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We present a numerical method for the evaluation of the mass gap and the low-lying energy gaps of a large
family of free-fermionic and free-parafermionic quantum chains. The method is suitable for some generalizations
of the quantum Ising and XY models with multispin interactions. We illustrate the method by considering the
Ising quantum chains with uniform and random coupling constants. The mass gaps of these quantum chains
are obtained from the largest root of a characteristic polynomial. We also show that the Laguerre bound, for
the largest root of a polynomial, used as an initial guess for the largest root in the method, gives us estimates
for the mass gaps sharing the same leading finite-size behavior as the exact results. This opens an interesting
possibility of obtaining precise critical properties very efficiently, which we explore by studying the critical
point and the paramagnetic Griffiths phase of the quantum Ising chain with random couplings. In this last phase,
we obtain the effective dynamical critical exponent as a function of the distance to criticality. Finally, we compare
the mass gap estimates derived from the Laguerre bound and the strong-disorder renormalization-group method.
Both estimates require comparable computational efforts, with the former having the advantage of being more
accurate and also being applicable away from infinite-randomness fixed points. We believe this method is a

relevant tool for tackling critical quantum chains with and without quenched disorder.

DOLI: 10.1103/PhysRevB.104.174206

I. INTRODUCTION

Usually, the first step toward the understanding of an inter-
acting many-body system relies on the study of a system in the
absence of interactions, i.e., the free system. In particular, the
study of free fermionic systems in the lattice, like the quantum
Ising model or the quantum XY model, are excellent labs
to probe ideas and insights for magnetic systems [1,2]. Free
quantum systems with parafermionic degrees of freedom are
also known in the literature, like the Z(/N) Baxter model [3,4]
and multispin Z(N) systems [5,6].

A practical feature in the study of a free quantum chain
is that the eigenvalues are given in terms of quasiparticle
energies. The number of quasiparticle energies, normally cal-
culated by a matrix diagonalization, grows linearly with the
system’s size. Since the computing time in the diagonalization
procedure grows with powers of the system’s size, typically
we were able to deal only with systems with sizes up to
L =5000 ~ 10000. This is a problem in the cases where
we need larger systems L ~ 10* or L ~ 10° or even for
small chains in the case of quench disordered quantum chains
since a large number of disorder configurations (typically 10%)
are necessary for achieving good statistics. A more severe
constraint arises in quenched disordered systems since the
diagonalization procedure suffers from numerical instabilities
even for fairly small chains (L ~ 100) when the associated
dynamical critical exponent is sufficiently large [7-9].
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Frequently, we are interested only in the low-lying
quasienergies or, in the case of the mass gap evaluations, we
only need the smallest free particle quasienergy. We present
in this paper a practical numerical method to evaluate the
mass gaps and possibly some of the low-lying energies within
machine accuracy, and with a computational effort that in-
creases only linearly with the size of the quantum chain.
This method is based on the evaluation of a characteristic
polynomial whose zeroes give the quasienergies of the free-
particle system. The calculation of all zeros of the polynomial
requires the computation of all the coefficients of the poly-
nomial, demanding a computer time that grows with powers
of L. However, instead of calculating all the coefficients of
the polynomial, in the method we propose in this paper, we
only calculate a fixed number of them (Ci,y), independently
of the system’s size, demanding a computer time linearly
proportional to L. These are the coefficients of the Cg larger
powers in the polynomials.

The use of the simple secant method (or Newton’s method)
for the evaluation of the largest root of the characteristic
polynomial that gives us the mass gap requires an initial
guess for the root. We observed for several free-fermionic
and free-parafermionic quantum chains that the characteristic
polynomial have only real roots, and the Laguerre bound
(LB) [10-12], for the extreme roots, gives us an excellent
approximation for the largest root. Differently from other
bounds [10,11] that normally require the calculation of all the
coefficients of the polynomial, the LBs are obtained only by
using the three last coefficients. In the method we propose in
this paper, this requires no extra computing time since we have
already computed these coefficients.

Another advantage of the method we propose for the class
of free-particle models we consider comes from the fact that
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the Ci,5¢-last coefficients of the characteristic polynomial of a
quantum chain are already calculated from those of smaller
lattice sizes. This means that with a little extra effort, we
evaluate not only the mass gap of a quantum chain of size
L but also the mass gaps of all the smaller ones. This is an
enormous advantage of the method since normally for finite-
size studies we need to calculate the mass gaps as a function
of the system’s size. The advantages of our method stem from
the fact that it explores a general feature of the characteristic
polynomial at criticality and in gapless phases: the largest root
stands out from the remaining ones and dominates the LB.

Surprisingly, for the class of Hamiltonians we consider in
this paper, the mass gaps obtained directly from the LB for
the largest root of the characteristic polynomials not only are
close to the exact values of the largest roots but also have the
same finite-size dependence of the exact gaps. We observe
that in the case of critical systems with uniform coupling
constants, the LB gives us estimators for the dynamical critical
exponent that coincide with the exact value.

As an application to quench disordered quantum chains,
we consider the quantum Ising chain in a random transverse
field. We study the model on its critical point as well on its
Griffiths phase, which has a vanishing gap, even though not
critical [13]. Surprisingly, our results indicate that the mass
gap distributions derived from the LB are quite close to the
exact ones. In the critical region, they give us the z — oo
value, and in the Griffiths phase the estimates for z are quite
close to the ones derived from the numerically exact mass gap,
obtained by the method we propose.

A largely used and important method for random sys-
tems ruled by the infinite-randomness renormalization-group
fixed point is the so-called strong-disorder renormalization
group (SDRG) method. This method allows, in the case of
the quantum critical Ising systems, the exact evaluation of
the dynamical critical exponent (z — 00). The case of finite
systems, although not exact, gives us a reasonable estimate for
the mass gaps of the quantum chains with large lattice sizes.

Since the method we propose in this paper gives the exact
finite-size mass gap evaluations for quite large lattices (L ~
10%) within machine accuracy at criticality and in gapless
phases, we also present a detailed comparison of the mass-gap
distributions obtained from both the SDRG and the LB.

Our analyses show that although the SDRG gives us good
results, the mass gap estimates coming from the LB are closer
to the exact ones. We think that this observation will have an
impact on future studies of quenched random systems, since
the LB estimator are in general obtained with basically the
same computational effort as compared with the SDRG.

Using standard brute force diagonalization methods, it is
quite difficult to calculate the effective dynamical critical ex-
ponent z in the Griffiths phase, specially as we tend toward the
critical point where z — co. In this case, we need the mass
gap evaluations for quite large lattices to get reliable results.
As a test of our numerical method, we obtain this exponent
by calculating the mass gaps for lattices of sizes 10% — 107.
This enables us the evaluation of large values of z, allowing
us to study its dependence z(§) with the distance from criti-
cality §.

The remainder of this paper is organized as follows. In
Sec. II, we present the class of free-particle quantum chains

suitable to the numerical method we propose in this paper.
In Sec. III, we present our numerical method. In Sec. 1V,
we present some applications of the method to the homoge-
neous quantum critical Ising chain at the critical point and
in the paramagnetic and ferromagnetic phases. We also apply
the method to some generalizations of this model. We also
provide a criterion which explains the success of the LB for
estimating the mass gap. In Sec. V, we apply the method to the
random transverse-field Ising chain at the critical point and
in the paramagnetic Griffiths phase. A detailed comparison
with the SDRG method is provided. Finally, in Sec. VI we
summarize our conclusions. Some technical details on the
SDRG method are given in the Appendix.

II. FREE-FERMIONIC AND FREE-PARAFERMIONIC
QUANTUM CHAINS

The method we present in this paper is effective for the
calculation of the mass gaps and some low-lying eigenen-
ergies for models whose eigenspectra are given in terms of
zeros of polynomials. This is the case at least for two general
families of noninteracting Hamiltonians presented below. The
method is shown to be efficient in the regions where the gap is
small, as happens in critical regions or in the Griffiths phases
of random systems. These are indeed the regions where the
standard methods are less effective for large system sizes.

A. Models with Z(N) symmetry

The first family is an infinite set of quantum chains
with multispin interactions introduced in Refs. [5,6]. The
free-fermionic Hamiltonians contain (p + 1)-body interacting
spins (p = 1, 2, ...) and are given by

p i—1 M i—1
HP — _ Z)\_igix l_[UJZ — Z )\.iUl:X H O'f, (1)
i=1 =1

i=p+1 J=i—p

where 0" are spin-1/2 Pauli matrices attached to site i, M is
the number of sites, and the coupling constants {A;} are real
numbers.

The case p =1 is a simple nearest two-body interacting
Hamiltonian

M
HP=D = —Aio} — Z)»,-af_laix, 2)
i=2

which has the same eigenspectrum (apart for global degener-
acy of the entire spectrum) as the quantum Ising chain

L—-1
Hing = — Y _ (hio} + Jiofo},,) — hof — hyof,  (3)

i=1

where the transverse fields are h; = Xy, and the coupling
constants are J; = A,;. The last term is a surface longitudinal
field which is A, = 0 when M = 2L — 1 and hy; = A,; when
M =2L.

The model Eq. (1) with p =2 recovers the three-spin
interacting model introduced by Fendley [14]. Recently, the
free-fermionic Z(2) case has been generalized for Hamiltoni-
ans with certain frustration graphs [15].
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This family of Z(2) Ising models with multispin inter-
actions are, in fact, particular cases of more general Z(N)
free-parafermionic models [5,6] which are obtained by replac-
ing the Pauli matrices in Eq. (1) by their Z(N) generalizations:
o — X, 0% — Z, where the algebra

XZ =wzZX, X =xVN"' z'=zN 4)

is obeyed, with w = % and XN = ZV¥ =1 . The case p=1
recovers the free-parafermionic Baxter quantum chain [3].

As shown in Refs. [5,6], the spectrum of all these quantum
chains are obtained from the M roots {z;} of the characteristic
polynomial

M
PP =) Cult)!, 5)

with M = 1nt(1;”p ) and int(z) being the integer part of z,
which obeys the following recurrence relation:

PP =P () — 2B, (), 6)

with the initial condition P{"’(z) =1 for j < 0. The poly-

nomial P,l(})(z) with arbitrary X, is connected to the FST
polynomials [16,17]. If Ay = 1, the polynomial P}f,,l)(z) is
connected with the Chebyshev polynomial of the second type.

The quasipar:ticle energies {¢;} and the roots are related

through ¢; = z;, ™. Apart from degeneracies, the eigenenergies
of these general free-fermionic (N = 2) or free-parafermionic
(N > 2) quantum chains are given by

) = — Y 0V, )

where 5; =0,1,...,N —1 and, as before, w = ¢'% . The
ground-state energy Egs = — Zf‘i] g; is obtained by taking
s = 0, Yk, and the low-lying energies are obtained changing
the values of s; for the k’s associated to the largest roots of

P(”)(z) In particular, the mass gap A = (1 — w)z-.", where
z> = max{z;}.

We call attention to the important fact that the spectrum
of the free-parafermionic quantum chain (N > 2) is not real.
Nonetheless, it can be obtained from the polynomial Eq. (5)
which possesses only real roots. In Sec. III, we present a
numerical method suitable for calculating the largest roots of
the polynomial.

B. Models with U (1) symmetry

The second family of models that our method is effective
for the evaluation of the mass gaps are generalizations of
the XY quantum chains. The models are U(1)-symmetric,
i.e., the z component of the magnetization S* = Z,L ofisa
good quantum number. These Hamiltonians have a parameter
q that, similarly as the first family of models we described,
defines a special (¢ + 1)-multispin interaction. They are given
by

i+g—1

H@ — Zﬂlg o+ Z vio ( 1_[ o; )G,iq, ®

Jj=i+1

where {j1;, v;} are the coupling constants and o* = %(ox +
io”). In general, for ¢ > 1, the models are non-Hermitian.
The case g = 1 gives us

-1 -1
=1 — _
Ha=) — E wioito + E vio; o). 9)
i—1 i=1

It recovers the isotropic XY model for p; = v; = 1, the dimer-
ized XY quantum chain with dimerization coupling § for u; =
v; = (1 4 (=)8), as well as general disordered XY quantum
chains.

The Jordan-Wigner transformation [2] introduces the spin-
less fermionic operators

—1
¢ =0; 1_[67, ¢, =0 l_[a, (10)
j=1

i=1,...,L, satisfying the fermionic algebra {c,, c;} =6,
{c;,c j} =0.

In terms of these operators, the Hamiltonian Eq. (8) has the
bilinear form

f(eqrzmon - ZC Al.lcj’ 11

where the hopping matrix is
Aij = wibjit1 +vidji-g- (12)

Although A is not symmetric, it can still be transformed to the
diagonal form

f(eqr:mon - Z Aknknk’ 13)

with {n,, 71;} =38ij {n;m;} = n, nj} =0, and A; being
the kth eigenvalue of A (which is, in general, complex). This
is possible via the transformation

L L
= Z]Lichi and ] = ZR’?"C:’ (14)
i=1 i=1
where the columns of the L and R matrices are, respectively,
the left and right eigenvectors of A with the proper normaliza-
tion L'R = 1, which implies RL” = 1.!
Consequently, the 2° eigenenergies of H? follows from
the L-pseudo energies {A}:

L1 1%
B == 2 (%)A/ﬁ (15)

with s, = 0 or 1.

The pseudoenergies {A;} are given by the roots of
det(A1 — A) = 0. Equivalently, apart from zero modes
(A = 0), {Ay} are obtained from the zeros {z;} of the charac-
teristic polynomial PL(q)(z) given by

PP (z) = det (1 — zA), (16)

where Ay = 1/z.

'In other words, AR = RD, and LT A = D, L7 with the diagonal
matrix (DA)i,j = AJS,,
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The Laplace cofactor expansion for the determinant, when
applied to our models, where A is given by Eq. (12), produces
the recurrence relation

q—1
PL(q) = PL(",)I — 79t (H ,U«L—j) ML—qu_qPI@q,l, (17)
j=1
for L > g, with the initial conditions
PPz =1 (18)

for 1 < L < ¢q. This means that the eigenspectrum of Eq. (9)
or Egs. (11) and (12) are functions only of the effective L —
q + 1 couplings

L—1
o) = [1 wi Bi=mvi, (19)
j=L—g+1
(i=1,...,L— gq),and we can rewrite the recurrence Eq. (17)

as
P72) = P\ (2) = B Br-gz® PP, (). (20)

Actually, in PL(q)(z) only appears powers of z which are multi-
plesof (¢ + 1), i.e.,

int( Ay
PO@=00= Y a@rf r= @D
=0
For each root of r; of Q(Lq) there are (g + 1) roots of zj,

L ok
ie., zﬁk) = rjf”' e (k=0,1,...,q), that correspond to the

nonzero fermionic quasienergies Ay in Eq. (13).

The ground-state energy is given by Ep=
—Z‘]T”;[OL/ @Dl O and  the low-lying energies of

Eq. (8) or (11) is obtained from the smallest roots
rj. In particular, the mass gap is obtained from the
smallest nonzero root 7, and its real part is given by
Real(gap) = 7#/“*D[1 + cos(2 /(g + 1)].

This means that the evaluation of the mass gaps of the two
families of models, namely, the multispin free-fermionic mod-
els Eq. (1) and the generalized XY models Eq. (8), demands
the calculation of the largest root of the polynomials Egs. (5)
and (21). In the next section, we present a practical method to
evaluate these roots.

III. A PRACTICAL METHOD FOR THE EVALUATION OF
THE LARGEST ROOT OF THE POLYNOMIALS P(z)

For the family of polynomials with recurrence rela-
tions given in Egs. (6) and (20), the largest root can
be obtained, for example, by the secant method where
the roots of the polynomial P(z) are obtained from the
iteration

20 — =D

(D) = ) _ p(iny__% 4 2
z z (z )P(z@) YT (22)
or by the Newton method
A L P(zW
Jih = o _ PG ) (23)

P'(z0)’

The success of the method depends on two factors: (i) a
good initial value for the largest root and (ii) an effective and
precise way to evaluate P(z) for values of z around the largest
root.

We verified that, at least for the polynomials associated
to the two interesting families of quantum chains presented
in Sec. II, all the roots are real and a quite good guess for
the largest root is given by the LB (see corollary 6.2.4 of
Ref. [10]) for the largest root of a polynomial. For the polyno-
mials defined in Eq. (6), i.e.,

M
Py(z) =) Cu()', (24)
=0

the LB for the largest root is given by

oy Mo, (M (25)
i+ = M M y] Y Y2,

M1
where
_CyM = 1) _ Cy(M —-2)
=T 0 T T euan (20)

It is important to mention that, differently from other
bounds that demand the knowledge of all the coefficients
Cy(€) [10,11], the LB only needs the last three ones, namely,
Cy (M), Cyy(M — 1) and Cp(M — 2). As we shall see, in the
applications of Secs. IV and V, this bound is not only a good
estimate for the largest root of the polynomials of Sec. II, but
also has the same leading finite-size dependence of the exact
value of the largest root.

The evaluation of Py(z), by using the recurrence rela-
tion Eq. (6), takes a time that grows with O(M?), and for
M ~ 10% — 107 the coefficients are quite large requiring mul-
tiple precision (~1000 digits) to express them. However, we
verified that the quantum chains Eqs. (1), (8), and (11), in
several interesting applications (see Secs. IV and V), have
the last Ciut ~ 50 coefficients of the higher power monomials,
expressed with machine accuracy, by using standard 32-byte
floating point (quadruple precision in FORTRAN computing
language). These Ciag coefficients could, in principle, be cal-
culated directly, since they can be expressed in terms of the
partition function of polymers in a line of M sites with local
dependent fugacity [given by AY in Eq. (6)], and excluded
volume of (p + 1) sites [5,6]. However, the calculation time
of these partition functions grows exponentially with M.

The recurrence relations Eq. (6) or (20) allow us to for-
mulate a simple iteration procedure that gives us the last C,g
coefficients of the polynomial. In Fig. 1, we show pictorially
the procedure for the case p = 1 or ¢ = 1 with initial condi-
tions PMg()(Z) = 8M’0.

Consider the recurrence Eq. (6). To save memory in the
source-computing code for the coefficient evaluation, it is
better to define the auxiliary coefficients {D}:

D(IM — 1]p41:6) = Cy(£), 27

where £ =M — Cia, M — Ciae + 1, ..., M, [M],4+1 denotes
M, mod (p + 1), and as before M = int(tﬁ{’ ). We have the
iteration procedure:
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FIG. 1. Schematic recursive procedure Eq. (6) for generating the
coefficients of the polynomial for the case p = 1 and initial con-
ditions C,,<o(£) = 8,,,06¢,0. The £th slot in the Mth line represents
the coefficient Cy,(£) in Eq. (24). Dashed slots represent nonexistent
coefficients. The arrows link a parent coefficient to their offsprings
in accordance to Eq. (6). (For clarity, only a few arrows are shown.)
If only the last G, coefficients are needed in a given generation, say,
k., then only min{Cy,, M + 1} coefficients are needed in the previous
ones (shaded slots).

For M’ = ..., Clast’
D(M' = 1,415 j) = DM = 21,415 )

— M DM =115/ = 1), (28)
for j=M',M' —1,..., 1, with the initial condition
DM'; j)=8;0for0 < M < p, (29)
and forM' = Cipe + 1, ..., M,
D(M' — 11,415 j) = D(IM" = 2,115 )
— My DM = 11,05/ = 1), (30)

for j=M,M —1,...,M — Cp,. The iteration Egs. (28)—
(30) is a crucial step in our method to evaluate the mass gaps
of quantum chains presented in Sec. II.

It is important to mention some interesting computational
features of the iteration Eqgs. (28)—(30). (i) The number of
operations, and hence the computing time, grows linearly with
M. (ii)) When calculating the polynomial coefficients for a
given M, we have also to calculate the coefficients for all
smaller quantum chains M’ < M. (iii) The computing mem-
ory used in the procedure grows linearly with M. (iv) The
coefficients necessary for the evaluation of the LB Egs. (25)
and (26) are already calculated for all M" < M.

As a practical procedure, instead of calculating the largest
root of P, (z), it is better to calculate its inverse by searching
the smallest root of the polynomial

Ciast—1
_ 7 _ 1
Pu@) =z"Py@ = Y Cu —0)
<

=0

i 1
+ Y CM(M—e)Z—[. 31)

£=Clast

Our numerical results (see Secs. IV and V) show that for
moderate values of the couplings [for example, AY ~ O(1)]
in Eq. (5), the polynomial evaluation in Eq. (31) for values
of z around the LB already converges with precision 1072° —
1073 by taking Ciae ~ 40 — 50 terms. The predicted gap will
have a precision of 1072 — 10~ for polynomials with M ~
10° — 107. Actually, the appropriate choice of the number Ci,g
of coefficients in the iteration procedure Egs. (28)—(30) is ob-
tained by imposing that |Cy (M — Ciag)(1/2)%| < 10731 —
10732, giving us the standard precision of 32 bytes numerical
precision (quadruple precision in FORTRAN codes). During
the iteration of the secant method Eq. (22), with the succes-
sive evaluation of Eq. (31) we can check if this precision is
reached.

In the next section, we will present some applications of
the numerical method we proposed in this paper.

IV. MASS GAP OF CLEAN SYSTEMS

In this section, we apply the numerical method introduced
in Sec. III to the family models Eq. (1) in the case of ho-
mogeneous critical and off-critical systems, and benchmark
the numerical results against analytically exact ones whenever
possible.

A. The critical chain

A good initial test is the critical TFI chain Eq. (3) (h; =
Ji = 1). The corresponding pseudoenergies are

C(2k+1
& = 2sin ), k=0,1,...,L—1 (32)
4L +2
and
. km
g =2sinl ——), k=1,...,L, (33)
2L+ 2

when the surface longitudinal field is A, =0 and h; =1,
respectively. The corresponding mass gaps are, respectively,
Aanalytic = 2¢p and 2¢;.

We start by computing the truncated polynomial Eq. (31)
via the recurrence relation Eq. (6) from which we obtain the
largest root z.. using the standard Newton’s method using the
upper LB z; (25) as an initial guess.” The corresponding mass
gap is simply A = 2/,/z-. This procedure is performed using

2We have also used the secant method and obtained the same
numerical result without noticing any significant change in the com-
putational time.
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FIG. 2. The relative difference between the numerical A and an-
alytical A1y mass gaps of the quantum critical Ising chain Eq. (3)
(h; = J; = 1) with the former being computed from the characteristic
polynomial truncated with Cy, coefficients Eq. (31). In the top panel,
three different chain lengths L and two different numerical precisions
are considered for the case without longitudinal surface field i, = 0.
In the bottom panel, the cases with (4, = 1) and without (h; = 0)
longitudinal fields are shown for different numerical precisions and
L = 540. DP and QP stand for double and quadruple precision in
FORTRAN codes, respectively. The solid lines are simple fits of the
data.

standard double and quadruple precision in FORTRAN com-
puting language (16 and 32 significant digits, respectively).
The results are plotted in Fig. 2. In the top panel, we consider
the standard case h; = 0 with chains of size L = 60, 180,
and 540. As can be noted, the mass gap can be accurately
computed with standard FORTRAN quadruple precision us-
ing the characteristic polynomial truncated to C,s & 20 terms
for all system sizes. In the bottom panel, we compare the
cases hy = 0 and h; = 1. As can be seen, the latter requires
a few more terms in the truncated polynomial (Ci,g =~ 25) to
compute the mass gap within quadruple precision.

In sum, to compute the mass gap of the clean critical model
3 with precision of one part in 10°2, only a few terms in the
characteristic polynomial is required.

As a further numerical test, we calculated the mass gaps
A for lattice sizes up to L = 1.2 x 10°, keeping only the first
Clast = 50 coefficients of the characteristic polynomial.3 The

3This is more than necessary for the clean critical system, but
it is convenient for disordered systems as different configurations

-2 T T T T T T T T T
L —h=0,A ]
_ -- hs=0,ArB
@ ol — hs=1,A |
% - -- hy=1,AB
3 8 100 <L <1.2x10° ]
2
o -10F 7
o | y=1.1445-0.99998x (hs = 0, A)
= 1.1409 - 0.99998x (4, = 0. ALp)
121 ) = 1.8374-0.99997x (hs = 1. A)
y=1 8177 O99997x (h =1, ALp)
N 1 N 1
-144 6 g 10 12 14
= In(L)

FIG. 3. The finite-size mass gap A of the quantum critical Ising
chain Eq. (3) (h; = J; = 1) with (h; = 1) and without (h, = 0) a lon-
gitudinal surface field for lattice sizes L = 100, 200, ..., 1.2 x 10°.
The Laguerre’s bound estimate [Ag = 2/.,/z5, see Eq. (25)] is also
shown. Linear fits to the entire data are provided in the panel.

finite-size gap is shown in Fig. 3 as a function of the lattice
size L for both cases with and without longitudinal surface
fields. It is well-known that A ~ L™* with a dynamical critical
exponent z = 1. Standard linear regression of the data gives us
the exponent z = 0.9999 ~ 1.

We now call attention to the fact that the upper LB provides
an interesting estimate to the mass gap. Let this estimate be
Ars = 2/,/74, where z, is the upper bound in Eq. (25). As
also shown Fig. 3, App shares the same finite-size scaling
as the exact mass gap, i.e., Apg ~ L7%8, with z15 =z = 1.
Actually, this numerical finding is shown to be analytically
correct for the entire family of models Eq. (1) in the homoge-
neous case. For J; = h; = 1, the coefficients C,Ef )(E) are given

by the binomial [5,6]
p€—1)
g 9

cP(e) = (M (34)
M.ForM ~ M(p+ 1) — p>> p, the up-

with =0, 1,...,
per LB Eq. (25) diverges as z, ~ MP*! ~ LP*! Therefore,
Arg ~ L7%8 with

p+1

B = - =z, 35)

which coincides with the dynamical exponent [5,6].%
For completeness, we compare the value of Apg with
the exact one [either Eq. (32) or (33)]. By expanding

converge differently (see Sec. V). In practice, we do not compute all
the G terms of the Py Eq. (31) when iterating root-finding method
Eq. (22) or (23) since we do not need Py, with € precision. We need
to compute Az® /z® with e precision since we want z.. It is then
convenient to compute an initial estimate of Az®/z® with only a
few terms (less than C,y) in the sum of Py, (and its derivative in the
case of the Newton’s method) and then improve it by adding further
terms in the sum until the desired precision is reached.

“For the case of Z(N) free parafermions with p+ 1 multispin
interactions, Eq. (35) generalizes to zj 5 = p“
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y=3.3037-1.5x (2, A)
1 . | L * :
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6 8 10 12 14 16
x =In(M)
FIG. 4. The mass gap A and the associate Laguerre’s bound
estimate App of the quantum critical chain Eq. (1) with p = 2 at the
isotropic point (A; = 1) and lattice sizes 200 < M < 1.2 x 107. The

results are divided into three sets of curves according to the value of
M mod 3. Best linear fits to the entire data are provided in the panel.

the binomial Eq. (34) for M > p, it is easy to show
that for A, =0 and p=1, Arg = (0.9964 + 0.0126L7" —
0.0063L72+4...)A and for hy=1 and p=1, A=
(0.9804 — 0.0828L~! — 0.0612L72 + ... )A.

We now apply our method to the case p = 2 of the model
in Eq. (1) at the multicritical point (A; = 1). We verified that
keeping Cj,sc = 50 terms in the truncated polynomial is more
than enough to ensure that we have computed its exact value
(within standard FORTRAN quadruple precision) near the
upper LB for all the lattice sizes studied. In Fig. 4, we show
the finite-size gap A for 200 < M < 1.2 x 107. The results
are divided into three curves, depending on the value of M
mod 3. The leading finite-size scaling behavior of A is known
exactly [5,6,14] tobe A ~ 1/M*, with z = 3/2 [as anticipated
in Eq. (35)]. Our numerics are in perfect agreement with it.

We mention that in each curve of Figs. 3 and 4, respec-
tively, 6 x 10* and 1.2 x 10° mass gaps were evaluated. Each
curve took, respectively, around only 2 and 12 seconds of CPU
time of a regular portable computer.

B. Further quasi-particle energies

Let us consider the extension of the method presented in
Sec. III for evaluating the other low-lying gaps. The expres-
sions Eqgs. (32) and (33) for the energies provide an analytical
reference for our numerical values. We proceed as follows.
After the numerical evaluation of the largest root z. (using
the upper LB z, as an initial value) of the characteristic
polynomial P, the quotient polynomial,

Pyz)
Ouz) = =2 =) Du(), (36)
Z— Z> =0

provide us the next largest root. As the roots of Qy are all
real, the upper LB can be used. The new coefficients Dy, (¢)
are obtained recursively from, namely,

DyM — j)=CyM — j+ 1)+ z.Dy(M — j+ 1), (37)

with the initial condition Dy (M — 1) = Cy(M). The evalua-
tion of the largest root of Oy (z) gives us the next mass gap
2¢; in Eq. (32) or 2¢; in Eq. (33). Iterating this procedure
from j = 2 to M provides us the other low-lying mass gaps.
By keeping Ci,r = 50 terms in the truncated polynomial, we
were able to obtain with precision higher than one part in 10
the lowest nine pseudoenergies in Eqs. (32) and (33) for lattice
sizes L ~ 10°. In other words, we have obtained the lowest
2% = 512 eigenvalues of the system model Eq. (3).

C. Off-critical chain

We now study the applicability of our method to the off-
critical TFI chain Eq. (3) with ; = 1, J; = J (which we tune
across the transition at J. = 1).

Analogous to Fig. 2, we plot in Fig. 5 the relative differ-
ence between the mass gaps A and Agpayic as a function of
Clast- The former is computed using the procedure defined in
Sec. III, i.e., with standard FORTRAN quadruple precision
using the truncated function Eq. (31) taking the last C,g; terms.
The latter is obtained from the generalizations Eqgs. (32) and
(33), which are

ex = 2/1 4 2J cos g + J2, (38)

where the values of the quasimomenta g; depend on the value
of hs. The system gap iS Agpaiyiic = 26F, where gp is the
quasienergy associated to the closest g to 7.

For hy = 0, gy are the roots of the equation

sin [(L + 1)q] = —J sin (Lg). 39)

For J < 1+ L7}, there are L real roots inside the inter-
val (0, ). The largest one is responsible for the system
gapandisgr = (1 — (1 +J)L)"' + O(L™?)).ForJ > 1 +
L', there are L — 1 roots inside that interval. The remaining
one is complex, yielding a gap that vanishes exponentially
with the lattice size, which signals the spontaneous symmetry-
breaking phenomena that happens in the thermodynamic limit
of the ferromagnetic phase.’

For hy =1, the situation is much simpler since g; =
wk/(L 4+ 1) [6]. In this case, there is no ordered phase. Both
regions J > 1 and J < 1 are of the same disordered nature,
a consequence of the exact duality of the model’s eigenspec-
trum: & (J) = Jer(1/J) for all levels and lattice sizes.

As can be seen in the top and middle panels of Fig. 5, the
farther inside the paramagnetic phase (J < 1) the more coef-
ficients are needed in the truncated polynomial to obtain the
same desired precision. This result is not unexpected. As the
system is gapped, the largest roots of the polynomial Eq. (5)
are close and, thus, the truncation procedure becomes less
precise. The larger the system size L, the denser are the roots
and, therefore, worse becomes the truncation approximation.
For L = 90 and J = 0.7 (middle panel), the coefficients are so
large for Ci, > 60 that they cannot be accurately computed

SFor L > 1, the complex root is gr = m +iv, with v sat-
isfying sinh[(L + 1)v] = Jsinh(Lv), and yields the gap er =
JUTLT =224 ..
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FIG. 5. The relative difference between the exact mass gap
Agnaiyiic and the one A computed with standard FORTRAN quadruple
precision (32 digits) using the truncated polynomial Eq. (31) with
Ciuq terms. The model is the transverse-field Ising chain Eq. (3) with
h; = 1 and J; = J and longitudinal surface field k. Different values
of J and h;, are indicated in the panels.

in quadruple precision. As a result, the entire method breaks
down.

On the other hand, deeper inside the ferromagnetic phase
(J > 1, see bottom panel of Fig. 5) the fewer coefficients are
needed. This is also expected because the largest root of the
polynomial (related to the exponentially small gap between
the two nearly degenerated ground-states) diverges while the

1- ALB/ Aanalytic

-15EF N N 3
1007 0.8 0.9 1 1.1

FIG. 6. The relative difference between the analytic known gap
A and the upper Laguerre’s bound estimate Ay as a function of the
coupling constant J for the transverse-field Ising chain (3) (h; = 1,
J; = J, and hy = 0) and for different system sizes L.

other ones remain finite. Hence, the truncation approximation
becomes better and better as L increases.®

As previously mentioned, the upper LB already gives an
interesting estimate for the system gap Arg =2/./z;. In
Fig. 6, we plot the relative difference between Agpayic and
Arg as a function of J for various system sizes L. In the
paramagnetic phase (J < 1), Arp is a somewhat good esti-
mate which worsens slightly as L increases and the system
moves deeper inside the paramagnetic phase. At criticality,
Arp ~ [0.99 + O(L~1)]A as we have already discussed. On
the other hand, A g is an excellent estimate when L — o0 in
the ferromagnetic phase.

D. The suitability of Laguerre’s upper bound

These results can be understood in the following way.
Recasting the polynomial Eq. (5) as P(z) = A ]_[?il(z —Zi),
where A #% 0 is an unimportant constant and {z;} are the
roots, the Laguerre’s upper bound Eq. (25) is simply z, =7 +
V(M —1)o?, where 7 =M"" Zf\il z; is the average value
of the roots and azz =272 —7* is the associated variance
[12]. We now separate the largest roots from the others.
Let {¢;} (i=1,...,M — 1) be set of roots {z;} except that
it does not contain the largest one Z>- Then 7 =M '(z. +
(M — 1)¢), with T = (M — 1)~ 3" ¢; being the average
value of {¢;}, and o2 = (M — 1)(2 — 200+ =M —
1)(z- — ¢)?. The upper LB can be rewritten as

> 1 ™ (- _ )2
Z+=Zﬁ+(1—ﬁ)(;+m).

If z. > o;, where 07 = F - Ez is the variance of {¢;}, the
right-hand side of Eq. (40) is dominated by the second term

(40)

The usual gap related to the correlation length is the next higher
level.
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and thus

o;
4R+ 41)
27

This explains the success of Arp in estimating Agparyiic at the
ferromagnetic phase, as L — oo, z — J?™~1D while 0{2 N
const. At the paramagnetic phase, both z. and o; tend to
constants as L — oo and, thus, Ay g does not improve as L
increase. At criticality, the largest root increases as z.. ~ L%,
with z being the dynamical exponent. Recall from the discus-
sion below Eq. (35) that Arg ~ [0.99 + O(L™")]A does not
improve as L diverges. This is because there are other roots
which diverge likewise. Although they are a small subset of
the entire set of roots {¢;}, their divergence dominates the aver-
age and variance yielding o, ~ L*. The important fact is that
the divergence of 6(;2 /z- cannot be greater than the divergence

of z-. itself. This fact generically ensures that z, ~ L% and,
therefore, z1 5 = z.

V. THE MASS GAPS OF QUANTUM CHAINS
WITH QUENCHED DISORDER

Reliable numerical results for quantum chains in the pres-
ence of quenched disorder are rare, especially for those
exhibiting infinite-randomness criticality. The use of standard
methods such as matrix diagonalization suffers from numer-
ical instabilities even for moderate lattice sizes [9]. In this
section, we apply our method to the random transverse-field
Ising chain to illustrate its effectiveness and practicality. We
obtain reliable numerical results for chain sizes up to L ~ 107
without much numerical effort.

A. Model and brief review

The system Hamiltonian is given by Eq. (3), where, for
simplicity, we take the transverse fields to be uniform, /; = 1.
The coupling constants J; are independent and identically
distributed random variables. For simplicity, we take them
uniformly distributed within the interval 0 < J; < Jax, With
Jmax playing the role of a tuning parameter across the quantum
phase transition. We will not explore other possible disorder
distributions as this is not the scope of this paper.

Before reporting our results, a review of few concepts is
in order. We adopt the definition of Ref. [13] for the distance
from criticality,

8= M =1 — InJpax, (42)

Oinn T Oy
where -~ denotes the disorder average and o> = X2 — % is
the variance. Thus, the critical point happens for Jnax = Je =
e. Here, we will focus on finite-size gap A at the quantum
critical point, § = 0, and on the Griffiths paramagnetic phase,
0 < 8 < 1. Atcriticality, the leading finite-size scaling behav-
ior of the typical value of the gap, Ay, = exp(In A), is of
activated type, i.e., In Ay, ~ —LY, with a universal tunneling
exponent =% [13]. Thus, the corresponding dynamical
exponent is formally infinite. In addition, the distribution of

the variable
In (2Jimax/ D)
= 43
oLV 43)

is L independent for sufficiently large system sizes L > 1.

Hereog = (/102 , + 102, = % The actual distribution of n

is not analytically known, only an estimate based on a strong-
disorder renormalizaton-group approach which is [18,19]

Pspra(n) = TZ 1)"(k+ )—n2<k+§)2’
k=

=—ZZ< 1>k<"+ )_"2”‘“)2/”2- 44)

At the off-critical paramagnetic Griffiths phase, the system
is still gapless. The typical value of the finite-size gap vanishes
as Ayp ~ L7 with a dynamical exponent that depends on
the distance from criticality. Its exact value is known to be

the root of (J/ h)% = 1 taken to its absolute value [20]. For
the distributions here used and for 0 < § < 1, the dynamical
exponent is the root of the transcendental equation

1+ 1=zeT, (45)
which diverges as z & 5= for s < 1[13].

B. Numerical precision

As in Sec. IV, we start by showing that the truncated
polynomial Eq. (31) up to Ci,r = 50 is more than sufficient for
obtaining the mass gaps with standard FORTRAN quadruple
precision (32 significant digits). Unfortunately, the mass gap
is not analytically known for a given disorder realization of
the coupling constants. Thus, we define as the exact value the
one obtained from the largest root of the truncated polyno-
mial with G = 50 coefficients. The resulting mass gap is
denoted by Aexacr- In Fig. 7, we plot the relative difference
between the gap obtained with fewer coefficients (Cp, < 40)
and Acxq for five different disorder configurations (chosen at
random) for critical chains (§ = 0) of sizes L = 20, 40, and
80. As observed in the homogeneous chains (Sec. IV), Ciost =
50 is more than enough for convergence and precision for
any L.

C. Numerical performance

We now study the numerical performance of our method.
For such, we compute the exact value of the mass gap (trun-
cating the characteristic polynomial up to Cpg = 50) A =
2/./z~ for chain sizes ranging from L = 100 to 102 400. We
have used a conventional portable computer and coded in
standard FORTRAN with quadruple precision. The required
CPU time fgxy is averaged over 1000 disorder realizations
at criticality (§ =0) and h; = 0. Our results are plotted
in Fig. 8. As expected, the required time increases only
linearly with L. It is interesting to note that less than a
second is required even for chains of L ~ 10° sites. For
comparison, we also plot the CPU time required for com-
puting two estimates for the mass gap: the SDRG estimate
Asprg (as explained in the Appendix) and the LB estimate
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FIG. 7. The relative difference between the numerical A and
(see text) virtually exact Ay, mass gaps of the quantum critical
Ising chain Eq. (3) with quenched disorder (6 = 0) when the former
is computed from the characteristic polynomial truncated with Cag
coefficients Eq. (31). We show the results for chains of sizes L = 20
(circles), 40 (triangles), and 80 (stars) for five distinct disorder real-
izations (different colors) and for the cases without (k, = 0, top) and
with (h; = 1, bottom) longitudinal surface fields. The solid lines are
simple guides to the eyes.

Arg = 2/,/75. As expected, the required CPU time for these
two methods (fsprg and 7., respectively) also increases lin-
early with L. Note that fgyye & ['g“* g since computing the
LB requires the determination of the characteristic polynomial
truncated at Ci,s = 3. Interestingly, note that # g is not much
different from #sprg, a procedure that is arguably the fastest
one for capturing the physics of the problem. (Finally, we
report that quantitatively similar results were obtained for

hy =1.)

D. Laguerre’s upper bound as an estimate for the mass gap

We now explore the idea of using the Laguerre’s upper
bound Eq. (25) for estimating the mass gap, Arg = 2/,/Z+.
Therefore, we study its relative distance from the actual mass
gap defined as ;g = 1 — Apg/A (recall that Ay g < A). For
comparison, we also study asprg = Asprg/A — 1 (we ver-
ified that Agprg > A). Our results are shown in Fig. 9. In
the top panel, we plot the distribution W of asprg for the

tsprG = 8.54x10° L
g =253x10° L

CPU time per system (seconds)
>

107 .
tExact = 347x10°° L
-6 caal N |
10
10° 10° 10° 10°

System size L

FIG. 8. The CPU time required for computing the mass gap A as
a function of the system size L. The chain is critical § = 0 and for
hy = 0. The data is averaged over 10° different disorder realizations.
The program was coded in FORTRAN with standard quadruple pre-
cision and run on a conventional portable computer. Best power-law
fits for the data (solid lines) are provided in the panel.

critical chains (§ = 0) for surface field 4#; = 0 (main panel)
and h; = 1 (inset). Typically, the SDRG estimate for the mass
gap is more than twice the actual value (@sprg = 1). In addi-
tion, the SDRG estimate does not improve with increasing L.
Actually, it worsens a little bit and saturates for large L (see
bottom panel). The LB estimate, on the other hand, behaves
quite differently (see middle panel). The distribution W is
singular at the origin meaning that Ay g is a good estimate
for A. In addition, the larger the system size the more singular
is W at the origin. As shown in the bottom panel, the estimate
Arg becomes better with increasing L for the system sizes
studied.

E. The distribution of mass gap at criticality

We now study the distribution of mass gap A and the
corresponding LB estimate Ayp at criticality. When properly
rescaled [see Eq. (43)], the distribution is expected to be L
independent for L — oo. This is confirmed by our numerics
as shown in Fig. 10. As could be anticipated by the results
in Fig. 9 (middle and bottom panels), the distributions of A
and Ay g are indistinguishable for large L since their intrinsic
width grows with the system size while the relative difference
between A and Apg diminishes. For comparison, we also
show the SDRG result. For h; = 0, this is known analyt-
ically for L — oo, see Eq. (44). For hy = 1, an analytical
estimate is not available (to the best of our knowledge). We,
therefore, compute it numerically. We have used 10° different
disorder realizations of chains of size L = 800. Remarkably,
these rescaled distributions P are different for 2, = 0 and 1.
This is unexpected since the difference is only an additional
surface longitudinal field. We verified that a simple change
of variables n — const x 1 does not bring Py —o — Pp.=1.In
addition, we verify that the distribution P does not converge
to Psprg in the thermodynamic limit. We verify from Fig. 10
that the high-gap tail of P is fully converged and different
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FIG. 9. The top (middle) panel shows the probability distribution
W of the relative difference asprg (Lp) between the finite-size gap
A and the corresponding SDRG (Laguerre’s bound) estimate Agprg
(ALp) for different system sizes L. The chains are critical (§ = 0) and
the surface longitudinal field is 4, = O (main panel) or 4; = 1 (inset).
Each curve was constructed using 10° distinct disorder realizations.
Bottom: The mean values of asprg and o g as a function of L. Power-
law best fits are provided for o g (solid lines). Solid lines for @sprg
are simple guides to the eyes.

from that of Psprg. This can be interpreted as a consequence
of the results in the top panel of Fig. 9 where the peak of
W (asprg) shifts away from zero as L increases.

6=0

. I .
— L=400,A 7
— L=2800,A ]
-- L =400, ALp 1
. L=23800, A1 ]
. SDRG E

P(m)

3
N =/ A)/ (L]2)"

FIG. 10. The distribution of the rescaled mass gap n Eq. (43) of
the random transverse-field Ising chain at criticality § = 0 without
surface field i, = O for lattice sizes L = 400 and 800. Both the exact
value of the mass gap A and the Laguerre bound estimate A;p are
considered. Both distributions are statistically identical within our
accuracy. Each curve was obtained from 1.1 x 10® distinct samples.
The dotted line is the analytic strong-disorder renormalization-group
estimate Eq. (44) for A, = 0 while for i, = 1 it is the numerical im-
plementation of the SDRG method for 10° chains of size L = 1 600.

F. The dynamical critical exponent in the paramagnetic
Griffiths phase

Another interesting test to the numerical method of Sec. I1I
is the evaluation of the effective dynamical critical exponent
z in the Griffiths paramagnetic phase of the quantum chain
Eq. (3). As briefly reviewed in Sec. V A, the system is not
critical although gapless. We, therefore, compute the finite-
size gap A (and the LB estimate App) and study its typical
value, i.e., Ayp = exp(In A) = 25,05 exp(—T), where

2 Del—d
F=ln(2m) = (26
A A

(analogously for I'Lg). From the leading finite-size behavior
[13],

(46)

T =const+zInL, 47)
we obtain the effective dynamical exponent z. Repeating
this procedure for different distances from criticality §, we
then obtain z = z(§) and compare with the analytical result
Eq. (45).

We start with moderate size lattices (up to L = 2 500) and
hy = 0. In Fig. 11 (top panel), T and T';p (averaged over
10° distinct disorder configurations) are plotted as functions
of L for different values of §. As in the critical case, we
see no difference between the exact (open circles) and the
LB estimate (x symbols). A best fit of Eq. (47) to the data
within the range 1950 < L < 2500 (dashed box) provides an
estimate for the exponent z and 71 5.

It is well-known that estimates of critical exponents ob-
tained directly from best fits of a leading finite-size behavior
may contain systematic errors. Mainly, this is because the
lattice size L is not sufficiently large to reach the asymptotic
regime where Eq. (47) is valid. An interesting strategy to
detect whether such lattices reached the asymptotic regime is
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FIG. 11. Top: The typical value of the mass gap I' Eq. (46)
(open circles) and the corresponding Laguerre’s bound estimate
T (x symbols) as functions of lattice size L (up to L = 2500)
for the quantum Ising chain Eq. (3) with i, = 0 and for various
distances from criticality § = 1 — InJ,x (different colors), Jyx =
2.2,...,2.7 from bottom to top. Standard linear fits are restricted to
within the dashed box region (solid lines), and the slopes are pro-
vided in the figure. Middle: The corresponding finite-size estimator
zZ(L, L") Eq. (48) as a function of L for fixed AL = 25. As in the top
panel, open circles and x symbols refer to z and z; g, respectively. In
both panels, the error bars are smaller than the symbol sizes. Bottom:
The estimator z(L, L) for system sizesupto L = 6 x 10%, Joax = 2.7
(corresponding to § = 6.7 x 107%), and A, = 0 (black circles) and
hy =1 (red squares). Solid lines are the fittings to Eqs. (49) and
(50) (see text). The inset shows I (for L < 6 x 10°, circles and
squares) from which the main panel was derived, see Eq. (48). In
addition, z; (L, L") (green triangles) is plotted for sizes 6 x 10° <
L < 6 x 10°. Linear fits to the data are provided in the figure. Each
data point is obtained by averaging over 10° (top and middle) 10*
(bottom) different samples.

by using the finite-size estimate

Lpy= = Te 48
z(L, )—m, (48)

with L' = L — AL and fixed difference AL. The estimate
Eq. (48) tends toward the exact value of z as L — oo. In
Fig. 11 (middle panel), we plot z(L, L") and z1g(L,L’) as a
function of L for fixed AL = 25. Clearly, system sizes up
to L = 2500 are enough for the estimation of z for Jy.x <
2.5(8 = 0.084). Larger system sizes are, however, required
for estimating z closer to criticality.

In Fig. 11 (bottom panel), we show the estimator z(L, L")
for chain sizes up to L = 6 x 10, AL = 25, Jmax = 2.7 (dis-
tance from criticality § &~ 0.00675), and h; = 0 and 1. While
L ~ 6 x 10° is enough for estimating z for the case h, = 1,
such system size is still not enough for the obtaining z in
the standard random transverse-field Ising chain (h; = 0). As
at criticality (see Fig. 10), such differences in the finite-size
corrections for the models Eq. (3) with A, =0 and Ay = 1
are surprising. To obtain a reliable estimate of z for the case
hy = 0, we plot T g versus L for even larger system sizes,
up to 6 x 10°, see inset of the bottom panel of Fig. 11. We
verified that the slope (the estimate for z) does not change for
L > 10°,

Recently, it was numerically verified in Ref. [21] that a
finite-size estimate for the dynamical exponent in the i, = 0
case converges as

In? L
L 9

2L = Zoo — (49)

where A and b are §-dependent fitting parameters and z, is
the SDRG prediction Eq. (45). We verify that Eq. (49) fits
our data for z(L, L") satisfactorily with A = 9.90 and b = 4.75
(see the magenta solid line fitting the circles in the bottom
panel of Fig. 11). Allowing z to be a fitting parameter, we
obtain z,, = 73.146 (the analytic prediction being 73.428),
A =12.80 and b = 4.64. A power-law fitting function of type
ALY (without the logarithmic correction) is very poor. Inter-
estingly, Eq. (49) fits our data for h; = 1 very poorly. Instead,
we verify that

; (50)

fits our data remarkably well (see the blue solid line fitting the
squares in the bottom panel of Fig. 11). The fitting parameters
are Zoo = 73.431, A =863, £ =42719, and b = 0.30. We
verified that a power-law fitting is very poor. Evidently, this
raise the question of the length scale ¢, which we leave as an
open question.

In Fig. 12, we plot the effective dynamical exponent z
as a function of the distance from criticality § for the cases
hg = 0 and h; = 1. Our data agrees remarkably well with the
analytical prediction Eq. (45) (dotted line). We remark that the
dynamical exponent obtained from the finite-size analysis of
Arp agrees remarkably well with that obtain from the exact
value of the mass gap A.
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FIG. 12. The dynamical exponent z as a function of the distance
from criticality § in the Griffiths paramagnetic phase 0 < § < 1 of
the random transverse-field Ising chain Eq. (3) for the cases with
(hy = 1) and without (h, = 0) the longitudinal surface field. The
dotted line is the analytic prediction Eq. (45).

VI. CONCLUSIONS

We present a numerical method that proves to be quite
effective for calculating the low-lying eigenspectrum of a
general family of free-fermionic and parafermionic quantum
chains with small values of mass gaps. The method is suit-
able for free-particle quantum chains whose eigenenergies
are given in terms of the zeros of polynomials with simple
recurrence relations. Models in this class are the multispin in-
teracting generalizations of the Ising and XY quantum chains
as well as any generalization of the tight-binding model. The
computing time for the mass gap evaluation grows only lin-
early with the number of sites of the quantum chain. This
happens because we only need to calculate a fixed number
of coefficients of the associated polynomial, regardless of
the system’s size. For higher dimensional models or models
with long-range interactions, however, the characteristic poly-
nomial is not efficiently generated in general and, thus, our
method is not guaranteed to be more than the standard exact
diagonalization.

As a benchmark, we mention that the method allows
the mass gap evaluation of the standard Ising quantum
chain at its critical point and with a number of sites L =
100, 200, ..., 1.2 x 10° (12000 mass gaps) in only two sec-
onds of a CPU time in a regular portable computer.

An important ingredient of our method is the use of the
LB for the largest zero of polynomials. This bound allows us
a good initial guess in the numerical procedure of searching
for the largest root of the polynomial, giving us the mass
gap. Actually, for the multispin interacting Ising quantum
chains at their multicritical point, we show analytically that
the gap obtained directly from the LB has the same leading
finite-size behavior as the exact mass gap, rendering us the
exact value for the dynamical critical exponent Eq. (35). As
discussed in Sec. IV D, the success of the LB stems from the
fact that at criticality or in gapless phases, the largest zero of
the characteristic polynomial separates from the other roots
and dominates the value of the LB.

We believe that the method we propose in this paper will
be especially relevant for the case of random systems, where

a large number of mass gaps evaluations are necessary to
achieve statistical accuracy.

We considered random transverse-field Ising chains at the
critical point and inside the Griffiths paramagnetic phase. The
effective dynamical critical exponent in the Griffiths phase
diverges toward the critical point. The numerically exact eval-
uation of this exponent around the critical point is a quite
difficult problem for standard numerical methods since nu-
merical instabilities appear already in chains of moderate
sizes. Our calculations for lattice sizes up to L ~ 10° give us a
prediction that agrees with the early ones of the SDRG method
[13] and additional analytical results [20].

The results obtained directly from the LB give us, surpris-
ingly, quite good estimates also in the case of random systems
and become asymptotic exact as L — oco. The computation
time of the LB and SDRG are of the same order, both methods
are complementary for the class of models we considered in
this paper. A nice surprise of this paper is the demonstration
that the LB, initially thought to be just a convenient initial
guess for the method, turned out to be a quite precise approxi-
mation of the exact result, being more precise than the standard
SDRG method.

As a final remark, since the analytical form of the LB is
simple, this opens the exciting possibility of obtaining analyt-
ical results for quenched disordered systems.
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APPENDIX: THE STRONG-DISORDER
RENORMALIZATION-GROUP METHOD

In this Appendix, we simply review the SDRG decimation
procedure [13] for the transverse-field Ising chain Eq. (3)
without the surface longitudinal field (h; = 0). Later, we gen-
eralize for finite A;.

The SDRG procedure states that one has to search for
the strongest coupling or transverse field in the chain Q =
max{J;, h;}. In the case of a transverse field, say, &,, the corre-
sponding spin is removed from the system and the neighbors
are connected via a renormalized coupling constant equal to

J="122 (A1)

On the other hand, if Q = J,, then the spins sharing that
coupling are fused into a single one. The couplings with
the neighbor spins do not change. The local transverse field,
however, is renormalized to

h= hl—hz. (A2)

>

To obtain the low-energy physics, one iterates the above pro-
cedure until a desired energy scale 2. For the mass gap,
one iterates this procedure until a single spin remains. The
effective Hamiltonian is simply —hgnao”, and the mass gap is
thus

AsprG = 2Mfinal- (A3)
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FIG. 13. The mass gap A and the corresponding Laguerre’s
bound and SDRG estimates of two randomly chosen configurations
of couplings {/;} of the system Hamiltonian Eq. (3) with 4, = 0 and
8 = 0, see Eq. (42). These quantities are computed considering the

sequence {J;} from 1 to L; we vary the lattice sizes from L = 50 000
to 300 000.

We note that, for the purpose of computing Asprg, there is
no need to perform the above procedure following the rule
of searching for the strongest J or h. Since Egs. (Al) and
(A2) produce only smaller renormalized energy scales, the
decimation procedure can be performed locally. For instance,
if h,, is greater than J,, and J,,, it is then guaranteed that &,
will be, at some point, decimated since J,, and J,,1; can only
be renormalized to smaller values. Therefore, the procedure
simply sweeps the entire chain, decimating A, (J,,) if J,, and
Jn+1 (hy, and hy4 ) and renormalizing the couplings (fields)
accordingly to Eq. (A1) [(A2)]. The smallest decimated field
h< is then the final field decimated in the usual procedure
h- = hgny and thus provides the mass gap Agpgrg in Eq. (A3).
Note that this is a procedure that increases linearly with sys-
tem size, as shown in Fig. 8.

In Fig. 13 we show, for the sake of a direct comparison, the
values of A (computed exactly as explained in Sec. III) and of
the estimates Apg and Agprg Eq. (A3). We pick up to random
sequences {J;} of size Ly, = 3 x 10°. Then, we compute A,
Arp, and Agprg for a system of size 5 x 10* < L < L
picking up the couplings {J;} from i = 1 to L. We see from

these figures that the exact gaps (red squares) stay almost
unchanged for large plateaus of lattice sizes L < L < L.
This can be easily understood within the SDRG decimation
procedure described above. For each particular {J;} (1 <i <
L;), the smallest decimated field yielding the mass gap, i,
happens already for a smaller lattice site L < L;. It is re-
markable that, indeed, the exact mass gap follows the SDRG
prediction in almost all chains. This provides further confi-
dence in the infinite-randomness criticality provided by the
SDRG method. More importantly, note that the LB estimate
also closely follows the SDRG prediction. It is remarkable
that such a stepwise curve can be obtained from the “simple”
analytic result Eq. (25).

We now generalize the SDRG decimation procedure to
include the surface field A, in Eq. (3). One simple way is the
following. Notice that the spectrum of Eq. (3) is the same as

L
—Zh,-a Z]oo
i=1

i.e., a transverse field Ising chains with open boundary condi-
tions, just like Eq. (3), however, with one additional spin (thus,
the degeneracy is double of the original Hamiltonian) at site
L + 1 coupled to the spin at site L through a coupling constant
Ji = h,. In addition, the transverse field on this additional spin
is vanishing (h; 1 = 0). Since Eq. (A4) has the same operator
content as Eq. (3), the above procedure can be directly used.
The only caveat is when decimating Ji, = hs. A direct appli-
cation of Eq. (A2) leads to & = 0 since A, = 0. Reiterating
the procedure yields hhnal =h_. =0.Thisisa consequence of
the ground state being doubly degenerate.

To solve this problem, one needs to consider the two-site
problem Hy = —h o7 — Jpojof . The corresponding spec-
trum is £+/h7 + J? with each state being doubly degenerate.
Treating H; = —J;_10;_,07 as a perturbation to Hy, we find,
in first order of perturbatlon theory, an effective Hamiltonian
H= JL IO’L IUL with

— hy O'LO’L_H, (A4)

JiJL

N

and 6, being a new effective spin describing the low-lying
behavior of the decimated spins o and o . Notice that the
renormalized Hamiltonian is the same as before but with one
less spin and a new surface longitudinal field hy =Ji_; in
Eq. (AS). Importantly, the renormalized Ji_1 < Ji_1 and thus
the decimation procedure can be carried out locally, as in the
usual case. Finally, the mass gap associated with decimating

Jp is ~h? + J7. Therefore, the mass gap Eq. (A3) gene-

ralizes to
ASDRG - 2\/ hﬁndl + jﬁznal'

Another way is generalizing the SDRG procedure to Ising
chains with longitudinal and transverse fields

Jo1 = (A5)

(A6)

H=—Y Joiot, +ho! +Boi. (A

(We are then interested in the particular case that B; = hd; 1..)
For uncorrelated disorder variables {J;, h;, B;}, the SDRG dec-
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imation procedure can be generalized following the reasoning
of Ref. [13]. We search for the strongest coupling constant and
total field in the chain Q = max{J;, g;}, with g; = vV'h? + B?.
In the case of a total field, say, g,, the corresponding spin is
removed from the system and the neighbors are connected via
a renormalized coupling constant equal to

Jihh3
s

In addition, the neighboring longitudinal fields are also renor-
malized to

J=

(A8)

J1B - J,B
+ 1—2 and B3 = B3 —+ 2

82 82
Notice that Egs. (A8) and (A9) recover Eq. (Al) for B; = 0.
On the other hand, if 2 =J,, then the spins sharing that

B, = B, (A9)

coupling are fused into a single one. The couplings with the
neighbor spins do not change. The local field, however, is
renormalized to

hihy

h= —andB:Bl—i—Bz.
2

(A10)

As for the usual case, the mass gap is obtained by iterating this
procedure until a single spin remains. The effective Hamilto-
nian is simply —hgp, 0" — Bfnago?, and the mass gap is, thus,

ASDRG = 2\/ E%nal + B%nal’

which recovers Eq. (A6).
Finally, we note that an analysis of the effects of the longi-
tudinal field in the bulk was provided in Ref. [22].
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