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Eliminating the effect of residual infrared absorption in titanium sapphire remains a crucial task to fulfill,
despite that this kind of laser crystal has been developed for decades. The Ti3+-Ti4+ (Ti0

Al-Ti1+
Al ) pair model is the

most widely accepted explanation to this residual absorption, but theoretical analyses based on first-principles
calculation have not yet depicted a clear picture for the variation of the Ti0

Al-Ti1+
Al pair and a variety of other

potentially important defects in titanium sapphire when fabricating conditions change. Here, we extend the work
in [W. Jing, M. Liu, J. Wen, L. Ning, M. Yin, and C.-K. Duan, Phys. Rev. B 104, 165103 (2021)] about binding
tendencies of TiAl-TiAl pairs and optical transition properties to providing a comprehensive understanding of
the formation and processing condition dependence of various potentially significant defects and complexes
besides the (TiAl-TiAl )0,1+ pairs. Apart from the complexes composed of V 3−

Al and Ti0,1+
Al defects, two new

significant negatively charged defects, (VAl-Ali-VAl )3− and (VAl-Tii-VAl )2− are revealed. These two complexes
are correspondingly an interstitial Al3+ and Ti4+ surrounded by two neighboring aluminium vacancies V 3−

Al .
We show that V 3−

Al plays the key role to stabilize Ti0
Al-Ti1+

Al and form various stable complexes with Ti1+
Al and

Ti0
Al-Ti1+

Al in weak and moderate reductive atmospheres. Thus, besides annealing at strong reductive atmosphere
at elevated temperatures, Al ion injection or annealing in Al vapor is a potential method to eliminate the
harmful residual infrared absorption, which is pinpointed at the reduction of the concentration of V 3−

Al and its
variant (VAl-Ali-VAl )3−. While in extremely strong reductive atmosphere, isolated Ti substitution dominates
over those complexes containing V 3−

Al , but there still remains a tiny amount of Ti0
Al-Ti1+

Al and Ti1+
Al , which are

charge compensators to balance the charge of trace amount Ti1−
Al further reduced from Ti0

Al. And this effect
can be further eliminated by lower temperature reductive-atmosphere annealing. In addition, we obtain a simple
numerical expression to predict the achievable figure of merit when the concentration of Ti1+

Al is given. Formation
energies for simple defects and binding energies for complexes obtained in this work may serve as the basis for
simulations and design various quenching and annealing processes to further reduce harmful defect species in
titanium sapphire.

DOI: 10.1103/PhysRevB.104.165104

I. INTRODUCTION

Titanium sapphire (Ti:Al2O3) is one of the most important
laser crystals that scientific and medical researches for this
material have been carried out over decades [1–6]. The emis-
sion band extending from 600 to about 1100 nm, which is
originated from vibronic transitions between 3d Stark levels
of Ti3+ ions due to strong ligand field interaction [7,8], pro-
vides a wide tuning range and high gain cross section [9]. To
improve the performance of the Ti:Al2O3 laser crystal, there
are extensive experimental and theoretical studies for decades
on the defects in Ti:Al2O3 and their spectroscopic properties
[10–17]. And one of the well-known unsolved problem is

*ckduan@ustc.edu.cn

how to eliminate the so-called residual infrared absorption
[18] whose broad absorption band is centered near 800 nm,
exactly the lasing wavelength range, and extremely restricts
the laser performance [5]. Recently, Moulton et al. [5,10] have
carried thorough spectroscopic measurements in the UV-near-
IR (190–2000 nm) ranges over a large variety of different
concentration samples from various sources grown by several
techniques and post-processed under different conditions [10],
and they study the impact of various absorption on optical
pumping of the Ti:sapphire laser [5]. Many different absorp-
tion features in the spectrum range have been revealed and
characterized. It is concluded that further theoretical modeling
the energy levels of different complexes in Ti:sapphire should
be done to examine Ti3+-Ti4+ (i.e., Ti0

Al-Ti1+
Al ) pair model and

to explain the effects of Ti1+
Al , V 3−

Al and other defects [10].
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The first-principles calculation based on density functional
theory (DFT) [19–22] provides a powerful tool to understand
the residual infrared absorption, and the DFT method has been
applied to study the variation of concentrations about doped
Ti ions and their complexes with intrinsic defect of Al2O3

under various growth conditions and annealing processes
[13,17,23]. However, these works may suffer the negligence
of delocalization error for 3d electrons of Ti atoms, which
overestimate the binding energies of Ti0

Al-Ti0
Al and Ti0

Al-Ti1+
Al ,

and predict unreasonable high aggregation concentrations of
these two defects.

In this paper, we aim to provide a comprehensive study
about the potentially important defects and complexes in the
Ti:Al2O3 crystal based on the well-determined DFT approach
in Ref. [24]. Experiments show that Ti:Al2O3 is a good laser
material and the clustering tendency is not serious in this
material under appropriate fabricating conditions. Thus, to
determine all potentially significant complexes, we firstly con-
sider all the simple defects in Ti:Al2O3 like intrinsic defects
of α-Al2O3, Ti substitution (denoted as TiAl) and Ti interstitial
(denoted as Tii). Then we suppose that significant complexes
are due to clustering of those significant simple defects, while
the combination of the more energetic simple defects are ig-
nored unless there is a large Coulomb attraction to counteract
their disadvantages on energy.

According to our self-consistent concentration calculation
to those simple defects, we find that Al vacancy V 3−

Al and Ti
substitution Ti0,1+

Al play the major roles in Ti:Al2O3 under all
chemical synthesis conditions under consideration. Therefore,
when complexes are introduced to the concentration calcula-
tion, the combination of a V 3−

Al with one or several surrounding
Ti0,1+

Al defects should be the most significant complex struc-
tures besides (TiAl-TiAl)0,1+ pairs, and Coulomb attractions
between V 3−

Al and Ti1+
Al benefit this kind of clustering too.

Actually, this kind of V 3−
Al and Ti0,1+

Al related cluster has
also been considered in previous DFT calculations [13,17,23].
In addition, experiments provide some evidences for the ex-
istence of clustering V 3−

Al with several Ti0,1+
Al . Yamaga et al.

suggested that there is a charge compensating V 3−
Al at a neigh-

boring site of Ti0
Al-Ti1+

Al cluster [25]. And a more recent
experiment indicates that not only the cluster V 3−

Al with three
Ti1+

Al should be considered, V 3−
Al with one or two Ti1+

Al are also
important in Ti:Al2O3 crystal by comparing Al self-diffusion
in high-purity α-Al2O3 with Ti:Al2O3 [26].

Although there are some indications for the existence of
Ti3+

i in Ti:Al2O3 crystal [27], both our DFT and previous cal-
culations [11] show that the concentration of isolated Ti3+,4+

i
can be neglected because of its large formation energy. How-
ever, this result does not rule out the existence of Tii complex
in Ti:Al2O3 crystal. Actually, we show a new cluster com-
posed of a Tii and two nearest-neighbor Al vacancies (V 3−

Al )
can be stable and exist in crystal with a sizable concentration.
And this complex prompts us to find a new type of V 3−

Al , which
leads to the Schottky disorder with a formation energy more
compatible with experimental measurements. All these will
be discussed in detail in Sec. III A.

Once all the significant defects and complexes are deter-
mined, we illustrate our consideration to simulate fabricating
conditions and important annealing processes. Experiments

have already known that more favorable Ti:Al2O3 crys-
tal should be annealed at reduction atmosphere and ele-
vated temperature near the melt point of Al2O3. However,
extremely reductive atmosphere is always hard to obtain
under high temperature, which restricts further improve-
ment of Ti:Al2O3 crystal. Thus lower annealing temperature
with stronger reducing atmosphere might be another possible
choice. Nevertheless, thermodynamic equilibrium distribution
for concentrations of defects and complexes might not be
reached if the temperature is too low to activate the motion of
compositions to form or decompose a complex. Thus we set
the annealing temperature at 1873 K, i.e., approximately 80%
of the melting point and assume that equilibrium distribution
of various defects in Ti:Al2O3 can be achieved at such temper-
ature due to Al atom diffusion study in experiment [26]. More
detail about how to calculate the thermodynamic equilibrium
distribution for concentrations of defects and complexes can
be found in Sec. II B.

Based on our calculation, we eventually provide in
Sec. III E an insight for previously experimental guidance
in Ref. [28] about improving the figure of merit (FOM) in
Ti:Al2O3 lasers, and we further provide an estimation of
achievable FOM when the concentration of Ti1+

Al is known in
experiment. Moreover, we will also try to derive the approx-
imate square law between the concentration of Ti0

Al-Ti1+
Al pair

and Ti0
Al as reported in Ref. [17]. Finally, we conclude our

study by putting forward proposals on substantially eliminat-
ing the harmful residual infrared absorption.

II. METHODOLOGY

A. Computational procedure

The first-principles calculation based on DFT are per-
formed by using the VASP code [29–32], where the plane-wave
basis set is adopted to expand the eigen wave function, and
project augment wave (PAW) pseudopotentials are used to
describe the interactions of atoms [33,34]. For the exchange-
correlation term in DFT, the PBEsol version of GGA
functional whose parameters are specifically optimized for
crystal [35,36] and the Hubbard U correction, namely the
DFT+U method, has been adopted to consider the localiza-
tion effect of the d electron in transition element by applying
the U value-related correction in the exchange-correlation
functional [37,38]. We choose U = 4 eV for the 3d electron
of Ti ions in Ti:Al2O3 by requiring the density functionals to
fulfill the generalized Koopmans condition [39,40], and the
detail can be found in Ref. [24].

During the structure relaxation of α-Al2O3 primitive cell
(space group R-3c), the original structure comes from Inor-
ganic Crystal Structure Database (ICSD) with code 26790,
and the crystal lattice and atomic positions are fully relaxed
by using a 9 × 9 × 9 k-point sampling of the Brillouin zone.
Furthermore, spin-polarized calculations were performed for
rutile TiO2, α-Ti metal, and isolated O2 molecule and single
oxygen atom in 103 Å3 cubic cells to provide references for
or constraints on chemical potentials. The supercell method
is employed to calculate the total energy of potential defects
in Ti:Al2O3 crystal. To obtain defect and complex formation
energy in isolated limit, extrapolation method is adopted and
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FIG. 1. Top left: the modified primitive cell of Al2O3 containing
a Tii (or Ali) in the center. Bottom right: the basic unit to visualize
multiple complex defects. The primitive cell without Tii (or Ali)
contains four Al atoms in blue color along the C3 axis and six oxygen
atoms in red forming a distorted octahedron. The basic unit includes
the center Al site (blue and denoted as c site) and four surrounding
neighbors of Al site including one nearest neighbor (green and de-
noted as u site) and three next neighbors (purple and denoted as o
site). The arrow from the center Al to its nearest neighbor Al is the
C3 axis. It is noted that there is only one inequivalent single Al site
and c, u and o are just used to distinguish inequivalent positions in a
complex.

a series of supercells containing 120, 180, 380, and 960 atoms
are constructed by expanding our relaxed primitive cell and
their sizes and shapes are fixed during the structure relaxation.
Furthermore, single � point integration is adopted in the Bril-
louin zone because as the dominant supercells are big enough.
The plane-wave cutoff energy is set at 520 eV in the structure
optimization of primitive cell, while a smaller cutoff energy
of 400 eV is used in all defects-related calculations as a com-
promise between the calculation accuracy and computational
costs. In all structure relaxations, the total energy variation for
each system is converged to 10−3 meV/atom and the absolute
residual force for each atom is less than 5 meV/Å.

To test the influence about the � point integration on the
formation energies of the main defects in Fig. 2(a), the k-
point mesh grids are set as 2 × 3 × 4, 3 × 3 × 3, 3 × 4 × 4,
3 × 4 × 5, and 5 × 5 × 5 for 120-atom supercell, while for
180- and 380-atom supercells, calculations are obtained by
integrating over 2 × 3 × 4, 3 × 3 × 3, 3 × 4 × 5 grids of k
points. Our calculation shows that, for a given defect, the
difference between doped supercell and corresponding pris-
tine bulk, namely, the relative formation energy, depends only
weakly on k-point mesh grids and the shape of supercell.
Specifically, the � point integration will introduce less than
0.05 eV uncertain for formation energies of dominant defects
in extrapolation method. The details can be found in Ref. [41],
Sec. S1.

We have also checked the local structures of each defect
in supercells of different size, and find that they are all fully
relaxed and the variation between 120-atom and 960-atom
supercells similar to the results in Ref. [24] whose influence to
extrapolated formation energy can be neglected. We use one

FIG. 2. The relative concentration at equilibrium of the dominant
(a) and other less dominant but important (b) defects and complexes
in Ti:Al2O3 crystal. The total Ti concentration is fixed at 0.50 at.%
(2.34 × 1020 cm−3 or 0.47 wt.%) and is used to normalize the con-
centrations of others. The annealing temperature is set at 1873 K.
It is noted that Eq. (11) suggests a rescaling of the pressure by a
factor 2.2 × 10−4. For compact and accurate display, the equilibrium
concentrations of similar complexes are merged by ignoring the
difference between u and o site in configuration, i.e., by treating u
and o sites as the same. In addition, relationships between formation
energies of these defects and complexes and the Fermi level in a
given oxygen partial pressure can be referred in Sec. S4 [41].

of the largest complex both in size and charge to illustrate it
(see Sec. S2 of Ref. [41] for a detailed discussion on this).

B. The self-consistent concentration calculation of
defects and complexes

Based on Refs. [42–44], the formation energy of isolated
defect or complex X in charge state q can be written as
follows:

E f (X q, EF ) = [Etot (X
q) + Ecorr (X

q)] − E (bulk)

−
∑

i

�niμi + qEF . (1)

In this expression, Etot (X q) is the total energy of the supercell
containing a X q defect or complex and Ecorr (X q) is the cor-
rection required to extrapolate Etot (X q) to the dilute limit, and
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E (bulk) is the total energy of corresponding pristine super-
cell. �ni means the number change of i-type atoms between
doped structure and the host, i.e., if �ni > 0 (�ni < 0), i-type
atoms are added to (removed from) the supercell when the
defect or complex structure is created, and μi corresponds to
the chemical potential of this species which depends on the
fabrication condition. The term EF ≡ εVBM + �εF represents
the Fermi level, where εVBM is the valence-band maximum
(VBM) of the host. In the supercell method with periodic
boundary condition, the formation energy of X q depends on
the size of supercell and the correction Ecorr should be con-
sidered because of the well-known electrostatic image-charge
interaction and the neglect of the average potential difference
between doped and pristine supercells [44].

Regarding to the charge and supercell-size related cor-
rection in Eq. (1), the extrapolation method is adopted to
directly obtain the formation energy of X q in isolated limit,
E f (L → ∞). According to the study of Castleton et al. [45],
the fitting curve for the formation energy over near cubic
supercells satisfies

E f (L) = E f (L → ∞) + a1

L
+ a3

L3
, (2)

where L is the length scale of the supercell so defined that L3

equals the volume of the supercell, and a1 and a3 are fitting
parameters. In this work, the 120, 180, 380, and 960 atoms
supercells are used, and the detail about fitting method and
building the supercell close to the cubic shape can be referred
from Ref. [24].

For a given defect, the higher Fermi level favors the defect
with the lower charge in formation energy and concentration.
The thermodynamic charge transition level ε(X, q2/q1) is de-
fined as the Fermi level that equalizes the formation energy of
X q1 and X q2 [43], i.e.,

ε(X, q2/q1) = −E f (X q2 , 0) − E f (X q1 , 0)

q2 − q1
. (3)

It is noted that the right-hand side actually only depends on
the (corrected) total energy and the charge differences of the
defects between the two different charge states. ε(X, q2/q1) is
often given relative to εVBM for convenience.

In thermodynamic equilibrium, the relation between for-
mation energy E f and concentration c of defect or complex
is [42]

c = ωN exp(−E f /kT ). (4)

Here, N is the number of sites in the lattice (per unit volume)
available for the defect or complex, k is Boltzmann’s constant
and T is the temperature. Finally, ω is degeneracy factor,
i.e., the intrinsic degree of freedom for defect or complex
structure.

Phase diagram is a commonly used method to constrain
the chemical potentials, and different extremes in the phase
diagram are used to analysis the range of concentrations of
defects and complexes. The chemical potentials of Ti, Al, and
O will be constrained by various phase equilibrium condi-
tions related to the fabricating processes [13,17]. However,
in this work, we are more interested in the variation of the
concentrations of various defects and complexes under con-
tinuous variation of reductive atmosphere and temperature in
annealing.

From Eqs. (1) and (4), for a given temperature, the concen-
tration of defect or complex X q in Ti:Al2O3 is the function of
chemical potential μTi, μAl, μO, and Fermi level EF . Due to
the low doping concentration of Ti in Ti:Al2O3 that is usually
concerned, we suppose that the doping only weakly influences
the chemical potentials of Al and O, hence 2μAl + 3μO =
gbulk

Al2O3
is still satisfied, where the gbulk

Al2O3
is the Gibbs free

energy of bulk Al2O3 and is approximately taken as the calcu-
lated total energy Ebulk

Al2O3
[43]. When the reductive atmosphere

is given, i.e., μO is known, the value of μAl can be determined
correspondingly. Meanwhile, the concentration of a defect or
complex is just the function of μTi and EF , but these two
parameters are not independent. By considering all possible
defects and complexes in Ti:Al2O3 crystal, concentrations
of these defects and complexes, {c(X q )}, should satisfy the
condition of charge neutrality [43]∑

X q

c(X q ) q + nh − ne = 0, (5)

where nh and ne are concentrations of free holes in VB and
electrons in CB. And the difference between ne and nh can be
further approximated as

ne − nh = 2

(
mekBT

2π h̄2

)3/2

exp [(EF − εCBM)/kBT ]

− 2

(
mhkBT

2π h̄2

)3/2

exp [(εVBM − EF )/kBT ], (6)

me and mh are effective mass of electron and hole respec-
tively, εVBM and εCBM are VBM and CBM position of Al2O3

bulk which have been obtained from HDFT calculations in
Ref. [24].

The total doped Ti concentration cTi brings about the fol-
lowing constraint: ∑

X q

c(X q ) k(X q) = cTi, (7)

where k(X q) is the number of Ti ions in X q. Hence, the
concentrations of all considered defects and complexes can
be determined self-consistently when fabricating conditions,
i.e., the processing temperature, chemical potential μO and the
total doping concentration of Ti are specified.

III. RESULTS AND DISCUSSIONS

A. The introduction about geometric structures of complexes

The bottom right of Fig. 1 shows the basic unit to con-
struct complexes about binary TiAl-TiAl, TiAl-VAl, ternary
TiAl-TiAl-VAl and quaternary TiAl-TiAl-TiAl-VAl. This basic
unit includes a center Al site (blue and denoted as c site) with
its surrounding four Al sites including one nearest neighbor
(green and denoted as u site) and three next neighbors (purple
and denoted as o site). The arrow from the center Al to its
nearest neighbor Al is the C3 axis. It is noted that all Al site
are equivalent in α-Al2O3 crystal and c, u and o are just used to
distinguish inequivalent relative positions in a given basic unit
to form the complex. For binary TiAl-TiAl, TiAl-VAl complexes,
we only consider center Al site with its nearest neighbor or
one of three next nearest neighbor Al sites to form these
binary complexes, and we can use c-u and c-o configurations
to denote these two different geometry structures.
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As for the interstitial titanium ion (Tii), only charge states
+3 and +4 are considered because these two commonly states
for Ti ions in Ti:Al2O3 crystal. It is well-known that there
are many potential interstitial sites in a given supercell and
enumerating all these possible sites in a supercell is not an
easy task. So we follow the hypothesis in Ref. [46] that all
possible sites should be located at or near the corner, edge
and face center of the Voronoi polyhedra constructed in the
supercell and the algorithm implementation can be referred
from Ref. [46] or the codes [47]. Based on this method,
we determine the most probable interstitial site by structure
optimization and choosing the one having the minimum total
energy from all candidate sites we generated. And the most
stable interstitial site for Ti3,4+

i has been shown in the upper
left of Fig. 1, which is along the C3 axis of the crystal and
exactly locates at the center of the primitive cell.

Our calculation finds that although single Ti3,4+
i never

dominates in any of the fabricating conditions we are con-
cerned (many orders of magnitude smaller than Ti0,1+

Al even
for the rich titanium and poor aluminium extreme), the com-
bination between charged Ti3,4+

i and V 3−
Al can greatly reduce

the complex’s formation energy as a result of strong Coulomb
attraction, leading to the stable complex (VAl-Tii-VAl)3,2−, i.e.,
Ti3,4+

i associated with two vacancies at its two nearest neigh-
bor Al sites.

Actually, we have considered the combination of Ti3,4+
i

with only one nearest neighbor V 3−
Al as (Tii-VAl)0,1+, but we

find that the configurations of (Tii-VAl)0,1+ is not very stable
in that Ti3,4+

i can easily cross a small barrier [≈0.12 eV for
(Tii-VAl)0, 0.14 eV for (Tii-VAl)1+] and move to V 3−

Al site
to form the more favorable simple defect Ti0,1+

Al . While for
the complex (VAl-Tii-VAl)3,2−, its formation energy is smaller
than (VAl-TiAl)3,2− by ≈1.3 eV/1.5 eV and there is a barrier
�2.8 eV/3.3 eV between (VAl-Tii-VAl)3,2− and (VAl-TiAl)3,2−
(see Fig. S3 in Sec. S3 of Ref. [41] for the potential surface
curves).

Similarly, replacing the Ti3+
i in (VAl-Tii-VAl)3− with Al3+

i
leads to a new complex (VAl-Ali-VAl)3− which is lower by
1.24 eV in formation energy than the simple V 3−

Al . Actually,
(VAl-Ali-VAl)3− can be viewed as a variant of the single V 3−

Al
from Fig. 1: when one of the aluminum ion near the center
is removed and the other is displaced along the C3 axis to
the center, (VAl-Ali-VAl)3− is formed. Actually, the migration
of a simple V 3−

Al at site L (upper left of Fig. 1 but removing
interstital ion i) to site R can be viewed as the Al ion at site
R in the defect VAlL configuration moves to site i to form
the VAlL -Ali-VAlR configuration, and then the Aii recombines
with VAlL , with only VAlR left (see Fig. S3 in Sec. S3 for
the two energy barriers [41]). In addition, just like (Tii-VAl)0

complex, we also find that (Ali-VAl)0 is not stable. The barrier
for Al3+

i moving towards V 3−
Al is about 0.22 eV and the detail

for (Ali-VAl)0 potential surface curves can be referred in Sec.
S3 [41].

B. The configurations, charge corrections, and formation or
binding energies of defects and complexes

Table I lists the configurations of potentially significant de-
fects and Nconfig as the number of available sites per primitive
cell. For each VAl or TiAl, there are four equivalent Al sites

per primitive cell for doping, so Nconfig = 4, and these simple
defects only have one way to occupy a given Al site, so the
degeneracy factor ω = 1. Nevertheless, as for complexes, it
might be hard to count the number of Nconfig and ω in an
intuitive way. Thus we provide a more general method to
avoid these tame tasks by using the group theory [48].

The space group G of α-Al2O3 is R-3c (No. 167). There are
12 times of the lattice translational operations n for this space
group, which we shall denote as [G] = 12n. As for binary
TiAl-TiAl and TiAl-VAl, we firstly have to figure out the number
of sites allowed to occupy, i.e., how many adjacent Al-Al
pairs in the crystal. If these two Ti ions are nearest neighbors
(denoted as u-c in Fig. 1), the point group g for operations to
keep this configuration unchanged is D3, which contains six
operations, while the rest operations in G will move this u-c
configuration to other positions, i.e., the equivalent but not the
original sites for binary defects doping. Thus the total number
of u-c configurations in the crystal is [G]/[g] = 12n/6 = 2n.
Then the number of u-c configurations per primitive cell
equals 2n/n = 2. As for the next nearest neighbor configu-
ration of Ti pair (denoted as o-c), the point group is Ci = S2

of 2 operations, so Nconfig = 6 for o-c. After the number of
sites which are allowed to accommodate the complex has been
figured out, we further consider how a complex may occupy
one given site. As for TiAl-TiAl, there is only one way to form
the u-c or o-c configuration due to the identity of Ti ions, so
ω = 1. While in the TiAl-VAl complex, ω = 2.

For multiple complex defects TiAl-TiAl-VAl and
TiAl-TiAl-TiAl-VAl, they occupy the basic unit shown in
Fig. 1 and the point group of this unit is C3, so Nconfig = 4, but
ω varies. Table I lists every situation how a complex occupy
the unit structure. Here we take the u-o-c-o configuration in
TiAl-TiAl-TiAl-VAl as an example to illustrate the calculation
of ω, three Ti ions occupy sequentially u, o, and c sites, while
VAl occupies the last o site in u-o-c-o configuration, i.e., the
u and c sites are uniquely occupied by two Ti ions while
three o sites are occupied by Al, Ti, and VAl with 3! = 6
permutations, leading to ω = 6.

The valence of Ti in a cluster needs to be taken into
account, an extra valence-related factor in ω is required to
describe the rearrangement of Ti0

Al and Ti1+
Al in equivalent

sites of the cluster when the configuration is given. For ex-
ample, for each Ti0

Al-Ti1+
Al , this factor is 2, and for each

Ti0
Al-Ti1+

Al -Ti1+
Al -V 3−

Al or Ti0
Al-Ti0

Al-Ti1+
Al -V 3−

Al in o-o-o-c config-
uration, the extra valence-related factor is 3.

Moreover, for open-shell valence state of a simple defect
or cluster, the usually-ignored degeneracy of the electronic
state contributes an additional factor to ω. For all the defects
considered in this work, the spin-orbit coupling is small, so
that the degeneracy of the ground energy level is the product
of its spin multiplicity 2S + 1 and the degeneracy of its space
wave function. The latter, if not one, is usually lifted due to ge-
ometric relaxation (e.g., Jahn-Teller effect). Our calculations
show that the exchange interaction between two simple de-
fects such as between two Ti3+ or Ti2+ and Ti3+ are less than
0.05 eV and so parallel and antiparallel cases are considered
as degenerate. Under this approximation, the spin-degeneracy
factor can be simplified as a product of several factors as
follows: for each Ti4+, Ti3+, Ti2+ in a defect, includes a
spin-multiplicity factor correspondingly 2S + 1 = 1, 2, 3;
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TABLE I. The configuration, the image-charge correction in Ecorr for the 120-atom supercell, and Eb of defect X q in the dilute limit.a

Ecorr (X q ) (eV) Eb(X q ) (eV)

Defect Occupied sites Degeneracy factor ωb Nconfig |q| = 1 |q| = 2 |q| = 3 q = 0 |q| = 1 |q| = 2 |q| = 3

VAl c 1 4 0.44 1.19 2.43 3.74 4.37 5.59 7.42
VAl-Ali-VAl / 1 2 0.83 1.76 4.59 6.25
VO / 1 6 0.13 0.40 7.59 4.86 2.41
TiAl c 1 4 0.13(+), 2.45 −0.08(+),

0.15(−) 6.92(−)
u-c 1 2 0.02 0.22 −0.12 −0.05 0.35

TiAl-TiAl
o-c 1 6 0.03 0.22 −0.07 −0.07 0.34
u-c 2 2 0.58 1.44 2.65 −1.20 −1.52 −1.99 −0.17

TiAl-VAl
o-c 2 6 0.55 1.43 2.55 −1.04 −1.42 −1.90 −0.32

VAl-Tii-VAl
c / 1 2 0.66 1.69 −2.52 −1.61

o-o-c 3 4 0.66 1.57 2.87 −2.56 −3.45 −2.11 −0.50
u-o-c 3 4 0.74 1.63 2.90 −2.53 −3.23 −2.12 −0.29
u-o-o 6 4 0.80 1.59 2.81 −1.33 −1.87 −1.37 −0.08

TiAl-TiAl-VAl o-o-o 3 4 0.78 1.56 2.39 −1.13 −1.66 −1.16 −0.30
u-c-o 3 4 0.82 1.65 2.86 −1.92 −2.51 −1.86 −0.37
o-c-o 6 4 0.75 1.56 2.79 −1.70 −2.31 −1.82 −0.21
o-o-u 3 4 0.81 1.66 2.85 −1.66 −2.17 −1.19 0.12
o-c-u 3 4 0.78 1.61 2.85 −2.03 −2.58 −1.81 −0.10

o-o-o-c 1 4 0.56 1.81 3.03 −4.40 −3.69 −2.28 −0.57
u-o-o-c 3 4 0.75 1.79 3.06 −4.82 −3.72 −2.38 −0.83
u-o-o-o 3 4 0.66 1.49 2.69 −2.32 −2.08 −1.64 −0.40

TiAl-TiAl-TiAl-VAl u-o-c-o 6 4 0.62 1.65 2.72 −2.84 −2.70 −1.88 −0.54
o-o-c-o 3 4 0.56 1.51 2.94 −2.76 −2.66 −2.11 −0.43
o-o-o-u 1 4 0.59 1.62 2.86 −2.97 −2.25 −1.23 0.01
o-o-c-u 3 4 0.58 1.44 2.73 −3.07 −2.66 −1.64 −0.19

aIt is noted that (1) these VAl-containing defects with |q| �= 0 are negatively charged; (2) for simple defects VAl and its variant VAl-Ali-VAl,
VO and TiAl, Eb here actually refers to the extrapolated defect formation energy Ef (L → ∞) in Eq. (2) and the reference chemical potentials
μO = EO2/2, 2μAl + 3μO = EAl2O3 , μTi + 2μO = ETiO2 and EF = εVBM of GGA are adopted in Eq. (1); (3) for complexes, Eb values are
binding energies derived from Ef (L → ∞) with Eq. (8), and are independent of chemical potentials and the Fermi energy; (4) some clusters
or valence states in Fig. 3 (such as clusters containing Ti1−

Al ) are omitted here, as their influence are not important as Fig. 2 illustrated.
bThe extra valence-related factor and electronic state degeneracy are not included here, see main text for explanation.
cThe binding energy of this defect is calculated relative to V 3−

Al and TiAl.

for V q
Al or its variant (VAl-Ali-VAl)q (q = −3, − 2, − 1, 0),

includes 2S + 1 = 1, 2, 3, 4 correspondingly, and for each
V q

O (q = 2, 1, 0), includes 2S + 1 = 1, 2, 1.
For a complex defect, we define the binding energy as the

energy required to form the complex from simple defects, i.e.,

Eb(ABq1+q2 ) = E f (ABq1+q2 ) − [E f (Aq1 ) + E f (Bq2 )], (8)

where E f (ABq1+q2 ), E f (Aq1 ), and E f (Bq2 ) are the formation
energies for complex ABq1+q2 , simple defects Aq1 and Bq2

in the dilute limit (L → ∞), respectively. It is noted that
the binding energies are independent of chemical potentials
and the Fermi energy, as these quantities are canceled out in
Eq. (8).

In connection to the formation energy, it is straightforward
to obtain from Eq. (4) that the factor exp(−Eb/kT ) reflects the
tendency of aggregation of Aq1 and Bq2 to ABq1+q2 in that the
relative concentration ca/(ωaNa) [a = ABq1+q2 ] is enhanced
over the product of c1/(ω1N1) [1 being Aq1 ] and c2/(ω2N2)
[2 being Bq2 ] by the factor exp(−Eb/kT ). Hence, positive
Eb means that energy is required to form this complex and
it prefers to decompose to isolated defects, while a negative

value means the formation of a complex is favorable and its
aggregation is enhanced.

Table I lists the image-charge correction of each charged
defect at different configurations in the 120-atom supercell,
and correspondingly the corrected formation energy for sim-
ple defects obtained via Eq. (1) together with Eq. (2) or the
binding energies Eb obtained by Eq. (8) for complexes. It is
noted that, in calculating the formation energies, the reference
values for chemical potential μO = EO2/2, 2μAl + 3μO =
EAl2O3 , μTi + 2μO = ETiO2 , and EF = εVBM are adopted.

The formation energies for simple defects and binding
energies for complexes in Table I allow to calculate the forma-
tion energies of all defects for any given chemical potentials of
elements and Fermi energy from Eq. (1) together with Eq. (8).

It is worthy noting that even for the same complex species
but distinctive configurations, as shown in Table I, the image-
charge corrections can be quite different, not to mention
the remarkable distinguish in the corrections for two dif-
ferent complex merely with the same charge. For example,
the charge correction for the complex (VAl-Tii-VAl)3−, which
has a more balanced charge distribution than (TiAl-VAl)3−,
is 1.69 eV, but takes a much larger value of 2.65 eV for
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(TiAl-VAl)3− at o-c configuration. Hence, it is important that
the extrapolating method has been used instead of a simple
point-charge correction with a potential alignment correction.
Moreover, for a given complex species, if we suppose that the
deviation of image-charge corrections among different con-
figurations is an indication of the level of extrapolation error
when they are considered as the same defect, the uncertainty
of image-charge corrections is ≈0.1 eV for |q| = 1 or 2 and
≈0.2 eV for |q| = 3.

C. The concentration of defects in titanium-doped alumina in
different chemical environment

As discussed in Sec. II B, the variation of concentrations
of potentially significant defects with the reductive condition
specified by the chemical potential of oxygen can be deter-
mined for any given temperature and the total concentration of
Ti ions. Usually, the total concentration of Ti ion in Ti:Al2O3

is on the order of 102–103 ppm of Al site, despite that a
crystal at the high concentration of 0.41 at.% was developed
in Ref. [49]. To show the influence of aggregation of dopants
and intrinsic defects, we consider a fairly large concentration
of Ti ion at 0.5 at.%, i.e., 2.34 × 1020 cm−3 or 0.47 wt.%, and
we set the annealing temperature at 1873 K. The results are
plotted in Fig. 2.

We note that most of the significant complexes by con-
centration in Ti:Al2O3 have |q| = 1, as shown in Fig. 2, and
our test shows that an error of ±0.1 eV in the formation
energy of o-o-c1− will affect the concentration of Ti0

Al-Ti1+
Al

by about ∓10 %, while ±0.1 eV in the formation energy of
Ti0

Al-Ti1+
Al will lead to down- or up-scaling its concentration by

a factor �2. For other complexes, image-charge corrections
may suffer similar fitting errors due to limitations in number
and size range of supercells included in the extrapolation, but
their impacts on the following analysis are marginal.

For better comparison with the experiment, the con-
centration of defects has been normalized by the total Ti
concentration. And μO can be represented by the oxygen
partial pressure as [43]

μO(p, T ) = 1

2

[
EO2 + kT

(
ln

pVQ

kT
− ln Zrot − ln Zvib

)]
.

(9)
Here, EO2 is the total energy of an O2 molecule, k is the
Boltzmann constant, T is the temperature, p is partial pressure
of oxygen in sample preparation, VQ = (2π h̄2/mkT )

3
2 is so-

called quantum volume, Zrot and Zvib correspond to rotation
and vibration partition function [50].

In addition, only the amount of change of μO matters that
Eq. (9) can be further written as

μO = μO(p0, T ) + 1
2 kT ln(p/p0) ≡ μO(p0, T ) + �μO.

(10)

At the reference oxygen partial pressure of p0 = 1 atm,
the difference between μO(p0, T ) and 1

2 EO2 calculated with
Eq. (9), which is −1.17, −1.34, −1.51, and −1.69 eV at
T = 1673, 1873, 2073, and 2273 K, respectively.

Our calculations on O2 and single oxygen atom give a
6.03 eV dissociation energy per O2, similar to a variety of
reported calculation values and is known to be overestimated

[51]. It has been pointed out in Ref. [51] that such calcu-
lated formation energies for metal oxides are systematically
overestimated relative to experimental measurements by
�Eerror ≈ 1.36 eV per O2, which is equivalent to an under-
estimation of the formation energy of O2 of the same amount.
This suggests that the chemical potential μO(p, T ) in Eq. (9)
be underestimated by �Eerror/2 ≈ 0.68 eV, and the reference
oxygen partial in Eq. (10) and figures in the following need to
be revised from p0 to

p′
0 = p0 exp

(
−�Eerror

kT

)
. (11)

In Fig. 2(a), there are mainly six defect species whose
concentrations are much higher than other defects in oxygen
rich (partial pressure ∼p0, or p′

0 considering the correction,
the same below) or moderate (partial pressure ∼10−6 p0)
conditions. They are the simple defects Ti0

Al and Ti1+
Al , the

ternary TiAl-TiAl-VAl in o-o-c1− configuration which corre-
sponds to the situation that V 3−

Al locates at c site together with
two Ti1+

Al occupying o sites, the ternary V 3−
Al -Ti4+

i -V 3−
Al and

V 3−
Al -Al3+

i -V 3−
Al that contain an interstitial Ti4+

i or Al3+
i , whose

nearest two Al neighbors are missing, i.e., become V 3−
Al , and

the quaternary TiAl-TiAl-TiAl-VAl in o-o-o-c0 configuration,
where three Ti1+

Al locate at o sites and V 3−
Al locates at c site.

o-o-o-c0 can be viewed as a charge neutral complex formed
by the combination between a Ti1+

Al and the ternary o-o-c1−.
We notice that none of the complexes among TiAl-TiAl-VAl in
o-o-c1−, V 3−

Al -Ti4+
i -V 3−

Al , and V 3−
Al -Al3+

i -V 3−
Al predominate over

others as negative charge compensators for Ti1+
Al and each of

them have a different dependence on fabricating conditions.
Thus this should have brought about the rich diversities in
properties of different Ti doped samples.

It is noteworthy that the concentration of isolated Ti0
Al

ions increases gradually as the reductive atmosphere in-
creases to dominate over Ti1+

Al ions and their aggregations
with V 3−

Al , while Ti0
Al-Ti0

Al and Ti0
Al-Ti1+

Al never dominate in
the process, even for the high concentration (0.5 at.%) of Ti
ions in Ti:Al2O3 considered here. In particular, two ternary
complexes V 3−

Al -Ti4+
i -V 3−

Al and V 3−
Al -Al3+

i -V 3−
Al , which contain

correspondingly an interstitial ion Ti4+ and Al3+, make their
presence stable in oxygen rich or moderate situations as a
result of strong Coulomb attraction between their composi-
tions. And these two complexes have barely been realized in
titanium sapphire before.

The Ti1+
Al -V 3−

Al defect is the next important negative charge
compensator in oxygen rich and moderate conditions, while
the concentration of Ti0

Al-Ti0
Al first increases rapidly along

with Ti0
Al as �μO decreases and then approaches a constant

at the partial pressure of oxygen of ∼10−12 p0, the typical
oxygen poor condition.

Apart from these main defects in Fig. 2(a), Fig. 2(b) illus-
trates the concentrations of other defects which are relatively
minor but still important. We have shown that Ti0Al-Ti0Al does
not contribute to the infrared absorption in the laser opera-
tion wavelength ranges centered at ∼800 nm [24], although
it might deteriorate laser performance due to excited-states
absorption and energy transfer processes. Those defects and
complexes composed of only V 3−

Al and Ti1+
Al have a closed shell

electronic configuration and are inert to the laser operation in
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the visible to near infrared as well. Hence, the minor defects
and complexes of the most concern are Ti0Al-Ti1+

Al and those
complexes containing the Ti0Al-Ti1+

Al component, which pro-
duces residual infrared absorption [18,24].

As �μO decreases, the concentration of Ti0
Al-Ti1+

Al first
increases and reaches the maximum at around the oxygen
moderate condition, then it decreases and finally approaches
a constant. It is interesting that Ti0

Al-Ti1+
Al is very stable and

can not be totally eliminated even in an extremely reductive
atmosphere. This is caused by the charge neutrality condition
in Ti:Al2O3 crystal. In a strong reductive atmosphere, most
defects are charge neutral but small amounts of Ti1−

Al turns up
by further reduction of Ti0

Al, and Ti1+
Al and Ti0

Al-Ti1+
Al play the

positive charge compensators in the crystal.
It has been argued that some V 3−

Al are localized around
the Ti0

Al-Ti1+
Al pairs based on ESR spectrum [25]. Our

calculation supports this observation: there are three mul-
tiple complexes which contain Ti0

Al-Ti1+
Al pair and V 3−

Al ,
they are o-o-o-c1−, o-o-c2−, and o-c-o2−. The quaternary
TiAl-TiAl-TiAl-VAl (o-o-o-c1−) corresponds to V 3−

Al located at
c site, two Ti1+

Al and one Ti0
Al locate at o sites. In the ternary

complexes o-o-c2− and o-c-o2−, the first two sites contain
one Ti0

Al and one Ti1+
Al , while the last site accommodates a

V 3−
Al . Figure 2(b) shows that the concentration of o-o-o-c1−

configuration is comparable to that of the Ti0
Al-Ti1+

Al pair, and
dominates at oxygen rich and moderate conditions over the
two ternary complexes which contain the Ti0

Al-Ti1+
Al pair as

composition at the rather large total Ti content of 0.5 at.%.
Since the defects contain three and two Ti ions scale qual-
itatively with the cube and square of the content of Ti,
respectively, it can be predicted that o-o-o-c1− is less impor-
tant than Ti0

Al-Ti1+
Al pairs when the dopant concentration is

lower. To sum up, the dominant complex containing Ti0
Al-Ti1+

Al
as component is predicted to be the Ti0

Al-Ti1+
Al pairs themselves

for the cases of moderate to strong reductive condition or sam-
ples contain of lower than 0.5 at.% of Ti content. Furthermore,
the variation of the concentration of Ti0

Al-Ti1+
Al , or the residue

absorption with reduction atmosphere (represented by oxygen
partial pressure) may be carefully measured in experiments to
calibrate the systematic error in calculations.

Most V 3−
Al are combined with other Ti1+

Al as complexes, es-
pecially when V 3−

Al locates at the center site of these complexes
(see the basic unit in Fig. 1), which greatly reduces the forma-
tion energy of the complex by Coulomb interaction between
V 3−

Al and Ti1+
Al defects. And of course, the Coulomb interaction

between Ti1+
Al atoms is the strongest when the V 3−

Al locates at
the center site, which is illustrated also by the binding energies
of these complexes (Table I). (VAl-Ali-VAl)3−, a variant of
the simple V 3−

Al but much more stable than the latter, starts
to play the dominant role of negative charge compensator
as the reductive atmosphere is approaching the oxygen poor
condition. The combination of (VAl-Ali-VAl)3− with Ti1+

Al ’s is
potentially stable, but is not expected to be more important
than that of V 3−

Al with Ti1+
Al ’s. This is due to less-compact ge-

ometric arrangements and less favorable Coulomb attractions
than a single center V 3−

Al surrounded by Ti1+
Al ’s in reducing the

formation energy of the complex.
The thermodynamic charge transition levels of the domi-

nant Ti-containing defects and the two most important simple

FIG. 3. The defects’ thermodynamic transition levels and the
Fermi levels at different oxygen partial pressures of p0 (O rich),
10−6 p0 (O moderate), and 10−12 p0 (O poor). The two integers (q, M )
are the charge q, and the multiplicity of (near) degenerate ground
states, M. We note that all charge transition levels in the band gap
are calculated with GGA+U method, the HDFT band gap is obtained
via PBE0-type hybrid density functional with HF mixing parameter
α = 0.29, and the VBM of HDFT is 1.954 eV lower than GGA
one according to the alignment of average electron potential in the
supercell. Such alignment leads to the estimation of the threshold
of Ti4+ charge transfer transition ECT(0) = 4.48 eV and Ti3+ pho-
toionization EPI(0) = 4.68 eV, which are correspondingly consistent
to the slightly different values of 4.27 and 4.89 eV obtained by our
previous PBE0 calculation [24].

intrinsic defects are illustrated in Fig. 3, and the thermody-
namic equilibrium Fermi levels under three reference oxygen
partial pressures at 1873 K are also plotted. It is shown that
all the negatively-charged defects and complexes contain V 3−

Al
as a composition greatly constrains the upshift of the Fermi
level.

In addition, Fig. 4 illustrates how Ti chemical potential and
Fermi level depends on the chemical potential of oxygen in
Fig. 2. For better understanding, the change of μTi is set to
relative to the metal (denoted as �μTi) and EF is set to relative
to the VBM, i.e., �εF . When μO decreases, both �μTi and
�εF increase. The change of �μTi is smooth and there is
a phase transition for the change rate of �μTi when oxygen
partial pressure is at around 10−6 p0, which corresponds to the
concentration peak of Ti0

Al-Ti1+
Al and suggests the charge state

change of dominant TiAl ions. As for �εF , it increases rapidly
until reaches a limit as μO approaches O poor condition where
most of defects have been reduced to charge neutrality. More-
over, the change range of EF is very limited (about 1.2 eV) and
localized around the middle of the band gap. It is noted that in
the whole range of μO considered, the constraint �μTi � 0 is
satisfied.

When the crystal is annealing at a lower temperature
where the ion mobility is no longer effective, thermody-
namic equilibrium between different species can hardly be
reached but changes of valence in complexes and defects
are possible. At this circumstance, complexes such as o-o-c
and o-o-o-c are mostly locked correspondingly at o-o-c1−
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FIG. 4. Dependence of the chemical potential �μTi relative to
Ti metal and the Fermi level �εF relative to VBM of HDFT on the
relative oxygen chemical potential �μO and oxygen partial pressure
in Fig. 2. The Fermi level relative to VBM of GGA compatible with
Table III B is �ε′

F = �εF − 1.954 eV.

(Ti1+
Al -Ti1+

Al -V 3−
Al ) and o-o-o-c0 (Ti1+

Al -Ti1+
Al -Ti1+

Al -V 3−
Al ) valence

in oxygen rich and moderate conditions. Although at such
valence these complexes do not contain open-shell electrons
and do not contribution to the residual infrared absorption,
some of them can be converted to lower valence that contain a
Ti0

Al-Ti1+
Al pair as composition and contribute to the residual in-

frared absorption under more reductive atmosphere. This will
counterbalance, to some extent, the influence of converting
Ti0

Al-Ti1+
Al pair to Ti0

Al-Ti0
Al in the reductive processes. Hence,

to obtain high-quality sample, it is essential that those poten-
tially harmful complexes have been significantly eliminated at
high-temperature annealing as mentioned in Ref. [28].

To sum up, even at a relatively high Ti doped concentration
(0.5 at.%), Fig. 2 shows that the concentration of Ti0

Al-Ti1+
Al

pair is much smaller than (from �10−4 to �3 × 10−3 of)
the total Ti doped concentration. Although the concentration
of Ti0

Al-Ti1+
Al pair is minor, its infrared absorption could be

quite strong due to its large oscillator strength compared to
the pump absorption of Ti0

Al [24], and this makes the elim-
ination of the residual infrared absorption very difficult. As
illustrated in Fig. 2, when the reductive atmosphere increases,
the concentration of Ti0

Al-Ti1+
Al will increase first and reach the

maximum at a moderate reductive condition. The concentra-
tion increasing of Ti0

Al-Ti1+
Al corresponds to the reduction and

decomposition of Ti1+
Al and V 3−

Al related multiple complexes
such like o-o-o-c0 and o-o-c1−. Hence, only when these mul-
tiple complexes are basically eliminated, the concentration
of Ti0

Al-Ti1+
Al can decrease dramatically. However, further in-

creasing reductive atmosphere to an oxygen extremely poor
condition (say, 10−18–10−20 atm), which might be impracti-
cal or unrealistic due to other unconsidered constraints, will
only make a very small influence to reduce the concentra-
tion of Ti0

Al-Ti1+
Al . As shown in Fig. 2, the concentration of

Ti0
Al-Ti1+

Al approaches a constant at extremely reductive atmo-

sphere. This phenomenon is caused by the charge neutrality
requirement in Ti:Al2O3 crystal and the appearance of a small
amount of Ti1−

Al to balance the charge of Ti1+
Al , limiting further

reduction of Ti0
Al-Ti1+

Al .

D. Discussions on other defects in Ti:Al2O3 crystal

Recently, Ref. [27] proposed Ti3+
i -V 3−

Al as a new luminous
center to illustrate the optical absorption bands at 388 and
460 nm, where V 3−

Al plays a charge compensator to make Ti3+
i

stable [11]. However, based on our calculations, this defect
is not stable in that Coulomb interaction attracts Ti3+

i to fill
V 3−

Al and reduces the complex into a simple dopant defect
Ti0

Al. A more reasonable candidate is Ti3+
i accompanied by

two symmetrically surrounded V 3−
Al , i.e., (VAl-Tii-VAl)3− in

Table I, which we have shown to be very stable due to the
strong Coulomb attractions, despite that the isolated Ti3+

i has
a very unfavorable formation energy to exist. It is noted that
in both Ti3+

i and (VAl-Tii-VAl)3−, the Ti3+
i dopant ion occu-

pies the centrosymmetric site (point group S6 = C3i) and its
optical absorption and emission are predicted to be extremely
weak. Regarding the minor optical absorption bands at 388
and 460 nm, a varies of other Ti0

Al-containing complexes are
possible contributors, but this is out of our focus here.

Apart from defects and complexes that contain titanium
ions, the oxygen vacancy as intrinsic defect in Al2O3 bulk,
which can capture one or two electron(s) to become F+ or F
center, should also be considered as a potential candidate to
illustrate the spectroscopic properties of Ti:Al2O3. Actually,
Ref. [25] illustrates the 235 and 390 nm excitation bands as
the results of F+ center and F+ center perturbed by adjacent
defects respectively in their reductive-atmosphere annealing
samples as ANN$-H2. Reference [52] supposes that there is
a superposition of charge transfer band and excitation bands
from F or F+ centers under reductive atmospheres. However,
the latest work in Ref. [10] does not support these F center
related hypotheses according to their comprehensive spectrum
analysis. And according to our calculation of defects concen-
tration (Fig. 2), the contributions of F or F+ centers only
make a presence at the extremely reductive atmosphere.

In addition, the concentrations of positive and neg-
ative intrinsic defects are mutually constrained. In spe-
cific, [c(V 3−

Al )2 c(V 2+
O )3]1/5 are related to the per defect

formation energy of Schottky quintet as [2E f (V 3−
Al ) +

3E f (V 2+
O )]/5 = 4.41 eV. Since there is a more stable vari-

ant V 3−
Al -Al3+

i -V 3−
Al to the simple V 3−

Al with lower formation
energy by 1.24 eV, a lower per defect formation energy is ob-
tained for the Schottky quintet as [2E f (V 3−

Al -Al3+
i − V 3−

Al ) +
3E f (V 2+

O )]/5 = 3.92 eV, in reasonable agreement with the
experimental value of 3.83 eV [53].

E. Discussion on the dependence of FOM on concentrations
of Ti0

Al and Ti1+
Al ions

FOM of Ti:Al2O3 laser crystals is defined [10] as the ra-
tio of absorption coefficients between pump band, αTi0Al

, and
residual infrared band, αTi0Al−Ti1+

Al
. We have shown that even

for a total concentration of Ti ion at 0.5 at%, the upper limit
of concern, i.e., the dominant contribution to the residual
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infrared should still be from the Ti0
Al-Ti1+

Al pairs. In this case,
FOM can be further written as

FOM ≡ αTi0Al

αTi0Al−Ti1+
Al

= cTi0Al

cTi0Al−Ti1+
Al

fr

R
. (12)

Here, fr and R correspond to ratios of oscillator strength and
band width of Ti0

Al relative to that of Ti0
Al-Ti1+

Al pair, respec-
tively. According to our previous work [24], fr ∼ 1.0 × 10−3,
while R ∼ 1/3 is estimated from experiments [10,28].

It is well-known that annealing the Ti:Al2O3 crystal in the
reductive atmosphere can reduce the residual infrared absorp-
tion [10,25]. Furthermore, Ref. [28] points out that high FOM
values can be more favorably obtained for Ti:Al2O3 crystals
at lower Ti0

Al ions concentration and the annealing process
should be carried out at high temperature and carefully con-
trolled. In addition, both the experimental and theoretical
analyses from previous works [10,17] find that FOM is in-
versely proportional to the concentration of isolated Ti1+

Al ions
which can be illustrated by the Ti0

Al-Ti1+
Al pair model.

In this work, we will illustrate that this conclusion is a
natural corollary for the Ti0

Al-Ti1+
Al pair model, when the de-

fects in Ti:Al2O3 crystal reach an thermodynamic equilibrium
distribution. And according to our first-principles calculation
results, we will give a qualitative explanation for the exper-
imental conclusion in Ref. [28] about improving FOM in
Ti:Al2O3 laser.

As for defect Ti0
Al, Ti1+

Al , and Ti0
Al-Ti1+

Al pair, we have
the reaction when the Ti:Al2O3 reaches its thermodynamical
equilibrium

Ti0
Al + Ti1+

Al � Ti0Al-Ti1+
Al . (13)

And the concentrations of these defects satisfy the law of mass
action [54] that

Keq(T ) =
cTi0Al

cTi1+
Al

cTi0Al−Ti1+
Al

= Nr exp

(
Eb

kT

)
. (14)

The Nr is a ratio determined by ω and Nconfig of these defects,
and Eb is the binding energy of Ti0

Al-Ti1+
Al according to Eq. (8).

As our calculations show that Eb is almost zero (−0.05 eV and
−0.07 eV correspondingly for the nearest and next-nearest
Ti0

Al-Ti1+
Al pairs), Keq(T ) is only weakly dependent on temper-

ature. At a fixed high-enough annealing temperature T that
allows migration of ions, the ratio cTi0Al

/cTi0Al−Ti1+
Al

is

cTi0Al

cTi0Al−Ti1+
Al

= Keq(T )

cTi1+
Al

, (15)

which is inversely proportional to the concentration of isolated
Ti1+

Al ions.
Figure 5 plots the cTi0Al

/cTi0Al−Ti1+
Al

in different annealing
conditions. It is compatible with the conclusion in Ref. [28]
that the more reductive atmosphere and lower total Ti concen-
tration will lead to the higher FOM. And Eq. (15) provides
another insight to understand these observations about im-
proving FOM.

In order to improve FOM, the increase of Keq(T ) and the
decrease of Ti1+

Al concentration are required. When T and cTi

are fixed, the stronger reductive atmosphere will decrease the
Ti1+

Al concentration by reducing Ti1+
Al to Ti0

Al. And in our calcu-

FIG. 5. The cTi0Al
/cTi0Al−Ti1+

Al
∼ FOM · R versus the oxygen partial

pressure when (a) the total doped Ti concentration is fixed at 0.5 at.%
and (b) the annealing temperature is at 1873 K. R ∼ 1/3 is the radio
of effective absorption bandwidth between Ti0

Al and Ti0
Al-Ti1+

Al and fr

has been taken as 10−3. It is noted that the unit of �μO in (a) is kT ,
which equals to 0.1442, 0.1614, 0.1786, and 0.1959 eV for anneal-
ing temperature T = 1673, 1873, 2073, and 2273 K, respectively.
Similar to Fig. 2, Eq.(11) suggests a rescaling of the pressure by
the factors 0.80 × 10−4 (1673 K), 2.2 × 10−4 (1873 K), 4.9 × 10−4

(2073 K), and 9.7 × 10−4 (2273 K).

lation, it is found that as the annealing temperature increases,
both Keq(T ) and cTi1+

Al
increase, and the variation trend of

FOM depends on which parameter changes faster. Figure 5(a)
shows that, when the oxygen partial pressure is fixed, merely
increasing T has no or opposite effect on FOM improvement
in oxidation or weak reductive atmosphere, but is effective in
medium to strong reductive atmosphere as cTi1+

Al
has become

relatively small. As for the extremely reductive atmosphere
(oxygen partial pressure is less than 10−16 p0), low annealing
temperature will benefit for increasing FOM, however this
kind of reductive atmosphere might be hard to realize in
experiment. Meanwhile, the oxygen partial pressure needs to
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be reduced along with the decrease of annealing temperature
in the cooling process as so to maintain or even to increase the
favorable strong reductive atmosphere.

Regarding to decreasing cTi, this is always effective in im-
proving FOM at given annealing temperature T and reductive
atmosphere. This is due to the fact that the decrease of the
total doped Ti concentration can obviously reduce the con-
centration of complexes containing two or more Ti0,1+

Al more
effectively than those containing one only. A comparison of
three typical concentrations is plotted in Fig. 5(b), which
shows that for annealing temperature T = 1873 K the FOM
can potentially reach ∼36, ∼145, and ∼360 [according to
Eq. (16) below] for cTi = 0.5, 0.125, 0.05 at.%, respectively.
However, a lower cTi concentration leads to a weaker pump
absorption and weaker laser output. Thus there is a tradeoff
between increasing FOM and enhancing the absolute strength
of output.

When Ti0
Al-Ti1+

Al pairs are the dominant contribution to the
residual infrared absorption and the concentrations of vari-
ous defect and complexes reach thermodynamical equilibrium
distribution at temperature T , FOM can be related to the
concentration of Ti4+ by Eqs. (12) and (15) as

FOM = Keq(T )

cTi1+
Al

fr

R

 9.3 × 1019 cm−3

cTi1+
Al

. (16)

Keq(T ) is only weakly temperature dependent, and T =
1873 K, fr ∼ 10−3, R ∼ 1/3 are adopted to obtain the simple
numerical expression at the right hand side of Eq. (16) that
serves as a reference for analyzing experimental data.

Based on Eq. (16), the series of samples labeled SY2a,d
(cTi1+

Al
= 2.83 × 1017 cm−3, FOMcalc = 329, FOMexpt = 331),

CT2a (10.4 × 1017, 90, 89), SY7b (11.4 × 1017, 82, 86),
and CT1a (22.1 × 1017, 42, 31) from Table 12 of Ref. [10]
have roughly reached the theoretically limit at the given Ti4+

content, while the substantial smaller measured FOMs than
predicted by Eq. (16) in some other samples indicate that
appropriate further annealing might improve the FOMs of
these samples for the given Ti4+ content. More details can be
founded in Sec. S5 [41].

In addition, Ref. [10] also reported that a square-law
dependence of the residual infrared absorption on Ti0

Al con-
centration is observed in a series of Synoptics-label samples
and argued that some of the residual infrared absorption might
not due to Ti0

Al-Ti1+
Al pairs. Reference [17] took the case of

given T and μO as an example to illustrate that this square-law
dependence does not contradict the pair model for resid-
ual infrared absorption. It is supposed that the relationship
cTi0Al−Ti1+

Al
= κc2

Ti0Al
holds for given T and the coefficient κ only

depends weakly on temperature. Here we use Eq. (15) to give
a more comprehensive illustration that

cTi0Al−Ti1+
Al

c2
Ti0Al

=
cTi1+

Al

cTi0Al

· 1

Keq(T )
= e

E0
F −EF

kT Keq(T )−1. (17)

Here E0
F = ε(TiAl,+1/0) is thermodynamic charge transition

level of Tiq
Al (q = 0,+1), i.e., the Fermi level where the

formation energies of Ti0
Al and Ti1+

Al equal, while the actual
Fermi level EF relies on the content of various defects in the
Ti:Al2O3 crystal, which is determined by the charge neutrality

condition in Eq. (5). There might not be a simple expression
to relate EF to the annealing temperature T , the total doped
concentration cTi and the relative reductive atmosphere μO.
However, our calculations show that EF increases slightly
with increasing temperature by a much small amount than the
increase of kBT , and decreases slightly with the increase of
μO and cTi.

Thus, if the relationship cTi0Al−Ti1+
Al

= κc2
Ti0Al

is satisfied, EF

needs to be only dependent weakly on the above-mentioned
independent variables. In Ref. [10], the series Synoptics-label
samples, which is observed to obey this square law, is grown
and annealed in the same atmospheric condition. It can be
regarded as the situation that both the T and μO are fixed while
the total Ti concentration is varied. Although EF does change
when cTi decreases from 0.5 at.% to 0.05 at.%, the variation
of EF is so small that the zero-origin parabola behavior of
cTi0Al−Ti1+

Al
= κc2

Ti0Al
holds, which is also observed in our calcu-

lation, consistent with previous calculation [17]. This shows
that the correlation between residual infrared absorption with
the square of Ti3+ concentration is not a definite departure
from the Ti0

Al-Ti1+
Al model for the residual infrared absorption.

IV. CONCLUSION

We obtained formation energies and binding energies of
potentially significant defects and complexes, and reveal two
new potentially significant negatively charged complexes,
(VAl-Ali-VAl)3− and (VAl-Tii-VAl)2−, i.e., interstitial Al3+ and
Ti4+ surrounded by two surrounding aluminium vacancies
V 3−

Al . Based on these results we simulated the variation of
their concentrations under different processing temperature
and reductive atmosphere, and revealed the mechanism why
the residual infrared absorption, which is related to Ti0

Al-Ti1+
Al

pair, is so difficult to eliminate in Ti:Al2O3 laser crystal.
V 3−

Al [including its more stable and balanced variant
(VAl-Ali-VAl)3−] plays a significant role from weak to mod-
erate reductive atmospheres and even beyond: V 3−

Al are
combined with other Ti1+

Al as complexes, especially when V 3−
Al

locates at the center site of these complexes (see the basic
unit in Fig. 1), which greatly reduces the formation energy
of the complex by Coulomb interaction between V 3−

Al and
Ti1+

Al defects; (VAl-Ali-VAl)3−, a variant of the simple V 3−
Al but

being much more stable, starts to play the dominant role of
negative charge compensator as the reductive atmosphere is
approaching the oxygen poor condition. When the reductive
atmosphere increases, those V 3−

Al and Ti1+
Al related complexes

will decompose and some of them will be transformed to
Ti0

Al-Ti1+
Al . In addition, if the annealing process is insufficient

or the annealing temperature is not high enough that the move-
ment of defects is restricted but electron hopping remains,
complexes containing V 3−

Al and two or more Ti1+
Al can still

be reduced to complexes containing Ti0
Al-Ti1+

Al . Furthermore,
although V 3−

Al related complexes can be eliminated in a strong
reductive atmosphere, Ti1+

Al and Ti0
Al-Ti1+

Al still exist to com-
pensate Ti1−

Al , which replaces V 3−
Al related complexes to act the

role as negative charge defect.
The expression of the figure of merit (FOM) for Ti:Al2O3

laser crystals, i.e., the ratio of absorption coefficients between
pump band and residual infrared band, is obtained in terms of
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the concentrations of Ti0
Al and Ti0

Al-Ti1+
Al . Then we obtained

and discussed the variation of FOM with reductive atmo-
sphere for a variety of annealing temperatures or total titanium
dopant concentrations under the assumption of thermodynam-
ical equilibrium distribution of defects. In particular, a simple
expression is obtained to relate the achievable FOM to the
inverse of Ti1+

Al concentration, and serves as a reference for
analyzing experimental results.

Based on our simulations presented in Secs. III C and III E,
we propose the following two potentially effective methods to
eliminate the residual infrared absorption.

Firstly, as Ref. [28] has already mentioned, enhancing the
reductive atmosphere, i.e., decreasing oxygen partial pressure
at elevated temperatures, benefits the elimination of Ti0

Al-Ti1+
Al

related pairs. In addition, as is illustrated in Fig. 5(a), by
reducing the oxygen partial pressure so as to keep or even to
increase the strong reductive atmosphere when the annealing
temperature decreases is beneficial.

Secondly, V 3−
Al is the key player in decreasing the formation

energies of complexes containing V 3−
Al and Ti1+

Al , and in acting
as charge compensators for positively charged dopants and
complexes. At weak to moderate reductive atmospheres, it is
one of the key issues to decompose the complexes formed
by aggregation of one or more Ti ions with V 3−

Al , or to de-
crease the total concentration of V 3−

Al [including its variant
(VAl-Ali-VAl)3−] altogether. We propose the Al ion injection or
annealing in Al vapor mentioned in Ref. [26] as a prospective
method to eliminate essentially the effect of V 3−

Al . This method
could potentially introduce other defects like Al interstitial,
and so further annealing in suitable reductive atmosphere and
temperatures would be required.

Finally, in strong and extremely reductive atmosphere,
isolated Ti substitution is dominant over intrinsic defects of
Al2O3 that a tiny amount of Ti0

Al will further reduce to Ti1−
Al

to balance the charge of Ti1+
Al , limiting further reduction of

Ti0
Al-Ti1+

Al , but this effect can be reduced by additional lower
temperature reductive-atmosphere annealing, which will fur-
ther reduce some Ti1+

Al to Ti0
Al and Ti0

Al-Ti1+
Al to Ti0

Al-Ti0
Al.

These formation energies for simple defects and the bind-
ing energies for complexes obtained in this work may serve
as the basis for simulations and design various quenching
and annealing processes to reduce harmful defect species by
taking temperature-dependent ion diffusion rates into account.
Furthermore, the data may need to be supplemented with ad-
ditional calculations for other potential defects or complexes
and revised with improved Gibbs formation energies. The
impact of the interesting (VAl-Ali-VAl)3− complex as a stable
variant of V 3−

Al on the properties of pristine α-Al2O3 crystals
may require further attentions.
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