe2,β +
n3,in2, je3,αe3,β ], where Vc = a3

√
3/4.

The in-plane anisotropy energy per unit cell is given by
H (�)

in = −∑
k K (Sk · n̂k )2. Using Eq. (A3), we find to second

order in the out-of-equilibrium quantities:

H (�)
in = −KS2

∑
γ

(nγ ,inγ , jnγ ,knγ ,l )(Ri jRkl ). (A7)

Here, we have made the substitution k → γ for the summa-
tion index to get agreement with the indices used in Eq. (3).
Similarly, we find for the out-of-plane anisotropy energy
H (�)

out = ∑
k Kz(ẑ · Sk )2 the expression

H (�)
out = KzS

2
∑

γ

nγ ,inγ , jRziRz j + 3a2S2Kz(ẑ · TL)2. (A8)

The potential energy associated with the coupling of the spins
to an external magnetic field is given by the Zeeman energy
H (�)

B = −∑
k gB · Sk . Considering the field to be spatially

uniform, H (�)
B to second order in the external force field and

out-of-equilibrium quantities is

H (�)
B = −3gaSB · (TL), (A9)

where we have used that
∑

k Sk = 3aSR(TL). Thus, the to-
tal interaction energy of a unit cell becomes U (�) = H (�)

ex +
H (�)

in + H (�)
out + H (�)

B .
Lastly, we consider the interaction energy U (�)

s =∑
k h̄λr f s · Sk (per unit cell) produced by a spin accumu-

lation. We disregard the spatial variations in the spin accu-
mulation. To second order in f s and the out-of-equilibrium
quantities, one then finds

U (�)
s = 3h̄aSλr f s · (TL). (A10)

Combining the interaction terms and summing over all
unit cells, the action functional becomes S = ∫

dt
∑

� L(�).
Here, L(�) = T (�) − U (�) − U (�)

s is the Lagrangian density
of a unit cell. To obtain the continuous action, we take the
continuum limit

∑
� → ∫ dxdydz

Vc
. Since we consider a mono-

layer with a thickness of Lz ∼ a, the constant Vc = aac, where
ac = a2

√
3/4 denotes the area of the unit cell of the 2D

kagome lattice. Thus, we obtain the action S = ∫
dV dtL =∫

dV dt (T − U − Us), where the kinetic, interaction, and STT
energies are given by

T = a1

2
V · m, (A11)

U = �
αβ
i j [∂αRT ∂βR]i j + νkl

i j Ri jRkl + κ̃i jmimj − h · m,

(A12)

Us = λm · f s. (A13)

The kinetic term is parametrized by the constant
a1 = 24h̄S/a2

√
3, and we have introduced the vector field

m = TL. Furthermore, we have defined the tensors νkl
i j =

(4S2/a3
√

3)
∑3

γ=1(Kznγ , jnγ ,lδz,iδz,k − Knγ ,inγ , jnγ ,knγ ,l )

and κ̃i j = a2δi j + ηi j , with a2 = 36S2J/a
√

3 and ηi j =
(12KzS2/a

√
3)δziδz j . The vector h is related to the external

field B by h = 12gSB/a2
√

3, and the STT coupling parameter
is λ = 12h̄Sλr/a2

√
3.

APPENDIX B: DISSIPATION FUNCTIONAL

The dissipative processes of the spin system is captured by
the Rayleigh dissipation functional [40]

G =
∑

i

∫
dt

(
h̄αG

2
(Ṡi )

2 + h̄λd Ṡi · ( f s × Si )

)
, (B1)

where αG is the Gilbert damping and λd determines the dissi-
pative STT. Note that works on collinear AFMs have shown
that additional cross-sublattice dissipative processes could
play a role in cases where the AFM/NM interface breaks the
sublattice symmetry. [31,32,52]

We first consider the damping term in the dissipation
functional. Substituting Eq. (A3) for the spin, we find to
second order in the out-of-equilibrium quantities (Ṡi )2 =
Ṙαα′ Ṙαβ ′niα′niβ ′ . Summing over the three spins of the unit cell,
the energy dissipation associated with the Gilbert damping
becomes

G (�)
damp = 3h̄αGS2

4
Tr[Ṙ

T
Ṙ]. (B2)

In arriving at this expression, we have used that
∑

k nkα′nkβ ′ =
(3/2)δα′β ′ when the 120º ordering is not restricted to lie in
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the xy plane (which is valid in the limit of vanishing intrinsic
SOC).

The dissipative STT yields to second order in f s and Ṙ the
following contribution to the dissipation functional:

G (�)
STT ≈ 3h̄S2λdV · f s. (B3)

Here, we have used that Sk × Ṡk ≈ S2(Rnk ) × (Ṙnk ) and
summed over the three sublattice spins. Adding the contri-
butions from the two dissipative processes and taking the

continuum limit lead to

G =
∫

dV dt

(
α̃

8
Tr[Ṙ

T
Ṙ] + λ̃

2
V · f s

)
, (B4)

where α̃ = 24h̄αGS2/a3
√

3 and λ̃ = 24h̄λd S2/a3
√

3. The ac-
tion Eqs. (A11)–(A13) and dissipation functional Eq. (B4)
provide an effective description of the kagome AFM. Express-
ing the rotation matrix in terms of the Gibbs vector using
Eqs. (6) and (7), one arrives at Eqs. (8)–(10).
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