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Spin-wave focusing induced by dipole-dipole interaction in synthetic antiferromagnets
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Under certain conditions, spin waves can be channeled into a broad angular spectrum of wave vectors,
where the direction of the group velocity becomes independent of those wave vectors. Such highly focused
waves are called caustic waves, whose properties can be manipulated by anisotropies or chiral interactions,
like the Dzyaloshinskii-Moriya interaction. In this paper, we theoretically study the focusing features of the
spin waves induced by the dipole-dipole interaction in synthetic antiferromagnets. For stacked systems, the
dipolar interaction causes a noticeable frequency nonreciprocity when the magnetizations in both films are
antiparallelly aligned, and then the focusing properties of the spin waves are enhanced. The role of thicknesses
and magnetic graduation along the film’s normal are systematically analyzed. We found that the degree of
focalization of the spin waves can be manipulated by increasing the layers’ thickness. Also, we show that the
low- and high-frequency modes exhibit different focalization properties; the low-frequency mode manifests a
similar behavior to the heavy-metal/ferromagnet systems with interfacial Dzyaloshinskii-Moriya interaction,
while the high-frequency one tends the generate almost reciprocal interference patterns along one axis. In the
case of magnetization-graded synthetic antiferromagnets, we demonstrate that the graduation slightly influences
the low-frequency mode, while the focusing and nonreciprocal dynamic properties of the high-frequency ones are
notoriously altered. The theoretical calculations are compared with micromagnetic simulations, where a good
agreement is found between both methods. Our results demonstrate that a synthetic antiferromagnetic system
allows for controlling the propagation of spin waves, assisting in the transfer of angular momentum and energy.
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I. INTRODUCTION

In optics, the concept of caustics is linked to enveloped
rays, which can be achieved either through reflection or
refraction in curved objects [1–3]. Caustics have been exten-
sively studied in several fields of mathematics and theoretical
physics [4–7], and also in the main fields of condensed matter
physics, such as phononics [8–12], plasmonics [13,14], elec-
tronics [15–18], and magnonics [18–28]. In such cases, one
relevant physical ingredient is the anisotropy of the system,
which causes that the group velocity points in a different di-
rection as compared with the phase velocity of the associated
wave.

In the context of waves in magnetic media (spin waves),
highly focused beams have been observed [18–29], where
nonreciprocity is an important feature for creating and
controlling caustic spin waves (SWs). Basically, the SW
asymmetry causes an important modification in the isofre-
quency curve formed in the wave-vector space, where caustics
appear at points at which its curvature is zero, resulting
in a divergence in the power flow [25]. Nevertheless, even
when the curvature is small, a substantial focusing of the
energy can also be reached, and in such a case, the waves
can be referred to as causticlike waves or focalized waves
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[26,28]. It was recently demonstrated that highly focalized
spin waves and nonreciprocal interference patterns could
be obtained by the excitation of a single point source in
ferromagnet/heavy-metal alloys [25]. Such caustic waves
were observed propagating to only one side of the film, which
is a direct consequence of the nonreciprocal nature of the spin
waves. From an application point of view, the focalized prop-
agation of the waves turns out to be relevant for envisioned
devices in the field of magnonics, where the control of the
spin waves at the nanoscale is fundamental [28,30–34].

Nonreciprocal spin-wave propagation has been observed in
magnetic systems with broken symmetries, where two coun-
terpropagating waves exhibit different dynamic features (am-
plitude, frequency, or phase) at the same wave-vector magni-
tude. A great variety of magnonic structures manifest this non-
reciprocal effect [34], such as heavy-metal/ferromagnet inter-
faces [35–41], noncentrosymmetric chiral magnets [42–47],
curvilinear magnetic shells [48,49], magnetization-graded fer-
romagnetic films [50], ferromagnetic bilayers [32,51–60],
bilayered magnonic crystals [61,62], and arrays of magnetic
nanopillars coupled by dipolar interaction [63]. From the tech-
nological point of view, nonreciprocity turns out fundamental
to envisioned magnonic applications, for instance, in circu-
lators, isolators, phase shifters, and logic devices [64–68].
Indeed, under proper conditions, the nonreciprocal magnon
propagation can even be forbidden in one direction, and
the system may behave as a magnonic diode [58,59,65]. In
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most of these systems, the origin of the nonreciprocity lies
in the dipole-dipole interaction, while in ferromagnet/heavy-
metal bilayers and noncentrosymmetric crystals, the cause of
the nonreciprocity is the Dzyaloshinskii-Moriya (DM) inter-
action. In antiferromagnetically coupled bilayers (synthetic
antiferromagnets), an appreciable nonreciprocity in frequency
is observed due to the dynamic dipolar interaction [32,51–
60,68]. This nonreciprocity can be comparable to the one
induced by interfacial DM interaction in thin ferromagnetic
(FM) layers, but it becomes more prominent for thick films
[57,68]. Thus, if the nonreciprocal SW properties are notable
in synthetic antiferromagnets, the focalization characteristics
are expected to be remarkable.

In this paper, we study the two-dimensional propagation
of the spin waves in synthetic antiferromagnets, where the
asymmetry in the spin-wave dispersion causes an important
degree of focalization on the spin-wave propagation. We con-
sider two types of synthetic antiferromagnets, where first the
antiparallel ground state is induced by a negative interlayer
exchange interaction, and then such an antiparallel state is
reached through an exchange-bias coupling. Also, the influ-
ence of magnetic graduation is studied. When the thickness
of the ferromagnetic layers increases, we find that the fo-
calization properties become more prominent. In the case
of an antiparallel alignment stabilized through an exchange-
bias coupling, the SW propagation presents a more focalized
character compared to the FM/NM/FM trilayer, where the
antiferromagnetic state is stabilized by a nonmagnetic spacer
(NM). We also found that magnetic graduation slightly in-
fluences the degree of focalization of low-frequency modes,
while at high frequencies, such graduation modifies the SW
dispersion and, consequently, its power-flow features. Part
of our results is contrasted with micromagnetic simulations
evidencing a good agreement between both methods.

II. THEORY

To address the magnonic properties of the system shown in
Fig. 1, where the thickness of the magnetic layers can be larger
than the exchange length, we will use the dynamic matrix
method [69–71], which involves the subdivision of the mag-
netic medium into small cells, in this case, small sublayers.
We have adopted this approach previously in Refs. [32,50].
Here, the main idea is to consider the thickness dependence
of the magnetization dynamics by splitting the FM layer into
N sublayers, labeled by μ, which are coupled via both short-
range exchange and long-range dipolar interactions. In the
case of the exchange, the magnetizations of two neighboring
sublayers (μ and μ + 1) are interacting as εex

intra = JintraM̂μ ·
M̂μ+1, where in the case of many divisions it can be shown
that Jintra = 2Aex/dμ [32]. Here, Aex is the exchange constant
defined in the continuous limit, and dμ is the thickness of
each sublayer. Note that once the FM layer is divided into
N sublayers, the dispersion of the spin waves is calculated
using a convergence test that ensures the correct dynamic
description of a continuous film (see details in Ref. [50]).
Now, in the case of a bilayer depicted in Fig. 1, we take into
account that the intralayer exchange constant is J (i)

intra inside
of layer i (with i = 1, 2), while at the interface across the
nonmagnetic layer an interlayer exchange constant (Jinter) is

FIG. 1. Schematic representation of the spin-wave propagation
in a synthetic antiferromagnet. Magnetization of the upper layer
points along +x, while the magnetization of the bottom layer is
oriented along −x. (a) The SW propagation is excited utilizing an
external line source. (b) A point-source excitation is applied. For
case (b), the highly focused SWs generated by the nonreciprocal
properties of the spin waves are schematically represented.

used. Thus, the interfacial nature of the interlayer exchange is
accounted for and, by considering that Jinter < 0, an antipar-
allel alignment between both magnetizations is established at
low external fields. For simplicity, we introduce the interlayer
exchange interaction as bulk energy, which is confined within
the magnetic sublayers located next to the NM/FM interface
(sublayers α and α + 1; see the Appendix for details).

The dynamics of the magnetization Mμ under an effective
field Hμ

eff , in the absence of damping, is given by the Landau-
Lifshitz (LL) equation,

d

dt
Mμ = −γμ0Mμ × Hμ

eff . (1)

We are interested in the near-equilibrium propagation of
the spin-wave normal modes. Assuming plane-wave solu-
tions, we introduce the first-order perturbations Mμ = Mμ

eq +
mμei(k·r−ωt ) and Hμ

eff = Hμ
eff0 + hμei(k·r−ωt ). Here we have as-

sumed that the magnetization and effective field of each layer
are in a uniform stable equilibrium configuration, denoted by
Mμ

eq and Hμ
eff0, such that they are parallel to each other. Then,

at first order in the dynamic components of the magnetization
and effective fields, the LL equation reduces to

ωmμ = iγμ0
(
Hμ

eff0 × mμ − Mμ
eq × hμ

)
. (2)

Now let us assume that the effective dynamic field hμ is a lin-
ear combination of the dynamic magnetization of every layer.
Namely, hμ = ∑N

ν=1 �μν · mν . It follows that the above equa-
tion defines an eigenvalue problem in a finite-dimensional
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vector space, where the independent variables correspond to
the spatial components of the dynamic magnetization of ev-
ery layer. Then, upon selection of an appropriate basis, it is
straightforward to provide a matrix representation. The only
difficulty lies in obtaining an explicit formula for the operator
�μν . In the Appendix, the �μν elements of dipolar and ex-
change interaction are derived. Additional contributions like
the external field, uniaxial anisotropy, and exchange interac-
tions can be found in Refs. [32,50].

III. RESULTS AND DISCUSSION

In Sec. III A, we calculate the focusing properties for a
typical synthetic antiferromagnet, where the antiparallel state
is induced by introducing a nonmagnetic layer providing a
negative interlayer exchange constant. Then, the antiparallel
state of the bilayer is stabilized through an exchange-bias
coupling, where a unidirectional anisotropy is induced by the
interaction between the ferromagnet and an antiferromagnetic
layer. In Sec. III B, the spin-wave dispersion and focusing
properties of a magnetization-graded synthetic antiferromag-
net are discussed. Finally, in Sec. III C, part of our results is
compared with micromagnetic simulations.

A. Spin-wave dispersion and isofrequency curves

To systematically study the band structure of a synthetic
antiferromagnet, we will use the standard values for Permal-
loy (Py) and cobalt. Specifically, the saturation magnetization
of Py is MPy

s = 800 kA/m, while the exchange constant APy
ex =

7.5 pJ/m [72]. For cobalt the saturation magnetization and
the exchange constant, respectively, are MCo

s = 1400 kA/m
and ACo

ex = 28 pJ/m [73]. We use an effective gyromagnetic
ratio γ = 185.6 GHz/T for both materials, while the thick-
ness of the nonmagnetic spacer is s = 1 nm. We will use
an interlayer exchange constant of Jinter = −0.1 mJ/m2 that
favors an antiparallel state of the magnetizations. Note that
such an antiparallel equilibrium state can be stabilized at small
external fields (even at zero field); therefore, in what follows,
a small field of 2 mT will be used. Also, to consider the
dynamic evolution of the magnetization along the thickness,
the number of divisions used is N = 26. Because we want to
enhance the nonreciprocal properties of the system, we will
consider that the magnetizations are always in plane. In the
case of perpendicularly magnetized FM films, the nonrecipro-
cal properties disappear [57].

Figures 2(a), 2(b), and 2(c) show the dispersion of the
SWs for d1,2 = 2, 12, and 24 nm, respectively. In such dis-
persions, the SWs are propagating along the z axis, while the
magnetizations of both layers are pointing along +x and −x
(see Fig. 1). We note that the spin-wave dispersion becomes
asymmetric when the thicknesses of the magnetic layers in-
crease at moderated wave vectors (k < 20 rad/μm), which is
correlated with the dipolar interaction that also increases with
the thickness and, at the same time, induces the nonreciprocity
in the SW propagation [57,68] (such wave-vector range can
be probed by inelastic Brillouin light scattering experiments).
When both layers are in an antiparallel state, there is a propa-
gation sense where the dynamic stray fields induced by layer
1 (2) are disposed so that they are always parallel to the

local dynamic magnetization of layer 2 (1). Thus, the dynamic
dipolar interaction is considerably reduced (and consequently,
the frequency is reduced) when the wave propagates in some
particular direction [57]. To analyze the propagation in all
directions, we have generated a contour plot in k space at fixed
frequencies (isofrequency curves). Figures 2(d)–(f) show the
isofrequency curves (also called slowness surfaces) for the
low-frequency mode (mode I) depicted as a function of the
in-plane wave vector, where the group velocity vector vg is
denoted by the red arrows that are normal to the isofrequency
curves.

Due to the degrees of freedom of the magnetization dy-
namics in a bilayer system, at least two modes with different
oscillation phases can be excited. Furthermore, if the thick-
nesses of the FM layers increases, several higher modes can
be observed at low frequencies, since as the thickness in-
creases, the dynamical energy (or frequency) of such modes
is reduced. Figure 2(c) shows the case where three modes are
observed in the range 0–50 GHz. Nevertheless, for the sake
of simplicity, we will focus on the first two low-frequency
modes. In Figs. 2(g)–(i), we can see the evolution of the
isofrequency curves for mode II at different film thicknesses.
Here, in comparison with mode I, we can see that the focusing
properties of the spin-wave propagation are entirely different.
In Fig. 2(g), we observe highly focused waves that result
from the flattening on the left and right parts of the slowness
surfaces (see red arrows in the isofrequency curves evaluated
at 16 GHz) and propagate in both +z and −z directions. As
the thickness increases, interference patterns can be induced
along both directions [see red arrows in Fig. 2(i)]. The notori-
ous change in the curve evaluated at f = 22 GHz [in Fig. 2(i)]
occurs since mode II hybridizes with the next high-frequency
mode, so that a drastic change of the dispersion and phase
occurs. This effect is also observed in the frequency shift � f ,
shown in the inset of Fig. 2(c), where at about k = 9 rad/μm
the frequency shift of mode II is drastically reduced.

According to the behavior observed for the isofrequency
curves of mode I, it is clear that such curves are very sim-
ilar to the one obtained in heavy-metal/ferromagnet alloys,
where the interfacial DM interaction induces unidirectional
caustic beams in the Damon-Eshbach geometry [25,34].
The case illustrated in Fig. 2(d), for instance, is similar to
the one with a small Dzyaloshinskii-Moriya constant (D),
while the case shown in Fig. 2(f) is following larger val-
ues of the DM strength. Despite these similarities, both
systems present notable differences. For instance, synthetic
antiferromagnets are not restricted to ultrathin films (as
in heavy-metal/ferromagnet alloys). In fact, nonreciprocal
and focusing properties are enhanced when the thickness
increases. Also, because several paths can reach the antifer-
romagnetic state, there are varied alternatives to manipulate
the focalization of the spin waves. In this sense, it is feasible
to cancel the focalization of the waves just by changing the
magnitude of the external field since the bilayer becomes
parallel at high fields, and then, the system loses the nonre-
ciprocal properties. An interesting aspect of our system is that
the unidirectional steering of the waves is achieved mainly
for the low-frequency mode since the high-frequency one
presents focalized propagation of waves in both directions
(+z and −z). However, this focalization of the high-frequency
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FIG. 2. (a–c) The dispersion relation of the spin waves for synthetic antiferromagnets with different thicknesses; the insets depict the
frequency nonreciprocity � f as a function of the wave vector for the first two modes, labeled as Mode I and Mode II. (d–i) Contour plots
generated at a fixed frequency in k space of (d–f) mode I and (g–i) mode II. In these panels, the red arrows (that are included by hand) illustrate
the orientation of the group velocity (vg) of the spin waves.

modes is not a trivial result, since even when the frequency
shift � f is similar in magnitude [see insets in Figs. 2(a) and
2(b)], the focusing properties have different characteristics.

To understand the formation of highly focused spin
waves, we will analyze the main interactions that control
the magnonic dispersion. In one isolated ferromagnetic layer
where the exchange interaction dominates, the isofrequency
curves will be a circle (frequency is proportional to k2),
so that the curvature is constant and consequently the en-
ergy propagates homogeneously in all in-plane directions [see
Fig. 3(a)]. When the dipolar interaction is active, backward
volume (BV) and Damon-Eshbach (DE) modes (wave vector
parallel and perpendicular to the magnetization, respectively)
have different features, and the isofrequency curve presents a
variable curvature, as shown Fig. 3(b). In such a case, caustic

waves may appear, where the highly focused waves propagate
reciprocally [74–76]. Instead, in a synthetic antiferromag-
net, the dynamic dipolar interaction induces nonreciprocity in
frequency for DE modes [57]. Such nonreciprocity implies
a distortion in the shape of the isofrequency curve, where
(under a significant nonreciprocity) the part with the lowest
wave-vector magnitude will look like a bump, as shown in
Fig. 3(c). The critical point now is that the part with the bump
entails a change of sign in the curvature so that there are
some regions where the curvature will be zero, and therefore
nonreciprocal caustic waves are formed. Thus, the strongly
anisotropic dispersion induced by the dipolar interaction in a
synthetic antiferromagnet can be helpful to steer spin waves,
allowing a concentration of the energy. Also, since a synthetic
ferromagnet can be stabilized in varied ways, there are many
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FIG. 3. Schematic representation of the isofrequency curves for
a single FM layer when (a) only exchange and (b) exchange plus
dipolar interaction are active. (c) The isofrequency curve is depicted
for an antiferromagnetically coupled bilayer, where the dynamic
dipolar coupling induces nonreciprocity in frequency.

degrees of freedom to control the causticity and the focusing
of the spin waves.

In Fig. 2 we analyzed the antiparallel configuration stabi-
lized by a negative interlayer exchange constant. Nonetheless,
such an antiferromagnetic state can be stabilized by other
means. In the next example, we will analyze the focusing
properties when the antiferromagnetic state is reached by
coupling a FM layer (Co) with an antiferromagnetic (AFM)
film. In Fig. 4(a), a schematic representation of the system
is shown, where the Co layer is pinned along −x, via an
exchange-bias field μ0HEB = 15 mT, while the cobalt and
Permalloy films are coupled through an interlayer exchange

FIG. 4. (a) The schematic representation of the system is shown.
The external field is applied along +x so that the Py layer is also
oriented along +x, while the Co layer is pinned along −x due to the
exchange-bias coupling at the FM/AFM interface. (b–d) The isofre-
quency curves for d1,2 = 2, 12, and 24 nm are depicted, respectively.

Jinter = 0.001 mJ/m2, so that the Py layer is almost free. Note
that in this case, the interlayer exchange coupling is very
different in comparison with the structure shown in Fig. 2,
since here the system does not require a negative (and strong)
Jinter to reach the antiferromagnetic state. Namely, even at
Jinter = 0, the bilayer will be in an antiferromagnetic state
for small external fields. In small fields, the magnetizations
of both layers are pointing along −x, while for high values
of the external field, both magnetizations can follow the field
direction (+x). In the intermediate case (μ0H = 2 mT), the
upper layer of Permalloy can follow the field (which is applied
to +x), while the Co layer remains pinned along −x. Thus,
an antiparallel alignment of the magnetizations is reached for
this system. Figures 4(b)–(d) show the isofrequency curves of
the first mode at three different thicknesses and evaluated at
μ0H = 2 mT. For simplicity, we show only the low-frequency
mode, since the second mode (not shown) exhibits similar
properties in comparison with the case illustrated in Fig. 2.
Here, we can see that the evolution of the curves is different
in comparison with the system studied in Fig. 2. At small
thicknesses, the isofrequency curve at 3 GHz exhibits three
zones with slight curvatures [see red arrows of the group
velocity in Fig. 4(b)] so that we can predict three focalized
waves. These focusing effects change as the frequency in-
creases since the isofrequency curves do not have a range of
wave vectors with small curvatures at significant frequencies
(higher than 6 GHz). Interestingly, at larger thicknesses, the
unidirectional propagation of the focused waves is allowed
and slightly varies as the frequency increases [see Figs. 4(c)
and 4(d)]. In Fig. 4(d), the direction of the group velocity
is highlighted, where we note that highly focused beams
with large wavelengths (small wave vectors) are propagating
along −z.

B. Magnetization-graded synthetic antiferromagnets

Finally, we will consider a more particular case, where the
saturation magnetization of both FM layers will be graduated
in order to modify the nonreciprocity of the spin waves and
their respective focalization properties. Here, to enhance the
effect of the magnetic graduation, each FM film has a thick-
ness of 60 nm. Figure 5 illustrates three different cases where
the saturation magnetization varies across the thickness of the
entire structure. Sublayers between n = 1 and 13 correspond
to the bottom layer, while the sublayers labeled between n =
14 and 26 correspond to the upper layer. For the case without
graduation, where Ms changes abruptly between two values
[Fig. 5(a)], one can appreciate a notable nonreciprocity of
the fundamental mode (mode I), while the upper-frequency
modes have almost symmetric dispersion. An exciting aspect
of the thick bilayer systems is the wide range of frequencies
(0–6 GHz) where the SWs have a large group velocity at
negative wave vectors, and such behavior is enhanced as the
thicknesses increase [32]. Note that the magnitude of the spin-
wave group velocity is about 7 km/s in the range of frequency
0–7 GHz, which is connected with the strong nonreciprocity
induced by dipolar interaction in thick films. Such an order of
magnitude has been previously reported in magnetic systems
[77,78]. By analyzing the SW profiles (upper plots of Fig. 5),
we can establish that in Fig. 5(a) the second mode (and some
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FIG. 5. (a) The dispersion relation of a typical bilayer Co/NM/Py system is shown. (b, c) The dispersion of a bilayer with the graduation
of the saturation magnetization is depicted. The insets in (a–c) illustrate the saturation magnetization as a function of the thickness. Upper plots
illustrate the SW profiles calculated at k = ±25 rad/μm. (d, e) The isofrequencies of mode I are shown. (f) The isofrequency curves are given
for mode II. The shaded areas in (a–c) illustrate the range of frequencies used to calculate the isofrequency curves in (d–f). The thickness of
both the Co and Py layers is 60 nm, where each FM layer has been divided into 13 sublayers.

of the other high-frequency modes) corresponds to an excita-
tion of the upper FM layer. Therefore, such mode has the same
energy for the two counterpropagating waves, since if the
excitation is given only in one FM layer, the symmetry along
the thickness is not broken, and therefore SWs propagating
along +z and −z have the same dynamic energy or frequency.
Now, under a different profile of variation of the saturation
magnetization [see Figs. 5(b) and 5(c)], the dispersion is not
significantly modified at frequencies lower than 5 GHz, so
that the degree of the SW focalization of the fundamental
mode is similar either with or without graduation of Ms.
Nevertheless, the high-frequency modes are clearly modified,

being nonreciprocal when the saturation magnetization varies
along the thickness. Because the mode is mainly excited in
one layer, it is expected that the variation of Ms induces
nonreciprocity of the SWs since now the symmetry is broken
along the thickness where the amplitude of the magnetization
oscillations is remarkable. Figures 5(d) and 5(e) depict the
isofrequency curves of mode I. Here, we see that mode I has
similar focalization characteristics at low frequencies (lower
than 5 GHz), even when the saturation magnetization has been
varied across the thickness. This behavior is in concordance
with the slight modification of the nonreciprocal properties of
mode I. Nevertheless, the isofrequency curves change at high
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frequencies because the second mode reduces its frequency at
+k or −k depending on the type of graduation. This effect is
observed in Fig. 5(e), where at 6 GHz the isofrequency curve
is modified at negative wave vectors since the fundamental
mode hybridizes with mode II. The isofrequency curves of
mode II are shown in Fig. 5(f), where one can see that the
nonreciprocity of the mode strongly influences its focusing
properties. For instance, at 6 GHz, the curves depicted for
mode II indicate that it is possible to create nontrivial inter-
ference patterns since spin waves with different wavelengths
are propagating at the same frequency [25].

It is worth mentioning that the results presented in Fig. 5
are not notoriously modified if the magnetization profile
changes abruptly or gradually (not shown). Namely, if a grad-
ual (abrupt) magnetization change is considered in Fig. 5(a)
[Figs. 5(b) and 5(c)], the SW dispersion does not significantly
change, unless the magnetization graduation is extended along
the whole thickness.

Overall, it is observed that magnetic graduation can be
an essential ingredient in controlling the spin-wave focal-
ization. In realistic materials, such magnetic graduation can
be implemented in multilayered structures [79–85], in which
extended interfaces are created by either directly tuning the
thicknesses of the magnetic layers [80,82,83] or by interdif-
fusion via heat treatment [79,81,84,85]. Also, over the last
few years, the realization of vertically graded thin films has
been achieved in epitaxial compositionally graded alloy films,
where graduation of the exchange strength [86], and saturation
magnetization [87], can be induced along the thickness. Here,
the synthesis are performed at room temperature by sputtering
deposition [86–88], while the graded layers are fabricated by
co-sputtering, keeping the power of one material fixed while
changing that of the other to achieve the intended composition
profile [86–88].

C. Micromagnetic simulations

The cases illustrated above show that synthetic antiferro-
magnets can be very versatile in generating highly focused
waves, exhibiting more affluent propagation properties than
other nonreciprocal systems, like heavy-metal/ferromagnet
alloys. Indeed, the magnetic anisotropies (uniaxial, shape, sur-
face, etc.), bilinear interlayer exchange, biquadratic interlayer
exchange, thicknesses of the layers, and other properties can
induce notable changes in the SW propagation and, hence, in
its transfer of angular momentum and energy. Besides, the
frequencies of the optic and acoustic modes have different
focusing properties, despite that the frequency asymmetry
is similar in magnitude for both modes (at least in the low
wave-vector range). Also, in some cases, there is a frequency
range where only the excitation of the low-frequency mode
is given, while at high frequencies, more than one mode is
excited at the same frequency. Thus, in general, the prop-
agation of the waves around a point-source excitation can
be channeled with the properties of one or more modes,
and therefore, nontrivial spin-wave flow can be obtained. To
illustrate this effect, we have performed micromagnetic sim-
ulations using the GPU-accelerated code MUMAX3 [89] for
a bilayer system stabilized with an interlayer exchange con-
stant of Jinter = −1 mJ/m2, while the Co layer has a uniaxial

anisotropy field of μ0Hu = 15 mT. Two bilayers with different
thicknesses are used, namely, Co(10 nm)NM(5 nm)Py(5 nm)
and Co(30 nm)NM(5 nm)Py(15 nm). Note that we have used
different parameters than the previous discussion to make
the simulations more efficient. The dispersion was computed
for a bilayer system with L = 10 μm and w = 256 nm lat-
eral extensions, for both considered cases. The magnetization
dynamics was excited by applying a perpendicular external
microwave field pulse, namely,

μ0Hpulse(z, t ) = μ0Hpulse sinc(kmaxz) sinc[2π fmax(t − t0)]
(3)

with μ0Hpulse = 1 T, a cutoff frequency fmax = 50 GHz, and
the cutoff wave vector of kmax = πNz/L, with Nz representing
the number of considered cells along the length L. The coor-
dinate system is the same as used in Fig. 1. The magnetization
dynamic is calculated for a duration of 25 ns and sampled
every 10 ps. The dispersion map is then obtained by summing
up the Fourier transform in time and space along line scans in
the z direction. For the simulation of the spin-wave profiles,
a pointlike antenna excitation was used with a 20-nm spot
size. A sinusoidal rf field was used with an amplitude of
μ0Hrf = 0.1 mT. A 5 μm × 5 μm computational box was
used for the simulations between 5 and 50 GHz, while for
the lower-frequency cases, due to the large wavelength of the
spin waves, the considered computational box was doubled.
The results for the case Co(10 nm)NM(5 nm)Py(5 nm) are
depicted in Fig. 6. According to Fig. 6(a), where the lines
are the theoretical calculations, and color codes are the sim-
ulations, there is a particular frequency f02 from which both
modes (modes I and II) are excited. In contrast, below this
common frequency ( f02), the spin-wave propagation can only
have the features of the low-frequency mode (mode I) in the
range of frequencies between f01 and f02. Note that in the
current example, both frequencies ( f01 and f02) that define
the minimum of both modes are given at zero wave vector;
nevertheless, this is not a general behavior because, under
given conditions, these minima can be found at finite wave
vectors [32,50]. Figures 6(b)–(f) show the isofrequency curves
for 5, 10, 15, 20, and 35 GHz, while the upper panels of
each plot depict the results of the micromagnetic simulations.
The group velocity is indicated along each constant-frequency
curve. For f = 5 GHz [see Fig. 6(b)], the calculations predict
an asymmetric interference pattern along the z axis, where a
more remarkable interference of the waves is expected along
the +z direction. This behavior is evidenced in the micromag-
netic simulations, where the interference patterns along +z
and −z are notoriously different. Here, the snapshots of the
SW profiles are taken after 200 oscillation periods for every
simulated frequency. As an initial magnetization state, the last
obtained state of the previous frequency is taken to ensure
that after 100 periods, the system is already in a dynamic
stable state (see details in Ref. [90]). At frequencies of 10
and 15 GHz, focalized waves appear and, hence, there is a
focused propagation of the waves along the −z direction. Note
that for 5, 10, and 15 GHz, the excitation of the waves is
given at f01 > f > f02, so that only mode I is involved in
the analysis. At 20 GHz, the situation changes since now the
second frequency mode is also excited [see Fig. 6(a)] and,
hence, the propagation characteristics of the spin waves are
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FIG. 6. (a) The dispersion relation of the Co(10 nm)NM(5 nm)Py(5 nm) system is shown (lines are solutions of the dynamic matrix method
and color code represents the micromagnetic simulations). (b–f) The calculated isofrequencies curves are depicted. The upper panels in (b–f)
illustrate the micromagnetic simulations. The group velocity is indicated along each isofrequency curve.

influenced by both modes. While mode I tends to create waves
focused on −z, the second mode induces waves with larger
wavelengths and interference patterns along both +z and −z
directions. Thus, the resulting wave pattern is more complex
as shown in the upper panel of Fig. 6(e). At higher frequen-
cies, there is a superposition of both waves wherein, according
to Fig. 6(f), the focusing properties are more influenced by
the high-frequency mode, since the low-frequency mode is

excited at larger wave vectors where the exchange interaction
dominates, and the curve tends to be circular.

On the other side, the example
Co(30 nm)NM(5 nm)Py(15 nm) is illustrated in Fig. 7.
Overall, the behavior is similar to the previous case
[Co(10 nm)NM(5 nm)Py(5 nm)]; nonetheless, because
the nonreciprocity is stronger, there are also some differences
in the focusing properties. While at 5 GHz, the behavior
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FIG. 7. SW properties obtained for Co(10 nm)NM(5 nm)Py(5 nm) system. (b–f) The isofrequency curves together with the respective
micromagnetic simulations. The direction of the group velocity is indicated along each isofrequency curve.

is similar to Co(10 nm)NM(5 nm)Py(5 nm), at higher
frequencies, we observe that the second mode influences
the SW focalization in a broader range of frequencies. This
is observed in the cases shown in Figs. 7(c)–(e). In the
particular case of f = 10 GHz, SWs are channeled along the
z axis, resulting from both modes that have clear zones in
the isofrequency curve that focalize the group velocity and,
hence, the energy of the wave. At higher frequencies, most
of the modes are excited at more significant wave vectors so

that the exchange dominates, resulting in a more negligible
focusing effect [see Fig. 7(f)].

IV. CONCLUSIONS

We have theoretically addressed the focusing spin-wave
properties for synthetic antiferromagnets. By analyzing the
isofrequency curves, we have observed that the bilayer
systems show a focalized spin-wave propagation when such
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waves are excited by a single point source. We have analyzed
the role of magnetic layer thicknesses and magnetic grading
on focusing properties, and, as a general result, we have seen
that the focalization characteristics of the fundamental and
high-frequency modes are entirely different. By depending on
the frequency range, it is possible to create highly focused
spin waves where the focalization properties are only influ-
enced by the low-frequency mode. In contrast, the focusing
properties of the high-frequency modes are a superposition
of more than one mode, exhibiting thus a more complex
propagation. Finally, we can conclude that bilayer systems
are excellent candidates for inducing and controlling highly
focused spin waves and nonreciprocal interference patterns,
which are essential for a new generation of magnonic devices
such as demultiplexers, circulators, and isolators.
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APPENDIX: EFFECTIVE FIELDS OF DIPOLAR
AND INTERLAYER EXCHANGE INTERACTIONS

The effective field Hμ
eff can have different contributions,

depending on which interactions are taken into account. Here
we describe the effective fields associated with the dipolar and
exchange interactions. For this purpose, it is useful to intro-
duce a right-handed orthonormal basis (x̂, ŷ, ẑ) such that ŷ is
normal to every layer and points in the direction of increasing
μ. With respect to this basis, the volume Vμ of the μth layer
can be written as R × dμ × R, where dμ denotes the open
interval (yμ

1 , yμ
2 ) that describes the width of the μth layer.

1. Dipolar interaction

The magnetic potential due to the magnetization distribu-
tion is given by

φ(r, t ) = 1

4π

N∑
ν=1

[∮
∂Vν

dS′ · Mν (r′, t )

|r − r′|

−
∫

Vν

dV ′ ∇′ · Mν (r′, t )

|r − r′|
]
, (A1)

which, by the divergence theorem and the fact that
∇|r − r′| = −∇′|r − r′|, can be rewritten as

φ(r, t ) = − 1

4π

N∑
ν=1

∫
Vν

dV ′∇ · Mν (r′, t )

|r − r′| .

Since we are only interested in the dynamic effects, we
drop the equilibrium term and make the substitution Mν �→

mνei(k·r−ωt ); it follows that

φ(r, t ) = − 1

4π

N∑
ν=1

∇
(∫

Vν

dV ′ e
i(k·r−ωt )

|r − r′|
)

· mν .

If a, b, c ∈ R, then
∫ ∞

−∞

∫ ∞

−∞
dxdz

ei(ax+bz)

√
x2 + z2 + c2

= 2π
e−|c|√a2+b2

√
a2 + b2

.

Then, by using the previous identity to integrate over the xz
plane, the potential can be further reduced to

φ(r, t ) = − 1

2k

∑
ν

∇
(

ei(k·r−ωt )
∫

dν

dy′e−kQ

)
· mν,

where Q = P · (r − r′) and P = ŷ ⊗ ŷ.
The effective dipolar field acting over the μth layer

is defined as the average field over the layer’s thick-
ness. Namely, Hμ(r, t ) = − 1

|dμ|
∫

dμ
dy∇φ(r, t ). Since hμ =∑N

ν=1 �μν · mν , we can make the identification

�μν = e−ik·r

2k|dμ|
∫

dμ

dy(∇ ⊗ ∇)

(
eik·r

∫
dν

dy′e−kQ

)
.

In particular, if μ 
= ν, then

�μν = e−kQ

2k3|dμ|
(

k ⊗ k + ik
k ⊗ Q + Q ⊗ k

Q

− k2 Q ⊗ Q
Q2

)∣∣∣∣∣
yν

2

y′=yν
1

∣∣∣∣∣
yμ

2

y=yμ
1

,

where Q/Q behaves like sgn(μ − ν)ŷ after the evaluation. If
μ = ν, then

�μμ = 1 − e−k|dμ|

k|dμ|
(

k ⊗ k
k2

− ŷ ⊗ ŷ
)

− k ⊗ k
k2

.

Then, with the elements �μν in hand, it is straightforward
to obtain the effective dynamic fields of dipolar origin.

2. Interlayer exchange field

To model the interlayer exchange interaction we use the
energy density as follows:

εex = 1

2

N∑
μ,ν=1

Jintra

Mμ
s Mν

s

Mμ · Mν (δμ,ν+1 + δμ,ν−1)

+ Jinter − Jintra

Mμ
s Mν

s

Mα · Mα+1,

where α denotes the interface between the two films, so that
the layers α and α + 1 correspond to the ones in contact
with the nonmagnetic film. Because hμ = ∑N

ν=1 �μν
ex · mν , it

follows that �μν
ex = �ν,μI, where I is the identity and

�ν,μ = − 1

2dμ

Jintra

μ0Mμ
s Mν

s

(δμ,ν+1 + δμ,ν−1)

− 1

dμ

Jinter−Jintra

μ0Mμ
s Mν

s

(δα,μδα+1,ν + δα+1,μδα,ν ).
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