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Theory of thermal conductivity of excitonic insulators
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We study the thermal conductivity in an excitonic insulator using a simple quasi-one-dimensional two-band
model consisting of electron and hole bands with the Coulomb interactions between these bands. Based on the
linear response theory within a mean-field scheme, we develop a method to identify the contributions to thermal
conductivity driven by the excitonic insulator. It is found that there is an additional heat current operator owing to
the excitonic phase transition, and that it gives contributions to the thermal conductivity which are not expressed
in the form of Sommerfeld-Bethe relations written in the form of an imaginary-time derivative of the electric
current operator. Finally, we discuss the relationship between the additional contribution and the heat current
carried by excitons.
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I. INTRODUCTION

An excitonic insulator (EI) is one of the interesting corre-
lated phases of narrow-gap semiconductors and semimetals.
It was proposed in the 1960s that a Coulomb interaction
between conduction band electrons and valence band holes
can lead to a spontaneous formation of excitons, and their
condensation induces a nonconducting state [1–6]. Various
theoretical studies have been carried out on EI, and one of the
most important and interesting aspects of these studies is that
the excitonic theory can be transformed to the BCS theory by
a particle-hole transformation [4–6]. Then, various properties
such as anisotropic band structures [7], impurity effects [8],
transport properties [5,9,10], and effects of a magnetic field
[11] have been extensively discussed in terms of similarity or
symmetry with the superconducting theory. However, materi-
als identified as EI have yet to be defined.

Recently, a growing number of promising candidate mate-
rials for EI have actually been proposed, raising researchers’
interest to study the EI phase. For example, Tm(Se, Te)
[12,13], 1T -TiSe2 [14,15], and Ta2NiSe5 [16–18] have
been proposed on the basis of various transport measure-
ments [19,20], angle-resolved photoemission spectroscopy
(ARPES) [15–17], and systematic elemental substitutions
[21]. In particular, after Ta2NiSe5 was proposed, many
experiments have been performed on Ta2NiSe5, such as spec-
troscopic ellipsometry [22], observation of electron-phonon
coupling and exciton-phonon coupling [23–25], transport
studies on bulk and thin-film samples [26], and the study of
electrical tuning of the EI ground state [27]. The EI phase
is also being actively studied theoretically, including calcu-
lations of the BCS-BEC crossover [28,29], electron-phonon
coupling [30], spin-orbit coupling [31], the topological EI
states [32], and the spin-triplet EI states in a two-dimensional
system [33]. With that, the verification of theories and exper-
iments has become increasingly important. It is interesting to
note that some theoretical calculations reproduce the ARPES
results [18], the superconductivity in the vicinity of the

excitonic phase [34,35], and a peculiar temperature depen-
dence of the orbital susceptibility [36,37].

Proposals of new candidate materials have also been pur-
sued, such as semiconductor materials [38], graphene [39,40],
and iron-based superconductors [41,42]. However, in actual
materials, the EI phase often coexists with the charge density
waves and staggered orbital orders [43,44], and it is still
difficult to determine the EI state by experiments. Considering
the verification of experimental and theoretical studies and the
creation of new materials, it is important to develop methods
other than photoemission spectroscopy to identify EI. Ther-
mal conductivity in EI is also an interesting topic. This is
because the excitons do not have electronic charges, but have
energies contributing to the heat current. Indeed, it was ob-
served that the thermal conductivity of TmSe0.45Te0.55, which
is a candidate material of EI, shows an unusual temperature
dependence [20].

When the thermal conductivity is written in the form of an
imaginary-time derivative of the electric current, as shown by
Jonson and Mahan [45], the following relations hold,

L11 =
∫ ∞

−∞
dε

(
−d f (ε)

dε

)
σ (ε), (1a)

L21 =
∫ ∞

−∞
dε

ε − μ

e

(
−d f (ε)

dε

)
σ (ε), (1b)

L22 =
∫ ∞

−∞
dε

(ε − μ

e

)2
(

−d f (ε)

dε

)
σ (ε), (1c)

where the linear response coefficients, Li j (i, j = 1, 2), are
defined by [46]

j = L11E + L12

(
−∇T

T

)
,

jQ = L21E + L22

(
−∇T

T

)
. (2)
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Here, j, jQ, E, T , and ∇T are electric current density, heat
current density, electric field, temperature, and temperature
gradient, respectively, and e is the electron charge (e < 0)
and f (ε) = 1/(eβ(ε−μ) + 1) is the Fermi distribution function,
where β = 1/kBT , and μ and kB are the chemical potential
and Boltzmann constant. Due to Onsager’s reciprocal theo-
rem, L12 = L21 holds. The electrical conductivity is L11, and
the thermal conductivity κ , which is defined as the ratio of jQ
to −∇T under the j = 0 condition, is given by

κ = (L22 − L21L12/L11)/T . (3)

Since excitons do not carry electrical charge, L11 in Eq. (1a)
should be due to quasiparticles and not due to excitons. Cor-
respondingly, L21 and L22 in Eqs. (1b) and (1c) should be also
due to quasiparticles. Therefore, if the excitons, when they
are condensed below the transition temperature, contribute to
the heat current, then there must be additional contributions to
L21 and L22 that are not expressed as in Eqs. (1b) and (1c). To
clarify the discussion, in the following, we refer to Eqs. (1b)
and (1c) as the Sommerfeld-Bethe (SB) relation for L21 [47]
and SB relation for L22, because Eqs. (1b) and (1c) can be
obtained from the Boltzmann’s equation [48]. In previous
studies [10,49], the thermal conductivity was discussed on the
basis of Eqs. (1a)–(1c). Thus, the exciton contributions were
not taken into account.

In this paper, we study the thermal conductivity in a model
for EI to identify the additional contribution derived from EI,
which is beyond the SB relations. First, we microscopically
obtain the heat current operator in a model for EI [37,50], or
a simple quasi-one-dimensional two-band model. Then, we
study the linear response theory [51,52] of L11, L21, and L22

within a mean-field scheme to introduce the order parameters
of EI. We will show that, by considering two types of nearest-
neighbor interactions, additional heat current operators owing
to the EI phase transition exist and give the contributions in
L21 and L22 which are not expressed in the form of Eqs. (1b)
and (1c). Finally, we discuss the relationship between this
additional contribution and the heat current due to excitons.

Theoretically, the validity of the SB relations, Eqs. (1a)–
(1c), has been discussed [45,47,53]. Jonson and Mahan
showed that, in the presence of a potential (including ran-
dom potentials) and the electron-phonon interaction, the SB
relations holds, except for a single term in the heat cur-
rent operator which is due to the electron-phonon interaction
[45]. Later, Kontani showed that the presence of the Hubbard
interaction does not break the SB relations using the Jonson-
Mahan method [53]. Recently, it has been shown that the
presence of a finite range Coulomb interaction breaks the SB
relations [47]. The present paper is an extension of Ref. [47]
to the case where a phase transition occurs in the presence of
finite range interactions.

This paper is organized as follows. In Sec. II, we introduce
a model Hamiltonian to study the thermal conductivity in
EI, and then develop a method for calculating the electronic
state based on the mean-field approximation. In Sec. III, we
derive heat current operators on this model microscopically.
In Sec. IV, we clarify the contribution of the order parameters
of EI to the thermal conductivity, and in Sec. V, we discuss
the validity of SB relations on this model, and the relationship
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FIG. 1. Schematic picture of a two-band model with Coulomb
interactions between the chains. Red and blue circles indicate the
lattice sites, α is the index of the chain, b is the difference between
the x coordinates of the ith site of two chains, and c is the difference
between the ith and (i − 1)th sites. Vb and Vc are the Coulomb
interactions between the two chains.

between the additional contribution and the heat current due
to excitons. Finally, Sec. VI is devoted to the conclusion.

II. TWO-BAND MODEL AND ELECTRONIC STATE OF AN
EXCITONIC INSULATOR BASED ON THE MEAN-FIELD

APPROXIMATION

To study EI, in this paper, we use the following two-band
model Hamiltonian as shown in Fig. 1 [37],

Ĥ =
∑

i

[(t ĉ†
1,i ĉ1,i+1 − t ′ ĉ†

2,i ĉ2,i+1 + H.c.)

+ (−ε − μ)n̂1,i + (ε − μ)n̂2,i + Vb n̂1,i n̂2,i

+ Vc n̂1,i n̂2,i−1] +
∑
i, j,α

Vimp(xα,i − Xj )n̂α,i, (4)

where t (t ′) and ε are a transfer integral between the nearest-
neighbor sites in the chain α = 1 (α = 2), and a one-body
level of the ith site, respectively. ĉα,i (ĉ†

α,i) is an annihilation
(creation) operator at the ith site of chain α where the spin
degrees of freedom are neglected, and n̂α,i = ĉ†

α,i ĉα,i. Vb and
Vc indicate the Coulomb interaction between the ith site in
the chain α = 1 and the ith site in the chain α = 2 and that
between the ith site in the chain α = 1 and the (i − 1)th site
in the chain α = 2. Figure 1 shows the positions of sites. b (c)
is the difference between the x coordinates of the ith site in the
chain α = 1 and the ith [(i − 1)th] site in the chain α = 2. We
set the lattice constant a as a = b + c. Vimp(xα,i − Xj ) is the
randomly distributed impurity potential where xα,i and Xj are
the x coordinates of the position of the site and randomly dis-
tributed impurities, respectively. In this paper, we consider the
effects of impurities in two ways. One is impurity scattering
which leads to the relaxation rate of electrons and holes. The
other is the impurity contribution to the heat current. These
effects will be discussed in Secs. III and IV. So we neglect
Vimp in this section.

A similar effective model has been suggested in Ref. [37].
The model of Ref. [37] corresponds to that for c = a, b =
0, and Vc = 0 in Eq. (4). As discussed below, finite b and Vc

are important to obtain the additional heat current due to the
Coulomb interaction, which breaks the SB relations.
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Using a mean-field approximation for EI and assuming that
the order parameters are independent of the sites, i.e.,

�b = − Vb

N

∑
i

〈ĉ†
2,i ĉ1,i〉 = −Vb

N

∑
k

〈ĉ†
2,k ĉ1,k〉e−ikb,

�c = − Vc

N

∑
i

〈ĉ†
2,i−1 ĉ1,i〉 = −Vc

N

∑
k

〈ĉ†
2,k ĉ1,k〉eikc, (5)

with N being the total number of sites, we obtain the following
mean-field Hamiltonian of EI,

ĤMF =
∑

k

{(2t cos ka − ε − μ)ĉ†
1,k ĉ1,k

+ (−2t ′ cos ka + ε − μ)ĉ†
2,k ĉ2,k

+ ( �k ĉ†
1,k ĉ2,k + H.c.)}

+
∑
k,q,α

1

N
ρimp(q)vimp(q)ĉ†

α,k+q ĉα,k, (6)

where �k ≡ �b eikb + �c e−ikc, ρimp(q) ≡ ∑
j e−iqXj , and

vimp(q) ≡ ∑
i e−iq(xα,i−Xj ) Vimp(xα,i − Xj )

≈ 1
a

∫
dx e−iqxVimp(x). Note that the mean-field approxi-

mation of 〈ĉ†
1 ĉ1〉 form can be ignored because it merely gives

a change in the on-site energy, which will not be important for
discussing EI.

By diagonalizing this Hamiltonian except for the impurity
potential, we obtain

Ĥeff =
∑

k

(Ek+ p̂†
k+ p̂k+ + Ek− p̂†

k− p̂k−), (7)

where p̂k± is an annihilation operator of a quasiparticle, and
the quasiparticle energy is given by

Ek± =(t − t ′) cos ka − μ

±
√

{(t + t ′) cos ka − ε}2 + |�k|2. (8)

The unitary matrix satisfying (ĉ1,k

ĉ2,k
) ≡ U ( p̂k+

p̂k−) is

U = 1√
2Xk

(
�k√

Xk−Yk

�k√
Xk+Yk

Xk−Yk√
Xk−Yk

−Xk−Yk√
Xk+Yk

)
, (9)

where Xk and Yk are

Xk ≡
√

{(t + t ′) cos ka − ε}2 + |�k|2,
Yk ≡ (t + t ′) cos ka − ε.

(10)

Using the effective Hamiltonian of Eq. (7), the self-
consistent equations to obtain the order parameters of EI
become

�b = − Vb

2N

∑
k

(�b + �c e−ika)
f (Ek+) − f (Ek−)

Xk
,

�c = − Vc

2N

∑
k

(�b eika + �c)
f (Ek+) − f (Ek−)

Xk
. (11)

The chemical potential is now included in Ek±. Since we focus
on the half-filling case in this paper, the chemical potential is

FIG. 2. Dispersion relations of the normal state (black line) and
EI (red line) at T/t = 0. The parameters are set as (a) t ′ = t , Vb =
Vc = 0.5t , and ε = 1.95t , (b) t ′ = t , Vb = Vc = 0.5t , and ε = 2.01t ,
(c) t ′ = 3t , Vb = Vc = 2t , and ε = 3t , and (d) t ′ = 3t , Vb = Vc = 2t ,
and ε = 4.2t .

determined by

1

N

∑
k

{ f (Ek+) + f (Ek−)} = 1. (12)

Solving Eqs. (11) and (12) self-consistently, we can obtain
�b, �c, and μ. It is to be noted that the order parameters
can be complex. However, we find that the phase difference
between �b and �c does not occur in the parameters we
used in this paper. Thus, we set the order parameters as real
numbers.

Figure 2 shows the dispersion relations of normal state
(black lines) and EI (red lines) at T/t = 0 for several values
of Hamiltonian parameters. We set t ′ = t , Vb = Vc = 0.5t ,
and ε = 1.95t for Fig. 2(a) and ε = 2.01t for Fig. 2(b), and
t ′ = 3t , Vb = Vc = 2t , and ε = 3t for Fig. 2(c) and ε = 4.2t
for Fig. 2(d), respectively. Figures 2(a) and 2(b) are examples
of the case with particle-hole symmetry, and Figs. 2(c) and
2(d) are examples of the case without it. The dispersion re-
lations of the normal state indicate the semimetallic state for
Figs. 2(a) and 2(c), or the semiconducting state for Figs. 2(b)
and 2(d). When we consider the order parameters of EI, all the
electronic states become semiconducting states.

T
/
t Excitonic insulator

(ε - t - t’) / t
0.5-1 -0.5 0-1.5-2

0.04

0.02

0

Excitonic insulator

1-2 -1 0-3-4

0.2

0.1

0

T
/
t

(ε - t - t’) / t

FIG. 3. ε dependence of the transition temperature at (a) t ′ = t
and Vb = Vc = 0.5t and (b) t ′ = 3t and Vb = Vc = 2t .
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Figures 3(a) and 3(b) show the ε dependence of the transi-
tion temperature of EI. The parameters of Fig. 3(a) [Fig. 3(b)]
are the same as that of Fig. 2(a) [Fig. 2(c)]. As shown in
Figs. 3(a) and 3(b), the transition temperature has a maximum
at (ε − t − t ′)/t ∼ 0. This ε behavior is the same as the result
of Ref. [37].

III. ELECTRIC AND HEAT CURRENT OPERATORS

The electric current density operator ĵ(r) and the heat
current density operator ĵ

Q
(r) are derived from the continuity

equations [46]

d ρ̂(r)

dt
+ div ĵ(r) = 0,

dĥ(r)

dt
+ div ĵ

Q
(r) = 0, (13)

where ρ̂(r) and ĥ(r) are the charge density and the Hamilto-
nian density [Ĥ = ∫

dr ĥ(r)], respectively.
In the preset model [Eq. (4)], the total electric current

operator, Ĵ = ∫
dr ĵ(r), is given by

Ĵ =
∑
k,α

jα (k)ĉ†
α,k ĉα,k, (14)

with

j1(k) ≡ −2ea

h̄
t sin ka, j2(k) ≡ 2ea

h̄
t ′ sin ka. (15)

On the other hand, the total heat current operator, ĴQ =∫
dr ĵQ(r), becomes

ĴQ =
∑
k,α

jQ
αα (k)ĉ†

α,k ĉα,k +
∑
k,k′,q

jQ
V (k, k′, q)ĉ†

1,k+q ĉ1,k ĉ†
2,k′−q ĉ2,k′ +

∑
k,q,α

jQ
impα (k, q)ĉ†

α,k+q ĉα,k, (16)

with

jQ
11(k) ≡ −2a

h̄
t sin ka(2t cos ka − ε − μ),

jQ
22(k) ≡ 2a

h̄
t ′ sin ka(−2t ′ cos ka + ε − μ),

jQ
V (k, k′, q) ≡ −a

h̄
(t − t ′)

1

N

{
(Vbeiqb + Vce−iqc) cos

q

2
a sin

(
k + q

2

)
a + (

Vbeiq(b+ a
2 ) + Vce−iq(c+ a

2 )) sin
(

k′ − q

2

)
a
}
,

jQ
imp1(k, q) ≡ −2a

h̄
t

1

N
ρimp(q)vimp(q) cos

q

2
a sin

(
k + q

2

)
a,

jQ
imp2(k, q) ≡ 2a

h̄
t ′ 1

N
ρimp(q)vimp(q) cos

q

2
a sin

(
k + q

2

)
a. (17)

The derivations of these operators together with the Hamilto-
nian density are shown in Appendix A. While Ĵ in Eq. (14)
is a one-body current operator, the heat current operator ĴQ

in Eq. (16) is the many-body operator in the presence of the
Coulomb interaction [47].

As discussed in Appendix B, if we start from the mean-
field Hamiltonian of Eq. (6), we obtain a different expression
for the heat current operator. However, the heat current
operator in Eq. (16) should be used to study the thermal
conductivity, because it satisfies the continuity equation (13)
without any approximations.

IV. ADDITIONAL HEAT CURRENT CONTRIBUTION
IN THE EI PHASE

In this section, we study thermal conductivity based on the
linear response theory within the mean-field approximation to
clarify the additional contributions in the EI phase, which do
not satisfy the SB relation in Eqs. (1).

In the mean-field approximation (6), the one-body Green’s
function is given as

G 0
αα′ (k, τ ) ≡ −〈Tτ [ p̂kα (τ ) p̂†

kα′ (0)]〉, (18)

G(0)(k, iεn) ≡
(

G 0
++(k, iεn) G 0

+−(k, iεn)

G 0
−+(k, iεn) G 0

−−(k, iεn)

)
=

( 1
iεn−Ek+

0
0 1

iεn−Ek−

)
, (19)

where Tτ is the standard τ -ordering operator, and εn = (2n +
1)πkBT where n is an integer. Taking into account the self-
energy due to the impurity scattering

�(k, iεn) = − i sgn(εn)

(
�1 �3

�3 �2

)
, (20)

where �1, �2, and �3 are real, independent of εn, Dyson’s
equation leads to

G(k, iεn) = 1

[iεn − Ek+ + i sgn(εn)�1][iεn − Ek− + i sgn(εn)�2] + �2
3

(
iεn − Ek− + i sgn(εn)�2 −i sgn(εn)�3

−i sgn(εn)�3 iεn − Ek+ + i sgn(ωn)�1

)
.

(21)
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In this paper, the values of �1, �2, and �3 are estimated by
calculating the self-energy in the absence of interactions from
Dyson’s equation as follows,

�1 = aniv
2

2Xk

(
Xk + Yk√

4t2 − (ε + μ)2
+ Xk − Yk√

4t ′2 − (ε − μ)2

)
,

�2 = aniv
2

2Xk

(
Xk − Yk√

4t2 − (ε + μ)2
+ Xk + Yk√

4t ′2 − (ε − μ)2

)
,

�3 = aniv
2

2Xk

( |�k|√
4t2 − (ε + μ)2

+ |�k|√
4t ′2 − (ε − μ)2

)
.

(22)

Here, ni is the impurity density. For simplicity, we assume that
Vimp(xα,i − Xj ) in Eq. (4) has the form of a delta function. In
this case, vimp(q) is independent of q, and we put vimp(q) = v.

We also apply the mean-field approximation to the heat
current operator to obtain

ĴQ
MF =

∑
k,α,α′

jQ
αα′ (k)ĉ†

α,k ĉα′,k

+
∑
k,q,α

jQ
impα (k, q)ĉ†

α,k+q ĉα,k, (23)

where jQ
12 and jQ

21 are

jQ
12(k) = jQ

21(k)

≡ −a

h̄
(t − t ′)

{
�k sin ka

+ i

4

(
Vc

Vb
�b e−ikc − Vb

Vc
�c eikb

)
− i

2
(�b eikb − �c e−ikc) cos ka

}
. (24)

We will proceed with the calculation assuming that the effect
of impurities is sufficiently small. From Eq. (17), it can be
seen that the heat current jQ

imp1(k, q) and jQ
imp2(k, q) due to

impurities only have effects of the order of O(vimp) or O(v2
imp),

which is smaller than the other heat current. Therefore, the
heat current due to impurities will be ignored in the follow-
ing calculations. We also ignore the vertex correction due to
impurities as well, since it only affects the current and heat
current operators of the order of O(v2

imp).
Using the annihilation and creation operators of a quasi-

particle, p̂†
kα

and p̂kα , the electric current and heat current
operators are written as

Ĵ =
∑

k

( p̂†
k+ p̂†

k−)�(k)

(
p̂k+
p̂k−

)
,

ĴQ
MF =

∑
k

( p̂†
k+ p̂†

k−)�Q(k)

(
p̂k+
p̂k−

)
, (25)

where � = U†( j1 0
0 j2

)U , �Q = U†(
jQ
11 jQ

12

jQ
21 jQ

22

)U .

Δ jQV jα

k , iεn-iωλ

k , iεn

ΔΔ jQV jQV

k , iεn-iωλ

k , iεn

FIG. 4. Feynman diagrams for heat currents including interactions.

L11 is obtained by the Ĵ-Ĵ correlation


11(τ ) = 1

aN
〈Tτ [Ĵ (τ )Ĵ (0)]〉

= − 1

aN

∑
k

Tr[�(k)G(k, τ )�(k)G(k,−τ )], (26)

and its Fourier transform


11(iωλ) = − kBT

aN

∑
k

∑
n

Tr[�(k)G(k, iεn)

× �(k)G(k, iεn − iωλ)]. (27)

Here, ωλ = 2λπkBT and λ is an integer.
By performing the analytic continuation (iωλ → h̄ω + iδ),

we can obtain

L11 = lim
ω→0


11(h̄ω + iδ) − 
11(0)

iω
. (28)

Similarly, L21, L22 can be calculated by


21(iωλ) = − kBT

aN

∑
k

∑
n

Tr[�Q(k)G(k, iεn)

× �(k)G(k, iεn − iωλ)], (29)


22(iωλ) = − kBT

aN

∑
k

∑
n

Tr[�Q(k)G(k, iεn)

× �Q(k)G(k, iεn − iωλ)]. (30)

Equations (29) and (30) correspond to the Feynman diagrams
shown in Fig. 4.

We can see that the dominant contributions are in the order
of O(1/�1), O(1/�2) and O(1/�3). Then, ignoring the higher
order of O(�1), O(�2), and O(�3), we obtain the correlation
functions as follows,

L11 =
∫

dε

(
−df (ε)

dε

)
σ (ε), (31a)

L21 =
∫

dε
ε − μ

e

(
−df (ε)

dε

)
[σ (ε) + σ1(ε)], (31b)

L22 =
∫

dε
(ε − μ

e

)2
(

−df (ε)

dε

)
[σ (ε) + 2σ1(ε) + σ2(ε)],

(31c)

where σ (ε), σ1(ε), and σ2(ε) are

σ (ε) ≡ e2a2

4π h̄

∫
dk

{
δ(ε − μ − Ek+)

σ 2
k+
�1

+ δ(ε − μ − Ek−)
σ 2

k−
�2

}
, (32)
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FIG. 5. Temperature dependence on (a) L11 and (b) κ at t ′ = t ,
Vb = Vc = 0.5t , ε = 1.95t , and (c) L11 and (d) κ at t ′ = 3t , Vb = Vc =
2t , ε = 3t . Blue, black, and red lines indicate the contribution from
gk × 10, other terms, and total, respectively.

σ1(ε) ≡ e2a2

4π h̄

∫
dk

{
δ(ε − μ − Ek+)

gkσk+
Ek+�1

− δ(ε − μ − Ek−)
gkσk−
Ek−�2

}
, (33)

σ2(ε) ≡ e2a2

4π h̄

∫
dk

{
δ(ε − μ − Ek+)

g2
k

E2
k+�1

+ δ(ε − μ − Ek−)
g2

k

E2
k−�2

}
, (34)

σk± ≡ sin ka

Xk
{(Xk ± Yk )t − (Xk ∓ Yk )t ′}, (35)

gk ≡ t − t ′

4Xk

{(
Vc

Vb
�2

b + Vb

Vc
�2

c

)
sin ka

+ 2�b�c sin 2ka

}
. (36)

Derivations of Eqs. (31) are given in Appendix C.
L21 and L22 differ from L11 in that gk appears in the in-

tegrand when t 
= t ′. In other words, since σ (ε) is contained
in all of L11, L21, and L22, the first terms in L21 and L22 are
expressed by the SB relations. However, the second term in
L21 and the second and third terms in L22 are not expressed by
the SB relations because σ1(ε) and σ2(ε) are not included in
L11. Therefore, these terms give the additional contributions
to the thermal conductivity in the EI phase. This is the main
result of this paper, and we will discuss it in more detail in the
next section.

Before going into details, let us see the magnitude of these
additional contributions. Figures 5(a) and 5(b) [Figs. 5(c) and
5(d)] show the temperature dependence of L11 and κ at t ′ = t ,
Vb = Vc = 0.5t , and ε = 1.95t (at t ′ = 3t , Vb = Vc = 2t , and
ε = 3t). The portion of κ that is related to gk is indicated by

the blue line, the others by the black line, and the total by the
red line.

It is found that the contribution of gk to the thermal con-
ductivity is present below the transition temperature. When
t = t ′, the thermal conductivity follows the SB relation be-
cause gk = 0 [Fig. 5(b)], but when t 
= t ′, it may be visible
depending on the parameters [Fig. 5(d)]. This is the thermal
conductivity produced by the additional heat current driven
by EI.

V. DISCUSSIONS

As mentioned in Sec. I, when the heat current operator˜̂JQ(τ ) can be written in the form of an imaginary-time deriva-
tive of the electric current [Ĵ (τ, τ ′) = ∑

k{ j(k)ĉ†
k (τ )ĉk (τ ′)}]

as ˜̂JQ(τ ) = lim
τ ′→τ

1

2

(
∂

∂τ
− ∂

∂τ ′

)
Ĵ (τ, τ ′), (37)

L11, L21, and L22 are expressed by Eqs. (1) [45,47], where
ĉk (τ ) is an annihilation operator with an imaginary-time de-
pendence.

In the present case of a mean-field approximation, if we
consider that the imaginary-time derivatives of τ and τ ′ are
given by the mean-field Hamiltonian (6) as

∂

∂τ
Ĵ (τ, τ ′) =

∑
k

j(k)[ ˆHMF(τ ), ĉ†
k (τ )]ĉk (τ ′),

∂

∂τ ′ Ĵ (τ, τ ′) =
∑

k

j(k)ĉ†
k (τ )[ ˆHMF(τ ′), ĉk (τ ′)], (38)

we obtain˜̂JQ(τ ) = lim
τ ′→τ

1

2

(
∂

∂τ
− ∂

∂τ ′

)
Ĵ (τ, τ ′)

=
∑

k,α,α′
j′Qαα′ (k)ĉ†

α,k (τ )ĉα′,k (τ )

+
∑
k,q,α

jQ
impα (k, q)ĉ†

α,k+q(τ )ĉα,k (τ ), (39)

where

j′Q11 (k) ≡ jQ
11(k), j′Q22 (k) ≡ jQ

22(k),

j′Q12 (k) = j′Q21 (k) ≡ −a

h̄
(t − t ′)�k sin ka. (40)

When we use ˜̂JQ instead of ĴQ, we obtain the first terms in
L21 and L22 in Eqs. (31). Therefore, this is consistent with
the argument by Jonson and Mahan [45] that the heat current

operator ˜̂JQ leads to SB relations.
In other words, the contributions which violate the SB

relations appear in L21 and L22, that is, gk , from the second
and third terms in jQ

12 in Eq. (17). Furthermore, this gk is rep-
resented by the order parameters of EI, and it contributes not
to the electrical conductivity but to the thermal conductivity
below the transition temperature.

Although the effect of gk is small in the present model and
does not reproduce the experimental results of Ref. [20] (our
model does not directly reflect an electronic and phononic
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state of Ref. [20], so our result does not explain the experi-
mental results of Ref. [20], which remain as a future problem),
this term gives an essentially different contribution to the
thermal conductivity, which is beyond the SB relations. It is to
be noted that gk does not appear when one type of interaction
is considered. It has already been pointed out that such terms
beyond the SB relations do not appear in the Hubbard model
[53], and the same argument can be made in this model by
mapping the two bands to the spin direction. Also, when
t = t ′, gk is zero. In other words, it is essential to consider
the two types of interactions and the imbalance of transfer
integrals in order to obtain a heat current beyond the SB
relations.

Finally, we discuss the relationship between the additional
contribution to the thermal conductivity and the heat current
of excitions. As mentioned in the Introduction, the thermal
transport due to excitons is expected to show drastic features,
because excitons do not have electronic charges, but have
energies contributing to the heat current. The heat current due
to excitons is not included in previous studies [10,49], because
they are based on the SB relations. However, we find an
additional thermal conductivity which does not satisfy the SB
relations. Furthermore, the additional thermal conductivity is
related to the order parameters of EI. Therefore, it is suggested
that the contribution from the heat current carried by excitons
is included in the additional thermal conductivity.

In this paper we do not consider the effect of phonons,
but we will comment a little on this. The electron-phonon
interaction can also lead to a heat current that violates the SB
relations, as shown by Jonson and Mahan [45]. However, we
think that there is a large difference between the additional
contributions due to the electron-phonon interaction and those
due to the Coulomb interactions Vb and Vc in our mechanism.
The additional contributions due to the electron-phonon inter-
action exist even above the EI transition temperature, while gk

in our formalism exists only below the EI transition temper-
ature since gk is characterized by the order parameters of EI.
Of course, it is possible that the electron-phonon interaction
changes due to the presence of the order parameters of EI,
and that the additional contributions can change. However,
as far as we consider that the driving force of the EI phase
transition is the Coulomb interaction Vb and Vc, the change of
the electron-phonon interaction will be subdominant, and the
effect of gk , which is unique to EI phase, will be dominant.
Such a theoretical understanding of the exciton’s heat current
could provide the basis for an experimental determination of
the EI state.

VI. CONCLUSION

We study the thermal conductivity in EI using a simple
quasi-one-dimensional two-band model with two types of
Coulomb interactions between these bands. First, we obtained
the heat current operator microscopically and clarified that it
cannot be written in the form of an imaginary-time derivative
of the electric current operator as Eqs. (17) and (40). In other
words, by considering a system with two types of interactions
and an imbalance of transfer integrals, an additional heat cur-
rent operator owing to the excitonic phase transition exists,
which is different from previous studies [10,49]. Then, we

studied the linear response theory of L11, L21, and L22 within
a mean-field scheme, and clarified that the above-mentioned
additional heat current operator gives contributions in L21 and
L22 which are not expressed in the form of Eqs. (1b) and (1c),
or which are beyond the SB relations.
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APPENDIX A: DERIVATIONS OF EQS. (14) AND (16)
TOGETHER WITH THE HAMILTONIAN DENSITY

In the preset model [Eq. (4)], the Hamiltonian densities ĥi

and ĥi+ 1
2

are obtained as

ĥi =
(

t

2
ĉ†

1,i ĉ1,i+1 + t

2
ĉ†

1,i−1 ĉ1,i − t ′ĉ†
2,i−1 ĉ2,i + H.c.

)
+ (−ε − μ)n̂1,i + 1

2
(ε − μ)(n̂2,i + n̂2,i−1)

+ Vb n̂1,i n̂2,i + Vc n̂1,i n̂2,i−1

+
∑

j

{
Vimp(x1,i − Xj )n̂1,i + Vimp(x2,i − Xj )

n̂2,i

2

+Vimp(x2,i−1 − Xj )
n̂2,i−1

2

}
, (A1)

ĥi+ 1
2

=
(

t ĉ†
1,i ĉ1,i+1 − t ′

2
ĉ†

2,i−1 ĉ2,i − t ′

2
ĉ†

2,i ĉ2,i+1 + H.c.

)
+ 1

2
(−ε − μ)(n̂1,i+1 + n̂1,i ) + (ε − μ)n̂2,i

+ Vb n̂1,i n̂2,i + Vc n̂1,i+1 n̂2,i

+
∑

j

{
Vimp(x1,i+1 − Xj )

n̂1,i+1

2

+Vimp(x1,i − Xj )
n̂1,i

2
+ Vimp(x2,i − Xj )n̂2,i

}
. (A2)

Figure 6 shows the schematic picture of the Hamiltonian den-
sity. Using Eqs. (13), (A1), and (A2), the electric and the heat
current density operators are expressed as

ie

h̄

[
n̂1,i + n̂2,i

a
, Ĥ

]
= 2

a

(
ĵi+ 1

4
− ĵi− 1

4

)
,

ie

h̄

[
n̂1,i+1 + n̂2,i

a
, Ĥ

]
= 2

a

(
ĵi+ 3

4
− ĵi+ 1

4

)
,

i

h̄

[
ĥi

a
, Ĥ

]
= 2

a

(
ĵQ
i+ 1

4

− ĵQ
i− 1

4

)
,

i

h̄

[
ĥi+ 1

2

a
, Ĥ

]
= 2

a

(
ĵQ
i+ 3

4

− ĵQ
i+ 1

4

)
. (A3)
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FIG. 6. Schematic picture of the local (a) ith site, and (b) (i +
1/2)th site. For the local ith site [(i + 1/2)th site], we consider
hopping in both directions from the ith site in band 1 (band 2), and
hopping between the (i − 1)th site and the ith site in band 2 [between
the ith site and the (i + 1)th site in band 1].

Then, the total electric current and the total heat current oper-
ators become

Ĵ = a

2

∑
i

(
ĵi+ 1

4
+ ĵi+ 3

4

)
, ĴQ = a

2

∑
i

(
ĵQ
i+ 1

4

+ ĵQ
i+ 3

4

)
(A4)

As a result, we obtain Eqs. (14) and (16).

APPENDIX B: DISCUSSION ON THE DERIVATION
OF HEAT CURRENT OPERATOR

The electric and heat current operators should be uniquely
determined once the Hamiltonian is determined, and it should
be determined independently of the mean-field approxima-
tion. Therefore, the current operators should not be calculated
using the mean-field Hamiltonian of Eq. (6), but should be
calculated using the original Hamiltonian of Eq. (4) before
the mean-field approximation is applied to the heat current
operator.

In fact, the electric and heat current operators calculated
using the mean-field Hamiltonian (6), Ĵ ′

MF and Ĵ ′Q
MF, are

Ĵ ′
MF =

∑
k,α,α′

jαα′ (k)ĉ†
α,k ĉα′,k, (B1)

with

j11(k) ≡ j1(k), j22(k) ≡ j2(k),

j12(k) = j21(k) ≡ iea

2h̄
(�beikb − �ce−ikc), (B2)

and

Ĵ ′Q
MF =

∑
k,α,α′

jQ
MFαα′ (k)ĉ†

α,k ĉα′,k

+
∑

k,q,α,α′
jQ
impαα′ (k, q)ĉ†

α,k+q ĉα′,k, (B3)

with

jQ
MF11(k) ≡ jQ

11(k) − a

h̄
�b �c sin ka,

jQ
MF22(k) ≡ jQ

22(k) − a

h̄
�b �c sin ka,

jQ
MF12(k) = jQ

MF21(k)

≡ −a

h̄
(t − t ′)�k sin ka

+ ia

2h̄
(�beikb − �ce−ikc){(t − t ′) cos ka − μ},

jQ
imp11(k) ≡ jQ

imp1(k), jQ
imp22(k, q) ≡ jQ

imp2(k),

jQ
imp12(k, q) = jQ

imp21(k)

≡ 1

2
�b eikb(1 + eiqb) − 1

2
�c e−ikc(1 + e−iqc).

(B4)

These expressions are different from Eq. (17). Furthermore,

if we use these operators ˆJ ′
MF and ˆJ ′Q

MF, we obtain various
additional terms compared with Eq. (31).

As this, it is necessary to pay attention to the order of the
calculation of the heat current operator and the application of
the mean-field approximation.

APPENDIX C: DERIVATIONS OF EQS. (31)

When we define 

αβ

γ δ (k, ω) as an analytic continuation (iωλ → h̄ω + iδ) to
∑

n Gαβ (k, iεn)Gγ δ (k, iεn − iωλ), the product of
the Green’s function, we can calculate Eq. (28) by calculating

σ
αβ

γ δ
(k) ≡ 


αβ

γ δ (k, ω) − 

αβ

γ δ (k, ω = 0)

iω

∣∣∣∣∣
ω→0

. (C1)

Here, we calculate σ++
++ (k) as an example. Using the Green’s function in Eq. (21) and replacing the sum of the Matsubara

frequencies with the complex integral, we obtain∑
n

G++(k, iεn − iωλ)G++(k, iεn)

= − 1

2π ikBT

∫ ∞

−∞
dx

[
f (x + iωλ)

{
x − Ek−+i�2

(x − Ek+ + i�1)(x − Ek− + i�2)+�2
3

x + iωλ − Ek− + i�2

(x + iωλ − Ek+ + i�1)(x + iωλ − Ek− + i�2) + �2
3

− x − Ek− − i�2

(x − Ek+ − i�1)(x − Ek− − i�2) + �2
3

x + iωλ − Ek− + i�2

(x + iωλ − Ek+ + i�1)(x + iωλ − Ek− + i�2) + �2
3

}
+ f (x)

{
x − iωλ − Ek− − i�2

(x − iωλ − Ek+ − i�1)(x − iωλ − Ek− − i�2) + �2
3

x − Ek− + i�2

(x − Ek+ + i�1)(x − Ek− + i�2) + �2
3
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− x − iωλ − Ek− − i�2

(x − iωλ − Ek+ − i�1)(x − iωλ − Ek− − i�2) + �2
3

x − Ek− − i�2

(x − Ek+ − i�1)(x − Ek− − i�2) + �2
3

}]

= 2

πkBT

∫ ∞

−∞
dx f (x)

[ {
�1(x − Ek−)2 + �1�

2
2 − �2�

2
3

}{
(x − Ek+ + i�1)(x − Ek− + i�2) + �2

3

}{
(x − Ek+ − i�1)(x − Ek− − i�2) + �2

3

}
× (x − Ek+){(x − Ek−)2 − (iωλ + i�2)2} + �2

3 (x − Ek−){
(x + iωλ − Ek+ + i�1)(x + iωλ − Ek− + i�2) + �2

3

}{
(x − iωλ − Ek+ − i�1)(x − iωλ − Ek− − i�2) + �2

3

}]
. (C2)

By performing an analytic continuation (iωλ → h̄ω + iδ), we obtain

σ++
++ (k) = 4h̄

πkBT

∫ ∞

−∞
dx f (x)

{
�2

1 (x − Ek+)(x − Ek−)6 − �1�2�
2
3 (x − Ek+)2(x − Ek−)3

+(
3�2

1�
2
2 − 2�1�2�

2
3 − �2

1�
2
3

)
(x − Ek+)(x − Ek−)4 + �2

1�
2
3 (x − Ek−)5

}{
(x − Ek+ + i�1)(x − Ek− + i�2) + �2

3

}3{
(x − Ek+ − i�1)(x − Ek− − i�2) + �2

3

}3 . (C3)

And for the denominator of the integrand,{
(x − Ek+ + i�1)(x − Ek− + i�2) + �2

3

}{
(x − Ek+ − i�1)(x − Ek− − i�2) + �2

3

} = {
(x − E1)2 + δ2

1

}{
(x − E2)2 + δ2

2

}
(C4)

holds, where E1 = Ek+ − �2
3

Ek+−Ek−
+ O(�4), E2 = Ek− + �2

3
Ek+−Ek−

+ O(�4), δ1 = �1 + O(�3), and δ2 = �2 + O(�3), where �1,
�2, and �3 are written together as �. Since we assume that the effect of the impurities is small and � is a minute quantity, we
can use δ2i−1

{(x−a)2+δ2}i ∼ (2i−3)!!
(2i−2)!! π δ(x − a) and δ2i−1(x−a)

{(x−a)2+δ2}i+1 ∼ − (2i−3)!!
(2i)!! π δ′(x) to obtain

σ++
++ (k) = 4h̄

πkBT

∫ ∞

−∞
dx f (x)

[
O(�4){

(x − E1)2 + δ2
1

} + O(�4){
(x − E2)2 + δ2

2

} + O(�4){
(x − E1)2 + δ2

1

}2

+ O(�6){
(x − E2)2 + δ2

2

}2 + O(�6){
(x − E1)2 + δ2

1

}3 + O(�6){
(x − E2)2 + δ2

2

}3

+ (x − E1)O(�4){
(x − E1)2 + δ2

1

}2 + (x − E2)O(�4){
(x − E2)2 + δ2

2

}2 + (x − E1)
{
�2

1 + O(�4)
}{

(x − E1)2 + δ2
1

}3

+ (x − E2)O(�6){
(x − E2)2 + δ2

2

}3 + O(�6){
(x − E1)2 + δ2

1

}{
(x − E2)2 + δ2

2

}]

∼ 4h̄

kBT

∫ ∞

−∞
dx f (x)

[
δ(x − E1)

δ1
O(�4) + δ(x − E2)

δ2
O(�4) + δ(x − E1)

2δ3
1

O(�4)

+δ(x − E2)

2δ3
2

O(�6) + 3δ(x − E1)

8δ5
1

O(�6) + 3δ(x − E2)

8δ5
2

O(�6)

−δ′(x − E1)

2δ1
O(�4) − δ′(x − E2)

2δ2
O(�4) − δ′(x − E1)

8δ3
1

[
�2

1 + O(�4)
]

−δ′(x − E2)

8δ3
2

O(�6) + δ(x − E1)δ(x − E2)

πδ1δ2
O(�6)

]
= h̄

2kBT �1
f ′(Ek+) + O(�). (C5)

In exactly the same way, we obtain

σ++
++ (k) = h̄

2kBT �1
f ′(Ek+) + O(�), σ−−

−− (k) = h̄

2kBT �2
f ′(Ek−) + O(�),

σ+−
+− (k) = σ+−

−+ (k) = σ−+
+− (k) = σ−+

−+ (k) = O(�), Re[σ++
−− (k)] = Re[σ−−

++ (k)] = O(�),

Re[σ++
+− (k)] = Re[σ++

−+ (k)] = Re[σ+−
++ (k)] = Re[σ−+

++ (k)] = O(�),

Re[σ−−
+− (k)] = Re[σ−−

−+ (k)] = Re[σ+−
−− (k)] = Re[σ−+

−− (k)] = O(�). (C6)

Equation (28) can be calculated by using Eq. (C6), and the result is

L11 = − h̄

2aN

∑
k

[
f ′(Ek+)

�1
{|u11|2 j1(k) + |u21|2 j2(k)}2 + f ′(Ek−)

�2
{|u12|2 j1(k) + |u22|2 j2(k)}2

]
+ O(�). (C7)
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Here, we defined ui j as the (i, j) component of U in Eq. (9). By calculating Eqs. (29) and (30) in the same way, we obtain

L21 = − h̄

2aN

∑
k

[
f ′(Ek+)

�1

{|u11|2 jQ
11(k) + |u21|2 jQ

22(k) + 2 Re
[
u21u11 jQ

12(k)
]}{|u11|2 j1(k) + |u21|2 j2(k)

}
+ f ′(Ek−)

�2

{|u12|2 jQ
11(k) + |u22|2 jQ

22(k) + 2 Re
[
u22u12 jQ

12(k)
]}{|u12|2 j1(k) + |u22|2 j2(k)

}] + O(�), (C8)

L22 = − h̄

2aN

∑
k

[
f ′(Ek+)

�1

{|u11|2 jQ
11(k) + |u21|2 jQ

22(k) + 2 Re
[
u21u11 jQ

12(k)
]}2

+ f ′(Ek−)

�2

{|u11|2 jQ
11(k) + |u21|2 jQ

22(k) + 2 Re
[
u22u12 jQ

12(k)
]}2

]
+ O(�). (C9)

Using Eqs. (9), (17), and (C1), we can obtain Eq. (31).
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