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Phonons and low thermal expansion in sodalite zinc borate Zn4B6O12X (X = O, S, Se)
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We examine isotropic near-zero thermal expansion in the cubic materials Zn4B6O12X (X = O, S, Se) using
density functional theory calculations of the lattice dynamics within the Grüneisen approximation. The calculated
thermal expansion is in excellent agreement with experiment. The near-zero thermal expansion is shown to arise
from a balance between two specific groups of vibrations that favor positive and negative thermal expansion,
respectively. This gives a clear general indicator of how crystal structures can be engineered to give near-zero
thermal expansion.

DOI: 10.1103/PhysRevB.104.174310

I. INTRODUCTION

In applications where materials face large temperature
changes or temperature gradients, thermal expansion can
cause many problems; ideally, such materials would have a
coefficient of thermal expansion of zero [1–4]. While unusual,
this behavior is not thermodynamically impossible. In our
common experience, the volume of a solid will usually in-
crease with temperature, for reasons that can be understood
intuitively. Increasing volume will cause atoms to become
slightly further apart, which will reduce the size of their har-
monic force constants and lead to lower phonon frequencies
and hence higher phonon entropy. In the overall free energy,
the increase in energy associated with lattice expansion is
favorably offset by the increased negative entropic contribu-
tion to the free energy. Given that this balance is controlled
by temperature, higher temperatures lead to higher volume.
Recently it has been found that some materials have the oppo-
site behavior in that they shrink with increasing temperature,
which is called “negative thermal expansion” (NTE) [5–12].

In fact, the phenomenon of near-ZTE is relatively rare,
even rarer than NTE. Intrinsic near-ZTE has been found in
a small number of materials, such as CaMn7O12 [13], SrRuO3

[14], Fe[Co(CN)6] [15], Mn3Cu0.5Ge0.5N [16], TaO2F [17],
N(CH3)4CuZn(CN)4 [18], YbGaGe [19], and ZrMgMo3O12

[20]. On the other hand, near-ZTE has been engineered by
chemical doping in materials such as PbTiO3 solid solutions
[21,22], doped ScF3 [23,24], SrCu3Fe4−xMnxO12 [25], and
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La(Fe,Si)13 hydrides [26]. Near-ZTE has also been generated
in mesoporous PbTiO3 fibers [27,28].

In this paper we will examine the theoretical basis for the
existence of near-ZTE for temperatures below 300 K in the
new framework material Zn4B6O12X , where X represents O,
S, or Se [29,30]. Our key finding is that near-ZTE materials
can be designed by combining structural motifs that favor
NTE with other motifs that have an opposing role.

In many cases, and of relevance in this paper, NTE arises
from the existence of low-frequency vibrations involving the
swinging motion of stiff bonds, a process known as the “ten-
sion effect.” This has been described in several review articles
[5,8,11], and arises because rotations of connected pairs of
bonds pull the connected atoms inwards in preference to the
stretching of the bonds. As temperature is increased, there
will be larger amplitudes of the swinging motion, causing an
increased inward pull that manifests as NTE. The role of the
tension effect has been quantified in experimental and theo-
retical studies, as we have reviewed [31]. More recently the
tension effect in ScF3, as a pertinent example, was examined
in detail by neutron total scattering and simulation [32].

The tension effect might be expected to be relevant to
near-ZTE materials also, because it is expected that the lo-
cal bonds will show positive thermal expansion in the same
way that they do in NTE materials [32]. Thus in near-ZTE
materials it might be expected that there is a fine balance
between tension effect motions giving a negative contribution
to thermal expansion and the positive thermal expansion of
local bonds. This balance can, in principle, be tuned by crystal
engineering. And the case of Zn4B6O12X is found here to
illustrate how such engineering might be achieved in practice,
mixing structural elements in a way that gives a near-perfect
balance between these motions.
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FIG. 1. Crystal structure of Zn4B6O12X , cubic space group I43m
[33]. (a) The view shows the BO4 (green) and ZnO4 (gray) tetrahedra,
with oxygen atoms shown as red spheres. (b) This shows the connec-
tivity of tetrahedral centers, showing the sodalite network formed by
the boron atoms (green), and the group of four zinc atoms occupying
the centers of the sodalite cages (gray).

II. BACKGROUND CONCEPTS AND METHODOLOGY

A. The crystal structure of Zn4B6O12X

This family of borates, with general formula of Zn4B6O12X
(X = O, S, Se) and denoted ZBX, has a sodalitelike crystal
structure [34]. The unit cell, with space group I43m [33],
is shown in Fig. 1. The characteristic feature of the sodalite
structure is a cubic-symmetrical cage consisting of T O4 tetra-
hedra (T = Al, Si, Be, B, P) [35,36], which are shown as
green in Fig. 1(a). The topology of the sodalite cage, forming
a truncated octahedron, is shown in Fig. 1(b), where we show
the network of neighboring tetrahedral sites. The cage consists
of eight rings of six connected tetrahedra, which are parallel
to the set of {111} planes. These rings are joined together to
form square rings of four tetrahedra, which are parallel to the
set of {100} planes. These square rings are then connected
to the corresponding rings in the adjacent unit cells to pro-
vide channels between the cages. In the crystal structure of
Zn4B6O12X , an XZn4 tetrahedron occupies the center of each
cage, with each Zn bonding to three O atoms to form a ZnXO3

distorted tetrahedron. These tetrahedra are shown with gray
color in Fig. 1(a), and the group of Zn sites within the cage is
shown in Fig. 1(b).

The existence of near-ZTE in ZBX is likely to be related to
the flexibility of the sodalitelike framework structure [37–39].
Several kinds of zeolites contain [Si24O48] cages with sharing
four-tetrahedra faces within their structures. Examples include
zeolite A (LTA) and faujasite (FAU) [40], which display NTE
over a wide range of temperature [41]. The strong NTE in
zeolites arises from these zeolites supporting a spectrum of
rigid unit modes (RUMs) which enable the tension effect.
However, the case of the sodalite cages in ZBO, ZBS, and
ZBSe is different, because the central XZn4 tetrahedron can
make the structure more rigid. This might be expected to give
resistance to NTE, facilitating a balance between negative and
positive thermal expansion and thereby giving rise to near-
ZTE. It was this possibility that motivated the original work on
this material [29,30], and indeed, this is exactly what is found
in this paper. The conclusion from this study is that one route
to developing near-ZTE materials by crystal engineering is to
stiffen a material of known flexibility, such as one containing

a network of tetrahedra. This can be done in such a way
that the NTE vibrations are raised to higher frequency, and
are then balanced by low-frequency modes giving positive
thermal expansion, arising from the atomic clusters acting as
cross braces.

B. Grüneisen model of thermal expansion

The coefficient of thermal expansion αV = V −1(∂V/∂T )P

is given by [11]

αV = γCV

BV
, (1)

where CV is the heat capacity, B = −V (∂P/∂V )T is the bulk
modulus, V is the volume, and γ = −(∂ ln T/∂ ln V )S is a
dimensionless parameter known as the overall Grüneisen pa-
rameter [42–44].

In this paper we make use of the Grüneisen theory [44],
which is based on a quasiharmonic model [8,11,45]. It is
assumed that the normal theory of harmonic lattice dynamics
can be used to calculate the phonon free energy of a given
state of the crystal. Following a small expansion or contraction
of the lattice, it is assumed that the harmonic phonon free
energy will change due to changes in the interatomic force
constants leading to small changes in phonon frequencies.
These changes are quantified by the mode Grüneisen parame-
ter:

γ j = − V

ω j

∂ω j

∂V
, (2)

where each phonon mode has label j. The overall Grüneisen
parameter γ describes how on average the phonon frequencies
change with volume. It can be obtained as a weighted mean of
γ j :

γ = 1

CV

∑

j

c jγ j, (3)

where

c j = h̄ω j
∂n(ω j, T )

∂T
(4)

and n(ω j, T ) is the Bose-Einstein distribution.
What is important in this formalism is that vibrations with

positive values of mode Grüneisen parameter contribute to
positive thermal expansion and those with negative values
contribute to NTE. This will allow us to better understand the
origin of near-ZTE through inspection of the balance between
these two types of vibration.

It should be noted that the quasiharmonic approximation
includes anharmonic effects in which force constants change
with volume, but does not include the effects of frequency
renormalization through anharmonic phonon-phonon interac-
tions. While the quasiharmonic approximation is convenient
for calculations, and is found to be generally reasonable,
it is known that phonon-phonon anharmonic effects tend to
cause NTE to become less negative—and in some cases
make it become positive—at high temperature. This has
been explored theoretically in model systems [46], and in
the specific case of ScF3 [47]. Thus, in this paper it is
appropriate that our comparison between simulation and
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experimental data is for temperatures below room tempera-
ture, where we expect the quasiharmonic approximation to be
most valid.

C. Simulation methods

Our primary approach is to calculate the set of mode
Grüneisen parameters from phonon calculations performed
using density functional theory (DFT) methods and density-
functional perturbation theory (DFPT) methods [48,49].

The DFT calculations were performed using the CASTEP
program [50]. CASTEP uses plane-wave electronic basis sets,
and in our calculations we used norm-conserving pseudopo-
tentials using the NCP19 set supplied by CASTEP. In our
calculations ZBO, ZBS and ZBSe were regarded as explicit
insulators. Exchange and correlation energies were calculated
by the PBE formulation of the generalized gradient approxi-
mation (GGA) [51,52]. Cut-off energies were set to 1200 eV,
and a Monkhorst-Pack grid of 3 × 3 × 3 wave vectors within
the reciprocal unit cell was used; these limits were established
by testing for convergence of the differences in energy be-
tween two structures of slightly different volume.

Phonon frequencies calculated using the DFPT method
made use of the interpolation method, whereby the dynam-
ical matrix is formulated on a regular grid of phonon wave
vectors, so that the dynamical matrices for “arbitrary” wave
vectors can be formed by interpolation. For calculations of
mode Grüneisen parameters, calculations of phonon frequen-
cies were performed for both a fully relaxed structure at zero
pressure, and for a relaxed structure with a 1% expansion in
each direction. In addition to calculating dispersion curves, we
also computed frequencies for 10 000 random wave vectors in
the Brillouin zone [53]. Results were analyzed using our own
software for evaluation of mode Grüneisen parameters [54] as
used in other similar studies [55,56].

III. RESULTS

A. Crystal structure relaxation

The results for our calculations of the crystal structure of
the three ZBX phases are compared with experimental data
obtained at a temperature of 5 K in Table I. It can be seen
that the DFT calculation overestimates the lattice parameters
by a maximum of 0.8%, which we consider to be reasonable
and in line with common experience with GGA functionals.
The largest difference between observed and calculated bond
lengths is 1.6%, and in most cases the agreement is much
better than this. We consider that the DFT calculations have
reproduced the overall crystal structures reliably.

It is worth noting the effects of substitution of the X anion
as seen in bond lengths (Table I) and bond angles. The effect
of changing anion X is to increase the Zn−X distance, by
14% in going from O to S, and in a further 5% in going
from S to Se (from the simulation results), leading to the
respective increases in lattice parameters of 2.0% and 0.8%,
respectively. On the other hand, changes in the B–O bond
length on substitution are only 0.3% for the largest substitu-
tion, which means that the local strain caused by substitution
on the X site must be accommodated through a small buckling
of the sodalite network. On the two substitutions, the O–B–O

TABLE I. Comparison of experimental and calculated crystal
properties of Zn4B6O12X , where X = O, S, or Se. The crystal struc-
ture has space group I43m. Atomic coordinates are B (1/4, 1/2, 0),
Zn (x, x, x), X (1/2, 1/2, 1/2), and O (x, x, z). Elastic constant data
are from Ref. [29].

Zn4B6O13 Zn4B6O12S Zn4B6O12Se

Expt. Calc. Expt. Calc. Expt. Calc.

a (Å) 7.47 7.53 7.63 7.68 7.68 7.74
Zn x 0.346 0.347 0.328 0.329 0.322 0.322
O x 0.139 0.140 0.143 0.143 0.144 0.144
O z 0.414 0.416 0.425 0.426 0.430 0.429
B–O (Å) 1.477 1.482 1.480 1.487 1.474 1.489
Zn–O (Å) 1.952 1.984 1.954 1.980 1.972 1.980
Zn-X (Å) 1.987 2.000 2.273 2.279 2.369 2.386
C11 (GPa) 312.2 308.0 – 286.7 – 287.9
C12 (GPa) 137.6 124.9 – 124.9 – 124.0
C44 (GPa) 102.3 94.9 – 82.1 – 85.9
B (GPa) 195.8 185.9 – 178.9 – 178.6

tetrahedral angle only deforms by a maximum of less that 1◦.
Instead, the buckling of the sodalite framework occurs through
rigid tetrahedral rotations bending the B–O–B angles, with
changes in the two substitutions of 4.5◦ and 1.3◦ for S and
Se, respectively. This is consistent with the analysis of rigid
unit modes (RUMs) within the sodalite structure. Analysis
shows the existence of RUMs with zero wave vector that can
cause buckling of the structure and lower the symmetry from
the ideal space group Im3m to I43m [37–39]. This will allow
for the local strain to be accommodated within the sodalite
structure easily, with little energy cost.

B. Zone center optic phonons

The calculated phonon frequencies for zero wave vector for
ZBO, corrected for longitudinal/transverse splitting of optical
modes (LO/TO), are given in Table II. The mode decompo-
sition for the acoustic modes is T2, and for optic modes is
3A1 + 2A2 + 5E1 + 7T1 + 10T2. The T2 modes show LO/TO
splitting. The A1, A2, E1, and T2 modes are Raman active, and
the T2 modes are also IR active. The T1 modes are inactive
in both Raman and IR spectroscopy. Similar tables for ZBS
and ZBSe are given as Tables S1 and S2 in the Supplemental
Material (SM) [57].

In order to assess the validity of the phonon calculations,
we have measured the vibrational frequencies by infrared (IR)
spectroscopy to support previous measurements by Raman
spectroscopy [30]. The IR and Raman spectra for all three
samples of ZBX are given in Fig. S1 in the SM [57]. The
experiments do not themselves help with the symmetry as-
signment of modes, and therefore the assignment of modes
based solely on proximity of experimental frequencies to
calculated values is only tentative. These are given for in
Tables S3–S5 in the SM [57]. What we can deduce from these
tentative assignments is that there are no obvious significant
discrepancies between calculated and experimental mode fre-
quencies.
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TABLE II. Calculated vibration frequencies for zero wave vector for Zn4B6O13. The symbols R and IR indicated Raman and infrared activity.

3A1 (R) 2A2 (R) 5E1 (R) 7T1 (–) 10T2 (R,IR)

10E2 10B

(cm−1) (THz) (cm−1) (THz) (cm−1) (THz) (cm−1) (THz) (cm−1) (THz) (cm−1) (THz)

240.4 7.22 414.1 12.44 172.3 5.17 139.7 4.20 172.7 5.19 173.2 5.20
404.1 12.14 856.8 25.73 399.8 12.01 280.2 8.41 188.7 5.67 215.7 6.48
706.9 21.23 697.2 20.94 434.8 13.06 263.5 7.91 270.7 8.13

808.5 24.28 644.8 19.36 446.5 13.41 446.9 13.42
1045.1 31.37 771.1 23.16 455.2 13.67 471.6 14.16

878.9 26.39 627.8 18.85 628.0 18.86
1034.1 31.05 693.3 20.82 708.1 21.26

869.9 26.12 971.1 29.16
999.8 30.02 1003.0 30.12
1029.3 30.91 1132.8 34.02

C. Phonon dispersion curves and densities of states

The phonon dispersion curves of ZBO are shown in the
left image of Fig. 2. Corresponding phonon dispersion curves
for ZBS and ZBSe are given in the SM [57], Figs. S2 and
S3. All three materials show very similar phonon dispersion
curves.

From the gradients of the acoustic modes we have cal-
culated the three elastic constants C11, C12, and C44, which
are given in Table I. For ZBO we are able to compare with
experimental data [29], and the agreement is satisfactory. The
calculated values are slightly lower than the experimental
values, giving an overall underestimate of the calculated value
of the bulk modulus B = (C11 + 2C12)/3 of 5% compared to
the experimental value.

The phonon densities of states of all three materials are
shown in Fig. 3. The densities of states are all very similar for
frequencies of around 20 THz and above. Particular features
are the sharp groups of peaks around 25 THz, the broader
bands of modes around 30 THz with a final sharp peak at
around 33 THz, and the broad bands of modest around 20 THz
and above with first sharp peaks at around 18 THz. There are
more general differences for lower frequencies on top of some
similar features. In particular, a sharp peak appears at 15 THz
in ZBO, at 10 THz in ZBS, and at 7 THz in ZBSe. It appears
that at lower frequencies the density of states is more sensitive
to the replacement of O by S and Se.

In order to interpret the vibrations in terms of atomic mo-
tions, we have analyzed the modes at zero wave vector for the

FIG. 2. Left, calculated phonon dispersion curves of Zn4B6O13 for frequencies below 10 THz and for wave vectors along along sym-
metry directions in reciprocal space. The alphabetic labels denote wave vectors of high symmetry: � = 0, 0, 0, X = 1, 0, 0 ≡ 1, 1, 1, and
M = 1/2, 1/2, 0. Right, the same dispersion curves colored according to the size of the corresponding mode Grüneisen parameters; yellow
corresponds to γ = 0, deepest red corresponds to γ � −0.5, and bright green corresponds to γ � +2.0.
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FIG. 3. Phonon density of states of the three materials (a) Zn4B6O13, (b) Zn4B6O12S, and (c) Zn4B6O12Se.

three materials ZBX. The lattice dynamics calculations give
orthonormal mode eigenvectors, which for each atom j is rep-
resented here as e j . Normalization means that

∑
j |e j |2 = 1.

We define atomic squared displacements as u2
j = |e j |2/mj ,

where mj is the atomic mass of atom j [58,59]. We then
sum the values of u2 for each atom type in order to give the
overall contribution from each atom type. These are plotted as
a bar chart for each normal mode for the case ZBO in Fig. 4,
together with a chart giving the frequency of each mode. For
a check, for modes 1–3, which are the acoustic modes with
zero frequency, we expect the values of u2

j to be equal for
each atom, and hence the size of each contribution within the
bars for these three modes will simply be proportional to the
number of atoms of each type.

Figure 4 shows a number of features that will help us to
understand the nature of vibrations. First we note that the
vibrations involving significant contributions from Zn motion
are in the frequency range around 0–5 THz, not surprising
given the significant difference in mass between Zn and the B
and O atoms. For modes with frequencies in the range 5–10

FIG. 4. The lower figure shows a bar chart showing decomposi-
tion of motions by atom type for the calculated lattice dynamics of
ZBO. We label the abscissa in terms of mode number, and the the
upper figure gives the corresponding mode frequency. The legend
defines the atom type. Corresponding figures for ZBS and ZBSe are
given in the SM, Figs. S4 and S5, respectively [57].

THz we see mostly O motions. These modes correspond to
rotations of the BO4 (and consequently of the ZnO4 tetrahe-
dra) and are the RUMs of the sodalite network. There is a
sharp band of modes involving almost mostly the O(X ) atom
motions at around 13 THz, which is seen as the peak in the
density of states of Zn4B6O12S in Fig. 3(a). Given the distance
between X atoms in neighboring unit cells, any vibration
involving mostly the X atom is unlikely to have high spatial
correlation and so will represent effectively independent os-
cillators, giving the branch in the dispersion curve that is of
almost constant frequency. This mode is seen to shift to lower
frequencies in the corresponding plots in Figs. S4 and S5 in
the SM [57], and is consistent with the shift in the peak in
the phonon densities of states in Fig. 3. The higher-frequency
modes involve mostly B and O atomic motions, and will
represent B–O stretching and O–B–O bond-bending modes.
The analysis of the higher-frequency modes shown in Fig. 4
for ZBO is well reproduced for ZBS and ZBSe.

D. Evaluation of the mode Grüneisen parameters

Figure 2 (right-hand side) also shows the phonon disper-
sion curves of ZBO colored to display the values of the mode
Grüneisen parameters of each branch Eq. (2) indicating by
the color scheme whether the modes have positive or negative
values of their Grüneisen parameters and hence whether the
modes contribute to positive or negative thermal expansion.
Corresponding images for X = S and Se are shown in Figs.
S2 and S3. What can be seen from these colored dispersion
curves is that it appears that the lower-frequency modes favor
positive expansion, but with a band of modes around 7 THz
that favor NTE.

More information can be obtained by averaging across the
Brillouin zone from the calculations using sets of 10 000 ran-
dom wave vectors. Figure 5 shows the distribution of values of
mode Grüneisen parameters across the range of frequencies.
It can be seen that in all three cases the distribution from 0–5
THz tends to prefer positive thermal expansion, and imme-
diately above that the modes overall favor negative thermal
expansion. From Fig. 4 we see that the lower frequency modes
with positive values of the mode Grüneisen parameters are
the modes with significant motions of the zinc atoms, and the
modes with negative values of the mode Grüneisen parameters
and frequencies just above 5 THz are the RUMs of the sodalite
network. 5 THz corresponds to a temperature of 240 K, which
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FIG. 5. Color map of the distribution of mode Grüneisen parameters and mode frequencies of (a) Zn4B6O13, (b) Zn4B6O12S, and (c)
Zn4B6O12Se. The bar on the far right indicates how the colors represent the size of the distribution for any point on the map: pinks indicates
complete absence of any modes with that pair of Grüneisen parameter and frequency. Yellow represents where the number of modes reaches a
saturation maximum number (100 in a total number of 10 000). Dark blue represents intermediate numbers in the distribution.

means we expect to see the balance between positive and
negative thermal expansion to be in play at temperatures be-
low room temperature. However, there are some modes with
negative values of γ within the 0–5 THz region, and the mean
of the distribution is much lower than the value γ ∼ 1 about
which the higher-frequency modes are distributed.

This balance results in an interesting temperature depen-
dence of the overall Grüneisen parameters γ , as calculated
using Eq. (3) and shown in Figs. 6(a)–6(c). At high temper-
atures, the values of γ tend to a limiting value of around 1,
but at temperatures below room temperature γ falls as low as

0.52, 0.12, and 0.45 in ZBO, ZBS, and ZBSe, respectively.
At low temperature we see that the balance between modes
of positive and negative values of γ causes γ in ZBO to
have two minima at lower temperatures. Although this is not
seen in ZBS and ZBSe, there are points of inflection in the
temperature dependencies of γ in these two materials which
correspond to the second minimum seen in ZBO.

From calculations of γ , the heat capacity calculated from
the phonon frequencies via summation of c j values of Eq. (4)
(Fig. S6 in the SM [57]), and the bulk modulus values shown
in Table I, we have computed the overall coefficient of volume

FIG. 6. Top: Temperature dependence of the calculated overall Grüneisen parameters of γ of (a) Zn4B6O13, (b) Zn4B6O12S, and (c)
Zn4B6O12Se. Bottom: Temperature dependence of the calculated coefficient of volumetric thermal expansion αV of (d) Zn4B6O13, (e)
Zn4B6O12S, and (f) Zn4B6O12Se.
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FIG. 7. Calculated lattice parameters of Zn4B6O13, Zn4B6O12S, and Zn4B6O12Se compared to experimental data. Circles corresponding to
the experimental data [30], and black lines corresponding to the DFT simulation data. The DFT results have been shifted by values of −0.0582,
−0.0522, and −0.0626 Å, respectively, to aid comparison of the thermal expansion.

thermal expansion αV through Eq. (1). The results are shown
in Figs. 6(d)–6(f). It should be noted that the value of the
coefficient of linear expansivity, αa = a−1∂a/∂T , is 1/3 of
the value of αV . From Fig. 6 it can be seen that the average
value of αV /3 over the range 0–300 K is around 1.7 MK−1,
in line with the experimental results [30]. It is interesting to
note that the minima in the temperature dependence of γ are
not discernible in the values of αV . This is because the rapidly
rising heat capacity (varying as T 3 at first, Fig. S6 in the SM
[57]) means that the overall form of αV also rises too fast
over the relevant range of temperatures for the effect of the
variations in γ to be visible.

Finally, we have calculated the temperature dependencies
of the lattice parameters of the three phases, which are shown
in Fig. 7 and compared with experimental values [30]. We
have shifted our calculations to bring the lowest tempera-
ture values into agreement to account for the DFT efforts
(rather than simply compare scaled values). What can be seen
is that in each of the three systems the agreement between
calculation and experiment is excellent, with the calculations
reproducing the low value of the linear thermal expansion over
the temperature range 0–300 K [30].

IV. DISCUSSION

The gratifying result from the work presented in this paper
is that the DFT calculations have reproduced the low thermal
expansion in all three systems (ZBO, ZBS, and ZBSe) over
the temperature range 0–300 K.

What is clear from the analysis is that the phonons at
low frequencies (corresponding to temperatures below 300 K)
have competing effects on the thermal expansion, giving rise
to a relatively low values of the overall Grüneisen parameters
in all these systems and hence low thermal expansivity for
temperatures over the range 0–300 K. Only at higher temper-
atures, when the higher-frequency modes with values of mode
Grüneisen parameters γ ∼ 1, does the thermal expansivity
increase to more usual values.

The origin of the low expansivity at lower temperatures,
and existing over a wider range of temperatures than nor-
mal, comes from the competing contributions to the overall
Grüneisen parameters up to relatively high frequency. The
low-frequency modes have a low positive contribution to the

expansivity, but over a range of around 5–8 THz the modes
now compete to give lower values of the overall Grüneisen
parameters. Only for frequencies above 10 THz, which corre-
sponds to a temperature of 480 K, will the thermal expansivity
have a more typical value. This is seen clearly in Fig. 6.

We believe that the origin of near-ZTE at low temperature
in ZBO, ZBS, and ZBSe is related to the fact that the crystal
structure is based on the sodalite structure. This structure is
known to be flexible through the excitation of rigid unit modes
(RUMs) [37–39,60]. It is know that zeolite structures based
on the sodalite structure will give rise to NTE [41,61,62], and
the RUM model provides a natural explanation for why the
tension effect is able to be effective in a network structure
[63,64]. Usually RUMs have low frequencies, but in the case
of ZBX structures the central XZn4 tetrahedron forming an
overall rigid Zn4XO12 unit makes the structure rigid. This
raises the frequencies of the modes that would be RUMs,
and means that the modes that contribute negatively to the
thermal expansion now compete at higher energy with modes
that contribute positively. Moreover, the higher frequencies
of the RUM-like motions of the sodalite cage have reduced
the values of the negative mode Grüneisen parameters as
compared to those of the corresponding silica phases [11].

The competition between vibrations giving contributions
to both positive and negative thermal expansivity may suggest
routes towards the rational design of near-ZTE materials. In
the case of ZBX materials, the key feature is that of taking a
network structure that is known to show NTE and then mak-
ing the network more rigid by cross bracing with additional
atomic units. While this does not directly remove the effect of
the vibrations that give NTE, it reduces the size of their effect
by raising their frequency, and allows a balanced competition
with other low-frequency modes that will contribute to pos-
itive expansivity. The example of ZBX therefore suggests a
route towards the design of new near-ZTE materials.
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