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We present an interpolation method for the specific heat ¢,(7"), when there is a phase transition with a
logarithmic singularity in ¢, at a critical temperature 7 = T... The method uses the fact that c, is constrained both
by its high temperature series expansion and just above 7, by the type of singularity. We test our method on the
ferro- and antiferromagnetic Ising models on the two-dimensional square, triangular, honeycomb, and kagome
lattices, where we find an excellent agreement with the exact solutions. We then explore the XXZ Heisenberg

model, for which no exact results are available.
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I. INTRODUCTION

The study of finite-temperature phase transitions is of great
importance in condensed matter physics [1] and in particular
in the field of quantum magnetism. When lowering the tem-
perature from a paramagnetic state, a transition may occur at a
critical point where an order parameter arises due to the break-
ing of a given symmetry of the Hamiltonian. The interest in
studying these transitions is twofold: On the theoretical side,
the classification of the different phase transitions according
to their universality classes and the understanding of the pa-
rameters that play a key role in the change from one phase
to the next. On the experimental side, reliable methods are
needed to contrast measurements with theoretical predictions.
And even though the Mermin-Wagner theorem states that the
breaking of continuous symmetries at finite temperature can
only occur in three-dimensional systems [2], two-dimensional
systems can still have finite-temperature phase transitions
through the breaking of a discrete symmetry, as in the case
of the Ising model.

The Ising model was first proposed in 1920 by W. Lenz
in an attempt to explain ferromagnetism [3], and his student
E. Ising found that the exact solution in one dimension has
no phase transition whatsoever [4]. Many years later it was
proven that a paramagnetic to ferromagnetic phase transition
does indeed occur at finite temperature in the two-dimensional
model on the square lattice [5,6], finally exactly solved by L.
Onsager in 1944 [7]. Using different transformations, this re-
sult was extended to several two-dimensional lattices [8—15],
such as the triangular lattice [8], the kagome lattice [10], and
the honeycomb lattice [11]. A detailed summary of the critical
temperatures on Archimedean and Laves lattices is given in
Ref. [16].

But the Ising model is not only important in the under-
standing of ferromagnetism; in fact, the critical exponents of
the thermodynamic functions near the critical point form the
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Ising universality class, and there are several systems (not
only ferromagnetic) that behave similarly in the presence of
a phase transition [17,18]. In the field of quantum magnetism,
the Mermin-Wagner theorem precludes the existence of finite-
temperature phase transitions in two-dimensional systems
when only continuous symmetries are broken in the ground
state, like in most Heisenberg magnets, but not when the
ground state has a discrete degeneracy [19]. An important ex-
ample of this is the case of the Heisenberg model with nearest-
and next-nearest-neighbor interactions in the square lattice
[20-23]. Chandra et al. proposed that in this model a transition
could occur due to the emergence of an effective Ising order
parameter [20]. This transition was confirmed several years
later for the classical model on the square lattice by Monte
Carlo simulations [21], showing that the critical exponents
were those of the Ising model. And although there was some
doubt about the extension to the S = 1/2 quantum case, it was
realized shortly after that the Ising transition occurs for any
value of § [22,23].

The theoretical calculation of critical properties is then of
central importance to understand the relevant order param-
eters involved in phase transitions. When no exact result is
available, numerical methods have to be implemented. Classi-
cal and quantum Monte Carlo (QMC) methods work naturally
at finite temperatures and grant access to the calculation of the
critical exponents and temperatures through finite-size scaling
[21], but fail in the quantum case when there is frustration due
to the sign problem. For quantum systems, exact diagonal-
ization [24] and tensor methods [25] are used on frustrated
systems but present more difficulties when it comes to large
lattice sizes and/or finite temperatures.

Finally, high-temperature series expansion (HTSE) meth-
ods operate directly in the thermodynamic limit but cannot
reach very low temperatures, a limitation that becomes more
restrictive when there are singularities in the thermodynamic
functions due to the presence of a finite-temperature phase
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transition. When there is no finite-temperature phase transi-
tion, methods have been proposed to extrapolate the HTSE of
thermodynamic functions down to 7 = 0 [26-29], relying on
some knowledge about the ground state (such as the type of
order and ground-state energy). These methods have proven to
be useful for understanding experiments [30-35]. But, apart
from an exploratory extension of the entropy method pre-
sented in Ref. [36], no other method has been developed to
interpolate the thermodynamic functions between the high-
temperature limit and the critical behavior at T = T,.

In this paper, we present an interpolation method for the
specific heat, c,, based on the HTSE and the existence of
a phase transition with a logarithmic singularity. We test it
on several two-dimensional ferro- and antiferromagnetic Ising
models and then apply it to Heisenberg models with Ising
anisotropy (XXZ models), all of which have a logarithmic
divergence in c,. The nonuniversal parameters characterizing
the transition are obtained in a self-consistent way by looking
for the greatest number of coinciding Padé approximants (PA)
of our proposed function. The reconstructed c,, in the temper-
ature range [T, oo], is in good quantitative agreement with the
exact solution. For the XXZ model, we are able to evaluate 7,
over a wide range of anisotropies, finding a good agreement
with the QMC calculations available in the literature.

The article is organized as follows. In Sec. II, we present
the Hamiltonian for the XXZ model and some results derived
from the exact solution in the Ising limit for the critical
parameters of ¢,. Section III is devoted to the interpolation
method. In Sec. IV, we present the results, first for the Ising
limit and then for the XXZ model. Finally, the conclusions
and perspectives are given in Sec. V.

II. XXZ MODEL
The § = 1/2 XXZ Hamiltonian can be written as

H=J) [Sisi+ASH-S]], (1

where (ij) represents the nearest neighbors in a two-
dimensional lattice, S* is the z-component of the spin, and
L = (8%, §7) represents the x and y components. In the fol-
lowing, we set J =1 for the antiferromagnetic cases and
J = —1 for the ferromagnetic ones, and A goes from 0 (Ising)
to 1 (Heisenberg).
The ferromagnetic Ising model (and antiferromagnetic on
bipartite lattices), A = 0, is known to exhibit a singularity in
¢, described above T, as

s /3)
=Aln(1-2=), 2
c,(B) n< 5 (2)

c

where B8 =1/T is the inverse temperature (8, = 1/T,).
Throughout this article, we focusonlyon 7 > T, (8 < ;).
Onsager’s exact solution of the Ising model on the square
lattice has been extended to other lattices [13]. The ex-
act expressions of ¢, for the square, triangular, honeycomb,
and kagome lattices and the corresponding singularity pa-
rameters are given in Appendix. We give in Table I the
expressions of f., A [see Eq. (2)] and the shift B at T,

TABLE I. Singularity parameters ., A, and B obtained from the
exact solution of the ferromagnetic Ising model [see Eqgs. (2), (3) and
Appendix]; e stands for the Euler’s constant.

Lattice Be —A B/A
Square In(3+2+2) g Z+In e‘g‘
Triangular In3 3“/‘? ¢ 505 TIn 9’3‘
Honeycomb 2In(2++/3) L3 23 4 e
Kagome In(3 +2«/§) ‘?—nﬁ‘z’ @ + In %

defined by
B = ﬁh_?,};_ (co(B) = c3(B))- (3)

When the parameter A is turned on, the Ising transition
survives and ¢, continues to have the same kind of divergence,
while the critical temperature 7, decreases. At the Heisenberg
point, A = 1, there is no finite-temperature phase transition.
Around the Heisenberg point (A ~ 1), the critical tempera-
ture behaves as 1/1n |1 — A| [37-39]. This happens for both
classical and quantum spins. For A < 1, which is the case we
are focusing on, the phase transition is always of the Ising
universality class [39—41], whereas for A > 1 the transition is
of the Kosterlitz-Thouless type [37,39-44].

III. INTERPOLATION METHOD

In this section we present a method to interpolate between
the high-temperature limit and the critical temperature T..
From the HTSE of the free energy, f, we evaluate the series
expansions of the thermodynamic quantities around g8 = 0.
The f-HTSE reads

Bf =—In2— Z B OB, @
i=1

where e; are polynomials of J and A. In the Ising limit,
where exact formulas are available, the coefficients can be
calculated up to arbitrary orders, but when the exact partition
function is unknown the HTSE is typically known up to orders
15 to 20 depending on lattice connectivity and the Hamil-
tonian. The convergence radius of the series is determined
by the singularity closest to the origin in the complex plane
of B. When the singularity appears on the real positive axis,
a finite-temperature phase transition occurs. In practice, the
series generally converge down to 7 & |J| while PAs allow
this range to be extended to about 0.5|J|, in the absence of
phase transitions.

However, even if the raw HTSE or the PAs are unreliable
close to a phase transition, the ratio or the Dlog Padé meth-
ods allow to obtain accurate values of 8. [45-51]. The ratio
method is a direct estimate of the convergence radius of the
series for a given thermodynamic function [45,49-51]. This
method is usually used with the susceptibility yx(8), where
the critical exponent y is greater than 1, but tends to fail
for quantities such as the specific heat ¢, or the entropy s
[45] where the critical exponents are small or negative. The
Dlog Padé method [49] evaluates the poles and residues of
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the PAs of a given function that possesses a simple pole in
theory. This function is often the derivative of In x(8), and
this method gives very good results for B, and the critical
exponent y, as there are generally several PAs with the same
pole and residue, up to a good precision [45,49,52,53]. But
both methods require some knowledge of the magnetic order
and the calculation of the corresponding susceptibility (either
ferromagnetic, antiferromagnetic, or other).

The previous methods work because the series already hold
information about the singularity at the lowest orders. Our
goal is to use this information to develop a method that works
for ¢, and provides reliable results over the whole range of
temperatures down to 7. We assume that ¢, around T, can
be well described by the singular behavior from Eq. (2), with
a good choice of the parameters A and B.. Then we propose
to subtract the singular behavior of c,, and define a function

R(B),
R(B) = cv(B) — ¢, (B), &)

which behaves smoothly for T 2 T.. Note that the constant B
verifies B = R(B.) [see Eq. (3)]. In practice we do not have
access to the exact ¢, and we only have the c¢,-HTSE to order
n. The HTSE of the singular part ¢} () can be easily obtained
up to order n. So, finally, we can obtain the R-HTSE to order n,
which depends on parameters . and A. This regular function
R is the one that we are going to use for the interpolation
method. If B, or A are wrongly chosen, the singularities in ¢
and c, will not cancel out and R(B) will not behave regularly
around f..

Now we define the procedure to measure the quality of a
given R-HTSE, defined by a set of parameters {S., A}. From
the R-HTSE to order n we get the standard n 4 1 PAs, defined
with the convention that the denominator polynomial starts
with 1. Then, we discard all the PAs with real poles in the
range [0, B.] and we are left with Np physical PAs, denoted by
‘P; withi = 1..Np. The next step is to count how many of them
coincide at 8,, = § B, with 6 > 1, because a regular function at
B should be regular beyond the critical point. Throughout the
article, we use § = 1.05. Since the R-HTSE starts at order 1
in B (the ¢,-HTSE starts at order 2, and the ¢ -HTSE starts at
order 1), we discard the PA with a constant numerator (order
0). We then define a quality function Q as

2 & (PiBu) = Pi(Bu)
2o 2 M. _—) 6
¢ (n—l)nZZ ( F(Be) ©

i=1 j=1

where  Mc(x) = 1/(1 + (x/€)®) and F(B:) = 5(Pi(B.) +
P;i(Bc)). The function Mc(x) is chosen to be near zero when
x > € and close to 1 otherwise, and we choose € = 0.005.
Then, Q represents the proportion of coinciding PAs. As we
will show below, Q takes large values only in small regions of
the parameter space and we will consider peaks of Q(A, B.)
greater than 0.5 as reliable results (a majority of coinciding
PAs). The best set of parameters {f., A} is defined by the
maximum in Q(A, B.). We define the uncertainties on this best
set of parameters as the width of the peaks.

Once the best set of parameters {8., A} is found, we can
reconstruct the specific heat ¢} by adding the singularity to the
regular part. For that, we replace R(8) by one of its coinciding
PAs (one contributing to Q), P;, and we put explicitly the

singular part in Eq. (5):

¢r(B) = Pi(B) + Aln (1 _ ﬂﬁ). ™

.
In the limit n — oo, the reconstructed ¢} should converge to
the exact one.

IV. RESULTS

In this section we present the results obtained with the
method presented in the previous section for different lattices
and models. Whenever possible, we compare our results with
exact results or calculations by other authors using alternative
methods.

A. Ferromagnetic Ising model on the square lattice

We compute the quality Q [see Eq. (6)] for several orders
of the HTSE on a grid of values in the plane B.-A. We are
scanning in steps of 10~* both in B, and A in a wide range
around the exact values. It is important to keep small steps,
because the domain where the quality Q reaches its maximum
is generally narrow as can be seen in Fig. 1, where the black
circles represent the exact values. The best sets of parameters
have quality values around 0.95, which means that almost all
of the PAs coincide. In addition, we find that the quality drops
rapidly away from the best parameters.

As the order of the HTSE increases, we see that the best-
quality domain is narrower and gets closer to the exact point,
as shown in Table II. In Fig. 2, we see that the parameters go
to roughly the exact values like 1/n%, where n is the HTSE
order. Note that already at order 20 the results are close to the
exact ones (see Table II).

Using the best parameters {f., A} presented in Table II, we
reconstruct the specific heat ¢ using Eq. (7). Figure 3 shows
¢, (T ) built from the HTSE at order 30, where only a single PA

—0.49

<C—0.50
—0.51

—0.49

< -0.50

—0.51

1.762 1.764 1.766 1.762 1764 1.766

B B

FIG. 1. The quality Q [see Eq. (6)] versus 8. and A [see Eqgs. (2)
and (3)] for the square lattice ferromagnetic Ising model using the
¢,-HTSE at orders 20 (top left), 24 (top right), 28 (bottom left),
and 30 (bottom right). The black circles indicate the Onsager’s exact
solution (see Table I). Note that Q reaches values close to 1.
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TABLE II. Results for the parameters ., A, and B versus the
HTSE order for the square lattice ferromagnetic Ising model, com-
pared to the exact solution (see Table I).

Order B A B

20 1.7645(10) —0.509(5) —0.350(10)
22 1.7645(10) —0.509(5) —0.353(10)
24 1.7636(6) —0.504(4) —0.340(10)
26 1.7635(6) —0.503(4) —0.337(10)
28 1.7632(3) —0.501(3) —0.331(6)
30 1.7631(3) —0.500(2) —0.328(6)
Exact 1.762747... —0.49453... —0.30631...

does not coincide. For comparison, the dashed lines represent
the PAs of the raw HTSE of c,. The present method shows a
clear improvement over the raw HTSE or its PAs.

In Fig. 4 we show the results for the reconstructed c;
obtained from the HTSE at orders from 10 to 30 (solid lines),
compared with the exact result (dashed line). Even though
¢y at order 10 is visibly different from the exact one, the
results improve quickly as the order increases. The inset of
Fig. 4 shows that the relative differences with respect to the
exact result decrease significantly as the order increases. Since
the B. evaluated at each order is slightly greater than the
exact value, the relative differences tend to 1 around the exact
critical temperature. We see that a good agreement with the
exact results is already obtained at order 14, even if the values
of A and B may differ from the exact ones. This means that the
precision in the parameters A and B is not as important as the
precision in S, in order to have a good representation of c,,.

B. Ferromagnetic Ising model on other lattices

We now turn to the triangular, honeycomb, and kagome lat-
tices, keeping the ferromagnetic Ising model. They all present

0.20 T .
®

0.15

. 0.10

0.05

0.00 p————"""000—0—0— 00—

0.000 0.003

FIG. 2. Relative differences of the values of ., A, and B ex-
tracted from Table II compared with the exact ones as a function
of 1/n2, where n is the HTSE order. Lines are linear fits through the
points taking into account the uncertainties. d, = (V — Vexact) jyexact,
where V = B, A, and B.

........ Tgreet o [14,16]
ar —=—= [0,30] 18,12] |
2,28)  ---- [20,10]
cee- [4,26]  ---- [22,8]
3r - [6,24] [24, 6]
\
S '\\\\ T [8722] T [2674]
N ~--- [10,20] ---- [28,2]
2r NN [12,18] = 0-30 ]
1 1
0.55 0.59 0.63 0.67

T

FIG. 3. The specific heat ¢, as a function of the temperature T'
for the square lattice ferromagnetic Ising model; full line stands for
the reconstructed ¢} from our method. The dashed lines are the the
Padé approximants of the raw c,. The vertical dotted line indicates
the exact value of 7.

a finite-temperature phase transition with different nonuniver-
sal parameters (see Table I). Our method works very well for
the triangular lattice, with quality values close to 1 for all or-
ders [54]. On the other hand, for the honeycomb and kagome
lattices, the maximum of Q oscillates between 0.5 and 0.7
depending on the HTSE order and the lattice [54]. Moreover,
these two lattices present wider peaks of Q(B., A) which lead
to a loss of precision in the evaluation of the parameters g,
A, and B in the end. Nevertheless, it is worth mentioning that

— 010 AL 4 = &y — et
4 n O-14 1071 i T — C%xact J
— 0-20
—_— 0-22
3F—— 0-24
— 0-26
U@ 0-28
2k — 0-30
---- Exact
,/
1} e
O L L L L L
0.52 0.56 0.60 0.64 0.68

T

FIG. 4. The reconstructed ¢/, versus the temperature 7 for the
square lattice ferromagnetic Ising model using ¢,-HTSE orders from
10 to 30. The black dashed line indicates the exact solution. The inset
shows the relative difference between our results and the exact result.
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TABLE III. Singularity parameters ., A, and B for the triangular, honeycomb, and kagome lattices ferromagnetic Ising model obtained
from different orders of the ¢,-HTSE, compared with the exact solutions (see Table I).

Triangular Honeycomb Kagome

Order B. A B B. A B Be A B

20 1.0998(4) —0.521(4) —0.385(10)  2.6395(20) —0.484(5) —0.305(10)  1.870(6) —0.50(3) —0.34(6)
22 1.0993(3) —0.515(4) —0.365(10)  2.6320(40) —0.467(15) —0.270(30) 1.865(2) —0.48(1) —0.30(2)
24 1.0992(3) —0.514(3) —0.364(8) 2.6330(50) —0.470(15) —0.280(40) 1.870(3) —0.495(20) —0.34(4)
26 1.0990(3) —0.511(3) —0.355(8) 2.6320(20) —0.468(10) —0.270(20)  1.867(3) —0.485(200 —0.314)
28 1.0989(2) —0.509(2) —0.349(8) 2.6330(20) —0.469(7) —0.270(15) 1.868(2) —0.490(10) —0.32(2)
30 1.0988(2) —0.507(2) —0.341(8) 2.6326(15) —0.469(5) —0.270(10)  1.867(1) —0.483(7) —0.31(2)
Exact 1.098612... —0.49906... —0.30675... 2.633915... —0.47810... —0.30477... 1.86626... —0.48006... —0.29809...

having 50% of coinciding PAs up to B, is a very good result
since the PAs of the raw HTSE are all different at j..

The quality pictures (see Fig. 1 and those in the supplemen-
tal material [54]) are qualitatively different from one lattice to
another. It is not easy to determine the conditions under which
some models possess large and sharp quality peaks or not.
The hypothesis that a low value of S, (that decreases with the
coordination number p of the lattice roughly as 7, o« p — 1)
makes the extrapolation method work better is not verified
for the square and kagome lattices (both with a coordination
of 4). Although they have about the same g, the first one
has a sharp quality peak and the second a wide one. On the
other hand, bipartite (square and honeycomb) or nonbipartite
(triangular and kaome) lattices can both have either sharp or
wide quality peaks. Note that the bipartite property implies
that odd terms of the HTSE are zero. Finally, we remark that
the present method works better for the two Bravais lattices
(square and triangular).

We summarize our results for these three lattices in
Table III. Among the three parameters S., A and B, it is always
B. that has the smallest relative difference with the exact
result. The A and B values for the triangular lattices converge
to the exact values [54]. On the other hand, for the honeycomb
and kagome cases, the large uncertainties make it impossible
to extrapolate to large n (at least from the results of orders
n < 30). Nevertheless, the reconstructed ¢}, from any of these
results is always in good agreement with the exact ¢, [54]
(except very close to the critical point, because the divergence
is not exactly at the same temperature).

Another interesting feature is the fact that, although the
values of 8. depend on the lattice, the values of the parameters
A and B are always around the same values, —0.49 for A and
—0.3 for B (see exact results in Tables II and III). It would be
indeed interesting to check if this is still the case for other
more complicated lattices, or for other Ising transitions in
general.

C. XXZ model

We examine here the evolution of the Ising singularity
when the model is interpolated between the Ising and the
Heisenberg models, i.e., when the parameter A of Eq. (1)
varies from 0 (Ising) to 1 (Heisenberg). In the Heisenberg
limit, no discrete symmetry is broken in the ground state
and the Mermin-Wagner theorem forbids the existence of

finite-temperature phase transitions, but for any other value
of A in the interval [0,1] there is indeed a finite-temperature
phase transition associated with the Ising order parameter. The
value of the critical temperature 7, is expected to decrease
as A increases, and it has been suggested in Ref. [39] that it
behaves like the inverse of a logarithm near the Heisenberg
point, I /In|1 — A|.

Since there are no exact results for this model, the HTSE
coefficients have been calculated up to order 19 for the square
lattice, 17 for the triangular case, 20 for the honeycomb case,
and 18 for the kagome lattice. For the square and honeycomb
lattices, we consider both ferro- and antiferromagnetic inter-
actions (since there is no frustration). In fact, in these cases
where the lattice is bipartite, the transformation A — — A has
no effect on the ¢,-HTSE (this kind of transformation can
be understood as a rotation of w about the z axis of one of
the two sublattices). This implies that only the sign of the z
part is important in the evolution of the transition when |A|
increases. On the other hand, for the triangular and kagome
lattices, only the ferromagnetic case has a finite-temperature
phase transition.

Figure 5 shows our results for the square lattice in the anti-
ferromagnetic case (the ferromagnetic case will be discussed
below), using HTSE orders 18 (upper red triangles) and 19
(lower purple triangles). Near the Ising limit (A = 0), the
uncertainties are always smaller than the symbol size, whereas
they keep increasing when A increases, and the results start to
depend on the order. In fact, as A increases, the maximum
value of the quality Q(B,., A) decreases while the domain of
higher values widens, so it becomes difficult to determine
precise values. The value of Q decreases from 0.9 to 0.6 as A
increases from 0 to 0.5, where our results are in good agree-
ment with the QMC computations [39]. Indeed, at order 19 we
find T, = 0.522(3), whereas the QMC value is T, = 0.525(5)
[39]. The quality then continues to deteriorate to about 0.3
at A = 0.8 and it becomes difficult to separate peaks from
oscillations. However, our results seem to approach the next
QMC point (see Fig. 5).

Using the exact limit in the Ising point as well as a vanish-
ing derivative, and imposing the logarithmic behavior around
A =1, we propose a simple two-parameter function having
the correct limits both for A = 0 and 1:

T _Tlsing 1+aA_bA2 (8)
T 1—aln(=A)
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A

FIG. 5. Critical temperature 7. as a function of A obtained with
our method for the XXZ antiferromagnetic model [Eq. (1)] on the
square lattice, at HTSE orders 18 and 19. QMC results are taken
from Ref. [39]. The blue line is the fit of Eq. (8). The green circle is
the exact result in the Ising limit.

Fitting these parameters using the three QMC points [39] and
the exact Ising value leads to a = 0.26 and b = 0.11. This
function is is shown in Fig. 5, where we can see that it agrees
with our current results.

In Fig. 6 we show the critical temperature, normalized by
the exact critical temperature of the corresponding Ising case,
for the square, triangular, honeycomb, and kagome lattices
using ferromagnetic interactions. Although the relative criti-
cal temperatures are very similar for all four lattices at low
A, larger differences appear above A = (0.2. The honeycomb

1.0

2 09 -
I X3
&~ T
~~
~ 0.8 p — Fit i ‘q 1
Square O-19
A Triangular O-17 Y
07k Y Honeycomb 0-20 l |
' $ Kagome O-18
0.0 0.2 0.4 0.6 0.8 1.0

A

FIG. 6. Critical temperature 7, normalized by the corresponding
exact value in the Ising limit, as a function of A obtained with the
present method for the ferromagnetic square, triangular, honeycomb,
and kagome lattices. In blue the fit of Eq. (8) for the square antifer-
romagnetic case.

0.2 0.4

0.6 0.8 1.0 2.0
T

FIG. 7. Reconstructed specific heat c, as a function of T for the
square lattice ferromagnetic case. Several values of A are shown,
from the Ising limit at A = 0.0 to A = 0.85. For reference, we show
in dashed line the ¢, for the Heisenberg case obtained from the
entropy method [27].

lattice, which is the one with the lowest coordination number,
is the case where the relative critical temperature is the lowest,
followed by the kagome and the square lattices and, finally, the
triangular lattice, which has the highest coordination number.

As was the case in the Ising models, the values of A have
larger uncertainties than those of . and remain around the
corresponding Ising values [54]. As for the square lattice (see
Fig. 7), uncertainties in A have little effect in the reconstructed
c¢;, [Eq. (7)], and again, variations in 8, with A lead to the main
effect on variations in ¢,. The dashed black line stands for the
Heisenberg specific heat (A = 1), as obtained by the entropy
method imposing a low-T ¢,(T) « T* with ¢ = 1. We can
conclude from Fig. 7 that there must be an abrupt change in
¢y very close to A = 1.

V. CONCLUSION

We have developed and tested an interpolation method
using HTSEs that can be applied for finite-temperature phase
transition systems with a logarithmic divergent specific heat
¢y, as is the case for the two-dimensional Ising universality
class. From the ¢,-HTSE, we extract its logarithmic singu-
lar part to obtain the HTSE for the regular part of the c,.
These series depend on two parameters: The inverse of the
critical temperature B, and the multiplying constant A in front
of the logarithmic term [see Eq. (2)]. These parameters are
determined by searching for the largest number of coinciding
PAs. This method allows us to accurately capture the criti-
cal behavior of the Ising model for several two-dimensional
lattices, obtaining precise values of 8. and good values for
A and B (see Tables II and III). With these values, we are
able to reconstruct the ¢, above T, and we find a very good
quantitative agreement with the exact solution already for
orders as small as 14 (see Fig. 3).
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We then turn to the XXZ Heisenberg model, where there
are no exact results. We find that our method works in a wide
range of anisotropies from A =0 to 0.8. For example, at
A = 0.5 we find a precise value of the critical temperature
T, which is in agreement with QMC calculations. Our method
then fails near the Heisenberg point where the critical tem-
perature vanishes. The failure of the method is explicitly due
to the fact that we do not find a set of parameters {8, A} for
which there are enough coinciding PAs, or that we do find a
large domain of values for which there are some, so that 8,
and A cannot be determined with precision. This is probably
due to the complications that arise when there is a mixture of
the singular behavior and the finite peak from the Heisenberg
limit. Indeed, if the singular peak is at temperatures lower than
the Heisenberg peak, removing the singular behavior would
leave us with a series that must describe a Heisenberg-like c,,
and generally the PAs do not coincide for temperatures below
J/2. A more advanced method would have to take both peaks
into account.

This limitation of our method is probably the reason why
we did not get any convincing result for the antiferromagnetic
J1 — J, model on the square lattice, where an Ising transition
should appear for J, > 0.6J; in the S = % quantum case.
In this case, the transition temperature is small and it only
increases for large values of J,. But when J, is large, the
transition is very subtle and difficult to capture [21,23].

At this stage, our method can be used to obtain important
parameters related to phase transitions such as 8., A, and B
in the case of logarithmic divergences. But it is possible to
extend the method to other types of singularities and other
thermodynamic functions that show a singular behavior. Work
in this direction is in progress, in particular for the case
of three-dimensional Heisenberg models where ¢, shows a
nondivergent cusp behavior (i.e., it reaches a maximum value
with an infinite slope at S.). In this case, our method could
be used to estimate the critical exponent ¢, which cannot be
calculated by the ratio or Dlog Padé methods and is usually
only estimated indirectly by the relation between critical ex-
ponents [51] or assumed to be the same as that predicted by
field-theory calculations [45].
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APPENDIX: ISING EXACT FORMULAS

1. General formula

The free energy, f, of the Ising model on some
two-dimensional lattices such as the square, triangu-
lar, honeycomb, and kagome lattices can be written

as [13]
2 2 1 - S ,
Bf = fo_ﬁ/ / dpdq n(u a(pq)) (A1)
Ss(p, q) = 5 8(008p+008q+5008(p+q)), (A2)

where fy and u are functions of g8, and n, is the number of
sites per unit cell, all depending on the lattice. We have § = 0
for the square lattice and 1 for the triangular, honeycomb, and
kagome lattices. The maximum value of Ss(p, ¢) is 1 and the
singular behavior occurs when the argument of the logarithm
vanishes, that is, when Ss(p, ¢) = u = 1. In the following, we
assume u > 1.
The specific heat can then be calculated as

d*Bf
2
Cy = _:3 d_,82
d2f0 :32 2r 2w
—_gdJo, P dpdqXs(p,q), (A3
dp? +8772”x/0. /o pAapa). (A9
where
Xpp= 4
D= 48 u— Ss(pq)
I/t” M/Z
— — 5 (A4)
u—3Ss(p,q) (w—Ss(p,q)

where the prime indicates a derivative with respect to 8. We
have to calculate the following integrals

/271 /27‘[ dpdq
Iy =
(u—S5(p. )"

for k = 1 and 2, so that

(AS5)

2 2
G = / / dpdqXs(p.q) =u' T — P L (A6)
0 0

and finally
’fy B
_ 2 N2
cy=—P dpr + 3 S(u L —@w) b). (AT
a. The I, integral
For u > 1, we can perform the integration over g:
m dq 27 n,

= . (A8

o u—3Ss(p,q) /(uy — cos p)(u_ — cos p)

where uy =2u+8(u+1) £ 1+ 6(6u—+2), with u_ > 1
and uy > u_ + 2+/1 4 84. Then the integral over p gives

81 (2 4+ 8)Ko
I = , A9
N RS | (A49)

where Ky = EllipticK(zp) is the elliptic function K (Maple
definition), and the argument is

\/24/1/!4_ — U_
Sy —1IJu_ ¥1°
For§d =0, we findzg = 1/uand I} = 87Ky /u.

(A10)

20 =
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b. The I, integral

For u > 1, the integrations over g and p give

/Zn dq
o (uw—Ss(p,)?

/Zn /Zn dpdq
L=
(u— Ss(p. @)

271(2 +8)?(cos p — (2 + &)u)
— cos p)*/2(u_ — cos p)3/?

= CxKo + Ce&o, (A1T)
where & = EllipticE(z) is the elliptic function E, and
K =46Cu_ — D)(ugp +1) (A12)

Ce = Cl(ug — u_)(uy +u_) — 28(u” + u_*-2)]
(A13)
c 4 (2 +6)?
(p —u (- — Dy + DVu” F1/uy =1
(A14)

For§ = 0,Cx = 0 and C¢ = 87 /(4> — 1). With these two in-
tegrals, I} and I, and the expressions for fy, u, and n; for each
lattice, the complete ¢, can be obtained at all temperatures
from Eq. (A7).

c. Singularities

The singular behavior arises when u goes to 1, that is, when
u_ goesto 1 and uy goes to 3 or 7 for § = 0 or 1, respectively.
In the limit u — 1, we define the small variable € = u — 1.
Then, to the first order in €, we have

2 (24 6) ac € ae
L =——(-In—+-(In—+5b Al5
‘ \/1+273< g g ) @
a=1, b=1 B=0) (A16)
2 b > =10 (A17)
a:—, = — = .
3 6
whereas for the second integral we have
4 1
b="" 4n(1+-m<)+..6=0 (A18)
€ 2 8
213 w3
= - 1— 11 =1). (Al
T e 6(6 o >+ @=1. (@A)

Around the critical point u is proportional to (t — #.)?, thus
also to (8. — 8)>. We set then, using the fact that u > 1,

u(B)=1+a.(B. — B)* (A20)

where o depends on the lattice. Then € = u — 1 = oz (B, —

B)* and u'(B) = —2ar(B. — B) = —2,/are and u"(B) =
2« . Finally, Eq. (A6) becomes

_ Ama248) ( aor(Be — B)?
C = NS < < +2). (A21)

Using the leading term, we find that the singularity in ¢, from
Eq. (A7) behaves as

a2+ 3)

(A22)

Cy ™~ —

2. Square lattice

For the square lattice we have § = 0 and n; = 1, then the
functions in Eq. (A1) are

fo=—2+1In(l —1%) — ZL In(2B) (A23)
ng
A=+’ (A24)
B=2t(t*—1) (A25)
A (47
T 2B 4t(1—12y (A26)

where ¢t = tanh g. The critical point is for u = 1, that is, 7, =

V2 —1and B. =In(3+ 2«/5). Around S. we have € = u —
1=1(B.— B)* + ..., thus o, =  in Eq. (A21). Around tcz
is constant and the contributions of fo to ¢, gives at B.: —’3—,
and finally, we find
ﬁZ
Ccy = o ( In(B, — /3)-}- 1n2 —-1- Z) +o(1). (A27)

3. Triangular lattice

For the triangular lattice we have § = 1 and ny; = 1, then
the functions in Eq. (A1) are

fo=-mm2+> (A28)

A= @+ D> =203+ 612 — ir +1) (A29)

B=2t(t+ 1)*(t — 1) (A30)

= A ) ) e
3B 6 t 3\r—1 (@ —1)?

where ¢t = tanh g. The critical point is for u = 1, that is,
t,=2—+/3and B, = In3. Around B, we have e = u — 1 =
2(B. — B)* + ..., thus = 2 in Eq. (A21). Around t, B is
constant and the contributions of fj to ¢, give at §.: —% B2,
and finally we find

2
Cp = 3ﬁﬁ” (—ln(ﬂc —Bf)+2In2—-1-—
4

L) + o(1)
23 '
(A32)

4. Honeycomb lattice

For the honeycomb lattice we have § = 1 and n, = 2, then
the functions in Eq. (A1) are

3 1
fo=—In2+ =In(1 —¢*) — — In(3B) (A33)
4 2ny
A=1+3" (A34)
B =2t*(1 —1?) (A35)
A 1 1434
LT (A36)

3B 6121 —12)’
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where ¢t = tanh g. The critical point is for u = 1, that is, 7, =

1/\/5, and B. = 2In(2 + +/3). Around B, we have € = u —
1= %(,BC — B+ .. thusa, = }1 in Eq. (A21). Around ¢, B

is constant and the contributions of fj to ¢, gives at B.: —’;—i,
and finally we find
23 In 48 /3
e =P (g - py+ M STV o)
8 2 9
(A37)

5. Kagome lattice

For the kagome lattice we have § = 1 and ny = 3, then the
functions in Eq. (A1) are

fo=—In2— - InGB) (A38)

n

_ @-D'+3 IR
A—mt, Z—t+; (A39)
204 ?
Py (o
A (2> —2z-2)
"= tearmame A

where ¢t = tanh g. The critical point is for u = 1, that is,
te=1(/3+1-+/23"%), and B. = In(3 +2+/3). Around
Be we have e =u—1=3(B. — B)*+ ..., thus o, = 3 in
Eq. (A21). Around ¢, B is constant and the contributions of

fo to ¢, gives at 8. —ﬁ‘?(sz—;ﬁ), and finally we find
2J/3 3—-1
¢, = B3 —111(;66—/3)+21nz—1—M +o(1).
4 6
(A42)

[1] W. Li, X. Qian, and J. Li, Phase transitions in 2D materials, Nat.
Rev. Mater. 6, 829 (2021).

[2] N. D. Mermin and H. Wagner, Absence of Ferromagnetism
or Antiferromagnetism in One- or Two-Dimensional Isotropic
Heisenberg Models, Phys. Rev. Lett. 17, 1133 (1966).

[3] W. Lenz, Beitrag zum Verstiandnis der magnetischen Erschein-
ungen in festen Korpern, Z. Phys. 21, 613 (1920).

[4] E. Ising, Beitrag zur Theorie des Ferromagnetismus, Z. Phys.
31, 253 (1925).

[5] R. Peierls, On Ising’s model of ferromagnetism, Math. Proc.
Cambridge Philos. Soc. 32, 477 (1936).

[6] H. A. Kramers and G. H. Wannier, Statistics of the two-
dimensional ferromagnet. Part I, Phys. Rev. 60, 252 (1941).

[7] L. Onsager, Crystal statistics. I. A two-dimensional model with
an order-disorder transition, Phys. Rev. 65, 117 (1944).

[8] G. H. Wannier, Antiferromagnetism. The triangular Ising net,
Phys. Rev. 79, 357 (1950).

[9] T. Utiyama, Statistics of two-dimensional Ising lattices of che-
quered types, Prog. Theor. Phys. 6, 907 (1951).

[10] K. Kan and S. Naya, Antiferromagnetism. The kagom Ising net,
Prog. Theor. Phys. 10, 158 (1953).

[11] S. Naya, On the Spontaneous magnetizations of honeycomb and
kagome Ising lattices, Prog. Theor. Phys. 11, 53 (1954).

[12] M. E. Fisher, Transformations of Ising models, Phys. Rev. 113,
969 (1959).

[13] V. Plechko, Grassman path-integral solution for a class of trian-
gular type decorated ising models, Physica A 152, 51 (1988).

[14] V. Urumov, Exact solution of the Ising model on a pentagonal
lattice, J. Phys. A: Math. Gen. 35, 7317 (2002).

[15] J. Streka, Exact solution of the spin-1/2 Ising model on the
ShastrySutherland (orthogonal-dimer) lattice, Phys. Lett. A
349, 505 (2006).

[16] A. Codello, Exact Curie temperature for the Ising model on
Archimedean and Laves lattices, J. Phys. A: Math. Theor. 43,
385002 (2010).

[17] L. Messio, J.-C. Domenge, C. Lhuillier, L. Pierre, P. Viot,
and G. Misguich, Thermal destruction of chiral order in a

two-dimensional model of coupled trihedra, Phys. Rev. B 78,
054435 (2008).

[18] J.-C. Domenge, C. Lhuillier, L. Messio, L. Pierre, and P. Viot,
Chirality and Z, vortices in a Heisenberg spin model on the
kagome lattice, Phys. Rev. B 77, 172413 (2008).

[19] J. Villain, A magnetic analogue of stereoisomerism: Applica-
tion to helimagnetism in two dimensions, J. Phys. (France) 38,
385 (1977).

[20] P. Chandra, P. Coleman, and A. I. Larkin, Ising Transition in
Frustrated Heisenberg Models, Phys. Rev. Lett. 64, 88 (1990).

[21] C. Weber, L. Capriotti, G. Misguich, F. Becca, M. Elhajal, and
F. Mila, Ising Transition Driven by Frustration in a 2D Classical
Model with Continuous Symmetry, Phys. Rev. Lett. 91, 177202
(2003).

[22] R. R. P. Singh, W. Zheng, J. Oitmaa, O. P. Sushkov, and C. J.
Hamer, Symmetry Breaking in the Collinear Phase of the J; —
J» Heisenberg Model, Phys. Rev. Lett. 91, 017201 (2003).

[23] L. Capriotti, A. Fubini, T. Roscilde, and V. Tognetti, Ising Tran-
sition in the Two-Dimensional Quantum J, — J, Heisenberg
Model, Phys. Rev. Lett. 92, 157202 (2004).

[24] A. M. Lauchli, J. Sudan, and R. Moessner, S = % kagome
Heisenberg antiferromagnet revisited, Phys. Rev. B 100,
155142 (2019).

[25] D. Poilblanc, M. Mambrini, and F. Alet, Finite-temperature
symmetric tensor network for spin-1/2 Heisenberg antiferro-
magnets on the square lattice, SciPost Phys. 10, 19 (2021).

[26] M. Roger, Differential approximants: An accurate interpolation
from high-temperature series expansions to low-temperature
behavior in two-dimensional ferromagnets, Phys. Rev. B 58,
11115 (1998).

[27] B. Bernu and G. Misguich, Specific heat and high-temperature
series of lattice models: Interpolation scheme and examples on
quantum spin systems in one and two dimensions, Phys. Rev. B
63, 134409 (2001).

[28] H.-J. Schmidt, A. Hauser, A. Lohmann, and J. Richter, Interpo-
lation between low and high temperatures of the specific heat
for spin systems, Phys. Rev. E 95, 042110 (2017).

165113-9


https://doi.org/10.1038/s41578-021-00304-0
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1007/BF02980577
https://doi.org/10.1017/S0305004100019174
https://doi.org/10.1103/PhysRev.60.252
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1103/PhysRev.79.357
https://doi.org/10.1143/ptp/6.5.907
https://doi.org/10.1143/ptp/10.2.158
https://doi.org/10.1143/PTP.11.53
https://doi.org/10.1103/PhysRev.113.969
https://doi.org/10.1016/0378-4371(88)90065-9
https://doi.org/10.1088/0305-4470/35/34/306
https://doi.org/10.1016/j.physleta.2005.09.050
https://doi.org/10.1088/1751-8113/43/38/385002
https://doi.org/10.1103/PhysRevB.78.054435
https://doi.org/10.1103/PhysRevB.77.172413
https://doi.org/10.1051/jphys:01977003804038500
https://doi.org/10.1103/PhysRevLett.64.88
https://doi.org/10.1103/PhysRevLett.91.177202
https://doi.org/10.1103/PhysRevLett.91.017201
https://doi.org/10.1103/PhysRevLett.92.157202
https://doi.org/10.1103/PhysRevB.100.155142
https://doi.org/10.21468/SciPostPhys.10.1.019
https://doi.org/10.1103/PhysRevB.58.11115
https://doi.org/10.1103/PhysRevB.63.134409
https://doi.org/10.1103/PhysRevE.95.042110

GONZALEZ, BERNU, PIERRE, AND MESSIO

PHYSICAL REVIEW B 104, 165113 (2021)

[29] O. Derzhko, T. Hutak, T. Krokhmalskii, J. Schnack, and J.
Richter, Adapting Planck’s route to investigate the thermody-
namics of the spin-half pyrochlore Heisenberg antiferromagnet,
Phys. Rev. B 101, 174426 (2020).

[30] G. Misguich, B. Bernu, and L. Pierre, Determination of the ex-
change energies in Li, VOSiO,4 from a high-temperature series
analysis of the square-lattice J,—J, Heisenberg model, Phys.
Rev. B 68, 113409 (2003).

[31] G. Misguich and B. Bernu, Specific heat of the § = % Heisen-
berg model on the kagome lattice: High-temperature series
expansion analysis, Phys. Rev. B 71, 014417 (2005).

[32] B. Fak, E. Kermarrec, L. Messio, B. Bernu, C. Lhuillier, F.
Bert, P. Mendels, B. Koteswararao, F. Bouquet, J. Ollivier, A. D.
Hillier, A. Amato, R. H. Colman, and A. S. Wills, Kapellasite:
A Kagome Quantum Spin Liquid with Competing Interactions,
Phys. Rev. Lett. 109, 037208 (2012).

[33] B. Bernu and C. Lhuillier, Spin Susceptibility of Quantum
Magnets from High to Low Temperatures, Phys. Rev. Lett. 114,
057201 (2015).

[34] J.-C. Orain, B. Bernu, P. Mendels, L. Clark, F. H. Aidoudi, P.
Lightfoot, R. E. Morris, and F. Bert, Nature of the Spin Lig-
uid Ground State in a Breathing Kagome Compound Studied
by NMR and Series Expansion, Phys. Rev. Lett. 118, 237203
(2017).

[35] B. Bernu, L. Pierre, K. Essafi, and L. Messio, Effect of perturba-
tions on the kagome § = % antiferromagnet at all temperatures,
Phys. Rev. B 101, 140403(R) (2020).

[36] V. Grison, P. Viot, B. Bernu, and L. Messio, Emergent Potts
order in the kagome J; — J; Heisenberg model, Phys. Rev. B
102, 214424 (2020).

[37] S. Hikami and T. Tsuneto, Phase transition of quasi-two dimen-
sional planar system, Prog. Theor. Phys. 63, 387 (1980).

[38] C. Kawabata and A. Bishop, A Monte Carlo study of the
two-dimensional Heisenberg model with easy-plane symmetry,
Solid State Commun. 60, 169 (1986).

[39] H.-Q. Ding, Could in-Plane Exchange Anisotropy Induce the
Observed Antiferromagnetic Transitions in the Undoped High-
T. Materials? Phys. Rev. Lett. 68, 1927 (1992).

[40] E. Loh, D. J. Scalapino, and P. M. Grant, Monte Carlo simula-
tions of the quantum XXZ model in two dimensions, Phys. Scr.
32,327 (1985).

[41] O. S. Saryer, Two-dimensional quantum-spin-1/2 XXZ magnet
in zero magnetic field: Global thermodynamics from renormal-
isation group theory, Philos. Mag. 99, 1787 (2019).

[42] J. M. Kosterlitz and D. J. Thouless, Ordering, metastability
and phase transitions in two-dimensional systems, J. Phys. C
6, 1181 (1973).

[43] C. Kawabata and A. Bishop, Monte Carlo simulation of the
two-dimensional classical Heisenberg model with easy-plane
anisotropy, Solid State Commun. 42, 595 (1982).

[44] K. W. Lee, C. E. Lee, and 1. mook Kim, Helicity modulus and
vortex density in the two-dimensional easy-plane Heisenberg
model on a square lattice, Solid State Commun. 135, 95 (2005).

[45] J. Oitmaa and E. Bornilla, High-temperature-series study of the
spin—% Heisenberg ferromagnet, Phys. Rev. B 53, 14228 (1996).

[46] P. Butera and M. Comi, N-vector spin models on the simple-
cubic and the body-centered-cubic lattices: A study of the
critical behavior of the susceptibility and of the correlation
length by high-temperature series extended to order 42!, Phys.
Rev. B 56, 8212 (1997).

[47] P. Miiller, J. Richter, A. Hauser, and D. Ihle, Thermodynamics
of the frustrated J1-J2 Heisenberg ferromagnet on the body-
centered cubic lattice with arbitrary spin, Eur. Phys. J. B 88,
159 (2015).

[48] J. Richter, P. Miiller, A. Lohmann, and H.-J. Schmidt, High-
temperature expansion for frustrated magnets: Application to
the J1-J2 model on the BCC lattice, Phys. Procedia 75, 813
(2015), 20th International Conference on Magnetism, ICM
2015.

[49] J. Oitmaa, C. Hamer, and W. Zheng, Series Expansion Methods
for Strongly Interacting Lattice Models (Cambridge University
Press, Cambridge, 2006).

[50] A. Lohmann, H.-J. Schmidt, and J. Richter, Tenth-order high-
temperature expansion for the susceptibility and the specific
heat of spin-s Heisenberg models with arbitrary exchange pat-
terns: Application to pyrochlore and kagome magnets, Phys.
Rev. B 89, 014415 (2014).

[51] M. D. Kuz’min, Extended high-temperature series for the Spin-
Heisenberg ferromagnet, Philos. Mag. Lett. 99, 338 (2019).

[52] J. Oitmaa, Diamond lattice Heisenberg antiferromagnet,
J. Phys.: Condens. Matter 30, 155801 (2018).

[53] M. D. Kuz’min, R. O. Kuzian, and J. Richter, Ferromagnetism
of the semi-simple cubic lattice, Eur. Phys. J. Plus 135, 750
(2020).

[54] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.104.165113 for complementary figures and
information on other lattices that are not shown in the main
article.

165113-10


https://doi.org/10.1103/PhysRevB.101.174426
https://doi.org/10.1103/PhysRevB.68.113409
https://doi.org/10.1103/PhysRevB.71.014417
https://doi.org/10.1103/PhysRevLett.109.037208
https://doi.org/10.1103/PhysRevLett.114.057201
https://doi.org/10.1103/PhysRevLett.118.237203
https://doi.org/10.1103/PhysRevB.101.140403
https://doi.org/10.1103/PhysRevB.102.214424
https://doi.org/10.1143/PTP.63.387
https://doi.org/10.1016/0038-1098(86)90553-3
https://doi.org/10.1103/PhysRevLett.68.1927
https://doi.org/10.1088/0031-8949/32/4/016
https://doi.org/10.1080/14786435.2019.1605212
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1016/0038-1098(82)90616-0
https://doi.org/10.1016/j.ssc.2005.03.054
https://doi.org/10.1103/PhysRevB.53.14228
https://doi.org/10.1103/PhysRevB.56.8212
https://doi.org/10.1140/epjb/e2015-60113-7
https://doi.org/10.1016/j.phpro.2015.12.105
https://doi.org/10.1103/PhysRevB.89.014415
https://doi.org/10.1080/09500839.2019.1692156
https://doi.org/10.1088/1361-648X/aab22c
https://doi.org/10.1140/epjp/s13360-020-00722-z
http://link.aps.org/supplemental/10.1103/PhysRevB.104.165113

